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Abstract

The main goal of this note is to study the time evolution of superoscillations under
the 1D-Schroédinger equation with attractive or repulsive Dirac d-potential located at
the origin of the real line. Such potentials are of particular interest since they simulate
short range interactions and the corresponding quantum system is an explicitely solvable
model. Moreover, we give the large time asymptotics of this solution, which turns out to
be different for the repulsive and the attractive model. The method that we use to study
the time evolution of superoscillations is based on the continuity of the time evolution
operator acting in a space of exponentially bounded entire functions.

AMS Classification: 32A15, 32A10, 47B38.
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1 Introduction

Superoscillatory functions and their evolution in time under different Hamiltonians have de-
served a lot of attention in the physical and mathematical literature in the recent past. The
main physical motivation is the fact that superoscillatory functions may appear as the out-
come of weak measurements, which were introduced by Aharonov and collaborators. In a
series of papers Aharonov, Berry and coauthors have shown various important aspects of
superoscillations, and without claiming completeness we mention [1, 10, 12, 16, 17, 18]. More
recently superoscillations were also investigated from a mathematical point of view, see, e.g.,
[2, 3,4, 5,6, 8, 23]. The list of contributions related to the mathematical aspects of superoscil-
lations is much longer, thus we refer the interested reader to the survey papers [9, 11, 14] and
the references therein. A particularly important issue is to understand how superoscillations
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evolve in time under different Hamiltonians. The Hamiltonian of the Dirac J-potential will
be investigated in this note.

The standard example of superoscillatory functions is the following: For every real number
a € R with |a| > 1 consider the sequence of entire functions

Fu(z,a) = > Cj(n,a)e’*=%/M= s ec, (1.1)
j=0

Cj(n,a) = (’;) (ﬁ“)w <1;a>j, (1.2)

where (?) denotes the binomial coefficient. The special property of this sequence is, that
although every function F), is a superposition of waves with frequencies in [—1, 1], the whole
sequence converges to

with coefficients

lim F,(z,a) = €', z€C, (1.3)
n—oo

a plane wave with frequency |a| > 1. This intuitively explains why such a sequence is called
superoscillatory. One can prove that the limit (1.3) converges uniformly on all compact subsets
of C and even in a certain stronger sense, see [24, Theorem 2.1]. However, the convergence
(1.3) is not uniform on all of C, see [3, Proposition 4.2].

The following definitions are now inspired by this example and put the notion of super-
oscillations into a mathematical framework. We start with the definition of a generalized
Fourier sequences as a generalization of (1.1).

Definition 1.1. A generalized Fourier sequence is a sequence of the form
n .
Fu(z) =Y Cj(n)e™™= zec, (1.4)
§=0

where Cj(n) € C and kj(n) € R.

The key feature of the above example (1.1) is the convergence (1.3) to a plain wave with
a higher frequency. This superoscillatory property is formalized in the next definition, where
it is convenient to use a suitable space of exponentially bounded entire functions. More
precisely, for a fixed v € (0, oo] we shall denote the collection of entire functions f that satisfy
the estimate |f(z)| < AePl*l 2 € C, for some A > 0 and B € [0,7), by A1,(C). For more
details on this space and the corresponding notion of convergence, we refer the reader to
Section 2.

Definition 1.2. Let v € (0,00]. A generalized Fourier sequence (F,) C A1 (C) of the form
(1.4) is said to be superoscillating in Ay (C) if:

(i) There exists k' € [0,7) such that |kj(n)| <k for allm € Ny and j =0,...,n.

(ii) There ezists a € R with k' < |a| < 7 such that F,, converges to z — €% in Ay .(C),
that is, for some B € [0,) one has

lim H(Fn—eia')e—Bl'IH —0. (1.5)
o0

n—0o0



The main objective in this note is to study the time evolution of the solution of the
Schrodinger equation with Dirac §-potential,

0 0?
za‘ll(t,az) = (_W + 20(50(x)> U(t,x), t>0, zeR, (1.6)

and superoscillating inital data. Here ¢ € R\ {0} is, up to the factor 2, the potential strength
and can be either attractive (¢ < 0) or repulsive (¢ > 0), but is considered to be time
independent. In the context of solvable models in quantum mechanics the spectral theory of
Schrodinger operators with d-potentials has deserved a lot of attention in the last decades;
for a first glance we refer the reader to the monograph [13] and the contributions [15, 20, 25].
The formal equation (1.6) is made mathematically rigorous by treating the distribution Jp via
boundary conditions at x = 0:

.0 0?
Za‘ll(t,:):) = —w@(t,x), t>0, zeR\{0}, (1.7)
U(t,07) = W(t,07), t>0, (1.8)
3, L0 L

The continuity condition (1.8) is understood in the sense that U(t,0%) = limo o ¥(t, +e)
both exist, are finite and coincide. Hence W(¢,-) can be continuously extended to the whole
real line by W(t,0) := W(t,0%), which appers on the right-hand side of the transmission
condition (1.9).

One can deduce (on a formal level) from [19, 22, 26, 27| that the solution of the corre-
sponding Cauchy problem admits the representation

U(t,x) = / G(x,y,t)¥(0,y)dy, t>0, zeR, (1.10)
R

where the Green function has the explicit form

¢ _Usl+luh? , |x|+|y|> 1 _@w?
G(x,y,t) = —=e s A Vit + + e 4t 1.11
() =3 < it ) 2t (1

here the entire function A is defined (using the error function erf) as

A(z) = ez2(1 —erf(2)), erf(z) = \3% /OZ e € de, z e C. (1.12)

Although we will not use results from the theory of Mittag-Leffler functions, we mention
for completeness that A in (1.12) is connected to the special Mittag-Leffler function E. ; by
27

A(z) = E%J(—z), see [28].

For our purposes it is important to provide an explicit representation of the solution of the
Schrodinger equation (1.6), or, more precisely, of the problem (1.7) — (1.9), with a plane wave
e’ as initial condition. This is the content of our first result. For the convenience of the
reader we give a self-contained direct proof in Section 3 instead of using the Green function
above.



Theorem 1.3. Let c € R\ {0} and a € R. Then the solution ¥ of (1.7) — (1.9) with initial
condition ¥ (0, x) = €%, has the form

U(t,7) = Upeolt,z) + O (8, 2) + WS (8, 2) + W) (1 2),  £>0, zeR, (1.13)
where the four terms of the wave function are
\ijree(ta x) — eicwc—z'(12t7
2 2
) _ 2 (7] .
\:[Jé (t,CC)— B e 4ztA<2 +C\/ﬁ>, (114)
IQ
v (4, 2) = —C,e—mA< 2 iz‘a\/ﬁ>.

The long-time behaviour of this plane wave disturbed by a J-potential (1.13) is investigated
in the second result of this note. Again we refer the reader to Section 3 for a detailed proof.

Theorem 1.4. Let a,c € R\ {0}. For every fized x € R and ¢ > 0 the solution ¥ in (1.13)
has the asymptotic behaviour

, . : 1
U(t _ —ia?t ar L ilaz| Ol = t— 1.15
(t,x)=e <e c—z’]a\e + 0 ) 0, ( )

and for every fized x € R and ¢ < 0 the solution ¥ in (1.13) has the asymptotic behaviour

, A . 2¢2 ) 1
U(t,z) = e ia’t <ezaz _ c_cwellaaﬂ) + = —iQQ eclzltic?t + 0O <t> , t—o0. (1.16)

In the repulsive case ¢ > 0 we have a J-potential barrier and scattering solutions with
positive energy. Equation (1.15) shows, that for large times the wave keeps oscillating as
e*ia%, as the free wave Vg does, but with a different complex prefactor, which means a
different amplitude as well as a phase shift. In the attractive case ¢ < 0 we have a d-potential
well with a bound state whose negative energy is proportional to —c?. The additional term

2c2

e LA (1.17)

that appears in the asymptotic solution (1.16), is the damped wave that interacts with the
d-potential well. In fact, the exponential damping e*| in space, as well as the oscillations
eicgt c

in time, depend on ¢. The prefactor 622+72ag shows that (1.17) becomes negligible (also in

a neighborhood of the origin) when |a| is much larger than |c|.

We also remark that in Theorem 1.4 only the solution ¥ of (1.6) with initial condition
€' is considered. Of course, by the linearity of the Schrédinger equation, one can also allow
any superposition of plane waves as initial condition and gets the respective superposition of
waves from (1.15) or (1.16) as asymptotics of the corresponding solution.

The next theorem can be viewed as the main result of this note. Now we discuss the time
evolution of a superoscillatory sequence (Fy,) of the form (1.4) as initial data in the Cauchy
problem (1.7) — (1.9).



Theorem 1.5. Let c € R\ {0} and let (Fy,) be a superoscillating sequence in Ay . /(C), that
is, I is of the form (1.4) and converges to z — €'** in A |o|(C), see Definition 1.2. Then
the solutions W,, of (1.7) — (1.9) with initial condition ¥,,(0,x) = F,(z) converge uniformly
on every compact subset of (0,00) x R to the solution ¥ in (1.13) with initial condition
U(0,7) = e,

Note that by Definition 1.2, the plain wave €’ in Theorem 1.5 is only allowed to have a
frequency |a| < |¢|. This condition seems to be necessary for mathematical reasons only (in
order to apply the strategy of convolution operators).

The proof of Theorem 1.5 is given at the end of Section 3. The key idea of the proof is
to use the explicit representation of the solutions ¥, and ¥ and to study the time evolution
operator F, — W, in the space A; |,|(C); cf. Lemma 3.2 and Lemma 3.3. A similar technique
was also used in [4, 5, 6, 9, 11, 14, 21].

Theorems 1.4 and 1.5 can be combined to the concept of the existence of a shift (for the
limit function) and longevity of superoscillations in time. Namely, if we take a sequence (F},)
of the form (1.4) and define ®,(t,x) as the solution of (1.6) with initial data e*** then, due
to the linearity of the Schrodinger equation, the solution W, (¢, z) can be written in the form

n(t,x) =3 Ci(n) Py (t, 7). (1.18)
7=0

As pointed out by Aharonov, we can view the right-hand side of (1.18) as an approximation
of the function A — ®,(¢,z) for fixed t > 0 and = € R. Indeed, if we compute ®)(¢,z) in
the points A = kj(n) € [—k’, k'] then the limit ¥,, — ¥ in Theorem 1.5 determines @, (¢, z)
in points a € (—|c|, |¢|), also outside of [k, k'].

2 Exponentially bounded entire functions

In this preparatory section we introduce a space of exponentially bounded entire functions
and a corresponding notion of convergence.

Definition 2.1. For v € (0, 00] we define the space
A14(C)={f € H(C):3A > 0,B € [0,7) such that |f(z)| < AePFl for all 2 € C}, (2.1)

where H(C) denotes the space of entire functions. We say that a sequence (f,) C A1 ,(C)
converges to f € A1 ~(C) in Ay ~(C) if there exists some B € [0,7) such that

lim ‘(fn — fe~Bl- \Hoo ~0. (2.2)

n—oo

A
This type of convergence will be denoted by fy 23 f-

Observe that convergence in A;,(C) implies the uniform convergence on all compact
subsets of C. Note also that the space Aj o (C) coincides with the space

A1(C) = {f € H(C) : 3A, B > 0 such that |f(2)| < AePFl for all z € C},  (2.3)

which appears often in the treatement of superoscillating functions. Moreover, the A; o (C)-
convergence from Definition 2.1 coincides with the usual notion of convergence in the space



A1(C) and also Lemma 2.2 in the special case v = oo reduces to [14, Lemma 2.2]. For more
details on the space A;(C) we refer the reader to [6, Chapter 4] or [14]. However, for the
present purposes the space A;(C) is not suitable and has to be replaced by A; (C) for some
v € (0,00); cf. Remark 3.4.

The next lemma provides a characterization of the space A; ,(C) in terms of bounds for
the coeflicients in the power series expansion of an entire function. In the following, for
f € H(C) we shall use the notation

fly=> W+ zec, (2.4)
k=0

where the coefficients f*) can be expressed by Cauchy’s integral formula in the form

L),

= — z
2=0 2 p 2R

1 dF
f(k) = H@f(z)

r > 0. (2.5)

|z|=

Lemma 2.2. Let v € (0,00] and consider the space A (C) from Definition 2.1. Then

k
A;,(C) = {f € #(C):JA>0,B € [0,7) such that | f¥)] < A% for all k € NO} (2.6)

and for any sequence (fn) C A1,(C) and f € A1 ,(C) we have f, M f if and only if there
exists a sequence (Ay) >0 and B € [0,7) such that

@) | = f®] < A, B for alin € N and k € No;
(i) lim A, =0.

Proof. Let us first prove the identity (2.6). For the inclusion “ O “ assume that the coefficients
%) satisfy
Bk

for some A >0 and B € [0,7). Then we can estimate f pointwise by

o0 [o¢] Bk
FEIS D IPlf <A Tl =4, zec, (2.8)
k=0 k=0

which implies f € A;,(C). For the inverse inclusion “ C “ in (2.6) let f € A;,(C), that is,
f € H(C) and satisfies
f(2)] < 4ePFl 2 ec, (2.9)

for some A > 0 and B € [0,7). It is no restriction to assume that B > 0, which will be done
in the following. Using (2.5) and (2.9) we obtain the estimate

L e
[

R = —
0= 5

1
< — sup , (2.10)

727T‘

z|=r

6



for any r > 0. It is easy to see that the right-hand side of (2.10), regarded as a function of r,

has its minimum at r = %, which leads to the estimate

k
Fd gA(ef) . keNg. (2.11)

Now choose some B € (B,7). Then by the asymptotic behaviour k! ~ 27k (%)k of the

factorial we get
B\* &  —/B\F
<€> _ v 27Tk' <~> y
k) Bk B

and since B > B we conclude that the right-hand side tends to zero as k — oco. Hence there
exists a constant C' > 0, only depending on B and B, such that

eB\* k! ~
— ] =< k € Np.
(k> pr=C hel

Using this in (2.11), finally gives the estimate

_ Bk
1F®] < AC—,  kEN, (2.12)

and we have shown that f is contained in the right-hand side of (2.6).

In order to prove the equivalence of the A; ,(C)-convergence with the conditions (i) and

A
(ii), assume first that f, —3 f for some sequence (f,) C A;,(C) and f € A1 +(C). Then by
Definition 2.1 there exists B € [0, ) such that

lim H(fn — f)e~Bl- ‘H ~0. (2.13)
n—oo oo

If we choose Ay, == ||(fn — f)e Bl |0 then |fn(2) — f(2)| < AnePl?l, 2 € C, and in the same
way as in the above argument (showing that (2.9) implies (2.12)) one concludes

Bk

£ W] < 4,0

k € Ng, n e N.
Hence (i) is satisfied, and from (2.13) we conclude that (ii) holds as well.

Conversely, assume that (i) and (ii) hold true for some sequence (f,) C Ai,(C) and
f € A1,(C), and some sequence (A,) > 0 and B € [0,y). Then we obtain in the same way
as above (showing that (2.7) leads to (2.8)) that

fa(2) = f(2)] < ApePlEl 2z ecC.

A
As lim A, =0 we conclude lim ||(f, — f)e Bl l||so = 0, which shows f, —2 f. O
n—oo n—oo



3 Proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.5

In this section we prove the main results of this note. First, Lemma 3.1 provides some basic
properties of the function A from (1.12), which will be used throughout this section.

Lemma 3.1. For the function A in (1.12) the following statements hold:
(i) A(=2) = 2¢*" — A(2);
(i) £AG) = 2:A(:) —
(iii) for |z| — oo one has
fz+o(| lz), if Re(z) >

2e*” + +0 <#) , if Re(z) <

b 3.1
N (3.1)

)

A(z) =

ﬁz

(iv) A admits the power series representation

i:: 1n1 . (3.2)

Proof. (i) Since erf(—z) = —erf(z), we conclude from the definition of A in (1.12), that

l\?\3

A(—2) = 622(1 +erf(z2)) = 2% — 622(1 —erf(2)) = 2% — A(2).
(i) Since £ erf(z) =

2 —z2
me T, we conclude
2
%A(z) = 226z2(1 —erf(2)) — ezzﬁe_zz =2zA(z) —

(iii) Inserting the integral representation of the error function into A in

A(z) = \3%622 ( /0 T e - /0 ) 6—52d5> . (3.3)

Now we use that the complex integral over the entire function e is path independent and
that limg_ oo f;HZ e=¢’ d¢ = 0. Hence the two integrals on the right-hand side of (3.3) can be
replaced by a path integral from z to co parallel to the real axis, which implies

/ —(+5) g — f/ e~ 52225 g (3.4)

Using partial integration in (3.4) leads to
1 o0 1 d 1 1 0o ,—s2—-2zs
Az) = —— e g = [ = —/ SE——
VT )y z+sds VT\z  Jo (24 8)?

In the case Re(z) > 0 we can use e 2Re(2)s < 1 as well as |z + s|> > |z|? to estimate the
integral on the right-hand side by

00 o5 2_92zs
[,
o (z+s)

— %‘M

1.12), gives

oo ,—2Re(z)s—s2 0o ,—s2
< / eids < / c ds = v ,
o |z+s? o |2 2[2]?

8




which shows the asymptotic behaviour for Re(z) > 0. The case Re(z) < 0 follows from (i).

(iv) In order to prove (3.2), we rewrite ( in the form

Z fs 723zd
f/
QZ) o —s2 n
:ﬁz o /0 e % s"ds

where dominated convergence theorem was used in the second equality. Then the Legendre
duplication formula

r(”;1>r(g+1):‘2/fr( 1) = \;fn!

implies the power series representation (3.2). O

Now the explicit solution ¥ of (1.6) with initial condition ¥(0,z) = €!*®, stated in The-
orem 1.3, will be proven. For the convenience of the reader we prefer not to use the Green
function (1.11) and the corresponding integral representation (1.10) of the solution (some-
times it is not exactly stated for which classes of initial conditions the integral exists), but
instead we give a self-contained direct proof.

Proof of Theorem 1.3. To compute the derivatives of Wiee, O and ¥&) for ¢ > 0 and
x € R\ {0} we use Lemma 3.1 (ii). A straightforward calculation leads to

(fftquree(t z) = 2€Wc—m2t7
i@free(t, x) = iaetaria’t
;;‘I’free(t, z) = _a26iaw—z’a2t7
and
Gat‘ll( )( z) = CQZj— a2t [ A <2|x|zt ' > * thlf (Q‘jL Ztﬂ 7
g td ) = B [on (375 o) - ]
a0 = e B [ (7o) 5z (o~
and
S5 () by ().
(,fx\y(i)( 2) = ;(gcni l)a)ezi A ( ) m] ,
e e }LQA (2‘% > 7 (2 7 Wf)]




It follows that the individual functions Weeee, \Il((;o), \I/((Si) and hence also their sum W fulfill

(1.7). Moreover, the continuity condition (1.8) is satisfied by the individual functions and
by ¥ as well. Combining the first spatial derivatives from above, we find the following jump
conditions at z = 0 for the individual functions:

0

0
—Vv reell, 0+ -V ree t70_ = 0,
5 Viree(t,07) = =~ Wereo(t,07)

0 0 _ 2c2

gr¥s (107) = o0 (07) = 2000(0) - e

O 5@ oty 9 g@ 0 o , . 1
Zy -2y = A (iaV/ .
5 U6 (t,0M) 5 L6 (t,07) p— Fia ( ia Zt) + —

Note that the identity >, A (+iaV/it) = 2¢~%*t in Lemma 3.1 (i) implies

FEN (iavit) = 2ee e - 3 = (o)

—cF 1a T cF 10
— 2 (xyfree(t, 0)+ > wi, 0)> .
+
The above formulas, combined with ), c;lm = cﬁrica?’ then give jump condition (1.9),
8 8 _ 0) 262
Zw,0M) - Zw(t,07) =0+ 2000 - —
ox ( ) ox (t.07) 5 (10) (2 + a?)Virt

+2c (\Iffree(t, 0) + Zi: i, 0)> " Zi: (CHFz;)\/ﬁ
= 2c¥(t,0).

Finally, we check the initial condition ¥ (0, z) = €"**, for every x € R. For x = 0 it follows
immediately from A(0) = 1, that

C2 C C

W(0,0) =1 - - —1
(0.0) +62+a2 2(c —ia)  2(c+ia)

Fix now any « € R\ {0} and note that we can choose ¢ > 0 sufficiently small, such that

|| . ) < lz| .~ )
Re +eVit) >0 and Re +iaVit | > 0.
(2\/it - 21t -

Hence, for t — 0 we obtain the asympotics

(0) ? «? 1
‘115 (t,ﬂj) = ﬁe_? + O(t) — 0,
¢ +a JT (2% + cﬁ)
(+) c -z 1
Ui (tx) = ————e 4 +0O(t) | — 0,

2(c F ia) NG (2'\% + m\/z'?)

10



from Lemma 3.1 (iii) and consequently the initial value
T(0,2) = Upee(0,2) =z € R\ {0}.

Hence, the initial condition is fulfilled for all x € R and we have shown that the function
¥ in (1.13) is a solution of (1.6) with initial condition €. This completes the proof of
Theorem 1.3. O

Using the explicit representation of the solution ¥ in Theorem 1.3 we will now verify its
long time behaviour in Theorem 1.4.

Proof of Theorem 1.4. For the functions \Il((;i) of (1.14) we note, that for large enough t > 0
we get

Re( x', iz’a\/fﬁ>zo, if +a<0, and
2V/it

|| . ) )
Re +iav/it | <0, if £a>0.
(2\/1'25 -

Now we can use Lemma 3.1 (iii) and the characteristic functions 1g+ of Rt = (0,00) and
R™ = (—00,0), to get the expansion

2 ,
o) = _;e;u 21 (a)e (v H07) ; +0
(c Fia) ';”%f + ia/int ‘ IEN mf’
3?2
— _dLi.(a)eiiaMFiazt + ce 4it Lo ;
cFia 2iar/irt(c F ia) (1 + %) \x| . m\f‘

22
where we were allowed to include the exponential e it into the O(-) term, since its absolute

value is 1. Using 1—}% =140(e) and
as

e +E = O(1) for e — 0, we can rewrite \Ilgi) asymptotically

(£) clgs (CL) +ia|z|—ia®t c _z2 < <1>) <1>
U (4 ) = - B wliro(2))ro(=
5 () cTia © i 2iav/int(c Fia) ‘ t t

R C T — . <1> -
cFia 22@\/%(0 + ZCL) t

(0)

In order to expand W5, we note, that for large enough ¢ > 0 we have

Re ( a:| + C\/ﬁ) >0, if ¢ >0, and
2/t

Re(
2

x',t +cx/ﬁ> <0, ife<0.
1

11



We use again Lemma 3.1 (iii) and obtain in a similar way as above, that

2 22 - 7)’ ! 1
GO0y = 5 & e 215 ()elvi ) "N vl
ta 'x"f +evimt ot C\F‘
_ 2¢"1e-(9) cfajtire : o 1
2 2 )
Z+a \/ﬁ(CQ + a2) <1 4 %) \$| —|— C\F’
e e i (1r0(1)) 4o <1>
2 + a2 Vimt(c? + a?) ! t
2021]1@* (C) c|z|+itc? ¢ & (1)
=2 R e T =gt o)
21 a2 Vimt(c? + a?) t

Summing up the terms from the above expansions we obtain

\Il(t x) = eiamfiaQt + Medx\Jﬂit& _ Z dLi(a)eiiaMFiaQt

2 +qa? — c¥Fia

n 1 c c n c 7% Lo 1

_ e~ i z
Virt \ 2 +a?  2ia(c— ia) Zia(c +ia) t
_ plar—ia®t + 2¢* 1~ () eclzl+ite? cilaz|—iat +0

c +a? c— z]a! t

2
_ —id?t iar c z\ax| 1 2¢ clz|+itc? 10) 1
¢ <e c—i\a| >+ B ()02-}—@26 * t)’
O

Next we define for every fixed ¢ > 0 and x € R the differential expression U(t,x), acting
on functions in an auxilary variable £, by

U(t,7) = Ugeo(t, z) + U (8, 2) + U (t,2) + U (8, 2), (3.5)
with the components

o k .
_ ()b r ik
Ufree(ta JU) - Z Z nl(k; - n)' dfnJrk’
k=0n=0

[e.9]

1 d2n
2n d§2n )

) ) _ < |z F)
Us/(t,x) =e A +c
J (t,2) 2\/it
oo n+1 2 k.. k n—k+m
+) zt) |z|® (n\ d
t = it
U :C =e i mZOnZOkZO 2k+lcm1" +1) k dﬁ"‘k+m’

m k+1 2k .k n—k+m
() (it)z 7 "|x|® (n\ d
U5 t a: = iw Z Z Z 2k+1cmr n 1) k dfn—k—i—m'

m=0n=0 k=0

The next lemma shows how the differential expression U(t,x) can be used to gain the
solution of (1.6) out of the initial condition.
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Lemma 3.2. Let ¢ € R\ {0} and consider the differential expression U(t,z) in (3.5) for fized
t >0 and x € R. Then
Uy (t,z) = (U(t,z)F,)(0) (3.6)

holds for every function F, of the form (1.4) with |k‘§n)\ < |c|. Here WU, is the solution of
(1.6) with initial condition ¥, (0,z) = F,(z).

Proof. Since the differential expression U (¢, x) in (3.5) as well as the Schrodinger equation
(1.6) are linear, and because the function F,, is a linear combination of exponentials, it is
sufficient to prove (3.6) for F,(¢) = € with |a] < |c[. Since for this initial condition
we have already computed the explicit solutions ¥,, = ¥ in Theorem 1.3, we will compare
¢+ Ul(t,x)e from (3.5) at £ = 0 with ¥ in (1.13). This will now be done for each component
seperately. The following identity will be used:

o = (ia)”, n € Npy. (37)

A% iag
dgn
Step 1. We rewrite the function Wgee in (1.14) as the power series

io: (—ita® + iax)k

\ijree(tv .’L‘) = Ll
k=0 )
[e's) k
1 k k—n 2\n
= Z o (n) (tax)" " (—ita”)
k=0 n=0

This representation together with the identity (3.7) shows
\ijree(ta x) = Utree (t, x)eiaé

€=0

Step 2. Since we have assumed |a| < |c| we can use the geometric series to write \I/( )i n (1.14)
in the form

(0) 1 _a? ( 2] . )
Ui (t,r) = ————e 2t A it
) ( ) 1— %)2 2\/ﬁ
= e A ( 2 + c\/ft) i i(2'@)2”-
2\/7} = 627’1
Hence we conclude '
v (tw) = U (4 )|

Step 3. For the last two terms Uéi) (t,z) we use (3.2) to write \Ilf;i> in (1.14) as

12
\I/((;i)(t,x):—l‘)e‘*”A< |z | izaf)




which shows

U (¢, ) = U (1, ) el .

Summing up the identities in the above Steps 1 — 3 we conclude (3.6). O

In the next lemma we study the continuity of U(t,z) in the space A; |, (C).

Lemma 3.3. Let ¢ € R\ {0} and consider the differential expression U(t,z) from (3.5) for
fizedt > 0 and x € R. Then for every B € [0, |c|) there exists some Sp(t,x) > 0 such that for

any function f € Ay ) (C), whose power series coefficients %) from (2.4) satisfy |f®)] < ABk—f
for some A >0, the estimate

U(t,2)f(€)] < ASg(t,x)el,  ¢ecC, (3.8)

holds. In particular, the differential expression U(t,z) gives rise to an everywhere defined
continuous operator in AL\C\((C)' Furthermore, the function Sg can be chosen to be continuous
in the variables (t,z) € (0,00) x R.

Remark 3.4. In Lemma 3.3 the differential operator U(t,x) is studied in the space Ay |.|(C),
introduced in Definition 2.1. We emphasize, that it is not possible to deal with the larger space
Ai(C) = A1,56(C), which appears in [7, 8, 9, 11, 14], in a similar context. In fact, the finite
constant ¢ € R\ {0} models the strength of the §-interaction in the Schridinger equation (1.6)
and the estimate (3.8), which is the key ingredient in the proof of Theorem 1.5, does not hold
for an arbitrary function f € A1(C). Furthermore, even the expression (U(t,x)f)(§) itself is
in general not defined for f € A1(C), since the appearing sums do not converge.

Proof of Lemma 3.3. Recall from Lemma 2.2 that for f € A (C) there exists A > 0 and

B € [0,]|c|) such that |f®)| < ABk—f holds for the coefficients f(*) in the power series (2.4). In
particular, for such f we have the useful estimate

(b)
€] < Z'f

In order to verify (3.8), the components Ug.e(t, x), Uéo) (t,z) and Uéi)(t, x) of U(t,x) in (3.5)
will be discussed in separate steps in a similar way as in the proof of Lemma 3.2.

= AB"PlEl cecC. (3.9)

Step 1. Using (3.9) in the representation of Upee(t, ) leads to the estimate

k k—
U t
‘ free(t,$) < AeBlﬂ E E |$’ Bn+k
k=0n= O

= APl Z o (BQt + B|x])k

= ASB,free(ty $)6B|€‘7

2
where Spg freo(t, ) = eB 1Bl

Step 2. For the component Uéo) (t, ) we obtain
0 Ble| B g0 o Bl
‘U(S (tvw)f(é.)‘ S AB A Z Czn = AS 75(t ‘T) )
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with S](B)6 t,x) ‘A( ] +cf)
B < |¢|.

2 Lo . . .
gz, which is a positive finite number since we assumed

Step 3. For the components Uéi)(t, x) we again use (3.9) and estimate

U(i) <A BI¢| t2 k‘x’ n Bn—k-l—m
‘ g (t’ ) € ZZZ?’“‘HC"”F +1) k

m=0n=0 k=0
—éeB'f';O;;m)m o (gt vim)

— AeBll || _|95| .
A oy (a8

+ ¢ ¥
where ng,g (t,z) = 2(|c||lB)A ( 2o | \[B)

The above estimates, together with (3.5), show that (3.8) holds for ¢ > 0 and x € R with
Sp(t.2) = Sp rec(t, ) + S 5(t,2) + S5 (8, x) + S5 (¢, x),

and it is also clear that Sp is a continuous nonnegative function on (0,00) x R. Note also
that Lemma 2.2 and (3.8) imply that U(¢, ) is an everywhere defined operator in A, |./(C),
which maps continuously into A; . (C). O

We will now use the representation in Lemma 3.2 and the estimate in Lemma 3.3 to finally
prove Theorem 1.5.

Ayl
Proof of Theorem 1.5. Since F, LSl gia- there exist a sequence (A,) > 0 and B € [0,[c|)

such that the coefficients of the power series of (F,, — e'*") satisfy
: \k k
v _ (i) 5 :
Ey i <A, R and nhl& A, =

cf. Lemma 2.2. Let K C (0,00) X R be an arbitrary compact set, denote the solutions
of (1.7)—(1.9) with initial condition F,(x) by V¥, and let ¥ be the solution in (1.13) with
initial condition W(0,z) = €. Using the representation in Lemma 3.2 and the estimate in
Lemma 3.3 for £ = 0, we conclude

lim sup ‘\I/n(t x) — Yo(t,x ‘— lim sup }( t,x)(F, — e ))(0)}
0 (e K O (tr)eK

< lim sup A,Sp(t,z)eB°

=00 (¢t e K
= sup Sp(t,x) lim A4, =0,
(t,x)eK n—00

where sup(; ,)cx SB(t, ) < oo since Sp is continuous on (0,00) x R by Lemma 3.3. O
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