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ABSTRACT. Boundary relations for a symmetric relation in a Pontryagin space
are studied and the corresponding Weyl families are characterized. In partic-
ular, it is shown that every generalized Nevanlinna family can be realized as
the Weyl family of a boundary relation in a Pontryagin space.

1. INTRODUCTION

The notions of boundary triplets and associated Weyl functions play a key role in
the extension theory of symmetric operators and relations. By means of a boundary
triplet all selfadjoint extensions of a given symmetric operator can be parametrized
and their spectral properties can be described efficiently with the help of the Weyl
function; see, e.g. [10, 11]. If the underlying space is a Hilbert space or a Pontrya-
gin space, then the Weyl function belongs to the class of Nevanlinna or generalized
Nevanlinna functions, respectively, and satisfies an additional strictness condition.
Conversely, every Nevanlinna or generalized Nevanlinna function with this addi-
tional strictness property can be realized as a Weyl function of a boundary triplet.

The concept of boundary relations and associated Weyl families for symmetric
operators and relations in Hilbert spaces was introduced in [8] and studied further
in [9]. The notion of boundary relation is a generalization of the notion of boundary
triplet which makes it possible to interpret all Nevanlinna functions and even so-
called Nevanlinna families as Weyl families. This was shown in [8] with the help of
the Naimark dilation theorem; in [2, 3, 7] an alternative realization in reproducing
kernel Hilbert spaces was given.

In the present paper the main interest is in the notions of boundary relations
and Weyl families in a Pontryagin space setting; for the Krein space case see also
[4]. Many of the basic definitions and facts from the Hilbert space case remain the
same in the indefinite setting due to one of the key observations in [8]: boundary
triplets and relations are unitary relations in a Krein space sense. However, in the
Pontryagin (and Krein) space case certain new difficulties arise: it may happen
that the so-called main transform of the boundary relation leads to a selfadjoint
relation which has an empty resolvent set, see Example 3.7. As becomes clear from
the considerations below, the Pontryagin space setting, when compared with the
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Hilbert space case, yields a somewhat more delicate interplay between the geometric
properties of boundary relations and the analytic properties of their Weyl families.
The treatments needed here are important in establishing the connection to the
class of generalized Nevanlinna families.

In an earlier paper [9] the coupling method was introduced to deal with the
selfadjoint extensions in an exit space (being a Hilbert space) of a given symmetric
operator or relation in a Hilbert space. The present results make it possible to also
consider selfadjoint extensions in an exit space which is allowed to be a Pontryagin
space. Hence this paper gives a possibility to extend the scope of the applica-
tions of the theory of boundary relations to abstract boundary value problems with
eigenparameter dependent boundary conditions.

Here is a short overview over the contents of the paper. In Section 2 some
definitions and preparatory facts on linear operators and relations on Krein and
Pontryagin spaces are given. In Section 3 boundary relations in Pontryagin and
Krein spaces are considered involving a study of their main transforms with empty
resolvent sets. In Section 4 the main results of the paper are established: it will
be shown that every Weyl family associated to a boundary relation of a symmet-
ric operator or relation in a Pontryagin space is a generalized Nevanlinna family
(Theorem 4.8), and that, conversely, every generalized Nevanlinna family can be
realized as the Weyl family of a boundary relation in a Pontryagin space (Theo-
rem 4.10). For this converse statement a Pontryagin space variant of the functional
model from [2, 3, 7] is established. A partial case of Theorem 4.10 for normalized
generalized Nevanlinna pairs was formulated in other terms and proved in [21].

2. PRELIMINARIES

2.1. Linear relations in Banach spaces. Let ) and R be linear spaces. A linear
relation (multivalued operator) S from $) to £ is a linear subspace of the product
space $) x K. For the usual definitions concerning operations with relations, see for
instance [15]. The domain, kernel, range, and multivalued part of a linear relation
S from a linear space §) to a linear space K will be denoted by dom S, ker S, ran .S,
and mul S, respectively. The elements in a linear relation S will usually be written
in the form

f/

Linear operators from §) into K are viewed as linear relations via their graphs.

Now consider the case where §) and K are Banach spaces. A linear relation S
from $ to R is said to be closed if S is closed as a subspace of the product space
$ x K. The linear space of bounded linear operators defined on §) with values in &
is denoted by B($), &) and by B($)) when & = ). Let S be a closed linear relation
in $). The set of points of regular type p(S) of S is the set of all A € C such that
(S — A)7! is a bounded linear operator (defined on ran (S — \)). The resolvent
set p(S) of S is the set of all A € C such that (S — A)~! € B($); the spectrum
o(S) of S is the complement of p(S) in C. A point A € C is an eigenvalue of S if
ker(S — ) # {0}. The set of all eigenvalues of S is denoted by 0, (S). When A € C
is an eigenvalue of S the corresponding linear space of eigenelements is denoted by
M (S) := ker(S — A) and, furthermore,

MA(S) = {{f A1 fr €M)}

{f,f'} or <f>, where f € dom S, f' €ranS.
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The following situation occurs frequently.

Lemma 2.1. Let ) be a Banach space and let A,B € B($)). Define the linear
relation S in $ by

S ={{Ah,Bh}: he®}.

If B — \A is boundedly invertible for some A € C, then the relation S is closed and
X € p(S). Moreover, (S —\)~t = A(B—\A)~L.

2.2. Linear relations and operators in Krein spaces. Let ($,[,]) be a Krein
space and let Jg be a corresponding fundamental symmetry. Then

() = [Ja- ]
defines a scalar product on $) such that [,-] is continuous with respect to the
norm induced by (+,-) and (9, (+,-)) is a Hilbert space; see [1]. In the following all
topological notions are understood with respect to the norm || - || induced by (-, -).

Let U C $ x £ be a linear relation from the Krein space (9, [, ]s) to the Krein
space (&, [, ]g). The adjoint U™ is defined by

Ut = {{12,/3} € Rx 9 : [k E]g = [h g for all {h,k}eU}.

It is a closed linear relation from £ to ), i.e., a closed subspace of & x §) when
considered as the direct sum of the corresponding Hilbert spaces. A linear relation
U C $ x R is said to be isometric if U=' C UT and unitary if U= = UT. Recall
that a unitary relation U from $) to K satisfies

ker U = (dom U)*o and mul U = (ran U)Hs,

Furthermore, recall that dom U is closed if and only if ran U is closed (see [23]).
Unitary relations may be multivalued; and single-valued unitary relations may be
unbounded. A unitary relation from $) to £ is said to be a standard unitary operator
if it is (the graph of) an operator belonging to B($), 8). The inverse of a standard
unitary operator is automatically also a standard unitary operator.

Finally, a linear relation A C $ x $ in a Krein space (9, ]-,-]) is said to be
symmetric if A C A' and selfadjoint if A = AT. A selfadjoint relation in a Krein
space (or in a Pontryagin space) may have an empty resolvent set; cf. Example 3.7.

2.3. Linear relations and operators in Pontryagin spaces. Symmetric and
selfadjoint relations in Pontryagin spaces have some useful properties. If S is a
symmetric operator in a Pontryagin space ), then automatically the set of points
of regular type is nonempty: p(S) # 0; in fact, then #(Cy \ p(S)) < k. f Ais a
selfadjoint operator in a Pontryagin space with k negative squares, then the upper
and lower half planes consist of points of the resolvent set with the exception of at
most x eigenvalues in each of the half planes; see [1], [16]. The situation is different
for selfadjoint relations in a Pontryagin space; see [14].

Lemma 2.2. Let A be a selfadjoint linear relation in a Pontryagin space $) with k
negative squares. Then o(A) = C if and only if 0,(A) contains at least k+1 points
in Cy orin C_. In this case

span{ker(A—X): A€ C;} and span{ker(A—\):AeC_}

are neutral subspaces of ), which contain at least one nontrivial vector from mul A.
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Proof. For the first statement, see [14]. Now let A1, A2, ..., Agy1 be different
eigenvalues of A in C; and let
(21) {’LLj,)\jUj}EA, Uj#o, j=12...,k+ 1.

Then [u;,ui] =0 for all j,k=1,2,...,k+ 1 and thus, the subspace
L=span{u;: j=1,2,...,k+ 1}

is neutral. Since $ is a Pontryagin space with negative index x the dimension d of
the neutral subspace £ is less or equal to x, and hence the vectors u; are linearly
dependent. Enumerate u; such that ui,...,uq form a basis in £. Then there are

o; € C such that ug4q = 2?21 oju; and

d

(22) ’LLdJrl,ZOéj)\jUj € A.
j=1

It follows from (2.1) and (2.2) that

d
0, Zaj()\j — )\d+1)uJ‘ €A,
j=1

and, hence,
d
Uso 1= Zaj()\j — Ad+1)u; € mul A.
j=1
If uso = 0, then o; = 0 for all j = 1,...,d and hence ug+1 = 0, a contradiction.
Thus ue, is not trivial. O

Corollary 2.3. If A is a selfadjoint linear relation in a Pontryagin space $) such
that 0(A) = C, then mul A contains at least one nontrivial neutral vector. In
particular, if mul A is either a positive subspace or a negative subsoace of §), then

p(A) # 0.

Lemma 2.4. Let K be a closed densely defined linear operator acting from a Hilbert
space (L, (+,-)) to a Pontryagin space (9, [-,-]) of negative index k. Then the operator
K™K is selfadjoint in L and the form [K-, K] is semibounded from below on dom K.

Proof. Tt follows from (Kt Kuz,y) = [Kz,Ky] = (z, KTKy), z,y € dom (KTK),
that KTK is a symmetric operator in £. Since K*K has at most x negative
eigenvalues, one can assume that —1 ¢ 0,(K " K). Then the subspace

K={{Ku,u}: ue€domK}

is a closed nondegenerate subspace of @ L and its orthogonal complement in H S L
takes the form
KW = {{f,~K*f}: fedomK*}.
Since $ @ L is a Pontryagin space it follows that $ @ £ = K[+]KH holds; cf. [1,
Theorem 9.9], [16, Theorem 3.2]. Hence there exist u € dom K and f € dom K+
such that
{Ovh} = {K’LL, u} + {fv _K+f}

This implies u € dom (KT K), h = (I+K " K)u and hence ran (/+K T K) = L. Thus
—1 € p(KTK) and it follows that K1 K is a selfadjoint operator in £. Furthermore,
as ) is a Pontryagin space with negative index « it follows that the spectral subspace
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of KTK corresponding to the negative spectrum has at most dimension x and
therefore K™K is semibounded from below.
To see that also the form [K-, K] is semibounded from below on dom K it suffices
to prove that
Ko := {{Ku,u}: u € dom (K*K)}
is dense in K. Indeed, if {Kv,v} is orthogonal to Ky for some v € dom K then
(v, I + KTK)u) = (v,u) + [Kv, Ku] =0

for all u € dom (KT K) and hence v = 0. O

3. BOUNDARY RELATIONS AND WEYL FAMILIES

In this section boundary relations and their Weyl families in Krein spaces will
be studied. It will be shown that on an algebraic level there is a close connection
between the Krein space and the Hilbert space situations.

3.1. Boundary relations in Krein spaces. Let (9,[-,:]) be a Krein space and
let J be a corresponding fundamental symmetry. The product space $? = § x 9
will be equipped with the indefinite inner product

(3.1) [f8)s: =i(lf, g1 = (f9), F={f 1} =199} €9

Then (92, [-,-]s2) is also a Krein space and

0 —ids, )

(iJﬁ 0 ) €B®)
is a corresponding fundamental symmetry. In the following (#,(-,-)) will be a
Hilbert space. By replacing the inner product [-, -] on the right hand side of (3.1)

with (-,-) the product space H? equipped with the corresponding indefinite inner
product [-, ]2 is also a Krein space with the fundamental symmetry

(0 —ily 9
(3.2) Jyz = (in.l 0 > € B(H).

Let I' € $% x H? be a linear relation from the Krein space (2, [-, Jg2) to the
Krein space (H2,[,-],2) and denote the adjoint of I' by T[*]. Then T is [, ]
isometric or [-,-J-unitary if T is an isometric or unitary relation from (9[-, ]42)
to (K2, [, I42); Le., if T71 € T or T = PIHL respectively.

Definition 3.1. Let S be a closed symmetric relation in a Krein space $). A linear
relation T C $? x H? is called a boundary relation for ST if H is a Hilbert space,
T := domT is dense in ST w.r.t. the graph topology on St (induced by the Hilbert
space inner product on H% = x ), and T is [-, -]-unitary.

One can restate this definition also as follows: a [-, -]-unitary relation I' C $?x H?
is a boundary relation for ST if and only if kerI' = S; see [8, Proposition 2.3]. The
space H in Definition 3.1 is the parameter space of the boundary relation I'; it plays
the role of the boundary space in applications to ODE’s and PDE’s.

The product space $2 can be provided with another indefinite inner product

< f?g >>5’JQ = l((fagl) - (flvg))
=i([Jof.g') = [Jsf'.q)), F={f1} 9=1{9.9}€H
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where (-,-) = [Jg-,] is the Hilbert space inner product on $. The fundamental
symmetry Jg can be used to give a connection between different classes of linear
relations in Krein spaces and Hilbert spaces. This is formulated in the next lemma,
whose proof is straightforward.

Lemma 3.2. The linear operator Uj, from the Krein space (92, [I:',']]y)Q) to the
Krein space (92, < -,- >g2) defined by

(33) UJﬁ{f»f/}:{fvjfjfl}v {fvf,}ef-)zv
is a standard unitary operator. Furthermore, for every linear relation A in $2,
(3.4) Usy (AT) = (U, (4))7,

where * denotes the adjoint in § with respect to the Hilbert space inner product (-, ).
In particular, Uy, establishes a bijective correspondence between the symmetric and
selfadjoint relations in the Krein space ($,[,-]) and the symmetric and selfadjoint
relations in the Hilbert space (9, (+,-)), respectively.

Using this connection one can conclude the existence and give a description of
all boundary relations I' C $2 x H? for an arbitrary closed symmetric relation S in
a Krein space setting.

Proposition 3.3. Let S be a closed symmetric relation in the Krein space (9, [, ])
with the fundamental symmetry Js. Then the mapping U; in (3.3) establishes a
bijective correspondence between the boundary relations I' C $H2xH? for ST and the
boundary relations I' C $% x H? for S*, where S = Uy, (S) is a closed symmetric
relation in the Hilbert space (9, (-,-)), via

r=ToUy,.

Proof. Let § = Uy, (S) and let I C $? x H2 be a boundary relation for S*.
Then T is a unitary relation from the Krein space (%, < -,- >g2) to the Krein
space (H?, [, ];2) with ker' = S. Since Uy, is a standard unitary operator by
Lemma 3.2, it follows from [9, Theorem 2.10 (iv)] that the composition

F:fOUJﬁ

is a unitary relation from the Krein space (2, [,] 52) to the Kren space

(H?,[,-]52)- Clearly, kerI' = S and thus I' defines a boundary relation for S*.
The inverse U;ﬁl is also a standard unitary operator and, therefore, if ' C $2xH?

is a boundary relation for ST, then the same argument shows that the composition

I::FOUJ;1

is a boundary relation for S*. This yields the one-to-one correspondence between
the boundary relations of St and S*. O

The existence of boundary relations for closed symmetric operators or relations
in the Hilbert space setting was proved in [8, Proposition 3.7], which together with
Proposition 3.3 gives the corresponding fact for symmetric relations in a Krein
space.

A boundary relation I is said to be an ordinary boundary triplet for ST if ranT =
H x H; see [8, Proposition 5.3]. The existence of ordinary boundary triplets for
symmetric relations in a Krein space can now be described as follows.
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Proposition 3.4. Let S be a closed symmetric relation in the Krein space (9, [, ])
with the fundamental symmetry Jg. Then there exists an ordinary boundary triplet
for ST if and only if S admits a selfadjoint extension in (9,[-,-]). In this case the
mapping Uy, in (3.3) establishes a bijective correspondence between all ordmary

boundary triplets {H,T'o,I'1} for S* and all ordinary boundary triplets {H, T, Fl}

for S*, where S = U, (S) is a closed symmetric relation in the Hilbert space
('V)a (" )): via

{To, 11} ={TgoUy,,T10Us } =T oUy,.
Moreover, Ag := kerT'g and Ay := kerD'y are selfadjoint extensions of S in the
Krein space (9, [-,-]) which are transversal, i.e., Ag + Ay = ST.

Proof. It follows from (3.4) that S admits a selfadjoint extension in the Krein space
($9,[-,]) if and only if S admits a selfadjoint extension in the Hilbert space (£, (-, -)),
or equivalently, S has equal defect numbers in (£, (-,-)). This is a necessary and
sufﬁment condition for the existence of an ordinary boundary triplet {’H 1"0,1"1}
for §*; cf. [11], [8, Section 5.1]. On the other hand, it is clear that I' = {I'o,I';} is
an ordlnary boundary triplet for S* if and only if Lol J5, is an ordinary boundary
triplet for S, since Uy, is a standard unitary operator and U, (S) = S*. This
yields the bijective correspondence between the ordinary boundary triplets for ST
and S*. Clearly, Uj,(Aj) = ker fj and hence (3.4) implies that Ay and A; are
transversal selfadjoint extensions of S in (&, [-,]). O

The existence of an ordinary boundary triplet for a closed symmetric relation S
in a Krein space which admits a selfadjoint extension Ay with a nonempty resolvent
set was shown in [5]. Proposition 3.4 implies that all ordinary boundary triplets
of ST in a fixed parameter space H can be described in the same way as in the
Hilbert space setting; cf., e.g., [11, Proposition 1.7].

Lemma 3.5. Let ' be a boundary relation for the adjoint ST and let W be a
standard unitary operator in the Krein space (H?,[-,]y2). Then W oT is also a
boundary relation for ST. Moreover, if I’ is an ordinary boundary triplet for ST,
then the same is true for W oI’ and all ordinary boundary triplets for ST can be
obtained in this way.

The connection between the boundary relations of ST of a symmetric relation
S in a Krein space (9,[-,]) and the boundary relations of S* in the Hilbert space
($,(+,+)) given in Proposition 3.3 makes it possible to extend or easily translate
several facts for (different types of) boundary relations as well as various results
on their composition and coupling which were proved in the Hilbert space setting
in [8, 9] for boundary relations of symmetric relations in Krein spaces. The reason
is that many of the results involving the construction of boundary triplets and
relations (e.g. for various intermediate extensions of orthogonal sums of symmetric
relations as in [9, Sections 3-5]) have been proved by using composition of two
unitary operators or relations (cf. [9, Theorem 2.10]), i.e., they are of algebraic
nature: when such a result on boundary relations is established for symmetric
relations in a Hilbert space it also holds for symmetric relations in a Krein space
due to the connection of boundary relations and triplets in Propositions 3.3, 3.4
via the standard unitary mapping Uy, in (3.3). In this way one gets also various
transformation results for Weyl families (see Definition 3.6 below) of boundary
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relations in the Krein space setting, proved in the Hilbert space setting in [8, 9];
as a simple example see, e.g., Lemma 3.8. It is emphasized that these results
give the ”algebraic part” involving, e.g., various transformations of Weyl families
of symmetric operators in a Krein space; they do not make it possible to derive
specific analytic properties of a given Weyl family of some symmetric operator .S in
a KreIn space from the analytic properties of a Weyl family of a symmetric operator
S = Uy, (S) in a Hilbert space. The reason is that the defect subspaces of S and S
are not connected by the mapping U, and therefore there is no direct connection

between the Weyl families of the boundary relations of ST and S*.

3.2. Weyl families for boundary relations in Krein spaces. The introduction
of Weyl families and v-fields for the present situation follows the same pattern as
in the Hilbert space case; see [8, 9].

Definition 3.6. Let S be a closed symmetric relation in the Krein space $) and let
I C 92 x H? be a boundary relation for ST with T = domT. The y-field v and the
Weyl family M of the boundary relation I' are defined by

O == {{h f} : {f B} €T and f = {f, f'} eM(T)}, Ne€C,
and
M(A) :=T(M\(T)) ={h : {f,h} €T and f e M\(T)}, AeC.

Let S be a closed symmetric relation in the Krein space ) and let I' C $2 x H?
be a boundary relation for S*. Then I' induces a selfadjoint extension A of S in
the Krein space $ x ‘H defined by

s {1 )

which is called the main transform of I in [8]. As was shown in [8, Theorem 3.9]
the Weyl family M of the boundary relation I' and the selfadjoint extension A in
(3.5) associated to I" are connected via

(36) P’H(A_A)_II"H:_(M()‘)—’—)‘)_l? )‘Ep(A)a
and that therefore in this case
(3.7) —(MA\)+ X" eB(H), )€ pA).

However, in general, the selfadjoint relation A in (3.5) has an empty resolvent set
and (3.7) will not hold in general. In fact, the righthand side of (3.6) suggests that
p(A) will be empty if the Weyl family of T" is M (A\) = —\. In the following example
this situation is considered.

Example 3.7. Let ) be the one-dimensional Pontryagin space (C,[-,-]), where the
inner product is defined by [f, 9] := —fg, f,g9 € C. Then

{5} rrecferne

is a boundary relation for T = ST = {{f, f'}: f,f € H} when the closed sym-
metric operator S is defined by S = {0}. In fact,

= (3) ()} -0 = 0 = g1 - o) por a 157 € €.

gl
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and simple observations show I'™' = T+l The Weyl family associated with T,

defined by
= { () rech-n

is a scalar gemeralized Nevanlinna function with one negative square. The selfad-
joint relation A in $ X C associated with the boundary relation I is given by

NG )

Clearly every A € C is an eigenvalue of A and hence p(A) = 0. Note that also
H=M(T), € C, and H = mul A.

Recall that standard unitary operators in (H2, [-, ‘J442) transform boundary re-
lations by interpreting the standard unitary operator W in H as a transformer (of
linear relations) in the sense of Shmuljan [24]; see Lemma 3.5. The corresponding
Weyl families transform accordingly, cf. [9, Proposition 3.11].

Lemma 3.8. Let S be a closed symmetric relation in the Krein space $) and let
I C $52 xH? be a boundary relation for ST with corresponding Weyl family M. Let
W be a standard unitary operator in the Krein space (H?, [, Jp2) decomposed as

Woo  Wor
W =
(Wu) W11> ’

and let T'yy = W oI be the transformed boundary relation with corresponding Weyl
family My,. Then domT'y = domI' and

(3.8) My (X) = { {Woof + Worf', Wiof + Wi f'}: {f, f'} € M(N) }.

In the following lemma a particularly useful transform of a boundary relation is
described with some further details; the first part (in the Hilbert space setting) is
contained in [9, Proposition 3.18] and the second part is obtained by applying (3.5)
to Fw.

Lemma 3.9. Let S be a closed symmetric relation in the Krein space $) and let
I' € H% x H? be a boundary relation for ST with corresponding Weyl family M. Let
X, X1 Y =Y* € B(H) and define

X! 0
(3.9) W = < vx-1 x* )
Then W is a standard unitary operator in (H?, [, Jy2) and the Weyl family My,
related to the boundary relation I'yy = W o T' is given by
(3.10) My (AN =X"M(MN)X +Y.

If the selfadjoint relations A and Aw correspond to the boundary relations I' and
Ty wvia (3.5), then

=1 ) G v I () ()=

and the subspace mul Ay, admits the representation

@ it ={ (L) () cmia}



10 J. BEHRNDT, V.A. DERKACH, S. HASSI, AND H.S.V. DE SNOO

Proof. A direct computation shows
whtl = (—X)S*Y XO_*> =W,
so that W is a standard unitary operator in (H?,[-,-];;2). The identity (3.10)
follows from (3.8), which in the present circumstances (3.8) reads as
Mw(\) = {{X ' LYX U+ X} {f, 'y e MOV |
The remaining statements follow from I'yy = W oI and (3.5). O
Lemma 3.10. Let S be a closed symmetric relation in the Krein space ), let

' C $2% x H? be a boundary relation for ST, and let A be the selfadjoint relation
associated with T via (3.5). Assume that

(3.12) mul AN $H = {0}.
Then there exists a closed linear operator K : dom K C H — $ such that
(3.13) mulA:{( KJ‘):uEdomKCH}.

The condition (3.12) is satisfied, if S is an operator.
Proof. Observe that mul A is a closed subspace of £ & H given by

mia={ (o) 1 0)- (o) <)

Hence, the condition (3.12) is necessary and sufficient for mul A to be the graph of
a linear operator K : dom K C ‘H — $. Clearly, the operator K is closed, since
mul A is a closed subspace of $ d H.

To prove the last statement assume that f/ € mul AN $. Then

(§)emin o {(3)-(4)}er
() ()} er wa () cuor

Hence, f’ € mul S and if S is an operator this yields f’ = 0. O

and therefore

3.3. Boundary relations in Pontryagin spaces. In this subsection somewhat
more specific results for boundary relations in Pontryagin spaces are given. It is
clear from (3.6) that a nonempty resolvent set p(A) # @ of the selfadjoint relation
A in (3.5) simplifies the investigation of the analytic properties of the Weyl families
and v-fields associated with boundary relations for ST. Another helpful condition
in this connection is the notion of minimality of boundary relations; the definition
given here is a slight adaption of [8, Definition 3.4] in the case of Hilbert spaces.

Definition 3.11. Let S be a closed symmetric relation in the Pontryagin space $)
and let T C $H% x H? be a boundary relation for ST with domT = T. The boundary
relation T is called minimal if p(S) # 0 and

(3.14) § = span {M(T): Aep(S)}.

Recall that if S is a closed symmetric operator in the Pontryagin space §), then

p(S) # 0.
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Proposition 3.12. Let S be a closed symmetric operator in the Pontryagin space
9 and letT C H% x H? be a boundary relation for ST with domT' = T. Then there
exists a boundary relation Ty, for ST with the same domain dom Ty = T, such
that the selfadjoint relation Ay associated with I'yy via (3.5) satisfies

p(Aw) # 0.

Proof. Assume that p(A) = () for the main transform A of T'; otherwise the state-
ment is clear. Since S is an operator it follows from Lemma 3.10 that there exists
a closed linear operator K : dom K C H — $ such that (3.13) holds. Due to
Lemma 2.4 the form [K-, K] on dom K is semibounded from below, that is there
is @ > 0 such that
[Ku, Ku] > —a*||lu||?, u € dom K.

Consider a standard unitary operator W in (H2,[-,]52) of the form (3.9). The
selfadjoint relation A is transformed into the selfadjoint relation Ay, whose mul-
tivalued part is given by (3.11). The inner product on mul Ay is obtained from
(3.13) and (3.11):

(3.15) K )I(“Z )( )I((Z )] = (XX*u,u) + [Ku, Ku), u € domK.

By choosing W such that the inner product in (3.15) is positive (for instance X =
(a+ib)I with some b > 0 and Y = 0), it follows from Corollary 2.3 that p(A") # (.
By construction, domI'yy = dom I and this completes the proof. O

Clearly, the above result need not hold if S is not an operator: consider S & A,
where S is symmetric and A a selfadjoint relation with p(A) = (). Proposition 3.12
gives a couple of useful corollaries; it will be also used in establishing the charac-
teristic properties of the Weyl families in the next section.

Corollary 3.13. Let S be a closed symmetric operator in the Pontryagin space )
and let T C $2 x H? be a boundary relation for ST with domT = T. Then the
selfadjoint relation Aw in Proposition 3.12 satisfies

(3.16) MA(T) = ran Py (Aw — A) "', A€ p(Aw).
Proof. Due to domTy = T and p(Aw) # 0 the result is obtained by using the
arguments appearing in [8, Lemma 2.14]. O

The next corollary is valid for arbitrary boundary relations in Pontryagin spaces.

Corollary 3.14. Let S be a closed symmetric operator in the Pontryagin space ),
let T C $2 x H? be a boundary relation for ST with domT = T and let Ay be a
selfadjoint relation as in Proposition 3.12. Then the following statements hold:

(i) MA(T) is dense in My (ST), X € p(Aw);
(ii) T is minimal if and only if S is simple, i.e.,
& — spam { T(S7): A€ A(S) }
(ili) for A € Cy except for at most k points the linear spaces N\(T') in (3.16)
satisfy
1Ps(Aw = X)7" = P (Aw = X0) 7! =0, A= o, A Ao € p(Aw).

Proof. The statements (i) and (ii) are obtained from Corollary 3.13 combined with
[8, Lemma 2.14]. To prove (iii) it suffices to apply the resolvent identity for Ay,. O
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As to part (iii) of Corollary 3.14 note that the linear spaces of eigenelements
My (T) are in general nonclosed and that S = kerI' need not have equal defect
numbers, cf. [8], in which case there are no selfadjoint extensions in §) connecting
e.g. the defect subspaces of S as in the case of ordinary boundary triplets where
one may use the resolvent of Ag := kerI'y. Note that Corollary 3.14 makes it also
possible to replace p(S) in the definition of minimality in (3.14) by much smaller
subsets in C.

To this end the following result is given for completeness; it is well-known at
least for simple symmetric operators with equal defect numbers.

Lemma 3.15. Let S be a closed symmetric relation in the Pontryagin space §) and
let T C H% x H? be a minimal boundary relation for ST. Then S = kerD is an
operator without eigenvalues.

Proof. To see that S is an operator, assume that {0,¢g} € S. Then for all f) €
M\ (T), A e C,
0 =1[g, fx] = [0, AfA] = [g, S,
and hence it follows from (3.14) that g = 0. Next assume that {h,(h} € S for some
¢ € C. Then
0= [Ch, fa] = [h, AfA] = (C = A)[h, i,

and hence again using (3.14) one easily concludes that h = 0. (]

4. GENERALIZED NEVANLINNA FAMILIES AND WEYL FAMILIES OF BOUNDARY
RELATIONS IN PONTRYAGIN SPACES

In this section boundary relations and their Weyl families are considered when
the space $) is a Pontryagin space. The corresponding Weyl family turns out to
be a generalized Nevanlinna family and it is also shown that, conversely, every
generalized Nevanlinna family is the Weyl family corresponding to a boundary
relation in a Pontryagin space.

4.1. Generalized Nevanlinna pairs and families. The next definition gener-
alizes the notion of Nevanlinna pairs which was first introduced apparently in [22],
but its prototype can be found in other places, in particular, in the theory of the
Bezoutiant, see [20]. The notions of Nevanlinna pairs and families has been used for
the description of generalized resolvents in, e.g., [17], and in the theory of boundary
value problems with spectral parameter depending boundary conditions, see, e.g.,
[12], [13].
For a subset O in C the notation

O ={AeC: €0}
will be used in the following.
Definition 4.1. Let H be a Hilbert space and let k € Ng. A pair {®, U} of B(H)-

valued functions ®, ¥ holomorphic on a symmetric open set O U O*, O C Cy, is
said to be a generalized Nevanlinna pair with k negative squares, if

(P1) forall A€ O:
T(AN)*P(N) — @(N)*T(\) = 0;
(P2) for some p € Cy and some X € O:
0€p(T(N) +u®(N), 0€p(T(A)+ AP(N));
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(P3) the kernel

(41) Kq;&;()v/i) =

has k negative squares on O U O*.

A generalized Nevanlinna pair with & = 0 negative squares is said to be a Nevanlinna
pair.

Observe that if the condition (P2) is satisfied, then it also holds for all points in
some neighborhood of A by continuity of the functions ¥ and ®. Hence, by making
O smaller (if necessary) one can equivalently assume that (P2) actually holds for
all A € O. Recall also that (P3) means that for all n € N and every choice of
Ai € OUO" and x; € H, i = 1,...,n, the matrix (Ko,w(Ni, A\j)z;j,:)7 ;- has at
most k negative eigenvalues and that the number « with this property is minimal.

Two Nevanlinna pairs {®, U} and {®;, U} are said to be equivalent, if for some
holomorphic and boundedly invertible operator function x(-) € B(H) on O U O*

®1(A) =2(M)x(A)  and  Ui(A) = U(A)x(A)
holds for all A € O U O*. Note that
{ {®(MN)h, U(AN)h}: he IC} = { {PN) XNk, TN x(Nk}: ke }, AeOUO*,

and that the kernel

K@x,\llx()‘? ,LL) = X()\)*Kq>7\1;(>\, ,LL)X(ﬂ)
also has k negative squares on O U O*.

Definition 4.2. Let k € No. A family of linear relations T in a Hilbert space H
defined on OUO* where O C Cy is an open set, is called a generalized Nevanlinna
family with k negative squares if

(Q1) 7(N)* = T1(A) for all A € O U O;

(Q2) for some u € C, the operator family (T(\) + )~ has values in B(H) and

is holomorphic on O C Cy;
(Q3) the kernel Kg 5 (\, 1) associated with the pair
~ A “1xeo, =~ I—- A -1 Xeo

(4.2) @(}\) — (T( )+1Lf)717 A e ) ‘1]()\ = /:L(T( )+lf)717 a E ?

has k negative squares on O U O*.
A generalized Nevanlinna family with k = 0 negative squares is said to be a Nevan-
linna family.

The following proposition shows how generalized Nevanlinna pairs and general-
ized Nevanlinna families are connected to each other and how they can be extended
onto C \ R with the possible exception of at most « pairs of points in C \ R.

Proposition 4.3. Let {®, ¥} be a generalized Nevanlinna pair with x negative
squares on O U O* and let T be defined by

(4.3) A 7(\) = {{B\h, T(Mh} heH}, AeOUO",
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Then T is a generalized Nevanlinna family with k negative squares and T can be
uniquely extended to a generalized Nevanlinna family with k negative squares on a
domain

(4.4) D, UD;, where Dy CCy and #(Cyi\Dy) <k,

Moreover, for every ¢ € C4 the condition 0 € p(7(X) + ) holds for all A € Dy
except at most Kk points.

Conversely, if T is a generalized Nevanlinna family with k negative squares, then
the pair {(f,\fl} defined by (4.2) is a generalized Nevanlinna pair with k negative
squares and admits a unique extension to a generalized Nevanlinna pair with k
negative squares on a domain as in (4.4).

Proof. Let {®, ¥} be a generalized Nevanlinna pair and let 7 be defined by (4.3).

Then it follows from (P1) that 7(A) C 7(A\)*. The definition (4.3) implies that
(4.5) TA) + p={{PN)h, T(N)h + u®(A\)h} : h e H},
and, hence (P2) shows that 0 € p(7(\) 4+ p) for all A € O(C C4). Similarly, one

shows that 0 € p(7(A\) + @) for all A € O. This implies that 7(A)* = 7(\) and also
proves (Q1) and (Q2). The property (Q3) follows immediately from (P3) since the

pair {®, ‘I’} is equivalent to {®, ¥}:

() = | EOEN) +p2() 7, A€,
BA)(T(N) + ad(N)"! Ae OF,

T = { YVEQ) + e A0,
O T)(TA) +EP(N) T Ae O

Therefore 7 defined in (4.3) is a generalized Nevanlinna family with x negative
squares. o
Associate with the Nevanlinna pair {®, ¥} the operator valued function

(46) o0 = {%m +E®(N), A€ O,
TN +pud(\), Ae O

Note that the condition (P1) is equivalent to the condition ©(A)* = ©O()). In
particular, (P1) implies that
(4.7) N =N, TN =TN)* IeO.
Associate with © the Schur kernel Sg(A,w) in O by the formula

So(\w) := = O)Ow)® _263((;)_95;) )
It follows from (4.6), (4.7) and the equalities

TN +pu®N) =1 TA)+ad\) =1, €O,

that the Schur kernel Sg(A,w) is connected to the Nevanlinna kernel Kz (A, w) on
O via
(4.8) Se(A\w) =ImpuKg 5(A w).
Hence, in the terminology of [18] © belongs to the generalized Schur class S, (H)

and according to [18, Satz 3.2, Folgerung 3.3] © admits a unique holomorphic
continuation ©(A) to a set Dy in the open upper half plane C; with #(C;\D4) <

AweO.



A REALIZATION THEOREM FOR GENERALIZED NEVANLINNA FAMILIES 15

k. Let © be extended to the lower half plane C_ by ©()\) := O(A)*, A € D% and
let the family of linear relations 7 be defined by

{{I =B/, (WO(\) =) f}y: fEH}, AeDy,
{H{UT =0 f, (BON) =) f}: feM}, AeDi.

Then the family of linear relations 7 is a continuation of 7 to the domain D, :=
D, UD? and the property (Q1) is easily verified on D;.
Introduce the kernel Dg(),w) on (D4 UDY) x (D4 UDY) by
%, w e D+7 A S D+,
%a w e D+7 re Dy y
De(Mw) =9 500-6()"
50— > weDi, AeDy,

I-6()8(w)* * *
W, w e D+, A€ D+.

(4.9) F(\) = {

Due to [12] (see also [6] in the present notation) the kernel Dg (A, w) has  negative
squares on (D4 UDY) x (D4 UDY). Similar calculations as in (4.8) show that

Dg(\w) =Impu Kg,@()\, w),

where ®, U are determined by (4.2) with 7 instead of 7. Therefore, the property
(@Q3) for 7 is satisfied.
It follows from (4.9) that for ¢ € C; and A € CL N Dy,

FN) +¢={H{I =0 (L= OO\ — (A —Q)f}t: fEH)

Let v = (1 — ¢)/(fi — ¢). Then by [18, Satz 3.2, Lemma 3.5] 0 € p(I — vO())) or,
equivalently, 0 € p(7(A) + ¢) for all A € D, except at most « points. In particular,
also (Q2) is satisfied.

Conversely, assume that 7(+) is a generalized Nevanlinna family with s negative
squares and let the pair {5, \TJ} be defined by (4.2) on O U O*. The first part
of the proof implies that 7 can be extended to a generalized Nevanlinna family
with x negative squares on the domain D, = DX, #(Cy \ D) < k; compare [19,
Satz 3.4]. Now clearly (P1) is implied by (Q1). It follows from (4.5) and (Q2) that
0 € p(U(A) + u®(N)) for all A € D, N C,. Similarly, (Q1) and (Q2) imply that
0 € p(r(X) + i) and, hence, 0 € p(¥(X) + i®(N)) for all A € D, N C_. This proves
(P2). Finally, (P3) is clear from (Q3). d

Remark 4.4. Proposition 4.3 contains the continuation property for generalized
Nevanlinna families and generalized Nevanlinna pairs with k negative squares on
O U O*. A similar fact for generalized Schur functions with k negative squares on
some open set in the unit disk was proved by M.G. Krein and H. Langer in [18], and
the present result is obtained from their result by applying Caley transforms. The
continuation property in the case of bounded operator functions T whose Nevan-
linna kernel has k negative squares on a set Dy C C,, which contains at least one
accumulation point was proved earlier in [12, Section 2.

By replacing the generalized Nevanlinna pair {®, ¥} by the extended generalized
Nevanlinna pair {‘I), ‘I/} in Proposition 4.3 one can consider generalized Nevanlinna
pairs being defined in the maximal domain of holomorphy D U D% of a given
generalized Nevanlinna family 7. In what follows such a pair is often still denoted
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by {®, ¥} with the indication that its domain of holomorphy is denoted by Dg ¢ :=
D, UD, instead of being a pair defined on some open subset O U O* C C\ R.

4.2. Standard unitary transforms of generalized Nevanlinna pairs and
families. Let H be a Hilbert space and let the generalized Nevanlinna pair {®, ¥}
and the generalized Nevanlinna family 7(A) be connected by

(4.10) T(\) = {{B\)h, ¥(\)h} : h e K },

where A € Dg y; see Proposition 4.3. Let W = (Wj;); ;—o be a standard unitary
operator in the Krein space (%%, [-,-];;2). Then W transforms the generalized
Nevanlinna pair {®, ¥} as follows:

(4.11) Pw (A _ (Woo Wor) (®(N)

' Ty (A) Wi Wi TN /-
Moreover, by considering W as a transformer (in the sense of [24]) of the generalized
Nevanlinna family 7 one obtains the family

(4.12) mw(N) = {{Woof + Worf", Wiof + Wi f'}: {f, f'} eT(N) }.
Clearly, the pair {®yw, Uy} and the family 7y (\) are connected by
(4.13) mw(A) = {{Pw(Nh, ¥ (A)h}:heK}.

The next purpose is to show that for suitable standard unitary operators W the pair
{®w, ¥y} in (4.11) is a generalized Nevanlinna pair with x negative squares and
that 7y in (4.12) is a generalized Nevanlinna family with s negative squares. Due
to the correspondence in (4.13) it suffices to restrict attention to standard unitary
transforms of generalized Nevanlinna pairs. Corresponding results for standard
unitary transforms of generalized Nevanlinna families follow accordingly.

Proposition 4.5. Let H be a Hilbert space, let {®, U} be a generalized Nevan-
linna pair with k negative squares, and let W be a standard unitary operator in
(H?,[-,-]542). Then the pair {®w,Vw} defined in (4.11) satisfies the properties
(P1) and (P8) of Definition 4.1. Moreover, for every ¢ € Cy the operator func-
tions

(WS}) - CW(TI)\IJW()‘) - (WI*O - CWE)‘I)W()‘)a

(Woo — CWo1)¥w (A) = (Wip — CWi)@w (M),

are boundedly invertible for all A € Dy ¢ N Cy except at most k points.

(4.14)

Proof. Let {®,¥} be a generalized Nevanlinna pair with k negative squares on
Ds,w. Note that the condition (P1) can be rewritten as

(19 () () ()=
and that the kernel in (P3) can be written as
w0 s () 6 7) (0

Since W is a standard unitary operator

(417) W*J’H2W = WJ’H2W* = JHz

)
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holds, where Jy2 is as in (3.2). Hence, it follows from (4.15) and (4.16) that the
pair {®yy, Uy} also satisfies the conditions (P1) and (P3). Furthermore, by means
of (4.17) the following identities are easily checked

Wao = W) ¥w (A) = (Wip — (W) @w (A) = U (A) +C2(N),

(Woo = W) ¥w (A) — (Wip — (W) @w (A) = T(A) + CR(A).
Hence, these identities and the condition (P2) of Definition 4.1 yield (4.14). O

Remark 4.6. Assume that the standard unitary operator W is of the form (3.9),
so that the pair {®w, Uy} in (4.11) is given by
D (\) = X L0(N), U\ =YX TD(\) + X T(N),

and the family Ty (X) in (4.12) is given by
(4.18) wA) =X T(AN)X +Y.
Then the condition (4.14) is equivalent to
(4.19) TN+ ((X*X =)@ (\) and Ty (A)* + S (A)*((X*X —Y)
to be boundedly invertible for all A € Do v NC, except at most k points.

Moreover, if the operator (X*X —Y in (4.19) is of the form pl with u € CT,
then (4.19) is equivalent to (P2) of Definition 4.1. Hence, in this case {®w, ¥w}
in (4.11) is a generalized Nevanlinna pair with k negative squares and Ty (\) in
(4.12) is a generalized Nevanlinna family with k negative squares.

The previous situation occurs in the particular case that W is of the form (3.9)
with

(4.20) X=ualy, Y=yly, z€C, yeR.
Then
(4.21) (X*X -Y =(lz)>=y)] and (|z|? —yeCy.

Therefore, under these circumstances, {®w, Uy} in (4.11) is a generalized Nevan-
linna pair with k negative squares.

Proposition 4.5 and its special cases as discussed in Remark 4.6 now lead to the
following corollary (see (4.20) and (4.21)).

Corollary 4.7. Assume that the generalized Nevanlinna pair {®, ¥} satisfies
0.€ p(T(Ao) +C¢P(Xo)) and 0 € p(¥(Xo) + (P(No)),

with A\g =a+1b, a € R, b >0, and { =c+1id, c e R, d > 0. Let W be the standard
unitary operator of the form (3.9), where X and Y are given by (4.20) with

\/3 cb —ad
xr = — = —
a Y d

Then the pair {Pw, Uy} in (4.11) is a generalized Nevanlinna pair with k negative
squares which satisfies the additional properties

0 € p(Tw (Ao) +XoPw(Xo)) and 0 € p(Tw(Xo) + AoPw(No))-

It will be a consequence of the main realization result, Theorem 4.10 below, that
the result stated in Corollary 4.7 holds actually for every standard unitary operator
Win (H%, [, ],2), that is, {®w, ¥y } in Proposition 4.5 is a generalized Nevanlinna
pair, i.e. it satisfies also the invertibility conditions (P2) in Definition 4.1; see
Corollary 4.12.
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4.3. Weyl families as generalized Nevanlinna families. In this subsection it
will be shown that every Weyl family corresponding to a boundary relation for the
adjoint of a symmetric relation in a Pontryagin space is a generalized Nevanlinna
family.

Theorem 4.8. Let S be a closed symmetric relation in a Pontryagin space §) with
negative index k and let T' C $2 x H? be a minimal boundary relation for ST with
the corresponding Weyl family M. Then M is a generalized Nevanlinna family with
K negative squares.

Proof. Let A be the selfadjoint relation in $) x H defined by the boundary relation
I asin (3.5). Since $ x H is a Pontryagin space there is an alternative for A: either
p(A) # 0, in which case the nonreal spectrum of A consists of at most finitely many
eigenvalues, or p(A) = 0; cf. Lemma 2.2. The proof will be given in two steps
corresponding to these cases.

Step 1. Assume that p(A) # (). Denote the compressed resolvent Py (A— X))ty
by ®(\), A € p(A). Then by (3.6) ®(\) = —(M()\) + \)~! for all A € p(A) and
therefore

(4.22) M) = { {B\h, —(T+ AR} : he H}.
Setting W(A) = —(I + A®(A)) it is clear that ® and ¥ are meromorphic on C\ R

and it follows from ®(\) = ®(\)* and ¥(\) = ¥(A\)* that the symmetry condition
(P1) in Definition 4.1 holds. Observe that ¥(A) + A®(A) = —I, which shows that
condition (P2) of Definition 4.1 is satisfied. Furthermore, a simple calculation shows
that the kernel Ky ¢ takes the form
d(\) — (i .
Ko,w(A p) = ())\ﬁ() — (A ®(p)
= Pu(A—= N7 = Pr)(A— )" e

Thus forn e N, \; € C4, and z; € H, i =1,...,n, it follows that

n T \—1 0 T\ —1 0 "
(Kq)x‘P()\i’)\j)xi’xj)i,jzl = |:P5<A—)\j) (:L‘) ,Pﬁ(A—)\i) (IEJ>:| )
g i,j=1
where [, -] denotes the inner product in $). Hence the number of negative squares
of Ko, w(+,-) is less or equal to s, the negative index k_(9 x H) = k_(9).
If the boundary relation I' is assumed to be minimal, then the condition

$ =span {ran Py(A—A) "% : A€ p(4)N(C\R) }

is satisfied; see Corollaries 3.13, 3.14. Therefore the numbers of negative squares
of Ko w(:,-) is equal to k_(9), and the condition (P3) of Definition 4.2 is satisfied.
Thus {®, T} is a generalized Nevanlinna pair with x negative squares. It follows
from (4.22) that M is a generalized Nevanlinna family with x negative squares; cf.
Proposition 4.3.

Step 2. In the general case the resolvent set p(A) may be empty. The minimality
of I implies that S is an operator; cf. Lemma 3.13. By Proposition 3.12 there exists
a standard unitary operator W such that the main transform Ay, corresponding to
the boundary relation I'yy = W ol satisfies the condition p(Aw ) # 0. Furthermore,
the boundary relation I'y is automatically minimal, since domT'y = domT (see
also Corollary 3.14).
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According to Step 1 the Weyl family My, corresponding to 'y is a generalized
Nevanlinna family with « negative squares with the property

(4.23) 0 € p(Mw(\) + N,

cf. (3.6). Let {&),\Tl} be a generalized Nevanlinna pair with x negative squares,
induced by My,. Then (4.23) implies that

(4.24) 0 € p(T(N) + AD(N)).
Define the pair {®, ¥} by

According to Proposition 4.5 (applied with W replaced by W~1!) it follows that
{®, ¥} has the properties (P1) and (P3). Moreover, the standard unitary operator
W can be chosen of the form (3.9), where

X =(a+1idb)I, Y =0,
with a > 0 sufficiently large and b > 0 (see the proof of Proposition 3.12). Then
Remark 4.6 yields

(4.25) T(A) + AD(N) = (a — ib) (\I/(A) + TibQ <I>(/\)) .

It follows from (4.24) and (4.25) that {®, U} also has the property (P2). Hence
{®, T} is a generalized Nevanlinna pair with x negative squares. According to
Proposition 4.3 the corresponding Weyl family M is a generalized Nevanlinna family
with k negative squares. O

Observe that if S is a closed symmetric operator in a Pontryagin space § with
negative index x and if I' C $2 x H? is a boundary relation for ST which is not
necessarily minimal, then the corresponding Weyl family is a generalized Nevanlinna
family with &’ < k negative squares. The next statement for the Hilbert space case
is known from [8].

Corollary 4.9. Let S be a closed symmetric relation in a Hilbert space $) and let
' C 52 x H? be a boundary relation for S*. Then the corresponding Weyl family
is a Nevanlinna family.

4.4. Generalized Nevanlinna families as Weyl families. Let 7 be a general-
ized Nevanlinna family with x negative squares in a Hilbert space H. Let 7 have
the representation

(426) (N = {{ONh, TN :he M}y = {{k K} : U()*k = DN}

with a generalized Nevanlinna pair {®, ¥} with x negative squares on Do v, see
Proposition 4.3; here the second equality follows from the property (Q1) in Def-
inition 4.2. The reproducing kernel space H(®, ¥) induced by the pair {®, ¥} is
characterized by the properties
(1) the mappings A — Ko w(A, p)h € H(P,¥) for all h € H and all p in the
domain of holomorphy D v of ® and ¥ form a dense set in $H(®, ¥);
(ii) for every f € $(®, V) the following identity holds:

(4.27) (FC) Kew (- mh) = (f(u),h), heH.
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This function space equipped with (the extension) of the inner product
<K‘I>7‘I’('7 V)k7 K‘b,‘P('a M)h> = (K<I>,\I/(M7 V)ka h)7 v, e D‘P,‘I’a h’a k€ Hv

is a Pontryagin space with x negative squares.

Multiplication by the independent variable is a closed symmetric operator in the
reproducing kernel Pontryagin space $(®, V). In the following theorem it will be
shown that every generalized Nevanlinna family can be realized as the Weyl family
of a boundary relation corresponding to the multiplication operator in $(®, ¥).
The proof given here is based on the approach which in the Hilbert space setting
was used in [7, Theorem 2.5 and Remark 2.6]; for an other approach which uses
Cayley transforms, see [3, Theorem 6.1].

Theorem 4.10. Let 7 be a generalized Nevanlinna family with k negative squares
in a Hilbert space H and let T be represented in the form (4.26) by a generalized
Nevanlinna pair {®,VU}. Then

(4.28) S={F 1 en(@ )’ f'(N) =Af(N}

is a closed symmetric operator in the reproducing kernel Pontryagin space $(®, ¥)
and

B N0 ot oo W

is a minimal boundary relation for ST such that the corresponding Weyl family
coincides with the generalized Nevanlinna family 7.

Proof. The generalized Nevanlinna pair {®, ¥} with x negative squares is defined
in Definition 4.1. The maximality condition (P2) is weaker than the condition that

(4.30) 0€ p(T(No) +XP(No)), 0€ p(¥T(Xg)+ Xo®(No))

hold for some A¢g € C\ R in the domain Dg ¢ of holomorphy of ® and ¥. The proof
of the theorem will be given in two steps, depending on whether (4.30) is satisfied
or not.

Step 1. Assume that {®, ¥} is a generalized Nevanlinna pair with x negative
squares for which (4.30) is satisfied. In this case one can proceed in a similar way as
in the Hilbert space setting; cf. the proof of [7, Theorem 2.5]. For the convenience
of the reader a short sketch will be given; for some further details see also [21],
where the result is formulated in terms of the main transform. Using (4.30) it will
be shown that the linear relation

=0 o)l S )

is selfadjoint in $(®, V) @ H. For this purpose define

o - ({2 () e ermen)

By means of (4.1) one can immediately check that B C A and, moreover, by using
(4.27) it is seen that B is symmetric in (P, ¥) & H. The elements in ran (B — Ag),

have the form
((N - )\())Kg\y(-,u)k)
(U (1) +Xo®(u))k )
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Therefore, choosing ;1 = Ao and taking into account that
ran (\I/(/\()) + /\Q(I’(/\o)) = H,
it follows that {0} @ H C ran (B — \g); hence also the elements of the form

(K{),\I’((Juu')k> ’ ke H7 ne D@,‘I’a 2 7& 5‘07
belong to ran (B — Ag). Therefore, ran (B — \g) is dense in (P, ¥) & H. Similarly,
one shows that ran (B — \g) is dense in $(®, V) @ H. Furthermore, by means of
(4.27) it is straightforward to check that the adjoint of B coincides with A. Hence,
A is a closed symmetric relation with ran (A — A) dense in H(P, ¥) ®H for A = A
and A = )\g. Consequently, A is selfadjoint.
The Weyl family M associated with the boundary relation I' is defined by

o= (1) () 1}

M) = {{h, W'} : U(A\)*h = P(A)*R'},
and it follows from (4.26) that M (X\) = 7(A). Moreover, it is clear from the for-
mula (4.31) and the inclusion B C A that the boundary relation I' is minimal; see
(3.14).
Step 2. Now assume that {®, ¥} is a generalized Nevanlinna pair with x negative
squares for which (4.30) is not necessarily satisfied. By Definition 4.1

0 € p(¥(Xo) + (X)), 0 € p(T(Ao) +(P(No))

for some A\g = a +ib € Dy v and some ( = ¢+ id with b,d > 0. Then the standard
unitary operator W in Corollary 4.7 provides a generalized Nevanlinna pair of the

form
(i) = (53)

with k negative squares on Dg ¢ which additionally satisfies the condition (4.30)
for A\p € Do, w NC (equivalently, for all X in a small neighborhood O of Ag). Hence
it follows from the first part of the proof that

R Ty O A N T R St ol

is a minimal boundary relation for S* such that the corresponding Weyl family
coincides with the generalized Nevanlinna family

w(A) = {{®w (A\)h, Pw (AR} : h € H}.

Due to Lemma 3.9 T = W~' o I'™) is a boundary relation for S* and the cor-
responding Weyl family is precisely 7. It remains to note that due to the above
choice of W (cf. (4.18), Corollary 4.7) the equality $H(Pw, Tw) = H(P, ¥) holds.
Moreover, using the formulas for @y, and Wy, one can rewrite the formula for rw)

in (4.32) equivalently in the form (4.29) with (,}LL,) = Wﬁl(,l;,). g

Therefore,

For the special case kK = 0, i.e. 7 is a Nevanlinna family, Theorem 4.10 implies
the following result; cf. [2, 3] and [8, Theorem 3.9]
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Corollary 4.11. Let 7 be a Nevanlinna family represented in the form (4.26) by
a Nevanlinna pair {®,V}. Then the multiplication operator S in (4.28) is a closed
symmetric operator in the reproducing kernel Hilbert space $(®, V) and the relation
I in (4.29) is a minimal boundary relation for S* such that the corresponding Weyl
family coincides with the Nevanlinna family 7.

The next corollary is an improvement of the statement in Proposition 4.5: the
maximality condition (4.14) can actually be replaced by the maximality condition
as in Definition 4.1; cf. Remark 4.6.

Corollary 4.12. Let {®,¥} is a generalized Nevanlinna pair with k negative
squares on Doy and let W be a standard unitary operator in (H?,[-,-]42). Then
the transformed pair {®w, WUy} in (4.11) is a generalized Nevanlinna pair with k
negative squares on D w.

Proof. It {®, ¥} be a generalized Nevanlinna pair with « negative squares on Dy v,
then by Theorem 4.10 it corresponds to a Weyl family of a (minimal) boundary
relation I" via (4.10); cf. (4.29). By Lemma 3.8 'y = W oI is also a boundary
relation whose Weyl family My is given by (3.8). According to Theorem 4.8 My,
is also a generalized Nevanlinna family with x negative squares. This shows that
the corresponding transformed pair {®w, Uy} in Proposition 4.5 is actually a

generalized Nevanlinna pair with x negative squares on Dg w; cf. Proposition 4.3.
O

In the following corollary condition (4.30) in the proof of Theorem 4.10 is con-
nected to the resolvent set of the selfadjoint relation A in H(®P, ¥) x H associated
with the minimal boundary relation I' C $(®, ¥)? x H? in (4.29).

Corollary 4.13. Let T be a generalized Nevanlinna family with k negative squares
in a Hilbert space H and let T be represented in the form (4.26) by a generalized
Nevanlinna pair {®,V}. Let A be the main transform of the boundary relation T

in (4.29),
4= {{ (i) ’ (fh> } 03 53 2w /658)*’1’} ’

and let \g € Cy. Then Ao € p(A) if and only if
(4.33) (T(Mo) +Xo) L €B(H) and (T(Xo) + Xo) ' € B(H).

Proof. Tt is clear form (3.6) that Ay € p(A) implies the first condition in (4.33).
Since p(A) is symmetric with respect to the real line also A\g € p(A) and hence the
second condition in (4.33) is satisfied.

Conversely, if (4.33) holds, then the Nevanlinna pair {®, U} in (4.26) satisfies
the conditions (4.30) in the proof of Theorem 4.10. It follows as in the proof of
Theorem 4.10 that A\g and A belong to p(A). O

Observe, that by taking adjoints and using the property (Q1) in Definition 4.2
it follows that the conditions in (4.33) are actually equivalent to each other:

(T(Mo) + X)) LeB(H) < (7(Mo) +Xo) ! € B(H).



(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]

(12]

(13]
(14]
(15]
[16]

(17]

(18]

(19]

[20]

(21]
(22]
23]

[24]

A REALIZATION THEOREM FOR GENERALIZED NEVANLINNA FAMILIES 23

REFERENCES

T.Ya. Azizov and L.S. Iohvidov, Linear operators in spaces with indefinite metric, Nauka,
Moscow, 1986 (Russian), (English translation: John Wiley, New York, 1989).

J. Behrndt, S. Hassi, and H.S.V. de Snoo, ”Functional models for Nevanlinna families”,
Opuscula Math. 28 (2008), 233-245.

J. Behrndt, S. Hassi, and H.S.V. de Snoo, ”Boundary relations, unitary colligations, and
functional models”, Complex Anal. Oper. Theory 3 (2009), 57-98.

J. Behrndt and H.-C. Kreusler, ” Boundary relations and generalized resolvents of symmetric
operators in Krein spaces”, Integral Equations Operator Theory 59 (2007), 309-327.

V.A. Derkach, ”On Weyl function and generalized resolvents of a Hermitian operator in a
Krein space”, Integral Equations Operator Theory 23 (1995), 387-415.

V.A. Derkach and H. Dym, ”On linear fractional transformations associated with generalized
J—inner matrix functions”, Integral Equations Operator Theory 65 (2009), 1-50.

V.A. Derkach, ” Abstract interpolation problem in Nevanlinna classes”, Oper. Theory Adv.
Appl. 190 (2009), 197-236.

V.A. Derkach, S. Hassi, M.M. Malamud, and H.S.V. de Snoo, ”Boundary relations and their
Weyl families”, Trans. Amer. Math. Soc. 358 (2006), 5351-5400.

V.A. Derkach, S. Hassi, M.M. Malamud, and H.S.V. de Snoo, ”Boundary relations and gen-
eralized resolvents of symmetric operators”, Russ. J. Math. Phys. 16 (2009), 17-60.

V.A. Derkach and M.M. Malamud, ” Generalized resolvents and the boundary value problems
for hermitian operators with gaps”, J. Funct. Anal. 95 (1991), 1-95.

V.A. Derkach and M.M. Malamud, ”The extension theory of hermitian operators and the
moment problem”, J. Math. Sciences 73 (1995), 141-242.

A. Dijksma, H. Langer, and H.S.V. de Snoo, ”Selfadjoint II.-extensions of symmetric sub-
spaces: an abstract approach to boundary value problems with spectral parameter in the
boundary conditions”, Integral Equations Operator Theory 7 (1984), 459-515.

A. Dijksma, H. Langer, and H.S.V. de Snoo, ”Hamiltonian systems with eigenvalue depending
boundary conditions”, Oper. Theory Adv. Appl. 35 (1988), 37-83.

A. Dijksma and H.S.V. de Snoo: ”Symmetric and selfadjoint relations in Krein Spaces 1”7,
Oper. Theory Adv. Appl. 24 (1987), 145-166.

S. Hassi, H.S.V. de Snoo, and F.H. Szafraniec, ” Componentwise and canonical decompositions
of linear relations”, Dissertationes Math. 465, 2009 (59 pages).

I. S. Iohvidov, M.G. Krein and H. Langer, Introduction to the spectral theory of operators in
spaces with an indefinite metric. Mathematical Research 9, Akademie-Verlag, Berlin, 1982.
M.G. Krein and H. Langer, ”On defect subspaces and generalized resolvents of Hermitian
operator in Pontryagin space”, Funkts. Anal. i Prilozhen. 5, no.2 (1971), 59-71; ibid. 5 no. 3
(1971), 54-69 (Russian), (English translation: Funct. Anal. Appl., 5 (1971), 136-146; ibid. 5
(1971), 217-228).

M.G. Krein and H. Langer, »Uber die verallgemeinerten Resolventen und die charakteristis-
che Funktion eines isometrischen Operators im Raume I1,”, Hilbert Space Operators and
Operator Algebras, Colloq. Math. Soc. Janos Bolyai, North-Holland, Amsterdam, 5 (1972),
353-399.

M.G. Krein and H. Langer, »Uber die @Q—functions eines m—hermiteschen Operators im Raume
I1,.”, Acta Sci. Math. (Szeged) 34 (1973), 191-230.

M.G. Krein and M.A. Naimark, ”"The method of symmetric and Hermitians forms in the
theory of the separation of the roots of algebraic equations”, Kharkiv, 1936, 43 p. (Russian),
(English translation: Linear and Multilinear Algebra, 10 (1981), 265-308).

E. Neiman, ” A functional model associated with a generalized Nevanlinna pair”, Ukrainian
Math. Bull. 7 (2010), no. 2, 197-211.

A.A. Nude’'man, "On a new problem of moment type”, Dokl.Akad.Nauk SSSR 233 (1977),
792-795; Soviet Math. Dokl. 18 (1977), 507-510.

Yu.L. Shmul’jan, ” Theory of linear relations, and spaces with indefinite metric”, Funkcional.
Anal. i Prilozen 10, no. 1 (1976), 67-72.

Yu.L. Shmul’jan, ” Transformers of linear relations in J-spaces”, Funkcional. Anal. i Prilozen
14 (1980), 3944 (Russian), (English translation: Functional Anal. Appl., 14 (1980), 110-
113).



24 J. BEHRNDT, V.A. DERKACH, S. HASSI, AND H.S.V. DE SNOO

INSTITUT FUR MATHEMATIK, MA 6-4, TECHNISCHE UNIVERSITAT BERLIN, STRASSE DES 17.
JuNI 136, 10623 BERLIN, DEUTSCHLAND
E-mail address: behrndt@math.tu-berlin.de

DEPARTMENT OF MATHEMATICS, DONETSK STATE UNIVERSITY, UNIVERSITETSKAYA STR. 24,
340055 DONETSK, UKRAINE

E-mail address: derkach@univ.donetsk.ua

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF VAASA, P.O. Box 700, 65101
VAASA, FINLAND
E-mail address: sha@uwasa.fi

JOHANN BERNOULLI INSTITUTE FOR MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF
GRONINGEN, P.O. Box 407, 9700 AK GRONINGEN, NEDERLAND
E-mail address: desnoo@math.rug.nl



