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Abstract

We investigate the spectral properties of self-adjoint Schrodinger operators
with attractive d-interactions of constant strength a > 0 supported on conical
surfaces in R3. It is shown that the essential spectrum is given by
[ —a?/4, +c0) and that the discrete spectrum is infinite and accumulates to
— a?/4. Furthermore, an asymptotic estimate of these eigenvalues is obtained.
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1. Introduction

The purpose of this paper is to analyse the spectrum of the three—dimensional Schrodinger
operator —A, ¢, with an attractive d—interaction of constant strength a > 0 supported on the
conical surface

cgzz{ (x, y, 2) € R} z:=cot (0)/x% + y? } 0 € (0, ©/2).

The Schrodinger operator —4, ¢, is defined via the first representation theorem [17, Theorem
VI.2.1] as the unique self-adjoint operator in L?(R>) which is associated with the closed,
densely defined, symmetric and semibounded quadratic form

Content from this work may be used under the terms of the Creative Commons
BY Attribution 3.0 licence. Any further distribution of this work must maintain attribution to

the author(s) and the title of the work, journal citation and DOI.

1751-8113/14/355202+16$33.00 © 2014 IOP Publishing Ltd  Printed in the UK 1


mailto:behrndt@tugraz.at
mailto:exner@ujf.cas.cz
mailto:lotoreichik@math.tugraz.at
http://dx.doi.org/10.1088/1751-8113/47/35/355202
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/

J. Phys. A: Math. Theor 47 (2014) 355202 J Behrndt et al

sV = V0 B o )~ @ [ WP do, domage, = H'(R): (1)

cf [1, 4]. In a short form the main result of this note is the following theorem.

Theorem. Forany 6 € (0, n/2) and a > 0 the essential spectrum of the operator —Ag ¢, is
[ —a?/4, +00), the discrete spectrum is infinite and accumulates to —a>/4.

In addition, we obtain an asymptotic estimate of the eigenvalues of —A, ¢, lying below
—a’?/4, see theorem 3.2. Roughly speaking, the infiniteness of the discrete spectrum is
induced by global geometrical properties of the conical surface Cy and is not related to the
singularity at the tip or other local geometrical properties. In fact, the same effect remains
present after a local deformation of Cy; cf theorem 3.3.

Various relations between the geometry and the bound states of quantum systems have
been studied intensively in recent decades (see, e.g. [19]) after it had been realized in [14] that
curvature can give rise to an effective attractive interaction. In addition to systems with a
hard-wall confinement the so-called ‘leaky’ structures attracted attention, see the review paper
[11]. Their advantage is that they make it possible to take quantum tunnelling into account.
The model discussed in this paper can describe, for instance, a structure composed of two
semiconductors: a conical substrate of one material on the top of which we have a thin layer
of the second one, covered by a bulk mass of the former.

The proof of our main result is based on standard techniques in spectral theory of self-
adjoint operators: we construct singular sequences and use Neumann bracketing in the spirit
of [13] to show the assertion on the essential spectrum; for the infiniteness of the discrete
spectrum we employ variational principles. The same approach was applied in [25] in the
context of Schrodinger operators with slowly decaying negative regular potentials, see also
[23, §XTII.3]. Similar arguments were also used in [10, 15] for the closely related question of
infiniteness of the discrete spectrum for the Dirichlet Laplacian in a conical layer, see also
[7, 23, 18, 19, 21] for further progress in this problem. We also point out [6, 9, 12] for related
spectral problems for Schrodinger operators with d-potentials.

2. Essential spectrum of -4, ¢,

In this section we show that the essential spectrum of the operator —A, ¢, is given by
[ —a?/4, +c0). The proof of the inclusion Guss( —Agc,) 2 [ —a2/4, +00) makes use of
singular sequences and for the other inclusion a specially chosen Neumann bracketing is used.
A similar type of argument was also employed in [1, 13] for § and §’-interactions on broken
lines in the two-dimensional setting.

Theorem 2.1. Let —A, ¢, be the self-adjoint operator in L*(R®) associated to the form (1)
and let a > 0 and 0 € (0, n/2). Then

Gess(—Aac, ) = [—a2/4, +)

Remark 2.2. For completeness we mention that the above theorem is also valid in the case
0 = n/2, that is, the conical surface is a plane, and the statement can be shown directly via
separation of variables.
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Proof of theorem 2.1 Step 1. We verify the inclusion cess( — Agc,) 2 [ —a?/4, +0) by
constructing singular sequences for the operator —A, ¢, for every point of the interval
[ —a?/4, +00). Let us start by fixing a function y € C¢°(1, 2) such that

Iy N2 =1, 2
and a function y, € C;°( —¢, ¢) with some fixed ¢ € (0, tan 0), which satisfies
0<y <1 and x@) =1forl]< 8/2. 3)

Define for all p € R and n € N the functions @, ,: R — C as

1 .
Wpp(s, 1):= ﬁ (;{1 (%) exp (1ps)) ()(z(ﬁ) exp ( - %|t|)) S C([Ri)

in the coordinate system (s, f) in figure 1. Here [Ri denotes open right half-
plane {(r, z) € R*: r > 0}.

Note that because of the choice ¢ € (0, tan 6) we have supp w, , C [Ri foralln € Nand,
moreover, the distances between the z-axis and the supports of w, , satisfy

p, =inf { r: (r, z) € supp a)n,l,} - 400, n— ©. )
By dominated convergence, using (2) and (3), we get
1 2n AW 2 en " 2 )
I ons 1z z) = [; S () d](f A7) ¢ a"'dt]

en t 2 ) 2
= f b (—) e~Mdr — / e Mdr ==, n— 0. (5
—éen n —0 a

We denote by w,, + the restrictions of w, , onto the open subsets

S, = {(r,z)e[Ri:z>rcot¢9} and S_= {(r,z)e[Ri:z<rcot0}

of R2. The partial derivatives of Wy,p,+ With respect to s and ¢ are given by

L (1 ()i . - SN ins t a
Os@p p,+ = N ( ;}(1 (;)e‘p + ipy (;)elp )(;{2 (;)e’—’g’),
1 sy 1 t a a t a
a w b= — elpS —'| = eiit + — (—)eizt .
onn= g () )t = 5

Similarly as in (5), using dominated convergence, we get

Voo, |1 = byl + o, dsar — [ p? + | 2 6
” Wy, p ”Lz([Ri;Cz) = '/l;i sWn,p +| tWn.p sdt — | p© + T ;, n — 0o. (6)
Let us define the sequence of functions y;, : R} > C as
Wn,p(1, 2)
b1

where the functions w, p: R2 — C are interpreted as rotationally invariant functions on R® in
the cylindrical coordinate system (r, ¢, z). The hypersurface Cy separates the Euclidean space
R? into two unbounded Lipschitz domains £, and £_, where

3
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AZ

Y3

Figure 1. The right half-plane [R%r with the coordinate system (r, z). The ray Iy emerges
from the origin and constitutes the angle 6 € (0, z/2) with the z-axis. The coordinate
system (s,?) is associated with 7.

.Q+={(x, y,2) ER*: z > cot(a)m},
Q—={(x’ ¥, 2) €ER: z < cot(e)m}_

We use the notation Yip+ :=1//W| @, Then Wops+ € C*(£2.) and from (5) we obtain
1y oy = @y By = =0 1= o0 ®)
Wn,p Lz([R3) n,p LZ([Ri) a > .

We claim that Yy € dom (—A4,c,). For this we still need to check that the boundary
conditions

Yop.+ |C(,, = Yhp.- |Cg and ab+l//n,p,+ + al/_l//n,p,— c, = oy, ©

Co Co

are satisfied; cf [1, Theorem 3.3(i)]. In fact, by the definition of w,, we have
Onp+lc,= @np-lc,,» Where @, . are interpreted as rotationally invariant functions on £2..

This implies that the first condition (9) holds. Furthermore, one computes

1 s .
Oy, Wy p.+ |C9+ 0y Wy — |Ca = aﬁ (;{1 (;) exp (1ps)) = awy,), ¢ (10)

The gradient of y, , . can be expressed as

1 1
VWH,P,i = ﬁan,p,i + Wy, p,+ 1% (ﬁ),

where V acts on the functions (r, @, 7))~ a)n,pﬁ(r, z) and (r, @, 7))~ —le_ Hence, we
- r
obtain
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y

c + 0, W, -

0,y + 0, y, _‘ = 0y, Wy p +
v+ ¥n,p,+ c, v-"¥n,p, c, \/2_717‘ vy n,p,

1
al| o,
N 2mr c, ( r

where (10) was used in the second equality. Thus we have verified (9) and therefore
Yy € dom (—A4,,c,). Moreover, according to [1, Theorem 3.3(i)] we also have

~Aachp = —2¥,,.) ® ( —2u,,). (11)

Using the expression for the three-dimensional Laplacian in cylindrical coordinates we find

=
CH) l//’l»]’ |CH’

1
_Awn,p,i == 7@(7‘5, n,p,i) - ail//n,p,t’

where the angular term is absent since the functions y;, , , do not depend on ¢. The above
expression can be rewritten as

1
~AYy s = = O e = O — 7(6rwn,p,i)- (12)

Next we compute the first and second order partial derivatives of y, , . with respect to r:

0 Wnp.+ On.p,+

al" n = - >
Vipt 2ar 22132

2
arwn,p,i arwn,p.t 3 Wpp+

02 = - + = : 13)
Whpe =T 5T NN L (
The last two summands in the expression for afy/n,p, . can be estimated in L>-norm as
arwn Dot : 1
= < — || Voo, 12 -0, n-— oo,
‘ 2732 () = Pn2 P2 (R )

9 WOn.p,+ 9
— |7== — o, 112, -0, n- oo, (14)
16 H Varr |y 1650 T £(r3)

where we have used (4), (5) and (6). The second order partial derivatives of y, , . with respect
to z are

2
dzwn,P,i
Wﬂ,P,i -

92 (15)
‘ 2zr
Using (13), (14), (15) and the invariance of the Laplacian under rotation of the coordinate

system we obtain that

1
—()%U/n,p,i - a?‘//n,p,i = - (0Ewn,p¢ + 0tza)n,p,i) +o(l), n—- oo; (16)
2rr
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here and in the following we understand o(1) in the strong sense with respect to the
corresponding L*-norm. With the help of (13) the norm of the last summand on the right hand
side in (12) can be estimated as

a’”ltl/n,p,+ H aa)np+ H wnp+
r () V2rr3? 2(®) 2«/ﬂr5/2 (R

and from (14) we conclude

arl//n’p’ +

r

=o0(l), n- .
12 (R?)

From (12), the latter result and (16) we obtain

(020np.s + Ofwnps) + 0(1), n— co. (17)

A _ 1
—AYpx = _m

Again using dominated convergence we compute

1 t 1 . 2i . .
a?wn,p,i = — ()(2 (_)eigt) ( _2)(1” (i)elps + i){l/ (i)el,ﬂs _ Pzﬂﬁ (i)elps)
Jn n n n n n n

= _pzwn,p,i +o0(l), n— oo, (18)
and
1 s\ 1 t a a t a a? t a
e e ez
PR m ()(1 n nz)(2 n n)(2 n 4 % n
a?
= Tw"’p’i +o0(l), n-o . (19)

Finally, employing (11), (17), the definition of y, , in (7) and (18), (19) we arrive at

a2
_A(I,Cg %,P = ( —T + pz]y/n’p —+ 0(1), n — 0. (20)

Since the supports of yx , and yv ,, k # k', are disjoint, the sequence {yx , } x converges
weakly to zero. Moreover, by (8) we have liminf || y , [l22®?) > 0 and hence (20) implies
that {y ,}« is a singular sequence for the operator —Aa,c(9 corresponding to the point
—a?/4 + p2 Therefore, —a?/4 + p*> € cues( — Aqc,) for all p € R (see, e.g. [3, Theorem
9.1.2] or [24, Proposition 8.11]) and it follows that [ — a?l4, + ) C s — Ancy)-

Step 2. In this step we show the inclusion cess( — Aqc,) € [ — a’l4, + o) using form
decomposition methods. For sufficiently large n € N we define three subsets of the closed
half-plane R?:={(r,z) €R* r>0, z € R}

={(r(s, 1), z(s, 1)) € E: s>n, |t < ﬁ} C Eﬁ
={(r(s, 1), z(s, 1)) € E: s<m, i < Jﬁ} C E
nti= { (r(s, 1), 2(s, 1)) € R2: || > Jﬁ} c R2,

as shown in figure 2.
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Figure 2. The subsets 7!, 72 and 7, of the closed half-plane Eﬁ

The ray I, which emerges from the origin and constitutes the angle 6 with z-axis, is
decomposed into

Ff)l, n:={(r(sv t), Z(S, t)) (S I—él s > n},

Ijc={0@, 0,20, 1) € Iji s < n}.
The splitting {ﬂ,{‘ } Z = of Eﬁ induces the splitting of R? into three domains
ef={t.p.0:(n0€ent, pel0, 20} cR, k=1,2,3,
and the splitting of the conical surface Cy into two parts

Chu={( 0.0 (n€T}, pel0,2n)}cC,
Chu={(g.0:(rn€l}, ¢el02n)}cC

We agree to denote the restriction of y € L2(R%) onto £} with k = 1, 2, 3 by y;.
Consider the quadratic form

3

Ao.conlw]: = ZH Vi, ||iz(gnk; )~ ally IC}’»"“iz(cbn) —allwlcs, ”iz(c(%n)’
k=1 : ‘

o k
doma,c,,i= @ Hl(.Qn )
k=1

As in the proof of [1, Proposition 3.1] one verifies that the form a, ¢, , is closed, densely
defined, symmetric and semibounded from below. Hence a,c,, induces a self-adjoint
operator —A, ¢, , in L?(R?) via the first representation theorem [17, Theorem VI.2.1]. The
operator —A, ¢,, can be decomposed into an orthogonal sum @} _ (H, of self-adjoint
operators H,; in L? (QF) with respect to the orthogonal decomposition
L*RY =@, L? (.Q,f), where H, ; and H,, correspond to the quadratic forms

7
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V1= W B g o) = @l wilel, Iy gy ) domany = H'(2,),

nalyal = Vs By o, o) = @l ales, IR ) dom anz = H'(27)
respectively, and H, 3 corresponds to the quadratic form

nalyal = I Vs IRy o dom g = H'(€]).

Let us first estimate the spectrum of H,, ;. For this, note that C* (in) N H! (.Q,}) is a core
of a,; and thus it suffices to use functions from this set in the estimates below (see, e.g.
[8, Theorem 4.5.3]). For any y; € C°°(Q,}) N Hl(Q,}) normalized as || y; |2l = 1 we

obtain
2 +o0
anilyy] > f (_/ f r(s, 0|0y (s, t, @) deds

oo
_(x/ r (s, 0) |y (s. 0, @) |2ds) dg,

where we have used the form of the gradient in cylindrical coordinates and the invariance of
the gradient with respect to rotations of the coordinate system, and the non-negative terms
corresponding to the partial derivatives of y; with respect to ¢ and s were estimated from
below by zero. Note that for simple geometric reasons we have r (s, t) > r(s, —/n) for all
(s, 1) € z!. Using this observation we get

2 +00 Jn 2
alwl> [7 [ —ﬁ)(f_fptwl(s,t,rp)\ dr

B ar (s, 0)
V(S, - \/ﬁ)

Consider the closed, densely defined, symmetric and semibounded form

b[h]:/_jz

and denote by u(f, 2/n) < 0 the lower bound of the spectrum of the associated 1-D
Schrddinger operator on the interval ( —/7, /n') with Neumann boundary conditions at the
endpoints and attractive d-interaction of strength # > 0 located at 0. Then

[yacs. 0. ¢)|2)dsd¢- 1)

Cdr - plhO)% domb = HI\(( — v, ¥7)),

N
b1k > u(p, 24y [ I

holds for all h € H'(( —7, 7)) and hence (21) can be further estimated as

2r +00 0 Jn
R / f (r(‘zr(j f)) Zﬁ) [ﬁr(s,—ﬁ)‘wl(s, t, o) [ dedsdg. (22)

By the definition of 7, one has

r(s, —Jn) = r(s, t)(l + O(%)), n— oo, (23)
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for (s, 1) € z)

ns

where the remainder is uniform in s. Hence, we obtain from (22) and (23)

an,l[l//l]Z,u(a(l+O(%)), 2ﬁ](1+0(%)), n— oo, (24)

where we used that

2 +o0 N 2 ’
L e ol o) didsde = 1vg I g = 1

According to [16, Proposition 2.5] the following estimate

2
pip. 20y > - B - cprexp (- L)

holds with some constant C > 0 and n sufficiently large. Hence,

1 a’? 1
all+O0| —||.2vn]l>2-—+0| —| n- .
”( ( ( Jﬁ)) ) T4 ( ﬁ)
Plugging the above estimate into (24) we arrive at

apal ]>—a—2+0L n— oo
n1lWl 2 1 \/ﬁ, .

Hence, for any € > 0 there exists a sufficiently large n for which

a’

il’lfG(Hn,]) 2 — T — E. (25)

As H'(£2?) is compactly embedded into L2 (£2) the essential spectrum of H,» is empty.
The operator H, 3 is non-negative and hence o(H,3) C [0, +o0). Due to the orthogonal
decomposition =4, ¢c,, = @} — | H, the property (25) implies that for any & > 0 there exists
a sufficiently large n for which

inf oess (= Aacon) > = T (26)

Finally, we apply a Neumann bracketing argument. Notice that the ordering
Oa.Cpn < Oq,c, holds in the sense of quadratic forms; cf [17, §VL.5]. Hence by [3, Theorem
10.2.4]

inf oess (= Aayn ) <inf oess( = Aag, )- 27)

In view of (27) the estimate (26) implies that for any € > 0

(12
inf 0ess (= Aac, ) > - ¢

and thus passing to the limit ¢ — 04 we arrive at

(12
lnf O-CSS( - Aa’cg) 2 - T,

which shows the inclusion cess( — Aqc,) € [ — a?/4, +o0) and finishes the proof of theorem

2.1. O
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3. Discrete spectrum of -4,

In this section we show that the discrete spectrum of the self-adjoint operator —4, ¢, below
the bottom —a?/4 of the essential spectrum is infinite for all angles 6 € (0, z/2) and we
estimate the rate of the convergence of these eigenvalues to —a?/4 with the help of variational
principles. The following lemma will be useful.

Lemma 3.1. Let a,c, be the form in (I). For w € Hl([R+) with compact support
supp @ C R? define the function y (r, ¢, 2):=""L2. Then w € H'(R®) and

W
1
By = Vo e o) = i 5l o drdz = all ol I, (28)

where I is the ray in figure 1.

Proof. First of all observe that

_ 27 |oo(r, 2)|? _
Il 'w “iz([R3) = /ﬂ; /[R+ /0 By— rdedrdz = || @ ”iz([Ri) <oo. (29

Moreover, we compute

0,@ 0.0

oy = - 2er2_ﬂr and Oy = N (30)
and setting p :=inf {r: (r, z) € supp @} > 0 we obtain
Il Vi ”Lz([Rz o)~ =l oy ”Lz([Rz) + [0y ||iz(|R3)
<&, ==l 12
Vaar *(R) 2r2ar 2(R) Vaar 2(R)
<2100 Iy o + 2; 10 Baye) + 10:0 . ) < 0. 31)
Hence (29) and (31) imply y € H'(R?). Next we substitute y in the form a,c, in (1). It
follows from the form of d,r in (30) and || l//lcglle(C) | @l ”%2(1‘0) that
auclvl= [ f ol 2mrards+ [ [ o 2mrdraz —alie s g,
= [l; /|;+ |0,y/|227rrdrdz + /l; '/ﬂ'h |0.0|?drdz — a || w|1"9||%2(1~6)- (32)

Denote the first integral by I,,. Making use of d.y in (30) we rewrite I, as

I, _f/ 10, drdz+// —|w|2drdz—f/ = Re (0,0@)drdz (33)
R, 4

and the last term can be further rewritten as

// — Re a(uw drdz—// |a)| drdz—// —|w|2drdz, (34)
Ry 1 Ry 2

where we integrated by parts and used the fact that supp o is contained in the open half-plane
R2. Hence, (33) and (34) imply
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/f [0,0| drdz—// —|a)|2drdz

Substituting this expression for the first integral in (32) we obtain (28). O

Now we are ready to formulate and prove our main result on the infiniteness of the
discrete spectrum of —A4, ¢, below the bottom of the essential spectrum for all @ > 0 and
0 € (0, n/2). Recall that —A, ¢, is bounded from below, and hence it also follows that the
discrete spectrum has a single accumulation point, namely —a?/4. This result illustrates the
typical phenomenon that curvature induces bound states. The peculiarity in this three-
dimensional system is that the global geometry of the interaction support plays an important
role. We point out that in the case 8 = z/2 the conical surface Cy coincides with a plane, in
which case it follows by separation of variables that the discrete spectrum is empty.

Theorem 3.2. Let —A, ¢, be the self-adjoint operator in L*(R%) associated to the form (1)
and let @ > 0 and § € (0, x/2). Then the discrete spectrum of —A, ¢, below —a?/4 is infinite,
accumulates at —a*/4, and the eigenvalues 1, < —a’l4 (enumerated in non-decreasing order
with multiplicities taken into account) satisfy the estimate

a>  y(9)
4 n,j1

where y(0) > 0, ngp1:=nl + ny for k €N, and ny = N with N € N sufficiently large.

, keN, (35)

Ak\_

Proof. Let us pick a function y; € Hé (0, 1) with || x4 llz20,1) = 1 such that

2
1 Hn (@)l
712
I 0. < 3 /o e G0

holds; [5, Lemma in §1]. Let us fix € > 0 and choose y, € Cy°( — ¢, €) such that0 < p, < 1
and y, (1) = 1 for lfl < &/2. In the coordinate system (s, #) in figure 1 we define the sequence
of functions

! s—n t a o2
C()n(S, t).— ;}{1(7))(2(%) exp( - Eltl) S Ho(R+), (37)
where the support of o, satisfies
suppwnc[n,n+n2]x[—eﬁ, eJdn], neN, (38)

in the coordinate system (s, f).
For sufficiently large n € N the functions ,, satisfy the conditions of lemma 3.1. The

function w,, can also be viewed as a function in r and z; cf figure 1. Then we define
w,(r, z
v, (r, @, z)::i( ), neN. (39)
2nr

Using lemma 3.1 we compute the values
S - aan[ll/n] + - “ % ”Lz([R3)

2
(04
=1 Vo B ) = S Flwnlzdrdz—all 0l s ) + 4 100 - (40
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The choice of y; in (36) together with a subtle treatment of the second term in (40) will finally
lead to S, < 0 for sufficiently large n € N. First of all it is not difficult to check the
asymptotics

[ el =2ty e
/Nf X (%) 2 e~Mdr = O(e_“ﬁ), n— oo, (42)
—&e7 n

/—Z{z(%)% (%)ﬂmdt =0(e7), 0=, (43)

with some constant ¢ > 0. Using (41) we get

a? a?| 1 n+n s—n § en t >
Sl By =2 =5 [ as| [ LA | Ry
7 by =70 52 ), M( n ) e %z(ﬁ)

= % + O(e_cﬁ), n— oo, (44)
and

— 2 2 2
e-n t 1 1 n+n s —n
2 - - —alt - /
Il 950 ”LZ([Ri) h [./_g,ﬁn Zz(\/n ) ¢ dl][ n* n? fn A4 ( n? ) ds]

21
—_ 112 —c.Jn
== 1K B2, ) + O(e ) n— o,

2

and from (42) and (43) we obtain

1 n+ n? s —n 2
2 = —
” atwn ”Lz([R?;) - [ n2 L ){1 ( n2 ) ‘ ds]

en |1 ot _asign (1) ot
{7 )= 2)

2
e~lldy

a
==+ 0(e "), n- oo, 45
S +0(e) (45)
that is,
| Vo, |12 L O(e™). n—oco. (46)
npwse) T e T4 oy T : '

It is straightforward to see that

2

ds=allnl a, (47)

2 =
120, 1)

a n+n s—n
al o 2 = —/
” I’llnj ”Lz(rg) n2 " ){]( n2 )

and hence it remains to estimate the term A{Z ﬁlwn 12 in (40). For that we make the following
o, + ar
splitting
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w,(r, 2 drdz—/ / w, (s, 1) [P dsdr = I, + J,, 48
Az4z| r. 4r(”)2| (5. )] (48)

where

I /ff+ L ouGs P dsd (49)
= — | w, (s, t)|" dsdt
! —e.nJdn 4r (s, 0)2 "

and

1 2
J, = - (s, dsdz.
»/— f ( 4r(s, 1)>  4r(s, 0)2] [on (5, O] dsdr

The term J, can be further rewritten as

e pn+n (p(s, 0) — (s, D)) (s, 0) + r(s, ) 2
w=[ . / |wa (s, ) [ dsdr. (50)

4r(s, t)%r(s, 0)2

For geometric reasons we have Ir(s, 0) — r(s, 1)l < a/n with some 0 < a < e and
r(s, t) > bn with some b > 0 for all (s, t) € supp w,. We first conclude from (50) that

n+n —
|| < avi f 2 § L& 0 =60 ) Pdsde
—e 4r (s, Dr (s, 0)2 4r (s, t)%r (s, 0)?
and hence
2
FARS 2a_, @, 1)
byn  b*n

follows together with (49). For I, we have
1 ot 1 s—n\[ en t
h=(e (5 L ()
1 ( n2Jn 4sk%ine |7\ n? —em [\ vm

2
1 Ly ()| e (t)z
== d L
[n4/() 4sin(0) (u + 1/n) 2 u][/ 2\ m

and the choice of y; (see (36)) together with monotone convergence yields

! |)(1(“)|2 B 1|)(1(u)|2
/0 mdu_/o " du +o(1), n— co.

2
e~allgy

e‘“"'dt], (52)

Hence we conclude from (41) and (52) that

2
1 u
I,,=%L 1 / ba @)l du+0(L4), n— oo,
n

a n* 4 sin(0) u?

and from (51) we find
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It follows that (48) becomes
2
1 2 21 1 A] 1
—w, (r, 2)| drdz = 2= f du+ol=) 3
/[Ri 42" an*4sin’@) Jo n*

as n — co. Finally, (44), (46), (47) and (53) yield

2
21 N AO] 1
S, =— fidu +o|l—| n-o o0, (54
ant [” )(1 ”LZ(O b 0 4 sin%(@)u? n* oD
for S, in (40). In view of the above asymptotics and according to (36) there exists N € N such
that for all » > N we have

2y (9)

an4

Sn < — (55)

for some constant y (@) > 0. Let us consider a sequence {n;};, where n;:=N and
nis1:=n; + ny for k € N. Then by (38) the measure of supp Wy, N supp w,, is zero for all
k,leN, k+#1, and hence it follows from the definition (39) that the measure of
supp v, N supp v, is zero for all k, [ €N, k # [, and, in particular, the functions ¥, are
orthogonal in L?(R?). The space

Fj:= span { Yo Yy, eees Wy, } C Hl([R3),

has dimension k and for an arbitrary Y= Zf_ lall//n, € F, a; € C, we get

v 12 () = Z|az| v, 162 ) Z|al| I @n 16 s —Z|az| (56)
=1

where we have also used the estimate || w,, ||? % Employing (55) we obtain

P

27 0) @, 2
aacgrwn— 1 1B (e Zlaz| S < - L= Z|az| :
ang  _

where we have again used that the mutual intersections of the supports of {y, yk_ | are of
measure zero.
Combining the above estimate with (56) we get

Lz R

o2 Aa,Cy [y] + ((12/4) ” "4 “iz(R})

aa,Cg [W]
— =+
“ v ”iz([R,%) 4 ” v ”iz([R3)

a? [7] a?
L 19w

. 57
4 ny 4 ©7

Hence, according to [3, Theorem 10.2.3] the operator —A, ¢, has at least k eigenvalues below
the bottom of the essential spectrum —a?/4. The above construction works for any k € N, so
that the operator —A, ¢, has infinitely many eigenvalues below —a?/4. The eigenvalue
estimate (35) follows from [3, Theorem 10.2.3] and (57). O

Let 6 € (0, z/2) and Cy be the conical surface as above. A hypersurface £ C R?, which
for some compact set K C R? satisfies the condition X\K = Cy\K and which splits the space
R? into two unbounded Lipschitz domains, is called a local deformation of Cy; cf [1, Section
4.2]. Below we consider the self-adjoint Schrodinger operator —A, s with an attractive

14
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d-interaction of constant strength a > 0 supported on the Lipschitz hypersurface X. This
Schrodinger operator is defined via the closed, densely defined, symmetric and semibounded
quadratic form

aexly]l = || Vi |I§2([R3; )~ afz lyl*do, doma,ys = HI(R3). (58)

The assertion on the essential spectrum in the next theorem is a consequence of [1, Theorem
4.7]; the infiniteness of the discrete spectrum can be shown as in the proof of theorem 3.2
using the same functions y, in (39) and n € N sufficiently large.

Theorem 3.3. Let 0 € (0, n/2) and a > 0. Let X be a local deformation of the cone Cy and
let —A4 5 be the self-adjoint operator in L>(R®) associated to (58). Then

aess( - A,,,Z) = [ —a2/4, +oo),

the discrete spectrum below —a*/4 is infinite, accumulates at —a’/4, and the eigenvalues
M < — a4 (enumerated in non-decreasing order with multiplicities taken into account)
satisfy the estimate

A0

- s
4 nk4

e € —
where y(0) > 0, ngp1:=nl + ny for k €N, and ny = N with N € N sufficiently large.
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