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ABSTRACT. In the last decade there has been a growing interest in superoscillations in various
fields of mathematics, physics and engineering. However, while in applications as optics the
local oscillatory behaviour is the important property, some convergence to a plane wave is the
standard characterizing feature of a superoscillating function in mathematics and quantum
mechanics. Also there exists a certain discrepancy between the representation of superoscil-
lations either as generalized Fourier series, as certain integrals or via special functions. The
aim of this work is to close these gaps and give a general definition of superoscillations,
covering the well-known examples in the existing literature. Superoscillations will be defined
as sequences of holomorphic functions, which admit integral representations with respect to
complex Borel measures and converge to a plane wave in the space A;(C) of exponentially
bounded entire functions.
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1. INTRODUCTION

The theory of superoscillatory functions has its origin in various areas of physics and
engineering. For example in quantum mechanics these functions appear in the context of
Aharonov’s weak values [2], in antenna theory they were first used in [33] and for optics and
other applications we refer to the Roadmap on Superoscillations by M.V. Berry et al. [19].

The prototypical superoscillatory function that appeared in quantum mechanics can be
found in the still unpublished preprint [13] from 1991, where Y. Aharonov and collaborators
made a thought experiment considering a box containing only red light, but emitting a gamma
ray. With the notion of weak values the authors also found a way How the result of a
measurement of a component of the spin of a spm—% particle can turn out to be 100, see [2].
The type of functions considered in those papers are of the form

Fo(z) =) Cin)e®™M  zeR, neN, (1.1)
j=0

where for some fixed a > 1 the coeflicients are chosen as
n\ /14+a\r=i/1—a\J 27
Cj(n) = (])( . ) ( . ) and  ky(n) =12, (1.2)

Note that every F, is a linear combination of plane waves with frequencies k;(n) € [—1,1].
The superoscillatory behaviour now comes from the fact that

lim F,(z) =€, zcR, (1.3)
n—oo

converges to a plane wave with frequency a > 1. However, superoscillations of the form (1.1)
do not only appear with the frequencies k;(n) in (1.2), but it was shown in [6] that for any
1
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choice of frequencies kj(n) € [~1,1] and any a > 1 one can construct coefficients C%(n) € C,
such that

Z C; (n)etksmMz  giaz g e R, (1.4)
j=0

where ~ is understood in the sense that the Taylor coefficients of both sides coincide up to
order n.

The mathematical theory of superoscillations has attracted a lot of interest in the recent
past. A first introduction to the mathematics of superoscillations in one variable and some
of its applications to Schrodinger evolution of superoscillatory initial data can be found in
[9]. Nowadays, the literature on superoscillations is growing quite fast and, without claiming
completeness, we mention that some of the most recent results on the time evolution of
superoscillations are contained in the papers [3, 4, 5, 16, 30, 31] and in the references therein.
The case of superoscillating functions in several variables and other interesting mathematical
aspects of superoscillations are contained in the papers [8, 11, 12, 22, 23].

A certain type of superoscillations, different from the ones in (1.1), were introduced by
M.V. Berry in his work Faster than Fourier [17], where families of superoscillating functions
are constructed that have the form

_ (u—ia)2

Fs(x k(Wre="52 du, ze€R,§>0, (1.5)

1
)= —— [ e
oV2m Jr
with some fixed coefficient @ > 0 and a frequency function k with values k(u) € [—1,1] for
every u € R. Instead of a convergence result of the form (1.3) it is shown in Berry’s work
that the local wavenumber exceeds the range [—1, 1], while the intrinsic frequencies k take
only values in [—1,1]. In the same way also the superoscillatory behaviour of the function

2 21 1
Fs(z) = ge_% sinc <\/x2 LA > xreR, >0, (1.6)

5 42
was investigated in [18].

A method of constructing superoscillating functions was introduced in [7] and revisited in
[14]. The idea is to consider for some entire function H(z) = .2 ; hnz" the associated infinite
order differential operator H (—z’a%) = hn(—i%)" and the corresponding generalized
Schrodinger equation

0 0
iU (t2) = —H( - i%>\1’(t, z), txeR. (1.7)
Using superoscillating initial conditions it turns out that the solution W(t, -) at any time
t € R is still superoscillating. Moreover, under some additional assumptions on the range of

the function H the solution ¥( -, x) is also superoscillating in the time variable for every fixed
r €R.

Furthermore, a different perspective on superoscillatory behaviour was taken by P. Ferreira,
A. Kempf and D. Lee in a series of papers [24, 25, 26, 27, 28, 29]. There functions of the form

m

F(z) =) asinc(z — 1)), z€R, (1.8)
=0
were considered, where the coefficients (¢;); are chosen such that F(x;) = a;, [ € {0,...,m},

admits the prescribed values (a;); at the prescibed points (z;);. Choosing now for example
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x; = 6l for some arbitrary small 6 > 0 and a; = (—1)! with alternating sign, the function
F admits an arbitrary large number of oscillations in an arbitrary small interval, while its
Fourier transform is always supported in the bounded interval [—1, 1].

The above examples show that there exist many variants of superoscillations, defined in
various ways and having different types of oscillatory behaviour. One of the main purposes of
this paper is to propose the general Definition 1.2 of superoscillations below and to show that
all the above examples are contained as special cases in this concept. The crucial points in
our analysis are the integral representation (1.11) via complex Borel measures and the space
A1 (C) of exponentially bounded entire functions, where the convergence of superoscillating
functions is considered with respect to the natural topology.

Definition 1.1. The space of entire functions with exponential growth is defined as
A (C) = { F :C — C entire | 3A, B > 0 such that |F(z)| < AePV! for all z € C } . (1.9)

For any Fy, (Fy)n € A1(C) we say that F,, — Fy converges in A1 (C) if and only if there exists
some B > 0, such that
lim sup |F,(z) — Fo(z)|e PP = 0. (1.10)
The idea is now to consider superoscillations as certain superpositions of plane waves with
frequencies in a bounded range [—ko, ko], but converging to a plane wave with frequency
a € R\ [—ko, ko] exceeding this range.

Definition 1.2. A sequence of functions of the form

ko
Fo(z) = / e*dp, (k), zeC, (1.11)
—ko
with a common mazximal frequency ko > 0 and complex Borel measures p, on [—ko, kol, is
called superoscillating, if there exists some a € R\ [—ko, ko|, such that
lim Fy,(z) = €% in A(C). (1.12)
n—oo
Note, that any function of the form (1.11) is an element in .A;(C). In fact, since a complex
measure has finite total variation, the exponential boundedness follows immediately from the
estimate N
0
[Fn(2)] < / el d| | (2) < [pn| (=Ko, ko] )™, 2 € C.
—ko
Moreover, the holomorphicity follows from a version of the dominated convergence theorem
which allows to carry the derivatives inside the integral.

Also note that the functions (1.1) are superoscillation in the sense of Definition 1.2 since
the representation (1.11) holds with the complex Borel measures
n
tn(B) = Z Cj(n), for every Borel set B C [—1,1], (1.13)
j=0,k;(n)eB
and the convergence (1.12) was shown in [21, Theorem 2.1].

In the main part of this paper we collect and generalize the different superoscillating func-
tions that appear in the mathematical and physical literature, and prove that they fit into
the context of Definition 1.2. In particular, we verify the convergence in the space A;(C)
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in all cases, which is important from an analytic point of view and puts the phenomenon of
superoscillations in an appropriate mathematical perspective. In Section 2 functions of the
form (1.5) and certain extensions of these classes are discussed. The superoscillating sinc-
function (1.6) is treated in Section 3. Section 4 shows that the approximation (1.4) really
leads to superoscillations in the sense of Definition 1.2 for a large class of given frequencies
kj(n), see Corollary 4.2. Moreover, in Theorem 4.1 this concept is generalized to any low
frequency function of the form (4.3) instead of the exponentials ¢**(™* Tt then turns out
that a version of the method (1.8) can be considered as a special case of Corollary 4.4, treated
in Example 4.5. The final Section 5 then considers the method of generating superoscillating
functions described in (1.7).

Acknowledgements. Jussi Behrndt gratefully acknowledges financial support by the Aus-
trian Science Fund (FWF): P 33568-N. Peter Schlosser’s research was funded by the Austrian
Science Fund (FWF) under Grant No. J 4685-N and by the European Union — NextGenera-
tionEU. This publication is also based upon work from COST Action CA 18232 MAT-DYN-
NET, supported by COST (European Cooperation in Science and Technology), www.cost.eu.

2. A CONSTRUCTION OF SUPEROSCILLATIONS DUE TO M.V. BERRY

The considerations in this section are inspired by M.V. Berry’s paper [17], where super-
oscillatory functions of the form

1 . _(ufia,)2
Fs(z) = W/Relk(“)xe 2?7 du, = €R, (2.1)

were introduced. The idea behind this construction is that the complex Gaussian

1 (u—ia)?
e 22 —§(u—ia), asd—0",
oV 2T ( )

approximates the complex delta function and consequently

Fs(x) — ekli)z g § — 07,

converges to a plane wave. If one chooses a frequency function with values k(u) € [—1,1] for
every u € R and k(ia) € R\ [—1, 1] for some a > 0, this indicates a superoscillatory behaviour
of the functions Fj.

We will now revisit this idea and improve it in three ways. Firstly, an additional function g is
included in the integral (2.1). This function does not affect the superoscillatory property of the
Fy’s, but allows to modify their shape. Secondly, precise assumptions on the involved functions
g and k are given. Thirdly and most importantly, while in [17] mainly the complex saddle
point approximation is used to derive quantities like the local wave number, the convergence
in the space A;(C) is proven here. In particular, Corollary 2.2 shows that the functions Fj
are indeed superoscillating in the sense of Definition 1.2.

Theorem 2.1. Forb>a >0 leté C C be the open triangle with corners ia and £b. Consider
measurable functions k,g : RUA — C which for some B > 0 satisfy the bounds

sup |k(u)] < oo and sup|g(u)le” P < . (2.2)
u€eR ueR
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Moreover, assume that k and g are continuous on A, holomorphic on A, and in the case
a = b their derivatives are bounded on A. Then, for every § > 0, the functions

Fs5(z) =

1 . (u—ia)2
5\/27/9(’&)6%(“)26 262 du, 2z¢€C, (2.3)
™ JR

belong to the space A1(C) and converge as

lim Fs(z) = g(ia)e™*  in A;(C). (2.4)
§—0*t
Proof. We shall make use of the constants
C :=sup|k(u) and A :=sup|g(u)le B,
ucR ucR
which are finite due to assumption (2.2). A straightforward estimate shows

W2y A 02 w2
P M5 < Dt ([ e dan)e, (2
7)1 < 7= [ latwle ws Zed [ M), (25)

and hence Fj is well defined for every § > 0. Furthermore, a version of the dominated
convergence theorem shows that Fj is holomorphic and together with the above estimate it
follows that Fj, 6 > 0, belongs to the space A;(C).

In the following we will verify that Fj converges as in (2.4). First, we change the part
—b — b of the integration path in (2.3) to —b — ia — b, that is, we use

b . (u—ia)2 ia . (u—ia)2 b . (u—ia)2
/ glu)e® Wz e 357 dy = / g(u)e* W™ 57 du 4 / g(u)e* W™ 57 du,
—b —b ia

In fact, since g and k are holomorphic on A and continuous on A the above equality follows
from the Cauchy theorem applied to the boundary of the scaled triangle A, and then taking
the limit e — 0.

b c b

Hence we can split up the function Fj into the four parts

Fs(z) = FV )+ FP ) + FP(2) + FY(2), zeC, (2.6)
where

(1) zk u)z (“_i§>2
F 262 du,

5 (%) (5\/27r "

(2) _ ik(u)z —("_ig)z
F = 2 du,

) (sm/_bg“”e e d

b , (u—ia)?
Fa(g)(z): 3 15%/ g(u)e® Wz e 257 du,

(ufia)Q

zk(u Ze 22 du.

6\/%
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For these four functions we will now investigate the limit § — 0T separately. Starting with
F(5(4) we estimate in the same way as in (2.5)
A a2 [ _u? A 0 W2
]F(5(4)(z)\ < eC|Ze%2/ eBle™ 287 du < eC|Z|ebB/ e*Tev(B‘Pg)dv,
0V2m b V2 0

where in the second inequality we used a < b and substituted v = “T_b. Shifting the expo-
nential e“#! to the left side of this inequality leads to a z-independent right hand side, which
converges as

A o0 w2
sup ]F[;(4)(z)\e_c|z‘ < ebB/ e T B5)dy 50, asd— 0.
zeC 2w 0
According to (1.10) this is exactly the convergence

lim F*(2) =0 in A(C).

6—0t

In the same way we also prove

lim FY(z) =0 in Ay (C).

6—07t
For the function F 5(3)(,2) we first use the identity
b u—a 2 —_— )
/ = 252) du-éfef< Za)
ia \/§ 6[

which is an immediate consequence of the definition of the error function, to rewrite the
difference

(3) g(ia) ik(ia)z _ ik(u)z g(ia) ik(ia)z _ (u—ia)?
F57(2) — e = g(u)e — e e 2% du. (2.7)
2 OV 21 Jia erf ( 5\/5) )

In the case b > a we use us(t) = ia + 6t(b — ia), t € [0, 1], to parametrize this integral as

1
9(%a) ktia, O—ta [F k(s (D)2 g(ia ikGia)s) £ e—ia)?
F($(3)(Z> - Qe k( ) - / (g(u(S(t))e k( 6(t)) - erféb_)ia)e k( ) )e 2 dt

2 Vor

and estimate the difference by

)

52}
[\

ia ik(ia)z \/m b .
F(3(3)(z)—9(2)ek( / <|gu5 Hek 5(0)2 _ gik( )‘
) . 2 27(12
+ ’9(“6(75)) — M elk(ia)l Z|>€_t(b2)dt
erf( \[)
Since g,k are continuous on A, we denote their respective suprema by || - ||». Using the

estimate (A.1) we obtain

ia \/ 24 q
FCS(S)(Z) 9(2 ) eik(ia)z| < b\/i kAz|/ <]k us(8)) = k(ia)| |ga 7]
g(ia) _20?=d?)
+ ’g(ué(t)) - W >€ dt

6v2
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Using also the inequality |z| < el which is an immediate consequence of the power series
representation of the exponential, we find the estimate

Fg(g) (Z) N g(ia) eik(ia)z —([lklla+1)|2 vy T e b2 + a? / (

: [k(us(2)) — k(o) g1l

g(ia)
erf( b—ia )

t2(b2—a?)
+ ‘g(w(t)) — )e 7 dt
V2

In this form we note that the right hand side is independent of z and vanishes as § — 0"
due to the dominated convergence theorem, the continuity of g and k£ and the fact that

b—ia

limg_, o+ erf( 5 \/i) = 1 by the choice b > a. This shows the convergence

(3) g(ia) ik(ia)z
gli%ﬁ Fy7(z) = 5 ¢ in A;(C).
In the case a = b we go back to formula (2.7) and note that all functions in the integrand are
continuous. Hence we can shift the integration path into the open triangle A where g and k
are holomorphic, i.e. we write the integral as the limit

@y 909) ey _ 1 e e 9000)  pa)s) i)
Fy7(z) = =5 5\/%513& i(ae) <g(u)e erf(af;};))e )e »* du.

Using the complementary error function erfc(z) := 1 — erf(z) and its derivative

d u—ia V2 _(u—ia)?
— erfc < ) =———e 22

integration by parts leads to

giCL ik(ia)z
F§3)(z)— (2)€k( )

_ _1 : e ik(u)z g(ia) ik(ia)z i u—ia
2 El;r(r)a i(a—e) (g(u)e erf (agl\};) ) © ) du erfe ( )du

_ g(a) zk (a)z a(l_i) L. e i ik(u)z
== erfc( 573 )+ 61_1)%1+ o) (g(u)e

_ g(a) K@) g (a(;\}i)) i /aE;i(g(ug(s))eik(ua(s))z) erfe (ug(s) —ia)d&

where in the last line we parametrized the complex path integral by u.(s) = i(a—¢e)+s(1—1),
s € [0,a — €. Using this, we can now estimate the difference by

< ellal] <’92”A erfe (a(;\/—;)> |

/ k;/ a—e&
s IR
\/i e—=0t Jo

Gl s+ <||92HA ‘ orfe (a(él\/—;) )‘
’ erfc (W)‘ds), (2.8)

F(S(3)(Z) _ g(;a) ez’k;(ia)z

erfc <u5((.;5)\/;m> ’ds)

o 1l + g s
V2

0
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where in the second inequality we performed the limit ¢ — 0 and used the estimate |z| <
el?l to get rid of the z-dependency inside the brackets. Using the representation erfe(z) =
—(t+2)* gt of the complementary error function, see [1, Eq. (7.1.2)], it can be estimated

2 [

by
— 9(1 z) s s
‘erfc(s(1 ) ‘/ e dt‘ 2 / et =3 dt <m1n{6\/§,1}7
5\[ \f VT Jo s\/m

where in the last inequality we estimated either e <1or 67% <1 to get the minimum
as an upper bound. This inequality on the one hand gives an d-independent bound of the last
integral in (2.8) as well as for every s € (0, a] the pointwise convergence as § — 0. With the
dominated convergence theorem this then leads to

erfc (a(l — Z>>

o2

/ / a o

I5 s+ 1Kl [* e (50— D)4, 525
52

V2

Since the right hand side is independent of |z| we conclude the convergence

F§3)(z) — g(;“)eik(w)z e~ (Iklla+D)lz] < ngHA

+

0

52%1+ F( )( ) g(;a)eik(ia)z in Al(C)

For the same reason also
(2) g(ia) ik(ia)z
51_1)1%1+ F5¥(2) = e in A;(C).
Summing up, we have proved that all the terms in (2.6) converge in A;(C) and hence (2.4)
follows. U

The next corollary puts the result of Theorem 2.1 into the perspective of superoscillations
and proves that under certain assumptions on the frequency function k, the resulting functions
Fj satisfy Definition 1.2.

Corollary 2.2. Let b > a > 0 and k, g be as in Theorem 2.1. Assume, in addition, that there
exists some kg > 0 such that

g(ia) =1, k(ia) € R\ [~ko, ko] and k(u) € [~ko, ko] for every u € R. (2.9)

Then the functions Fs in (2.3) are superoscillating with limit

lim Fy(z) = *092  in A,(C). (2.10)
§—0*t
Proof. Since g(ia) = 1 by assumption, the convergence (2.10) follows from Theorem 2.1.

Hence it remains to verify the integral representation (1.11). For this we first define the
complex Borel measure

7 (u—ia)2
262 du

os5(A) = 5\/1%

for Borel sets A C R. With this measure the function Fs admits the representation

F5(z) = / e* W dos(u), zeC.
R
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In a second step we consider the Borel measure
ps(B) = os({ueR|k(u) € B})

for Borel sets B C [—ko, ko] and rewrite Fj as

ko

Fs5(z) —/ elkzd,u(;(k), z€C,
—ko

which is exactly the form (1.11). Since by assumption k(u) € [—ko, ko] for every u € R and

since the frequency k(ia) of the limit function in (2.10) lies in R \ [—ko, ko], the functions Fj

are indeed superoscillating in the sense of Definition 1.2. O

Remark 2.3. Note that in Theorem 2.1 and Corollary 2.2 we may modify the functions k, g
on R\ [=b,b] as long as (2.2) and (2.9) remain valid. Since this only changes the functions
Fs but not the limit g(ia)eik(m)z in (2.4), any such modification leads to a new family of
superoscillating functions.

To illustrate our result we provide some possible choices of functions k and g which lead to
superoscillations in Corollary 2.2. In particular, we will use the functions k£ from the original
paper [17].

Example 2.4. Possible choices of the frequency function are

1 1 _u?
k1(u) = m» ka(u) = ma

[¥]

ks(u) =€~ 2, kyq(u) = cos(u).
2

All these functions satisfy kj(u) € [—1,1] for j =1,2,3,4 and for every u € R. Evaluated for
complex arguments these functions admit the values

1 1 a?
=, ko(ia) = ks(ia) = e, ky(ia) = cosh(a),

1-< cos(a)

kl (w,) =

and hence ky(ia) > 1 for every a € (0,v/2), kao(ia) > 1 for every a € (0,3), and ks (ia) > 1

for every a > 0. With the constant g; =1 for j =1,2,3,4, the assumptions of Corollary 2.2
are satisfied and we end up with superoscillating functions Fs. Another possible choice con-
sidered in [17] is for any 0 < a < 2 the functions

1 ifueh, B 1—%, ifue A
95(U)—{07 ifu€eR\[~a,d], e k5(u>_{07 ifu€ R\ [~a,a].

Here, A is the triangle from Theorem 2.1 with b = a. Also these functions satisfy the assum-
tions of Corollary 2.2 and lead to superoscillating functions Fy.

3. SUPEROSCILLATING SINC-FUNCTIONS

In [18] M.V. Berry considered another type of superoscillating functions

2 27 1
Fs5(z) = ge*% sinc <\/22 — % — 62>’ z € C, (3.1)

sin(z)

for some fixed @ > 1 and every § > 0; here sinc(z) = denotes the Sinus cardinalis and

the complex square root is fixed by

0<Arg(y/-)<m. (3.2)
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The aim of this section is to verify that (3.1) is indeed superoscillatory in the sense of Defi-
nition 1.2. This will be done in two steps. In Theorem 3.2 we prove the convergence (1.12)
and with the help of Lemma A.2 we conclude the integral representation (1.11).

We start with a technical estimate of the complex square root, which will be important for
the A;-convergence of the functions (3.1) in Theorem 3.2.

Lemma 3.1. For any a > 1 there exists some C' > 0, such that

|V/22 — 2iaz — 1+ az — i| < Cmin{|2|,|2|*}, z€C. (3.3)

Proof. In the first step we consider the function f(z) == V22 — 2iaz — 1 — az + i. Assume
that f(zp) = 0 for some zy € C, that is,

\/2(2)—22'&20—1:&,20—1'.

Squaring both sides leads to zg = CLQZg and since obviously zg % 0 by the choice of the square

root in (3.2), this is a contradiction to a > 1. Hence f does not have any zeros. Since a > 1
by assumption we also conclude

lim | f(z)] = oo,

|z]—o0

and consequently there exists ¢ > 0 such that
|f(z)] >¢, zeC. (3.4)

In the second step we consider g(z) = V22 — 2iaz — 1 + az —i. Using (3.4), this function can
be estimated by

[ US| DT e g

Moreover, g can also be estimated by

lg)| <V (z]+a)?+alz] +1=(1+a)(1+]z]), ze€C. (3.6)

Using now (3.5) for |z| <1 and (3.6) for |z| > 1 this implies the estimate (3.3). O

Theorem 3.2. For every a > 1 and § > 0 the functions Fs in (3.1) belong to the space A;(C)
and converge as

lim Fs(z) =€ in A;(C). (3.7)

6—0t

Proof. For this proof it will be convenient to use the notation

2iaz 1

Rz::\/zQ— - =, ze€eC, 3.8
5( ) 5 52 ( )

so that we can write Fs(z) = %67% sinc(Rs(z)). Although the complex square root in (3.8) is

not entire, in the series expansion of the sinc-function only even powers appear and we still

end up with the entire function

oo

2 (—1)" n_2 1 (—1)" %az  1\n
B =5 et PO =5 i (s )
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For 6 > 0 fixed and z € C sufficiently large we have 1 < |Rs(z)| < 2|z| and hence the

exponential bound

|F5(2)| = ?e_éw <

holds for all z € C sufficiently large. It follows that Fs € A;(C).

e_%}eiRé(Z) — e—iR(s(Z)‘ < %e—§€2lz|

1
5

In order to show that Fj5 converges as in (3.7) we first estimate the difference between Fj(z)
and Gs(z) = %67% sinc(% — az). Using the identity sinc(§) = %fil eedt, ¢ € C, we find

1 L .
F5(Z) — G(;(Z) = 58_% /1 (eZth(z) _ erLt(g_aZ))dt7

and with the help of (A.1) we obtain

1 ! ) i
[F3(z) = Gs(2)] < 5e75 / 1| s =) + az — el macliRs(lazlkgy
-1
) L , , , (3.9)
< Lot / ‘Ra(z’) tar— 1‘e|t\(|R5<z>+azf§|+|azf§|)dt_
J 1 J
Since the estimate (3.3) translates into
7 1 - . . 2
Rs(z) +az — 5‘ = S‘\/(SQZZ — 2iadz — 14 adz — i| < C'min{|z|, 0|2},
we can further estimate (3.9) in the form
1 1 1
F3(2) = Gole)| < Clafped [ dCtvalts gy
-1
2 (C L[t
< C|z?eCFzl =5 /_1 es dt (3.10)

= 2C’5|z[26(c+a)|z‘e_%(e% -1)
< 205’2’26(C’+a)|z\;

in the last inequality we used |z|? < 2¢l?l, which follows from the power series representation
of the exponential.

In a second step we estimate the difference between Gs(z) and €'*. For this, we again use
sinc(§) = %f_ll eedt, ¢ € C, as well as integration by parts to rewrite G5 as

1 )
Gs(z) = (1562/ et —a2) gy

-1
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This representation allows the estimate

Gs() - e < (¢ F +alele | 1leédt)ealzl
= (e” %—I—adlz\ l1-—e g))e‘dz‘ (3.11)
< (7% + ad|z|)e?”!
< (€75 + ad)elatDIl,

where in the last inequality we used |z| < el?l, which follows from the power series represen-
tation of the exponential.

Combining now (3.10) and (3.11) leads to the estimate
|Fy(z) — ei%|e~(CratDlzl < 405 + 675 +ad, z€C,
and since the right hand side is z-independent and converges to zero as § — 0T, this shows
lims_ o+ F5(z) = €"** in A;(C). O

The convergence result of Theorem 3.2 together with the integral representation of the
sinc-function in Lemma A.2 imply the superoscillatory property of the functions Fy in (3.1).

Corollary 3.3. For every a > 1 the functions Fy in (3.1) are superoscillating with limit
lim Fs(z) = € in A;(C). (3.12)
6—0t

Proof. The convergence (3.12) was shown in Theorem 3.2 and it remains the integral repre-

sentation (1.11). From (A.3) with z and b replaced by z — ﬂ and V‘I;_l, respectively, we
obtain

o) = 2o (B L) L[ e (VESTUR

Using the complex Borel measure
1 - 2-1)(1 — k2
) :/ekélj()(\/(a )( )>dk
0 Jm 1)

for Borel sets B C [—1, 1] we conclude that Fs admits the integral representation (1.11) with
ko = 1 and hence the functions Fjs are superoscillating according to Definition 1.2. O

4. SUPEROSCILLATIONS WITH PRESCRIBED FREQUENCIES

The standard example (1.1) of a superoscillating function is a linear combination of plane
waves

z) = ZCj(n)eikﬂ'(”)z, z€C, (4.1)

with frequencies k;(n) = 1 — %J and coefficients Cj(n) = (?)(#)"‘J(%)J For a long
time it was not clear how many of such superoscillating functions exist. In the recent paper
[6] for any set of given frequencies k;(n) € [—1,1] and any target frequency a € R\ [-1,1]
coefficients C;(n) were constructed, such that the corresponding sequence (4.1) approximates
the exponential €!%® in the sense that the Taylor series of Fy,(z) and €' coincide up to order

n. This approximation suggests a certain superoscillatory behaviour, but is not sufficient
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to conclude the convergence Fy,(2) — ¢ in A;(C). The analysis in this section is partly
inspired by these earlier considerations in [6]. In particular, in Corollary 4.2 we conclude the
Aj-convergence under sufficient conditions on the frequencies k;(n).

Starting from a more general perspective we shall study functions of the form

ZC n)fin(z), z€C, (4.2)
with frequency functions
ko
fin(2) :/ e’kzduj,n(k), z e C. (4.3)
—ko

The idea is now to choose the coefficients C;(n) in such a way that the Taylor coefficients of
F,(z) and €' coincide up to order n, that is,

FW(0) = (ia)!, neN,le{0,...,n}, (4.4)
or, more explicitly using (4.3) and (4.2)

Zc / (i) (k) = (ia), neN,Le{o,... n}.

For each n € N thls is a linear system of the form

Spcn, =a,, neN, (4.5)
where the matrix S, € C+D*(+1) and the vectors c,,a, € C"*! are given by
k k
J5%, Kodpon(k) oo 2 KOdpnn(K) Co(n) a®
Sp = : : , Cp= : , ap=| t|. (4.6)
S5 krdpon (k) o R kg (k) Cn(n) an

The following Theorem 4.1 is of abstract nature and provides conditions such that the func-
tions F;, in (4.2) are superoscillating. Using point measures p;,, in Corollary 4.2 we complete
the earlier considerations in [6]. A different situation based on the choice of absolutely con-
tinuous measures is treated in Corollary 4.4.

Theorem 4.1. Let ky > 0, a € R\ [—ko, ko, ptjn be complex Borel measures on [—ko, ko], and
let ¢y, be a solution of the system (4.5) for n € N. If there exist constants k1, k2 > 0 such that
for everyn € N and j € {0,...,n}

|1jinl([=ko, ko]) < k7 and  [Cj(n)] < k3 (4.7)
hold, then the functions F,, in (4.2) are superoscillating with limit
lim Fy,(z) = €' in A(C). (4.8)
n—oo

Proof. First of all, it is clear that f;, € A;(C) for every j € {0,...,n} and hence F,, € A;(C)
by the arguments given below Definition 1.2. The bounds of the measures u;, and the
coefficients Cj(n) in (4.7) immediately lead to the estimate

n ko
A<y !Cj(n)!/ | 0 (R) < (n+ D)(mama)el 2 eC. (4.9)
=0 —ko
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Next, we write the difference between F},(z) and €’®* as the Taylor series

oo () Y/ oo (D) .\l
iaz F,’(0) — (ta Z Fy7(0) — (ia
=0 lI=n+1

where in the second equality we used (4.4). For z € C\ {0} the Cauchy integral formula along
a circle of radius (1 + k1k2)|z| leads to the following bounds for the coefficients in (4.10)

1 Fo(§) — '™
2/ (g)l-s-ledf'
T Jig=(4rin)lz] €

(1 + arg)|2]ef¥) — eletbmama)l2let?

IEV(0) — (ia)!|
!

dp

1 27
<
= 27(1 + Kiko)l 2] /0

1 21
< 1 n ko(14+k1k2)|2| \a|(1+n1n2)\z|>d
= 27(1 + Kiko)l 2] /0 <(n + 1)(krz)"e te v

(n+1)(k1k2)" + L lal(mimo)lz
(14 kiKY 2|

)

where we used (4.9) and ko < |a| in the estimate of the integrand. Plugging this into the
Taylor series (4.10) gives

az n al(14+K1K2)|2
Fa(2) = €] < ((n o+ Dama)" o 1)ell0Fmmll 57y

(n+D)(F1r2)" + 1 14/(11m1m0)]2]
— a K1K z (C O .
/ﬁllﬁz(l + H1H2)n € ’ Z€ \ { }

Due to (4.10) this inequality obviously holds for z = 0 and hence we conclude the A;-
convergence

sup |F (Z) _ eiaz|€—|a\(1+n1nz)|z\ < (n + 1)(/‘61/€2)” +1
n

= — 0, asn — oo.
2eC /{1,‘12(1 + /'111:%2)

Finally, the integral representation (1.11) of the functions F,, is satisfied by

k() . n k(] .
)= [ S G = [ M), zec,
—R0

=0 —ko

using the Borel measure p,(B) = 3_7_ Cj(n)u;n(B) for Borel sets B C [—ko, ko]. We have
shown that the functions F), are superoscillating with limit (4.8). O

In the next corollary we return to the initial problem of this section. The aim is to find for
given kj(n) coefficients Cj(n) in (4.1) such that the resulting functions F;, are superoscillat-
ing. Here the measures (i, in Theorem 4.1 are chosen as point measures and an additional
condition on the frequencies k;(n) is imposed.

Corollary 4.2. Let ko > 0, kj(n) € [—ko, ko], and assume that

n

II 1®) = k() > ", neN,je{o,...,n}, (4.12)
1=0,l#j
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holds for some k > 0. For a € R\ [—ko, ko] define the coefficients

n

ki(n) —a .
Cin)= [ "7 neNje{o,...,n} (4.13)
AL Taln) — ()
Then the functions
Fo(z) =) _Cj(n)e™™= s e, (4.14)
§=0

are superoscillating with limit lim,_,o, Fy,(2) = %% in A;1(C).

Proof. Observe first that the functions (4.14) can be written in the form (4.2) using the point
measures

1, if ki(n) € B,
pin(B) = ki)

0, if kj(n) ¢ B,
for Borel sets B C [—ko, ko]. Since the first bound in (4.7) is trivially satisfied, it remains
to check that the (unique) solution Cj(n) of (4.5) satisfies the second bound in (4.7). The
explicit form of the matrix 5, in this particular setting is
ko(n)? ... kn(n)°
Sn = : :
ko(n)™ ... kp(n)"
This is a Vandermonde matrix, which is known to be invertible whenever the (k;(n))_, are
pairwise disjoint. But this is obviously the case due to the assumption (4.12). Moreover,
using Cramer’s rule and the known determinant formula for Vandermonde matrices, one can
easily derive the explicit representation (4.13) for the coefficients Cj(n) of the solution, see
also [6, Theorem 2.2]. The assumption (4.12) now allows to estimate these coefficients as

n n
|Fa(n) —a ko + |al ko + lal\"
1Cy(m)| = < < ()
o= H mo s = 1L mw - = s
which shows the second bound in (4.7). It follows from Theorem 4.1 that the functions Fj,
are superoscillating. O

Remark 4.3. Note that the frequencies kj(n) =1 — 2 in (1.2) can be estimated by

n

21l—j4]  2"ji(n—4)!  2"n! 1
[[ k() = ki)l = ] = = oy 2 o
. on n n* () T e
1=0,l#j 1=0,l#j J

where in the last inequality we used (7;) < 2™ as well as Z—T < e", which is a consequence of

the Stirling formula. Hence, Corollary 4.2 applies and the coefficients Cj(n) in (4.13) lead to
superoscillating functions F,, in (4.14). Note that these coefficients do not coincide with those
in (1.2).

Now we turn to a different situation, where the measures p;, in Theorem 4.1 are abso-
lutely continuous. Here the initial idea is to replace the exponentials €™ in (4.1) by the
derivatives of a bandlimited function

ko
f(z) = /_k e**h(k)dk, zeC, (4.15)
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with h € L'([—ko, ko]); note that h is the compactly supported Fourier transform of f.

Corollary 4.4. Let ko > 0 and let h € L*([—ko, ko]) be a nonnegative function from the Szegd
class, i.e. for some «, B € [—ko, ko] with a < 3 one has

7 In(h(k))
a V(B—Fk)(k-a)

and let f be as in (4.15). Then, for every a € R\ [—ko, ko] there exist coefficients Cj(n) € C
such that the functions

dk > —o0, (4.16)

F.(z) = ZCj(n)f(j)(z), z € C, (4.17)
j=0

are superoscillating with limit lim,, o F,(2) = €'%* in A;(C).

Proof. Note that the functions F}, in (4.17) are of the form (4.2) if we use the measures

pia(B) = [ (bR (4.18)

for Borel sets B C [—kg, ko]. Hence we are in the situation to apply Theorem 4.1 but have to
check the two estimates (4.7). The bound of the absolute variations of the measures is clearly
satisfied by

0 ) . ko
il (ko ko) = [ kRGIak < & [ n(0]dk < max{ko, 1Bl
—ko —ko
To calculate the coefficients Cj(n) we have to solve the system (4.5) or, equivalently, the
system M,d, = a, with the matrix and the vectors

ko .

(M) = FH(K) R, (da)j = PCj(n), (an) =d,
—ko

k

where we shifted the powers i/ of the imaginary unit from the coefficient matrix into the
solution vector. Now consider the matrix

. N
(Mn)j :=/ Kt h(k)dk, j,1€{0,...,n}.

)

It is shown in [32] that its lowest eigenvalue \n = infotzecn U‘J‘Ziﬁ
by

is bounded from below

An > K", neN,
for some k > 0. Hence Mn is elliptic with bound ]\7n > k" for every n € N. For z € C"*! the

estimate
ko ™ 9 B
(M, z) —/ Zkﬂxj‘ h(k)dkz/
—ko j=0 «

o2 —
Zkﬂxj‘ h(k)dk = (Mo, z) > &"[2|?,
=0

shows that the same is true for the matrix M,,. Consequently, the inverse matrix exists and
is bounded by || M| < L. Finally we can estimate the elements C;(n) of the solution by

vn + 1max{a", 1}

K" '
Hence, also the second bound in (4.7) is satisfied and the assertions follow from Theorem 4.1.
O

- 1
Co)] < [dul = [M; ] < | <
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In the following example we make a special choice of the function A in (4.15) in order to find
a close connection between the functions (4.17) and the method presented in the paragraph
below equation (1.8).

Example 4.5. In this example we apply Corollary 4.4 with kg = 1 and the constant function
h(k) = 3. The ezact integral

1 ln(%)
VA =k)(k+1)

shows that the condition (4.16) is satisfied in this setting. Moreover, the function f in (4.15)
s given by

dk = —mIn(2) > —o0

1
f(z) = 2/ e*?dk = sinc(z), z € C,
-1

which means that the functions F,, in (4.17) become the sum of derivatives of the sinc-function
Fo(z) =Y _Cj(n)sinc¥)(z), zeC. (4.19)
=0

This example is of particular importance, since these functions are closely related to the method
of P. Ferreira, A. Kempf and D. Lee in the series of papers [24, 25, 26, 28, 29]. There
functions of the form (1.8) were considered, with coefficients (c;); chosen in such a way that at
prescribed points (x;); the function F' admits the prescribed values F(xz;) = a;, I € {0,...,m}.
Furthermore, in the paper [27] this construction is extended in the sense that also the values
of the derivative F' can be prescribed and it is then straight forward to also prescribe the
derivatives up to any order n, i.e. F(j)(xj,l) =aj;, 1 €{0,...,m}, j €{0,...,n}. This then
leads to a function F of the form

m m m
F(z) = Z co sinc(z — xoy) + Z crgsind(x — )+ + Z Cnl sinc™ (2 — Tn)-
1=0 1=0 1=0

In the special case that we choose m = 0, the points xo0 = x10 = -+ = Tn,0 = 0 as the origin
and the values ajo = (ia)?, we end up with exactly the function (4.19), namely

F(z) = copsine(z) 4 ¢1sinc’ (@) + - - - + ¢n0sine™ (z).

5. SUPEROSCILLATING SOLUTIONS OF THE GENERALIZED SCHRODINGER EQUATION

In this final section we derive two methods to construct new families of superoscillating
functions out of given ones. The underlying technique has its origin in [7] and was revisited
in [8, 9, 14]; it is based on the generalized force free Schrédinger equation

0 .0
za\ll(t,z) = —H( - z%>\lf(t, z), t,ze€C, (5.1)

where for some entire H(z) = 3.7, 2! the operator H(—i) = 37, hl(—i)ldd—; is defined
as the corresponding infinite order differential expression. If we now consider superoscillating
initial conditions ¥,(0,z) = F,(z) of the form (1.11), then the equation (5.1) admits the
explicit solution

ko . .
U, (t, 2) = / HRkz g, (k), t,zeC; (5.2)
_kO
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cf. Lemma 5.1. One may expect that the solutions ¥, (¢, - ) are superoscillatory also for ¢ # 0.
This method is specified in Theorem 5.2 (i). Moreover, it turns out that in the point z = 0
the functions ¥,,( -, 0) are superoscillatory in the time variable ¢ as well, see Theorem 5.2 (ii).

In the next lemma we collect some properties of the propagator of the generalized Schrédinger
equation (5.1).

Lemma 5.1. Let H : C — C be an entire function. For every t € C the operator

U, = i (z:’zlmH( - z’d%)m, (5.3)

m=0

is continuous as an operator Uy : A1(C) — A1 (C) and it acts on plane waves €% and functions
F,(2) of the form (1.11) as

. . . ko . .
Utezaz — ezH(a)tezaz and UtFn(Z) — / ezH(k)tezkszn(k_)’ (54)
—ko
respectively. Moreover, for every F € Ay(C), the function V(t,z) = UyF(z), t,z € C, is a
solution of the generalized Schrédinger equation (5.1) with initial condition V(0,z) = F(z).

Proof. The fact that the operator U; is continuous in A;(C) was already shown in [15, The-
orem 2.7]. To investigate the action (5.4) of U; on plane waves €', we start with the power
series representation H(z) = > 72, hz!. Then the operator H (—id%) acts on plane waves €'
as multiplication

H(—Zf> Zhl —Z Zhlal iaz _ H(a )ez‘az

and hence the operator U; acts as

Uteiaz _ i (Zt)mH( i— d )meiaz _ - (iH(a)t)meiaz _ eiH(a)teiaz (5 5)
m! dz m! ' '
m=0 m=0
To determine the action of U; on functions F,(z) = f e du, (k) we have to interchange

the complex derivatives with the integral. In the first step we use a version of the dominated
convergence theorem and obtain

dl ko " ko dl "
S e (k) = = dpiy (k
G [ ) = [ e ),

Applying the dominated convergence theorem once more, we are also allowed to carry the
infinite sum ;2 of the operator H (—id%) inside the integral. This gives

H( - Zdiz) /ko e* = dp, (k) = /_]:)0 H( - i%)eikzdun(k).

Using the dominated convergence a third time for the series )~ of the operator U, finally
gives
U, / ezkzdun(k) — / Utezkzd,un(k) — / ezH(k)tezkzdun(k)’
—ko —ko —ko
where in the second equation we used (5.5).
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In the last part of the proof let F' € A;(C) and consider ¥(¢,z) = UF(z), t,z € C.
Interchanging derivatives and sums for similar reasons as above, we obtain that

0 0 = (i)™ Cd\m
zat\ll(t,z)—zatzo H(—zi) F(z)

m!
-3 (=) r e
() ()
= _zd%)qf(t, 2).

Hence ¥ (¢, z) in indeed a solution of the generalized Schrodinger equation (5.1). Since Uy = id
reduces to the identity operator, the solution also satisfies the initial condition ¥(0,z) =
F(z). O

The novelty of Theorem 5.2 below is that arbitrary superoscillating functions of the form
(1.11) are allowed, while in [7, 8, 9, 14] only the standard example (1.1) was considered.

Furthermore, it is shown that the resulting functions FY and F? in (5.7) and (5.8) converge
in A;(C), while only uniform convergence on compact sets was proven in [7, 8, 9, 14].

Theorem 5.2. Let ko > 0, a € R\ [—ko, ko], and p, be complex Borel measures on [—ko, ko).
Assume that the functions

ko
Fo(z) = / ) e*du, (k), z€C, (5.6)
—RO

are superoscillating with limit lim, .o F(2) = € in A;(C). Then one can construct the
following two new families of superoscillating functions:
(i) For every entire function H : C — C the functions

ko .
FD(z) = o H@ / e ek dp, (k), 2 €C, (5.7)
—ko

are superoscillating with lim, o F,gl)(z) = €% jn A1(C).
(ii) For every entire function H : C — C with satisfies ran (H‘[—k’o,ko]) C [~ho, ho] and
H(a) € R\ [—ho, ho| for some hg > 0 the sequence

ko
FO () = / GH®zq, k), zeC, (5.8)
—ko

is superoscillating with 1im,, F,(ZQ)(z) = @)z in A1 (C).

Proof. For the proof of (i) we consider the operator (5.3) with ¢ = —i. From the action of
this operator in (5.4) we obtain

ko ‘
U_iF,(z) = / AW etkzqy (k) = HDEMN (), zeC.
—ko
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Since U_; is continuous in A;(C) due to Lemma 5.1 we conclude the convergence

1i_>m FD(z) = ¢~ H(@) li_)m U_iFy(z) = e 1@U_je'2* = ¢ in A)(C), (5.9)

where the first identity in (5.4) was used in the last step. The fact that FY is of the form
(1.11) is clear using the complex Borel measure

on(B) = ¢ H@ / H (k)dpn (k)
B
for Borel sets B C [—ko, ko]. Hence, the functions FY(LI) are superoscillating with lim,,_,s. FT(LI) (z) =
e in A;(C).
(ii) According to the Aj-convergence (1.12), there exists some B > 0, such that

Ay = sup|Fu(z) — eiaz|e_Blz| — 0, asn— oco.
zeC

By the choice of the constants A,,, we obtain the estimate
|F(2) — 9% < APl 2z e
In the proof of [15, Theorem 2.7] the authors obtain the estimate
\Up(F(2) — €%%)| < Aneﬁ‘”eE'Z', t,z € C,
for some E, D > 0. For z = 0 this estimate shows the convergence

lim sup |Uy(Fy(2) — €%)].=ole P < lim A4, =0.

In other words, we conclude the A;-convergence
lim UpFp(2)]2—0 = Upe'®|.—g
n—oo

in the variable ¢. Using the identities (5.4) this convergence can be written as
ko 4 ,
lim F?)(t) = lim eH® Gy (k) = lim Uy Fy(2)|,—0 = Upe'®*|,—g = @ (5.10)
n—oo

n—00 n—oo J_po
Since ran (H |[—k0,ko}) C [—ho, ho] by assumption, we can choose the complex Borel measures
ou(B) = pn({ k € [—ko, ko] | H(k) € B})

for Borel sets B C [—hg, ho] and transform F'? into the form
ho
FP(t) = / eMdo,(k), z€C, (5.11)
—ho

which is the representation (1.11). Together with the convergence (5.10) to a plane wave with
frequency H(a) € R\ [—ho, ho] this shows that the functions F? are superoscillating. O
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APPENDIX A

This appendix contains two technical results which are used in Section 2 and Section 3. In
Lemma A.1 we prove an elementary estimate for the difference of two complex exponentials
and in Lemma A.2 we derive an integral representation of the sinc-function.

Lemma A.1. For every z1,zo € C one has

— 2| < |21 — zolemaxlinhlzl, (A.1)

et

Proof. First we write for every z =z 4+ 1y € C
11— e*|? = (1 — cos(y)e®)? + sin’(y)e** = 1 — 2cos(y)e” + e**
Using cos(y) > 1 — % we can estimate this by
1—€?2 < (1—€%)? +y2e™.
\ y

Since |1 — €| < |z|el*l, which follows directly from the power series representation of the
exponential, the above inequality becomes

11— e?|? < 22l 4 y2e™ < (22 4 y?)e?lol = |22 R ;e C. (A.2)
Next consider z1, 22 € C and assume Re(z1) < Re(z2). Then (A.2) implies
|621 _ €z2| — 6Re(zl)‘1 %2~ z1’ < eRe 21) |22 _ Z1|€Re z2—21) _ |)22 _ Zl|€Re(22) < |Z2 _ Zl|€‘z2|,

and in the same way for Re(z3) < Re(z1) one obtains |e*! — e?2| < |z; — zg|el1l. These
estimates immediately lead to (A.1). O

To verify the integral representation (1.11) of the function (3.1) in the proof of Corollary 2.2
we need the following integral representation of the sinc-function. A sketch of this proof is
already given in [18, Appendix C].

Lemma A.2. For any b > 0 one has

1
sinc (V22 + b2) = ;/1 e*% Jo(bv/1 — k2)dk, =z e C. (A.3)

where Jy is the Bessel function of order zero.

Proof. We start by deriving the so called Mehler-Sonine integral representation of the Bessel

function "
2
Jo(z) = — lim sin(z cosh(t))dt, x> 0. (A4)

Using the Cauchy theorem we can transform for every R > 0 the integral

us

R 5 R z
/ el COSh(t)dt — / 2 el cosh(it)dt + / el cosh(tJri%)dt —3 / 2 ol cosh(R+it)dt
0 0 0 0

z R fud
— 3 / 2 i cos(t )dt + / e sinh(¢) dt — i /2 et cosh(R) cos(t)ef:L‘ sinh(R) Sin(t)dt.
0 0 0

Performing the limit R — oo, the last integral vanishes due to the dominated convergence
theorem and we get

R z oo )
lim ol COSh(t)dt — ’i/2 ix cos(t )dt + / e smh(t)dt
0 0

R—o00 0
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Using the classical integral representation of the Bessel function [1, Eq. (9.1.18)] we get

[ME]

Jo(z) = ! /07r cos(z cos(t))dt = 2/0 cos(z cos(t))dt

T 7r
2 R 2 R

= —Im ( lim / e’ COSh(t)dt) = — lim sin (x cosh(t))dt,
T R—o0 0 T R—o0 0

which is exactly the stated integral representation (A.4).

For the main part of the proof let us consider the function

S(z) = sinc (V22 +b?), ze€C.

Since the restriction S|g is square integrable, its Fourier transform is given by the improper
Riemann integral

R2 RQ

F[S[r](k) e~k S (1) da

1 1
= ——  lim =—— lim cos(kx)S(x)dx, k €R,
\/%RLRQA)OO /Rl \/27‘( RI,RQHOO 7R1 ( ) ( )

where the imaginary part of the integral vanishes in the limit due to the symmetry of S.
Starting with |k| < 1, we substitute x = bsinh(), to write this integral as

F[S|r](k) lim /_]: cos (kbsinh(t))S(bsinh(t)) cosh(t)dt, (A.5)

b
B V 271— E1,§2—>OO

where we used R; = arsinh(%), i = 1,2. Using the trigonometric identity 2sin(u) cos(v) =
sin(u + v) + sin(u — v) we can write the integrand as

2bcos (kbsinh(t)) S (bsinh(t)) cosh(t) = 2 cos (kbsinh(t)) sin (b cosh(t))
= sin (bcosh(t) + kbsinh(t)) + sin (bcosh(t) — kbsinh(t)).

Since |k| < 1 there exists some ¢y € R such that e?’0 = % Then, it is easy to verify that

cosh(tp) = \/11_7 and sinh(ty) = lli — and consequently

cosh(t) £ ksinh(t) = /1 — k2 cosh(t =+ tp).

Using this identity we can further rewrite the integrand as

2bcos (kbsinh(t)) S (bsinh(t)) cosh(t) =sin (b\/1 — k2 cosh(t + to))

+ sin (bv/1 — k2 cosh(t — tg)).
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Plugging this representation in the integral (A.5) gives

(sin (bV/1 — k2 cosh(t + to))
+ sin (bv/1 — k2 cosh(t — to))>dt
Ry
lim sin (bv/1 — k2 cosh(t))dt

V 27T Ry, R2—>oo fil

Ry
— lim / sm b\/l—k2 cosh(t )
\FRz—mo

= ﬁjo(b\/l —k2),

where in the second line we substituted ¢t — ¢ F tg, used ﬁl = fil F to, ﬁg = fig + tg, in the
two respective integrals and added them together. Moreover, in the last equation we used the
representation (A.4).

Ry

FISlel(k) = Q\ﬁR R—><><> -R

For k > 1 we use the Cauchy theorem to change the integration path to a semicircle in the
lower half space

1 2
F[Sr](k) = — lim e~ S (x)da
[STw] V21 Ri,Re—o0 J_R,
1 B
= —— lim e~ S (x)dx (A.6)
27{ R—o0 R
) 27 i . .
= LQ P}im Re e S(Re™)edip.
T R—o0
Choosing R > b and using that
R? —b? < |R?*% +0?| < R + V%, e m2n], (A.7)

the function S in the integrand can be estimated by

(VP F )| _ el IV

S(Reie)| = [TV D) e Cpeme (A8)

v/ R2e2tp + b2 vV R2 — b2
Writing any w € C as w = |w|e?2'8(®) with Arg(w) € [0, 27), our choice (3.2) of the complex
Ar
square root shows y/w = \/|w]| e’ Ea . Using this, we rewrite the imaginary part
A V|w 1
Im(v/w) = +/|w| sin( rg2(w)> \/1 cos(Arg(w)) = 7 |lw| — Re(w), w e C.

This representation and the estimate (A.7) can now be used to estimate the exponent in (A.8)
by

2| Tm (vV/R2e2% + 02) | = |R2e¥% + 1| — Re(R%e*% + b?) < R? — R? cos(2¢) = 2R?sin®(p).
Hence we can further estimate (A.8) by

. e_RSin(@)
S(Re"?)| < ——=——,
| ( e )’ = \/m

@ € [m,2m].
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Using this inequality, the Fourier transform (A.6) can be estimated by

1 R
< i -
FISIe(R) < o= lim | - —m=—=s

R (k-DRsin(p) g

1 2
= — lim
\/27'['/71. R—oo v/ R2 — b2 ¥
= 0.

e(kfl)R sin(ap)dgo

For k < —1 we also conclude F[S|g](k) = 0 by the symmetry of S.

Summing up, we have now shown that

%Jo(b\/l —k2), if k| <1,

e it |k > 1.

(A.9)

Applying the inverse Fourier transform to (A.9) we obtain

1t
S(x) = / e*® Jo(by/1 — k2)dk, x € R.
1

2

Since Jy is a bounded function, the right hand side extends to an entire function when z € R
is replaced by z € C. Since the holomorphic extension is unique it coincides with S and we
conclude the stated integral representation (A.3). O
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