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1. Introduction

Let A be a densely defined closed symmetric operator with equal (possibly infi-
nite) deficiency indices in a Hilbert space K and let {G,Ty,I'1} be a boundary
triplet for the adjoint operator A*. Let Ay be the self-adjoint extension of A in
K corresponding to the boundary mapping I'g, A9 = A* [ ker 'y, and denote the
~-field and Weyl function corresponding to {G,T'9,T'1} by v and M, respectively.
Here the Weyl function M is an £(G)-valued Nevanlinna function with the addi-
tional property 0 € p(Im M (X)), A € C\R. It is well known that in this case the
Krein-Naimark formula

Pe(A=N)""Te= (Ao = N7 = v (M) +7(A)
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establishes a bijective correspondence between the class of Nevanlinna families 7
in the parameter space G and the compressed resolvents of self-adjoint extensions
Aof Ain K x ‘H, where H is a Hilbert space. This description of the general-
ized resolvents of a symmetric operator was originally given by M.G. Krein and
M.A. Naimark in [25, 26, 31] for the case that A is densely defined and has finite
deficiency indices; see [8, 10, 12, 13, 14, 29, 30] for our more general situation.
Various generalizations of the Krein-Naimark formula in an indefinite setting have
been proved in the last decades. E.g., the case that A is a symmetric operator in a
Pontryagin space K and H is a Hilbert space was investigated by M.G. Krein and
H. Langer in [23]. Later V.A. Derkach considered both K and H to be Pontryagin
or even Krein spaces, cf. [7]. Under additional assumptions other variants of (1.1)
were proved in [3, 4, 5, 6, 7, 27].

Recently a very interesting new proof of the Krein-Naimark formula in the
Hilbert space case was given in [10, 12] by V.A. Derkach, S. Hassi, M.M. Malamud
and H.S.V. de Snoo with the help of a coupling method which allows to interpret
the parameter family 7 as a so-called Weyl family associated to a boundary rela-
tion of a symmetric operator or relation in the Hilbert space H. The concept of
boundary relations is a generalization of the notion of boundary triplets which has
the essential advantage that every Nevanlinna family can be realized as the Weyl
family associated to a boundary relation, see [9, 11].

The basic aim of this paper is to introduce the concept of boundary rela-
tions for symmetric operators and relations in Krein spaces, and to prove some
variants of (1.1) in the Krein space case with a similar method as in [8, 10, 12].
Roughly speaking, if A is a symmetric relation in a Krein space /C which possesses
a self-adjoint extension Ay in I with a nonempty resolvent set, then we show in
Theorem 3.1 that formula (1.1) gives a correspondence between compressed re-
solvents of self-adjoint extensions Ain K x ‘H, where H is a Krein space, and
the Weyl families 7 corresponding to boundary relations of symmetric relations
in H. In contrast to the Hilbert space case where formula (1.1) makes sense for
all A € C\R it is not immediately clear in our setting for which A € p(Ap) the
compressed resolvent of A and the inverse of M + 7 are bounded operators on
K and G, respectively, cf. assertion (a) in Theorem 3.1 and Theorem 3.3. In the
special situation that A has finite defect, the fixed canonical extension Ag locally
(with the possible exception of a discrete set) has the same spectral properties as
a self-adjoint operator in a Hilbert space and H is a Hilbert space we study the
local spectral properties of A in Theorem 3.5, see also [3] for a similar situation.

The paper is organized as follows. Following the lines of [9, 11] we introduce
the concept of boundary relations and associated Weyl families for symmetric re-
lations in Krein spaces in Section 2. The special case of boundary triplets and
corresponding Weyl functions is briefly reviewed in Section 2.3. Section 3 contains
our main results on Krein-Naimark type formulas in the Krein space setting dis-
cussed above. Finally, in Section 4 we show that certain classes of relation-valued
functions can be realized as Weyl families corresponding to boundary relations of
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symmetric relations in Krein spaces. As a special case we obtain an alternative
proof of the main result in [9, 11], that is, each Nevanlinna family can be realized
as the Weyl family of a boundary relation of a symmetric relation in a Hilbert
space.

2. Boundary relations of symmetric relations in Krein spaces

The main objective of this section is to adapt the notion of boundary relations
and associated Weyl families for symmetric relations in Hilbert spaces from [9, 11]
to symmetric relations in Krein spaces.

2.1. Symmetric, self-adjoint, isometric and unitary relations in Krein spaces

In the following let (C, [+, -]) and (H, [, ] ) be separable Krein spaces and let Ji
and Jp; be corresponding fundamental symmetries. The linear space of bounded
linear operators defined on IC with values in H is denoted by L(IC, H). If K = H we
simply write £(K). We study linear relations from K to H, that is, linear subspaces

of I x H. The set of all closed linear relations from K to H is denoted by C(K, H).

If K = H we write C(K). Linear operators from K into H are viewed as linear
relations via their graphs. For the usual definitions of the linear operations with
relations, the inverse etc., we refer to [15]. The domain (kernel, range, multivalued
part) of a linear relation S from K to H will be denoted by dom S (ker S, ran S,
mul S, respectively).

The resolvent set p(S) of a closed linear relation S € 5(IC) is the set of all
A € C such that (S —\)~t € L(K), the spectrum o(S) of S is the complement of
p(S) in C. The extended spectrum o (S) of S is defined by 7(S) = o(S) if S € L(K)
and 7(5) = o(S)U{oo} otherwise. The extended resolvent set p(.S) of S is defined
by 5(S) = C\G(S). A point A € C is an eigenvalue of S if ker(S — \) # {0}; we
write A € 0,(5). We say that A € C belongs to the continuous spectrum o.(S)
(the residual spectrum o,(S)) of S if ker(S — A) = {0}, ran(S — ) is dense in K
and ran (S — A) # IC (resp. if ker(S — A) = {0} and ran (S — A) is not dense in K).
We set NV, g := ker(S — \) and /\Af)\,s ={(x)g9r € Mas}.

If U C K x H is a linear relation from I to H, then the adjoint relation

Ut € C(H,K) is defined by
Ut = {{h,k} € H x K| [, hlp = [k, k]xc for all {k,h} € U}.

The linear relation U C K x H is said to be isometric (unitary) if U=" C U™ (resp.
U=l =U"). If A C K? is a linear relation in K, then A is said to be symmetric

(self-adjoint) if A C AT (resp. A = AT). For a unitary relation U € C(K,H) we
have

dom U is closed if and only if ran U is closed (2.1)
as well as
ker U = (dom U)H* and mul U = (ran U)H, (2.2)
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see, e.g., [11, Proposition 2.3].
A symmetric relation A € C(K) is said to be of defect m € N U {oc}, if both
deficiency indices

ni(JcA) = dimker((JcA)* F i)

of the symmetric relation JiA in the Hilbert space (I, [Jx-, k) are equal to m.
Here * denotes the adjoint with respect to the Hilbert scalar product [Jic, -],c. We
note that the symmetric relation A € C| (K) is of defect m if and only if there exists
a self-adjoint extension of A in K and each self-adjoint extension A’ of A in K
satisfies dim(A’/A) = m.

We define an indefinite inner product [, ], on K? (and analogously [-, ],
on H?) by

[/, e =il 60 — [ ol)s F = <]~’f) 5= (5) c k2.

Then (K2, [-,-]x2) is a Krein space and (i?}c ~ie) e £(K?) is a corresponding
fundamental symmetry. Observe that also in the special case when (K,[-,-]) is a
Hilbert space, [, ]2 is an indefinite inner product. In the following we will say
that a linear relation I' C K2 x H? from K? to H? is [, -]-isometric ([-, -]-unitary)
if T is an isometric (resp. unitary) relation from (K2, [, ]x2) to (H?, [, ]42). The
adjoint of T’ will be denoted by T'I*].

2.2. Definition and basic properties of boundary relations and associated Weyl
families

The notions of boundary relations and associated Weyl families were introduced

in [9, 11] for symmetric relations in Hilbert spaces. The definitions and some of

the basic properties remain the same in the Krein space case.

Definition 2.1. Let A € C(K) be a symmetric relation in the Krein space K. A
linear relation T C K2 x G2 is called a boundary relation for At if G is a Hilbert
space, T := dom T is dense in A" and T is [-, -]-unitary.

Let A € C(K) be a symmetric relation and let T’ € C(K?2,G?) be a boundary
relation for AT. Then the first relation in (2.2) implies A = ker I'. The elements in
T’ will be written in the form {f, fL} e, where f = (J{,) €eK?and h = (}'L’,) € G2
Associated with the boundary relation I" are the relations

Do = {{f,h}[{f.h} €T} and Ty:={{{,W}|{f,h}eT}.  (23)
We note that ker 'y and ker I'; are symmetric relations in K which in general are

not closed.

Definition 2.2. Let A be a closed symmetric relation in KC and let I' be a boundary
relation for AT, T := dom I'. The y-field v and the Weyl family 7 of the boundary
relation I are defined by

) = {{h, fY{f,h} €T and f € Nar}, A€C,
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and
T()\)::F(/\Af,\T):{lﬂ{fﬁ}eFande/\Af,\T} e C.

Remark 2.3. In general the values of the Weyl family and the - ﬁeld correspondmg
to a boundary relation have nontrivial multivalued parts. For {f h} with f e N, T,
X € C, the [, -]-unitarity of T yields

(7', h)g = (h,h)g = (A = N, flx-

In the special case where K is a Hilbert space this leads to ker(To|Nyr) = {0}
for X € C\R and hence, if A is a closed symmetric relation in a Hilbert space K
and T is a boundary relation for A*, then the y-field v associated with T is an
operator-valued function on C\R which maps dom 7(X) onto Ny r, cf. [11, §4.2].

Let again K be a Krein space and let G be a Hilbert space. Then the bijective
transformation

St {()-()-0-(4) e

establishes via I' — J(I') a one-to-one correspondence between the set of [, -]-
isometric ([-,-J-unitary) relations I' C K? x G? and the set of symmetric (resp.
self-adjoint) relations in (K x G)2. The mapping (2.4) is called the main transform
n [11]. Clearly, if A is closed and symmetric in K then a relation I' € K2 x G2
with the property A = kerT" is a boundary relation for AT if and only if J(T") is
self-adjoint. This also implies that for a symmetric relation A € C(K) a boundary
relation always exists. In fact, if A is a closed symmetric relation in the Krein
space (IC,[-,]x), then JcA is a closed symmetric relation in the Hilbert space
(K, [Jx-, ]xc) and hence there exists a Hilbert space G and a selfadjoint extension
Be 5(/6 x G) of JiA in the Hilbert space K x G such that JgA = BN K2 holds,
see e.g. the construction in the proof of [11, Proposition 3.7]. It follows that

= ({6 PG G <)

is selfadjoint in L x G when K is equipped with the Krein space inner product
[, -], and A = AN K2 implies that T := 7 1(A) is a boundary relation for A.

The next lemma shows how the Weyl family 7 of a boundary relation I is con-
nected with the compressed resolvent of J(T") onto G. The proof is straightforward
and essentially contained in [11, §3]. We leave the details to the reader.

Lemma 2.4. Let A be a closed symmetric relation in IC and let I’ € 5(IC2, G?) be a
boundary relation for AT with corresponding Weyl family 7. Define J as in (2.4)
and denote by Pg the orthogonal projection from IC x G onto G and by [g the
canonical embedding of G in I x G. Then T satisfies (i)-(iii).

(i) The formula

Pg(T(T) =N lg=—(r(\) + 1) (2.5)
holds for all A € C.
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(ii) If p(J (1)) is nonempty, then —(T(X) +X)~1 € L(G) for XA € p(J(T)).
(iii) The Weyl family is symmetric with respect to the real line, i.e., T(A) = 7(A\)*
holds for all A € C\R.

Remark 2.5. The class of Weyl families corresponding to boundary relations for
symmetric relations in Hilbert spaces is completely described in [11, Theorem 3.9].
Namely, in the case that K is a Hilbert space it follows from Lemma 2.4 that the
values T7(X) of the Weyl family T are maximal dissipative (mazimal accumulative)
relations for every A € Cy (resp. A € C_), and 7(\) = 7(\)* and —\ € p(7()\))
holds for all A € C\R, i.e., T is a so-called Nevanlinna family; we write T € ﬁ(g)
Conversely, by [11, Theorem 3.9] each Nevanlinna family T € R(G) can be realized
as the Weyl family of a boundary relation for a symmetric relation in a Hilbert

space (see also Corollary 4.4).

2.3. Boundary triplets for symmetric relations in Krein spaces

The concept of boundary relations is an extension of the notion of boundary triplets
for symmetric relations in Krein and Hilbert spaces, cf. [5, 6, 7] and, e.g., [13, 14, 16]
for the Hilbert space case.

Definition 2.6. Let A be a closed symmetric relation in a Krein space K and let

I € C(K?,G?) be a boundary relation for AT with Tg and Ty as in (2.3). If T is
surjective, then {G,To,T'1} is said to be a boundary triplet for A™.

Definition 2.6 coincides with the usual definition of a boundary triplet for a
symmetric relation in a Krein space since by (2.1) and (2.2) a surjective boundary

relation I' € C(K?, G?) is necessarily an operator defined on A+ and therefore I'y
and ['; are operators such that the mapping (11:‘1)) : AT — G? is surjective and

[f' gl = [f. ¢l = (T1f,T0g)g — (Tof,T19)g

holds for all f = {f,f'}, § = {g9,9'} € AT. We briefly recall some important
properties of boundary triplets which can be found in [5, 6, 7, 13, 14]. Let in the
following A be a closed symmetric relation in K and let {G, T, T}, ' = (;i’), be
a boundary triplet for AT. The mapping I" induces, via

O Ao =T"'0={fec AT |Tfe0o]}, (2.6)

a bijective correspondence between the set of all closed linear relations © in G and
the set of all closed extensions Ag C AT of A in K. Furthermore, (2.6) establishes
a one-to-one correspondence between the closed symmetric (self-adjoint) relations
in G and the closed symmetric (self-adjoint) extensions of A in K. Note, that in
particular Ag := kerI'g and Ay := kerI'; are self-adjoint extensions of A.

Assume now that p(Ag) is nonempty. Then for each A € p(Ag) the relation
AT is the direct sum of Ay and N a4+ and it follows from Definition 2.2 that
for A € p(Ap) the y-field v and the Weyl function M of the boundary triplet
{G,Ty,T'1} are given by

YA = w1 (To | Ny as) ' € L£(G,K)
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and
M(X) =T (To | Naas) ™ € L(G).

Here 71 denotes the orthogonal projection onto the first component of IC x IC. The
functions v and M are holomorphic on p(Ag) and satisfy the relations

YA = (T + (A= p) (Ao — X))k

and
M) = M(p)* = (A= 7)y(n)Ty(N)
for all A\, pn € p(Ap). Moreover

-1
S h =T, ((I 4(—%\0(/10)\2 )\)hlh> (2.7)
holds for each h € K and A € p(Aop)

With the help of the Weyl function the spectral properties of the closed
extensions Ag C A1 of A can be described. Namely, if © € C(G) and Ae is the
corresponding extension of A via (2.6), then a point A € p(Ap) belongs to p(A4e)
(0i(Ae), i =p,c,r) if and only if 0 belongs to p(© — M (X)) (resp. 0;(0 — M()N)),
i =p,c,r) and the well-known formula

(Ao —N) 7" = (Ao — V)7 (V) (O = M(N) (V)
holds for all A € p(Ag) N p(Aoe), see, e.g., [7].

3. Generalized resolvents of symmetric relations in Krein spaces

If A is a closed symmetric operator or relation with equal (possibly infinite) de-
ficiency indices in a Hilbert space 8 and {G,Ty, 1}, Ag = kerT'g, is a boundary

triplet for the adjoint A* € C(R) with corresponding ~-field v and Weyl function
M, then the Krein-Naimark formula

Pa(A =27 Ia= (Ao = N7 =y (M) +7(0) 40, A€C\R, (3.1)
establishes a bijective correspondence between the compressed resolvents of min-
imal self-adjoint extensions A of A in & x §), where the exit space §) is a Hilbert
space, and the Nevanlinna families 7, i.e., the Weyl families of boundary relations
of symmetric relations in Hilbert spaces (see, e.g., [8, 10, 12, 13, 14, 29, 30]). In this

section we prove some variants of (3.1) for the case that £ and $) are Krein spaces.
Other indefinite generalizations of (3.1) can be found in [3, 4, 5, 6, 7, 23, 27].

1

3.1. The case of a Krein space as exit space

In the next theorem we show, roughly speaking, that a correspondence of the form
(3.1) exists also between the compressed resolvents of the self-adjoint extensions
of a symmetric relation in a Krein space K and the Weyl families of boundary
relations of symmetric relations acting in Krein spaces H. The idea of the proof is
based on the coupling method from [8, 10, 12].
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Theorem 3.1. Let K and H be Krein spaces, let A € C(K) be a symmetric relation
and let {G,Ty,T1} be a boundary triplet for AT with corresponding y-field v and
Weyl function M. Let Ay = kerT'g and assume that p(Ag) is nonempty.

(i) If A € C(K x H) is a self-adjoint extension of A and for some Ao € p(Ag)
Pc(A=Xo)™t [x€ L(K), then there exists a boundary relation T € C(H?, G?)
such that the corresponding Weyl family T satisfies (a) and (b).

(a) If A € p(Ap), then
(M(\) +7(\) " € £(G) if and only if Pc(A—N)"" x€ L(K).
(b) The formula
Pe(A=0) " 1e= (Ao =07 =M +7(0) ()T (3.2)
holds for all X\ € p(Ag) such that (M(X\) +7(\)~t € L(G).

1

(i) If I’ € C(H?,G?) is a boundary relation with corresponding Weyl family T
and (M(Xo) + 7(Xo))™t € L(G) for some g € p(Ap), then there exists a
self-adjoint extension A € C(K x H) of A such that (a) and (b) are satisfied.

Proof. (i) 1. The proof of assertion (i) is organized in 4 steps. Let H be a Krein
space and let Abe a self-adjoint extension of A in I X H. We do not exclude the
case of a canonical self-adjoint extension ﬁ, that is, H = {0}. It is not difficult to
see that the closed linear relations

so:={ sy e l{ (B). (%)} e 7},
seo={men{(7) (7)) <1}

are symmetric in K and H, respectively. The same arguments as in the Hilbert
space case (see [11, Proposition 2.12]) imply that the closures of the linear relations

o= {ie e (8). () )
ne={m e {(5). () <3

coincide with Sa' and Sf', ie. S, cT,CT, = S;r holds for ¢ = 1, 2. Note also that
Sp is an extension of the symmetric relation A.

2. In this step we show that

e {{n (5 e {E) (Bt oo

is a boundary relation for S;", cf. [10, Proposition 2.2 and Theorem 4.2] or [12,
Theorems 2.13 and 6.3].
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From the definition of I” we immediately get that dom I' is dense in S". In order
to verify that the linear relation IV C H? x G? is [, -]-unitary let

Lo fi 5 S . [ Tog /
() #)er (13}

As A is self-adjoint in K x H we have

J1 gl Kx g K x
a,nd hence

M—Flgﬁo)’ (—Flg?go)ﬂgz = i([f5 golk — [for gblc)= [f1, 1] 52

implies that T is [-, -J-isometric, i.e. IV 1 ¢ TVI+I,

Conversely, let {h, f1} € I"I*] and choose fo € At such that h = ( Fgf;‘; ). Then

() ()fea=a i

SiAnC(i for an arbitrary {(g‘l’ ), (j;z )A} € A we have {gl, (fli’fgo)} € I, and hence
{h, f1} € T"I*] and the choice of h imply

()G () ()], =i i
=i ([(Fo), (Boioy] o+ [ ()], ) =0

Therefore {f1, h} belongs to I and this gives I [*] ¢ TV=1. We have shown that
I is a boundary relation for Sj".

3. Let A € p(A) such that Pc(A— X! [xe £(K) and denote the Weyl family of
I’ by 7. We check that

(M) + (V)" = {(Flﬁft h/) e g? ] fr € Ny a+ and (Fgf%) = T(A)}

is a bounded operator defined on G.

If Flf,\ +h’ =0 then ( Flff} ) € 7(A) and hence there exists fl € NA,Tl such that

r F0.]E>\ !
{fh (—FlfA)} <
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By (3.3) {(J;? ), (if@ )} € A and this implies that {0, fr} belongs to

Pe(A—A) " k= {{fé — Mo, fo} € K2 ] {(jﬁf) , (@} € Aand fi e/(/m}.

Therefore fy = 0, i.e., Tofy = 0 and (M(X) 4+ 7(A))~! is an operator. Next we
show

dom (M () + T()\))fl =g.
Let g € G and choose fo € AT such that
-0
—I'1/o g

By our assumption dom (P;C(g— A)~!x) = K there exists f € AT and fl € ./\AG\,T1

such that

{(J{Z) , (;}1)} €A and f =\ =f}—\o.
Hence

fomf-dresna aa {h () er
ie., (_Flflff) € 7()). Setting b’ := —I'y f we find (F‘;Lfk) € 7(\) and

Difs+h =01(f—fo)+1 =-Tifo=g,

that is, g € dom (M (\) + 7(A\)) L. Finally M()\) € £(G) and the fact that 7()) is
closed imply that (M (A)+7(\)) ™! is closed and therefore (M (\)+7(\))~! € L(G).

4. Let now A € p(Ap) such that (M(\) + 7(A\))~! € £(G) holds. We prove in this
step that Pic(A — X\)7! [x€ L£(K) has the form (3.2).

Let k € K and f := —y(A\) (M (N) —|—T(>\))71’}/(X)+k € N+ and define fo € At

by

:_ (fo) _ (Ag — Ntk f

()= () < () e
We have

fo=AMo=Fk and fo=(Ag— ANk =N (M) +7(N) " 7Nk

Therefore, by the form of Pc(A — A)~! | it remains to show that there exists
i€ Nozy with {(£), ()} € 4. First of all

Lofa = —(M) +7(\) "Nk
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implies

(3854) = 0ov 00 = { (st ) [0}

and this gives

Lo fa o
(—W(X)ﬂc - rlfA> er(\) =T"(Myn).

Hence there exists fl € NA,Tl such that

R FOJE)\ /
{f b (—v(X)ﬂc - rlf)} <f

and from (3.4) and (2.7) we obtain Tofo = Tofy and Ty fy = YA Tk + T fy.

F( Tof I 1o T Thi
Therefore {fl, (_lﬂ’u‘}o)} belongs to IV and thus by (3.3) {(fcl’), (f‘{’)} € A. This
completes the proof of assertion (i).

We prove assertion (ii). Let I € C(H?,G?) be a boundary relation with corre-
sponding Weyl family 7. We claim that

({0 () vl () )

is a self-adjoint extension of A. In fact, for {(j:‘l)), (;‘;)}, {(g?), (Zé)} € A we
1 1

have
: ( Tofo . Togo /
U ()} o (el ) fer

and the [, -]-isometry of I implies

() (@)oo () G, o b+ L
o Tofo\ (Todo Tofo TCogo _
=i ([ G+ [R5 (Gt )],.) =0

that is, A s symmetric. Let now {(;‘f ), (j:i? )} € A+. We show

fo 1o A
{(f> , (H)} i (3.6)
First of all we have

[fo,90] > = —[f1.01],, for all {@0) , @%)} €A (3.7)

1
If go € A = kerT'g NkerT'y we conclude { (%), (903)} € A from {0,0} € I and

(3.7) yields in this case fo € AT. By (3.5) it remains to check {fl, ( Flff; )} er.
—11Jo
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For this let {g1,k} € I and choose gy € A" such that k = (_FIQIgEO) By (3.5)
{(), (Z;l’)} belongs to A and (3.7) implies

it = Uil =[5 G, - [ ) A,

Therefore
I‘OJEO ) r } [+ /-1
-, el =T
{ <—F1f0 f

and this gives (3.6). We have shown that A is self-adjoint. Moreover it is not
difficult to see that A € C(K x H) is an extension of A.

If A is defined by (3.5) then the boundary relation I coincides with the right
hand side of (3.3). It was shown in step 2 of the proof of (i) that I' is a boundary
relation for S; (see step 1) and by step 3 and 4 the assertions (a) and (b) of (i)
hold. We have proved Theorem 3.1. O

Remark 3.2. The boundary relation T in (3.3) is called an induced boundary re-
lation in [10, (4.6)] and [12, Section 6.2], where it appears as a composition of a
boundary triplet and a [-,-]-unitary relation. Then the statement in step 2 of the
proof of Theorem 3.1 follows immediately from general properties of isometric and
unitary relations in Krein spaces, cf. [10, Proposition 2.2 and Theorem 4.2] or [12,
Theorems 2.13 and 6.3].

3.2. The case of a Hilbert space as exit space

We are now concerned with the situation that the exit space H is a Hilbert space.
Under this additional assumption assertion (a) of the previous theorem can be
improved. We note that the statements in Theorem 3.3 below are known. A more
general result of very similar type has already been proved by V. Derkach with
different methods in [7, Theorem 4.1].

Theorem 3.3. Let K be a Krein space and let H be a Hilbert space, let A € C(K)
be a symmetric relation and let {G,To,T1} be a boundary triplet for A% with
corresponding y-field v and Weyl function M. Let Ay = ker'g and assume that
p(Ap) is nonempty.

(i) If A € C(K x H) is a self-adjoint extension of A and Pc(A—Xo)™* [x€ L(K)
holds for some Ao € p(Ay), then there exists a Nevanlinna family 7 € R(G)
such that (a) and (b) hold.

(a) If X € p(Ay), then (M(X) +7(N\)~t € L(G) if and only if A € p(A).
(b) The formula
Pc(A-X)"

1 -1 ~

k= (Ao = N) 7" =y (V) (M) +7(N) v(N)F

holds for all A € p(Ap) N p(A).
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(ii) If 7 € R(G) is a Nevanlinna family and (M (Xo) —I-T()\o)) L(G) for some
Ao € p(Ap), then there exists a self-adjoint extension Ae C(IC xH) of A such
that (a) and (b) are satisfied.

Proof. Since the class of Nevanlinna families ﬁ(g) coincides with the class of
Weyl families of boundary relations in Hilbert spaces (see [11, Theorem 3.9], Re-
mark 2.5 and Corollary 4.4) the assertions of Theorem 3.3 follow immediately
from Theorem 3.1 if we show that each point A € p(Ag) with the property
(M(X) +7(A)~L € £(G) belongs to p(A).

Define IV € C(H2,G?) as in (3.3), let 7 and 4/ be the corresponding Weyl fam-
ily and ~-field, respectively, and assume that A € p(Ag) is chosen such that

(M(X\) 4+ 7(X)"t € L(G). In order to show that A — X is injective, let
/ ~
{(}f()) , (;};)} € A such that f;—Afo=0and f| — \f1 =0,
1 1

ie., fo € Ny 4+ and fl € N, r,. Writing A in the form (3.5) and setting h := Fofo
we conclude

(cation) = (5 eream =0
and therefore (f) € A) + 7(A). From (M(X\) + 7(\))~t € £(G) we now get

M(
h = 0 and since both y(A) and 7'()) are operators (cf. Remark 2.3) here we obtain
fo=vy(AMDh=0and f1 = *y’()\)h =0, that is, ker(A — \) = {0}.

In order to show the surjectivity of A — \ we construct elements fo € AT and

f, € Ty with
: Lofo / fo—Ao) _ (90
(i (e ) er o (230 = (3) @9

for an arbitrary (Z‘l)) € K x H. First of all choose fy € Ay such that 16—=Xo=go0

and set x := I'y fo. Since J(I") (cf. Section 2.2) is self-adjoint in the Hilbert space
H x G there exists {fl, B} eI with f{ —Af1 = ¢1. Let now fy € N, a+ such that
Lo fx = h (and hence FlfA = M(A)h) holds and since M (A) +7(\) is surjective by
assumption there exists [ € 7(\) with M(A)+1' = —(k' + M(\)h + ). Therefore
there are fix € Ny 1 and foy € N a+ such that {fl)\,l} eI’ and | =T foy (and
hence Ty fox = M(M)1). Setting

fo:=fo+ x4 for€ AT and §, := fi + fir € T,

we have {f1,h + [} € I and from

fo — Ao\ _ (90 Tofo Cp s
(fﬁ —)\fl) B (91) and <—F1fo) =hd
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we conclude that (3.8) holds, that is, A — X is surjective. O

In Theorem 3.5 below we will impose additional conditions on the symmetric
relation A € C| (K) and the fixed canonical self-adjoint extension Ay = kerI'y in
order to get more information on the (local) spectral properties of the extensions
A. For this we briefly recall the notion of locally definitizable self-adjoint relations.
For a detailed study of (locally) definitizable self-adjoint operators and relations
we refer to the papers [18, 21, 28] of P. Jonas and H. Langer.

If Ag is a self-adjoint relation in a Krein space K, then A € C belongs to the
approzimate point spectrum of Ao, denoted by o4, (Ao), if there exists a sequence
(y2) € Ao, n = 1,2,..., such that |lz,| = 1 and lim,—c [|yn — Az,|| = 0.
The extended approzimate point spectrum ca,(Ao) of Ag is defined by o4, (Ao) if
0 & 0ap(Agt) and by o4, (Ag) U {00} otherwise. A point A € 04,(Ap) is said to be
of positive type (negative type) with respect to Ay, if for every sequence (z ) € Ay,
n=1,2..., with ||z,] = 1, lim, . ||[yn — Az,|| = 0 we have

liminf [z,,z,])c >0 (resp. limsup [y, ,]xc < 0,).

n—oo n—oo
If 0o € T4p(Ao), 00 is said to be of positive type (negative type) with respect to Ay if
0 is of positive type (negative type, respectively) with respect to Ay L The set of all
spectral points of positive type (negative type) with respect to Ag will be denoted
by 014 (Ag) (resp. o__(Ap)). An open subset A of R is said to be of positive type
(negative type) with respect to Ag if ANG(Ag) C o44(Ag) (ANT(Ag) C o__(Aop),
respectively) holds.

Let in the following € be some domain in C symmetric with respect to the
real axis such that Q NR # () and the intersections of Q with the upper and lower
open half-planes are simply connected.

Definition 3.4. A self-adjoint relation Ag in a Krein space K is said to be defini-
tizable over Q if o(Ag) N (Q\R) consists of isolated points which are poles of the
resolvent of Ay, no point of QNR is an accumulation point of the nonreal spectrum
of Ag in Q and the following holds.

(i) For every finite union A, A C QNR, of open connected subsets there exists
m > 1, M > 0 and an open neighborhood U of A in Q such that

1(Ao = M) 7THI < M1+ [AD*™ 72 Im A]7™

holds for all A € U\R; B

(i) Every point p € QMR has an open connected neighborhood I, in R such that
each component of I,\{u} is either of positive or of negative type with respect
to AQ.

Let Ag be definitizable over  and let e be a discrete (possibly empty) set of
points in Q NR. Then the property that (2 NR)\e is of positive type with respect
to Ay is equivalent to the fact that o__(Ap) is discrete in .
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Theorem 3.5. Let K be a Krein space and let H be a Hilbert space, let A € C(K)
be a symmetric relation of finite defect and let {G,To,T'1} be a boundary triplet for
A with corresponding y-field v and Weyl function M. Assume that Ag = ker Ty
is definitizable over Q and that o__(Ag) is discrete in .

(i) If A€ C(K x'H) is a self-adjoint extension of A and P;C(Z— o) tike /i(/C)
holds for some Ao € p(Ag)NSY, then there exists a Nevanlinna family 7 € R(G)
such that (a)-(c) are satisfied.

(a) If X € p(Ag) N, then (M(X) +7(N\) " € L(G) if and only if X € p(A).
(b) The formula

Pe(A =2 o= (Ao = )7 =) (M) +7(0) ()"

holds for all A € p(Ao) N p(A) N

(c) If p(A) N Q £ 0, then A is definitizable over Q and o__(A) is discrete
in Q.

(ii) If 7 € R(G) is a Nevanlinna family and (M(Xo) +7(Xo)) "t € L(G) for some
Ao € p(Ao) NQ, then there exists a self-adjoint extension A € C(K x H) of A
such that (a)-(c) are satisfied.

Proof. The statement of Theorem 3.5 follows from Theorem 3.3 if we show that
the extension A in (i) satisfies assertion (c).

For this, let Sy and S; be the symmetric relations in the Krein space K and
the Hilbert space H, respectively, defined in step 1 of the proof of Theorem 3.1.
As A is of finite defect the deficiency indices n(JxcA) of the symmetric relation
JicA in the Hilbert space (K, [Jk:,-]) are both equal to n < oo and hence the
deficiency indices n4(JicSp) of the symmetric relation JiSp are both equal to
m < n. Considerations very similar to those in [11, Lemma 2.14] show that the
deficiency indices ny(S1) of Sy coincide and are also equal to m.

Let By be a self-adjoint extension of S in the Hilbert space H. We claim
that the self-adjoint relation Ag x By € C(K x M) is definitizable over Q and
o__(Ag x By) is discrete in Q. In fact, first of all o(Ag x Bg) N (Q\R) coincides
with o(Ag) N (Q\R) and the growth properties of the resolvent of Ay and By,

I(Bo = N)7HI < [m A7, A€R,
imply that condition (i) in Definition 3.4 holds for the relation Ay x By. Moreover
R C a44(Bo) U p(Bo)

and the assumptions that Ag is definitizable over 2 and o__(Ag) is discrete in
imply that QNR with the possible exception of a discrete set belongs to o, (Ag X
By) U p(Ag x Bp). Therefore Ay x By is definitizable over 2 and o__(Ag x By) is
discrete in (.
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Since A and Ag x By are self-adjoint extensions of the symmetric relation

So x S1 in K x H and p(A) N is nonempty we conclude that
(-

" (Ao x Bo) = A) ' e p(A)Np(Ag x Bo) N,

is a finite rank operator. Hence we can apply [2, Theorem 2.2] and it follows that
A is definitizable over  and o__(A) is discrete in . O

4. Realization of relation-valued functions as Weyl families

We show in Theorem 4.1 that certain classes of C(G)-valued functions can be
realized as Weyl families corresponding to boundary relations I' € 5(/C2,g2)
of symmetric relations in Krein spaces K. Lemma 2.4 (i) and the proof of [11,
Theorem 3.9] suggest that for a given C| (G)-valued function 7 the function A —
—(7(X\) + A)~! has to be realized as the compressed resolvent of some self-adjoint
relation J(T') in K x G.

We briefly recall the notion of (locally) definitizable functions introduced and
studied by P. Jonas in [19, 20, 21, 22]. Let, as in Definition 3.4,  be a domain
which is symmetric with respect to the real axis such that Q "R # () and the
intersections of {2 with the upper and lower open half-planes are simply connected.
For an £(G)-valued function G meromorphic in Q\R we denote by h(G) the union
of the set of all points of holomorphy of G in Q\R and the set of all points in QNR
into which G can be analytically continued in a unique way.

An £(G)-valued function G meromorphic in C\R satisfying G(\) = G()\)*
for all A € C\R is called definitizable if there exists a scalar rational function r
such that rG is the sum of a Nevanlinna function N and an £(G)-valued rational
function n whose poles belong to h(G),

r(NGO) = N + n())

for all points A € C\R of holomorphy of rG, cf. [20, §3]. If Q is a domain as above,
then an £(G)-valued function G meromorphic in Q\R and satisfying G(A) = G()\)*
for all A € Q\R is said to be locally definitizable in €, if for every domain 2’ with
the same properties as €, & C €, G can be written as the sum G4 + G}, of a
definitizable function G4 and a function G}, locally holomorphic on Q' (see [22]).

Theorem 4.1. Let G be a Hilbert space, let T be an C(G)-valued family and assume
that the function

A= GA) == —(t(N) + 17!

is an L(G)-valued locally definitizable function in Q. Then for every domain
with the same properties as 1, Q' C Q, there erists a Krein space K, a closed

symmetric relation A € C(K) and a boundary relation T € C(K?,G?) for A" such
that the corresponding Weyl family coincides with T in ' N H(G).
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Proof. Let us fix some domain €', 0 C Q, and a point \g € Q' Nh(G). Since G is
a definitizable function in €2 by [1] the same holds for the function

Gi(\) = A—Redo+ (A= X)X =2)G(N),  AeQnb(G). (4.1)

Hence [22 Theorem 3.8] implies that there exists a Krein space IC a self-adjoint
relation B € C( ) definitizable over {2, and a mapping v € L(G, IC) such that
Q' NH(G1) = Np(B) and

Gi(A) =Re G1(M) +7 (A =Re Ao+ (A = X)X =) (B— A1)y (4.2)

holds for all A € Q' NH(G1). By (4.1) we have G1(Ag) = iIm Ay and Re G1(A\g) =0
which together with (4.2) yields vty = Ig. Since vy is a self-adjoint projection
in the Krein space K we can identify G with the Hilbert subspace ran « in K. Then
the orthogonal companion K := G [ of G in K is a Krein space and K= IC[ }Q
holds. Moreover + is the embedding of G into K and ~T the projection Pg in K
onto G. Hence (4.2) can be rewritten as

Gi(A)=A—ReXdg+ (A= X)X =Xo)Pg(B—=XN)""|g
and taking into account (4.1) we conclude
—(TAN)+N =GN =Pg(B-N""1g,  AeQnh(G).

Let J be as in (2.4) and define T := 7~!(B). Then T is a boundary relation for
At A:=kerT, and by (2.5) the associated Weyl family is . O

Remark 4.2. The self-adjoint relation B = J (') corresponding to the boundary
relation T (with Weyl family 7) in the proof of Theorem 4.1 is definitizable over
Q. A converse statement also holds, that is, if T' is a boundary relation such
that J(T') is definitizable over §, then the corresponding Weyl family meets the
assumptions of Theorem 4.1.

By virtue of [1, Theorem 2.5] we immediately obtain the following corollary
for matrix-valued locally definitizable functions.

Corollary 4.3. Let 7 be a matriz-valued definitizable function in Q and assume
that det (T(A) + A) is not identically equal to zero. Then for every domain Q' as
Q, O C Q, there exists a Krein space KC, a closed symmetric relation A in K and
boundary relation I' € 5(/C2, G?) such that the corresponding Weyl family coincides
with 7 in .

The argument in the proof of Theorem 4.1 and a well-known representation
result for £(G)-valued Nevanlinna functions yield an alternative proof of the main
realization theorem in [11].

Corollary 4.4. Every Nevanlinna family T € ﬁ(g) can be realized as the Weyl
family of a boundary relation T' € C(K?,G?), where K is a Hilbert space.
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Proof. As the sum and the negative inverse of a Nevanlinna family are Nevanlinna
families

Gi(\) i = A=A+ D) (r(\) + 1)1
= {-(A—rN) )T = () =AY
A € C\R, is an £(G)-valued Nevanlinna function. Hence there exists a Hilbert
space K, a self-adjoint relation B € C(K) and an operator v € £(G, K) such that a
representation of the form (4.2) with A\g = 4 holds, see e.g. [24] or [17, Theorem 4.2].
Now the same reasoning as in the proof of Theorem 4.1 shows that I' = J~1(B)
is a boundary relation with Weyl family 7. ([l
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