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For a closed symmetric operator A of defect one with finitely many negative squares
in a Krein space we establish a bijective correspondence between the compressed re-
solvents of minimal selfadjoint exit space extensions of A with finitely many negative
squares and a special subclass of meromorphic functions in C\R.
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1. Introduction

For a closed densely defined symmetric operator A with equal defect numbers in the
Hilbert space £ let {G,T'o,I'1} be a boundary value space for the adjoint operator A*
and let Ay be the restriction of A* to ker 'y, Ay := A*|ker[y. If v and M are the
corresponding ~-field and Weyl function, respectively, then it is well known that the

Krein-Naimark formula
(1) Pa(A—= 2= (Ao = 2) " =y (V) (M) +7(V) (V)

establishes a bijective correspondence between the compressed resolvents of minimal
selfadjoint exit space extensions Aof Ain & x 9, where § is a Hilbert space, and the

so-called Nevanlinna families 7.

The aim of this note is to give a similar correspondence for a class of symmetric op-

erators in Krein spaces. More precisely, if A is a closed symmetric operator of defect



one with finitely many negative squares acting in a Krein space I and if A has a
selfadjoint extension A in K with nonempty resolvent set we prove in Theorem 3
that the formula (1) establishes a bijective correspondence between the compressed
resolvents of minimal selfadjoint exit space extensions Aof Ain K x H having also
finitely many negative squares and scalar functions 7 belonging to some classes Dz,
k €40,1,...}. Moreover we show how the number % is related to the number of nega-
tive squares of A. Here the exit space ‘H is in general a Krein space and the classes Dz
are subclasses of the so-called definitizable functions (cf. [Jonas (2000)]). The classes
Dz where introduced and studied in connection with eigenvalue dependent boundary
value problems by the authors in [Behrndt and Trunk (2005)]. Roughly speaking a

function 7 belongs to some class Dz if A — A7()) is a generalized Nevanlinna function.

Our approach is based on [Derkach, Hassi, Malamud and de Snoo (2000)]; see also
[Hassi, Kaltenbéck and de Snoo (1997) and (1998)]. For the special case that the exit
space H is a Pontryagin space Theorem 3 follows from [Derkach (1998)]. In this situ-
ation the functions 7 € D3 belong to certain subclasses of the generalized Nevanlinna

functions.

2. Preliminaries

Let throughout this paper (I, [-, -]) be a separable Krein space. The linear space of all
bounded linear operators defined on a Krein space Ky with values in a Krein space /Cy
is denoted by L(ICq, Ky). If K := Ky = Ky we write L(K). We study linear relations in
IC, that is, linear subspaces of K2. The set of all closed linear relations in K is denoted
by 5(/C) Linear operators are viewed as linear relations via their graphs. For the
usual definitions of the linear operations with relations, the inverse, the multivalued
part etc. we refer to [Dijksma and de Snoo (1987)].

Let S be a linear relation in K. The adjoint ST € C(K) of S is defined as

St = {(}};,) ’[f’, h] = [f, 1] for all (Jf,) e S}.

The linear relation S is said to be symmetric (selfadjoint) if S C St (resp. S = ST).

For a closed linear relation S in K the resolvent set p(S) of S € C(K) is defined as
the set of all A € C such that (S — \)™' € L£(K), the spectrum o(S) of S is the



complement of p(S) in C. For the definition of the point spectrum o,(S), continuous

spectrum o.(S) and residual spectrum o,(S) we refer to [Dijksma et al. (1987)].

For the description of the selfadjoint extensions of closed symmetric relations we use

the so-called boundary value spaces.

Definition 1. Let A be a closed symmetric relation in the Krein space (K, [-,-]). We
say that {G, T, T'1} is a boundary value space for A" if (G, (+,-)) is a Hilbert space and
there exist mappings I'g, 'y : AT — G such that T' := (?1’) : AT — G x G is surjective,
and the relation

~ ~

[f' 91 = [f.gT= (1 f.Tog) — (Tof,T19)

holds for all f = (1),5= () € A*.

For basic facts on boundary value spaces and further references see e.g. [Derkach
(1999)]. We recall only a few important consequences. Let A be a closed symmetric
relation and assume that there exists a boundary value space {G, Ty, I'1} for A*. Then
Ag :=kerI'y and Ay := ker I'y are selfadjoint extensions of A. The mapping ' = (E‘;)

induces, via

(2) Ao :=TT'@={fec A" |TfecO), 0cC9),

a bijective correspondence © — Ag between C(G) and the set of closed extensions
Ag C AT of A. In particular (2) gives a one-to-one correspondence between the closed
symmetric (selfadjoint) extensions of A and the closed symmetric (resp. selfadjoint)
relations in G. If © is a closed operator in G, then the corresponding extension Ag of

A is determined by
(3) A@ = ker(I‘l - @Fo)

Let Ny a+ := ker(AT—\) be the defect subspace of A and J\A/',\7A+ = {(Aff) ‘f S J\/’,\7A+}.
Now we assume, in addition, that the selfadjoint relation Ag has a nonempty resolvent
set. For each A € p(Ag) the relation AT can be written as a direct sum of (the
subspaces) Ay and N, A A+. Denote by m the orthogonal projection onto the first

component of K2. The functions

(4) Y(A) =1 (TN e £(G,K) and M(\) := 1 (To|Ny) 7 € £(G)



are defined and holomorphic on p(Ag) and are called the 7-field and the Weyl function
corresponding to A and {G, g, I'1}.
Let © € C(G) and let Ag be the corresponding extension of A via (2). For A € p(Ao)

we have
(5) A€ p(Ag) ifand onlyif 0€ p(© — M(N)).

Moreover the well-known resolvent formula

1

(6) (Ao = A) "= (Ao = M) +9(N)(© = M(N) ~(N)F

holds for A € p(Ae) N p(Ap) (cf. [Derkach (1999)]).

Recall, that a piecewise meromorphic function G in C\R belongs to the generalized

Nevanlinna class N, k' € Ny, if G is symmetric with respect to the real axis, that is

G(X) = G()\) for all points A of holomorphy of G, and the so-called Nevanlinna kernel
Ne(A, p) = %g(ﬂ)

has k negative squares (see e.g. [Krein and Langer (1977)]). The subclasses Dxz,

k € Ny, (see Definition 2) of the so-called definitizable functions (cf. [Jonas (2000)])

were introduced and studied in [Behrndt et al. (2005)].

Definition 2. Let T be a piecewise meromorphic function in C\R which is symmetric
with respect to the real azis and let Ay € C be a point of holomorphy of . We say that
T belongs to the class Dz, k € Ny, if there exists a generalized Nevanlinna function
G € N; holomorphic at Ny and a rational function g holomorphic in C\{\g, Ao} such
that
A

(A= 20)(A = Xo)

holds for all points A where 7, G and g are holomorphic.

T(A) = GA) +9(N)

Let A be a closed symmetric relation in K. We say that A has defect m € NU {oo}
if there exists a selfadjoint extension A in K such that dim(A\/A) =m. If Jisa
fundamental symmetry in IC then A has defect m if and only if the deficiency indices
ny(JA) = dimker((JA)* F i) of the symmetric relation JA in the Hilbert space
(K, [J+,]) are equal to m. A closed symmetric relation A in the Krein space (K, [, ])



is said to have k negative squares, k € Ny, if the hermitian form (-, -) on A, defined by

<(f) | <5)> =g, (}C) , (j) € A,

has k negative squares, that is, there exists a x-dimensional subspace M in A such
that (0,0) < 0if 0 € M, 0 # 0, but no £+ 1 dimensional subspace with this property.
If, in addition, the defect of A is one and {C, T, T';} is a boundary value space for A"
such that the resolvent set of Ay = ker I'y is nonempty, then the corresponding Weyl

function M belongs to some subclass Dz, k < k + 1.

Conversely, by [Behrndt et al. (2005)] each function 7 € Dz which is not equal to a
constant is a Weyl function corresponding to a symmetric operator 7" in some Krein
space ‘H and a boundary value space {C,I,I"}} such that the selfadjoint relation

ker I'j has k negative squares.

3. A class of generalized resolvents of symmetric operators with finitely

many negative squares

Let A be a not necessarily densely defined symmetric operator in the Krein space /C,
let {G, T, 1} be a boundary value space for A™ and let H be a further Krein space.
A selfadjoint extension A of Ain K x H is said to be an ezit space extension of A and
H is called the exit space. The exit space extension A of A is said to be minimal if

p(A) is nonempty and
K xH = clsp {K, (A= X" x| A e p(A)}

holds. The elements of I x H will be written in the form {k,h}, k € K, h € H. Let
Pc: K xH — H, {k,h} — k, be the projection onto the first component of K x H.

Then the compression

PIC(‘Z_)\>71|/C7 )\EP(A),

of the resolvent of A to K is said to be a generalized resolvent of A.

In the proof of Theorem 3 below we will deal with direct products of linear relations.

The following notation will be used. If U is a relation in K and V is a relation in H



we shall write U x V for the direct product of U and V' which is a relation in IC x H,

v = {13 ev () ev)

For the pair Gﬁ;ﬁ) we shall also write {fi, fo}, where f; = (2) and fo = (;Z ).

Theorem 3. Let A be a symmetric operator of defect one with finitely many negative
squares and let {C,Tg,T'1} be a boundary value space for A™ with corresponding ~-field
v and Weyl function M. Assume that Aqg = ker I'q has a nonempty resolvent set. Then
the following holds.

(i) The formula

(7) Pe(A =)k = (Ao — N7 =y () (M) +7(0) ()

establishes a bijective correspondence between the compressed resolvents of mini-
mal selfadjoint exit space extensions A of A in IC x H which have finitely many

negative squares and the functions T from the class | J2-_, Dz U {(8) |ce (C}.

(ii) Assume that A has k negative squares. If A is a minimal selfadjoint exit space
extension with K negative squares in IC x H, H # {0}, then T belongs to Dz,

where
0<kRe{k—K—2,...,k— K+ 1}

Conversely, if T € Dz, k € Ny, then the corresponding selfadjoint exit space

extension A in IC x H has
0<ke{k+r-—-1,...,k+RK+2}

negative squares.

Proof. Let (H,[,-]) be a Krein space and let A be a minimal selfadjoint exit space

extension of A in L X H which has k negative square. The linear relations

e {(E) ()< e 7 ()1 <3

are closed and symmetric in K and H, respectively. As S is an extension of A either §
is of defect one and coincides with A or S is selfadjoint in K. It follows from [Strauss
(1962)], [Remark 5.3, Derkach et al. (2000)] that in the first case 7" is also of defect

one and in the second case T is selfadjoint in H.
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If S and T are both selfadjoint, then S x T coincides with A. As A is a minimal exit

space extension we have
H = clsp { Pr(A = \) 7' | X € p(A)} = {0}.

Hence A is a selfadjoint extension of A in K and there exists a constant 7 € R U
{(9)|c € C} such that A= (??)71{—7'} and by (6) we have

(A=N)"1= (A= N =N (MO) +7) (W)

If S and T are both of defect one we have A = S and it follows from [§5, Derkach et
al. (2000)] that AT and T can be written as

{17} = {17}

eedea, () () ana B i (500 (1),

In the sequel we denote the elements in A™ and T by fl and fQ, respectively. It
follows as in [Theorem 5.4, Derkach et al. (2000)] that {C, I}, "} }, where

Let

Iy = —Foﬁlcﬁﬁl and T := Flﬁ;cﬁﬁl,

is a boundary value space for T+. A is the canonical selfadjoint extension of the

symmetric relation A x T' in K x H given by
(8) A= {{flafZ} € AT x TT| F0]61 + F{)fz = 1—‘1131 - Pllfz = 0}-
Since A x T is of defect two, A has k negative squares and A has & negative squares
we conclude that 7" has
0<K e{f—Kk-2k—Kk—1,F—K}

negative squares.

For A € p(A) the relation
ran (PH(;I — N7 k) =N = ker(TH — N),
holds (cf. [Lemma 2.14, Derkach, Hassi, Malamud and de Snoo (2005)]. Since A is a

minimal exit space extension we have
(9) H = clsp { Pr(A = \) i | A € p(A)} = clsp {Ny s | A € p(A) }

and this implies that 7" is an operator.



Let

Noo,T+ = {(?) € T+} and Fp = <;g) Nw,T+a

where Fry C C? is the so-called forbidden relation (cf. [Derkach (1999)]). As T is an

operator of defect one the dimension of Fyp is less or equal to one. We choose @ € R

such that
{(O‘fx) )x ec} N F = {0}

and define T,, := ker(I'} —al')). Then T, is selfadjoint and by [Proposition 2.1, Derkach
(1999)] T, is an operator. From {0} = mulT, = (domT,)"*) we conclude that T, is
densely defined.

We claim that p(T,) is nonempty. In fact, for A € p(A) we have ran (A — \) = K x H
and since A x T' is of defect two also the range of (A x T') — A is closed. Therefore

ran (T'— ), A € p(A), is closed in H and the same holds true for ran (7, — A). Assume
now p(7T,) = 0. Then

p(A) C (0(T0) U o (T))

and as \ € 0,(T,) implies A € 0,(7,,) we can assume that there are x'+2 eigenvalues in
one of the open half planes. The corresponding eigenvectors fi, ..., fc 1o are mutually
orthogonal and it follows as in [Proof of Proposition 1.1, Curgus and Langer (1989)]
that there exist vectors gi,...,gw+2 in dom (7,) such that [T, fi,g;] = 0ij, 1,7 =
1,...,k + 2, holds. Since

L= (Sp {fla ) fﬁ’+27glv s 7gf€’+2}7 [Ta'a ])
is a Krein space with a (k’+2)-dimensional neutral subspace, £ contains also a (k’'+2)-
dimensional negative subspace. But this is impossible since T" has ' negative squares

and therefore T, has at most ' 4+ 1 negative squares, thus p(T,) # 0.

We denote the v-field and Weyl function corresponding to the boundary value space
{C, T} — al'y, =T} for T by ' and o, respectively. Clearly o is holomorphic on
p(T,). From

H = clsp {Nyre | A € p(To)} = clsp {7/ ()| A € p(Tu)}

and o(A\) — o (@) = (A —=1)7 ()™Y' (N), A\, u € p(Ty), we conclude that o is not identi-

cally equal to a constant.



It is easy to see that {C? T, fl}, where
~ A ~ P r - R R F A
Lo{fi, fo} == ( ofi ) and T'i{f1, fa} = ( 1/ ) )

It fo — alyfy ~T)fs
is a boundary value space for AT x T with corresponding ~-field
o [(v(A) 0
(10 == () ) e s nam),
and Weyl function
~ v (M) 0
(11) A M) = ( o A>) XE plAd) N p(T).

The selfadjoint extension of A x T' corresponding to © = (7% }) € £(C?) via (2) and
(3) is given by
ker(fl - @fo) = {{fl, fg} S A+ X T+ | Pofl + F6f2 = Plfl - Pllfg = 0}

and coincides with A (cf. (8)). By (5) (© — M())) is invertible for all points A in

p(A) N p(Ag) N p(T,). Then we have
(12) (A= X7 = (Ao x To) = X) 7 +7()(0 = M) ()
(cf. (6)) and, as o is not equal to a constant, we obtain

(13) (0= M)~ =(MQA) - +a)” (—o—@lrl —auF?@)—_lzwu)))

for all A € p(A) N p(Ay) Np(T,). Setting 7(A) := —a(A\)~! + a we conclude from (10),
(12) and (13) that the formula
Pe(A =2k = (Ag = 2) 7 =) (M) +7(0) v ()

holds. It is not hard to see that 7 is the Weyl function corresponding to the boundary
value space {C, Ty, "1} for T+, As ker 'y, is a selfadjoint extension of T it follows that
kerI'y, has k' or k' 4+ 1 negative squares. Now [Lemma 3.7, Behrndt et al. (2005)]

implies that 7 belongs to some class Dz, where

0<re{k—-k—-2,... K—r+1}.

For a function 7 in the class Dz it was shown in [§4, Behrndt et al. (2005)] that there
exists a Krein space H and a minimal selfadjoint extension Aec (K x H) such that

the formula (7) holds and A has

0<ke{r+R—-1,....k+K +2}
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negative squares. O
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