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with a detailed study of boundary integral operators viewed
as periodic pseudodifferential operators.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Motivations and state of the art

In the present paper we study the self-adjointness of Dirac operators in two dimen-
sions with a special type of transmission conditions along a smooth curve. The interest in
such operators appeared originally in numerous works discussing quantum-mechanical
Hamiltonians with interactions supported by zero measure sets such as points or hy-
persurfaces, see, e.g., [1,10,20]. Due to the singular nature of the interactions, special
approaches are required to define and analyze the operators rigorously. For Schrédinger
operators with such singular interactions, the quadratic form approach is an efficient
tool, which uses in an essential way the semiboundedness of these operators [12]. For
Dirac operators, the lack of semiboundedness imposes the use of other methods, such as
suitable resolvent formulas or a definition through interface conditions, which involves
much heavier analytical techniques. The case of one-dimensional Dirac operators with
point interactions is well-studied, see [1,15,23,30]. However, the higher dimensional situ-
ations were only considered quite recently, mostly for three-dimensional Dirac operators
with interactions supported by surfaces, see [3-7,9,19,24,28,29], and the recent contribu-
tion [31] is devoted to a particular problem in two dimensions. In the above works, it
was observed that there are critical combinations of parameters (interaction strengths)
for which the standard elliptic regularity fails, and the self-adjoint realization of the
operator shows a loss of regularity in the operator domain. In some of these critical
cases (for purely electrostatic critical interactions) in the three-dimensional setting the
essential self-adjointness of the operators on the standard domain was shown and it was
noted that the spectral properties can differ from what was observed for the non-critical
case [9,29]; for general critical combinations of the parameters a systematic analysis is
missing.

In the present paper we provide a complete treatment of the problem in two dimen-
sions. Our main advance is that we show the self-adjointness of the resulting operators
and describe the spectral properties for all possible combinations of parameters, which
include all critical cases. For this we use a systematic approach combining some tools
of the operator extension theory with pseudodifferential techniques for the analysis of
matrix-valued singular integral operators. This is partly inspired by the recent paper [14]
dealing with special transmission problems for Laplacians and which we expect to be of
use for higher-dimensional operators as well. In particular, our work answers fully the
question of [28, Open Problem 11] in dimension two. The main novelty of the results is



J. Behrndt et al. / Journal of Functional Analysis 279 (2020) 108700 3

that the Dirac operator with a critical interface condition along a smooth compact curve
has infinitely many eigenvalues in the gap of the essential spectrum, while the point at
which the eigenvalues accumulate can be controlled by a suitable choice of parameters.
Such effects were not observed previously for Dirac operators with singular interactions.

Let us now introduce the problem setting in greater detail. To set the stage, let X
be a smooth planar loop, i.e. a closed non-self-intersecting C>°-smooth curve in R?. It
splits R? into a bounded domain €, and an unbounded domain ©_, and we denote by
v = (v1,12) the unit normal to ¥ pointing outwards of Q. For a function f defined on
R? we will often use the notation fi := f | Q4, where | Q4 stands for the restriction
to Q4. If a function f has suitably defined Dirichlet traces on both sides of ¥, we define
the distribution dx f by

Gsfoo) = [ 5 ORL 4 T0F )pds, e O (R,
P

where ‘J'£ f+ denotes the Dirichlet trace of fi at 3 and ds is the integration with respect
to the arc-length. We are going to study Dirac operators A, . in L?*(R?;C?) given by
the formal differential expression

D77>T = —1(0181 + 0'282) + mos + (7’]0‘0 + TUg)éE,

where oy is the identity matrix in C2*2, gy, 09, 03 are the C?*2-valued Pauli spin ma-
trices defined in (1.3) below, and m,n,7 € R. Following the standard language [37]
of relativistic quantum mechanics, one may interpret n and 7 as the strengths of the
electrostatic and Lorentz scalar interactions on X, respectively, while the parameter m is
usually interpreted as the mass. Integration by parts shows that if the distribution D,, , f
is generated by an L?-function, then the function f has to fulfill (at least formally) the
transmission condition

—i (o1 +oam) (TY f = T2f) = %(7700 +703)(TL f +T2f). (1.1)

Our goal is to make this observation rigorous and to show that there is a unique reason-
ably defined self-adjoint operator A, . in L?(R?;C?) for this transmission condition and
then to study its qualitative spectral properties.

In our approach we consider A, . as an extension of a suitably chosen symmetric
operator and make use of the standard machinery of boundary triples [8,13,16,17] in
order to reformulate the main questions in terms of integral operators on . We note
that a similar idea was used in [6,9,15,30]. The second main ingredient is the periodic
pseudodifferential calculus, which is heavily used for a detailed study of various integral
operators arising in this construction; cf. [3-7,9,29] for closely related objects in the
three-dimensional case.
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1.2. Main results

Let us pass to the formulation and discussion of the main results of this paper. To
define the operator A, , rigorously, we introduce for an open set @ C R?

H(o,Q) = {f € L*(Q;C?): (0101 + 0202) f € L*(Q; C?)}.

One can show that functions f+ in H (o, Q=) admit Dirichlet traces TP f1 in H~z (%; C2).
With these notations in hand we define, following (1.1), for n,7 € R the operator A, -
in L?(R?;C?) by

A777Tf = ( - 1(0'181 + Ug@g) + m0'3)f+ D ( — 1(0'1(91 + 0'262) + m0'3)f,,
dom A, , = {f —f @[ € H(0,0.)® H(0,Q_) : (1.2)

—i(o + ogyg)(ﬂ'ff_,_ — ‘J'?f_) :% (noo + 703)(T£f+ + ‘T?f_)}.

It turns out that the value n? — 72 plays a special role. More precisely, if n? — 72 = 4 we
will say that we are in a critical case, while all the cases with n2 — 72 # 4 will be referred
to as non-critical ones. We also remark that for some combinations of coupling constants
the boundary condition in (1.2) leads to a so-called decoupling, i.e. the operator A, ,
becomes the direct sum of two operators acting in 4, see Lemma 4.1 below.

It appears that the non-critical case is easier to deal with, and the results for A, , are
summarized as follows:

Theorem 1.1 (Non-critical case). Let n,7 € R with n? — 7% # 4. Then A,,  is self-adjoint
in L*(R?;C%) with dom A, » C H'(R?\ X;C?), its essential spectrum is given by

SP€Cegs ATIJ’ = (_OO’ _‘m” U [|m|’ +OO)’
while the discrete spectrum in (—|m/|,|m|) is finite.

The proof of Theorem 1.1 is given in Section 4.2. There, also some additional properties
of A, ; like a Krein-type resolvent formula, an abstract version of the Birman-Schwinger
principle, and some symmetry relations in the point spectrum of A, . are shown. Similar
results are known in the three-dimensional case, see [7].

Our main results in the critical case n? — 72 = 4 are collected in the following theorem.

Theorem 1.2 (Critical case). Let n,7 € R with n?> — 72 = 4. Then A, , is self-adjoint

in L?(R?;C?), while its restriction onto dom A, » N H(R? \ ;C?) is only essentially
self-adjoint, and dom A, ¢ H*(R?\ ¥;C?) for any s > 0. The essential spectrum is

SP€Cegs An,r = (— 00, —|m|] U {—%m} U [|m], +00).
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Theorem 1.2 is the main result of this paper, and it is proved in Section 4.3. There,
also a Krein type resolvent formula, a Birman Schwinger principle, and several symmetry
relations in the point spectrum of A, . are shown. Some analogs in three dimensions
are only known in the case of purely electrostatic interactions, i.e. when n = +2 and
7 = 0, see [9,29]. The additional point —Zm of the essential spectrum can take any
value in the gap (—|m/,|m|) under a suitable choice of n and 7, and this effect was not
observed in previous works. Several papers addressed the question of presence of a non-
empty essential spectrum for Dirac operators in bounded domains with various boundary
conditions, see, e.g., [11,22,35], and our results can also be regarded as a contribution in
this direction.

By a minor modification of the argument, one can deal with an interaction supported
on several loops. Let N > 1 and consider a family of non-intersecting smooth loops
¥y,..., YN with unit normals v;, j € {1,...,N}. We set ¥ := U;V:1 ¥;, and for any
f € H(0,R?\ ¥) we denote its Dirichlet traces on the two sides of 3; as ‘J'f’jf, where —
corresponds to the side to which v; is directed. In addition, consider a family of pairs of
real parameters P := ((9j,7;))je{1,...N}» 15> 7j € R, and define the associated operator
As,p by

Agﬂ)f = (71(0’1814’0232)4*77103)]0 in R2\2,

dom Ag p = {f € H(0,R2\ X) : —i (o101 + 0a10) (T2, f = T, f)

1

=3 (njoo +1508) (T, f+T2 1), 5 = 17~-~7N}~

Then the preceding results can be extended as follows:

Theorem 1.3 (Interaction supported on several loops). Let Jopix := {Jj : 77]2- — Tj2 = 4}.
Then the following is true:

(i) IfJeric = 0, then As 3 is self-adjoint in L*(R?; C?) with dom Ay » C H'(R?\%;C?),
the essential spectrum of As p is

SPeCogs Ax,p = (=00, —[m|] U [[m], 00),

and the discrete spectrum of As, p in (—|m/|,|m|) is finite.

(ii) If Jerie # O, then Ay o is self-adjoint and the restriction of Asp onto the set
dom Ay, p N HY(R? \ 3;C?) is essentially self-adjoint in L*(R?;C?), but one has
dom Ax, p ¢ H*(R?\ 3;C?) for any s > 0. The essential spectrum of As. » is

SPeCegs Az p = ((— 00, —|m|] U {—;—jm cje Jcrit} U [|m], +o0).

J

In particular, one easily observes that if X has IV connected components, then for any
finite set = C (—|m|, |m|) with #Z < N it is possible to find a combination of parameters
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P such that the essential spectrum of Ay, » in (—|m|, |m|) coincides with =. Necessary
modifications for the proof of Theorem 1.3 are sketched in Subsection 4.4.

1.3. Structure of the paper

Let us shortly describe the structure of the paper. First, in Section 2 we recall some
facts on periodic pseudodifferential operators and boundary triples. With that we study
then in Section 3 integral operators, which are associated to the Green function cor-
responding to the free Dirac operator in R2, and construct a boundary triple which is
suitable to study the properties of A, . The two sections 2 and 3 occupy an important
portion of the text, which is due to the big number of tools from various domains which
are put together and which are rarely (if at all) used simultaneously. We believe that the
construction can be of use for other two-dimensional boundary value problems with the
help of the boundary triple machinery. Finally, Section 4 is devoted to the proofs of the
main results of this paper, Theorems 1.1-1.3.

1.4. Notations

We use the convention 0 ¢ N and set Ny := N U {0}. We denote the 2 x 2 identity
matrix by g and the 2 x 2 Pauli spin matrices by

(00w (U5 (8 8).

Recall that they fulfill
00k + oko; = 20100, j,k € {1,2,3}. (1.4)

For # = (z1,72) € R? we write 0 - x := 0171 + 0222 and, similarly, o - V := 019; + 020s.

Next, ¥ C R? is always a C*-loop of length ¢ > 0, which splits R? into a bounded
domain €, and an unbounded domain _ with common boundary 3. By v we denote
the unit normal vector field at ¥ which points outwards of 21, and t denotes the unit
tangent vector at . If v : [0,¢] — R? is an arc length parametrization of X with
positive orientation, then t = 4" and v = (74, —v1). We sometimes identify the vector
t = (t1,t2) € R? with the complex number T = t; + its.

If Q is a measurable set, we write, as usual, L?(Q2) for the classical L2-spaces and
L?(Q;C?) := L?(Q) @ C2. If Q = %, then L?(X) is based on the inner product in which
the integrals are taken with respect to the arc-length. By H*(2) we denote the Sobolev
spaces of order s € R on 2, and the Sobolev spaces on the curve ¥ are reviewed in
Section 2.1.

Next, we denote T := R/Z. Then C*°(T) can be identified with the space of all
1-periodic C*°(R)-functions. For o« € R we denote the set of periodic pseudodifferential
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operators of order o on T by ¥® and the set of periodic pseudodifferential operators of
order o on ¥ by U$ (see Definitions 2.1 and 2.3 below).

For a linear operator A in a Hilbert space H we write dom A, ran A, and ker A for
its domain, range, and kernel, respectively. The identity operator is often denoted by 1.
If A is self-adjoint, then we denote by res A, spec A, spec,, A, and spec,, A its resolvent
set, spectrum, point, and essential spectrum, respectively. If A is self-adjoint and semi-
bounded from below, then N(A, z) is the number of eigenvalues smaller than z taking

multiplicities into account. For z > inf spec,, A this is understood as N(A4, z) = oco.

ess
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2. Preliminaries

In this section we provide some preliminary material from functional analysis and op-
erator theory. First, in Section 2.1 we recall the definition and some properties of periodic
pseudodifferential operators on smooth curves and some special integral operators of this
form. Furthermore, in Section 2.2 the concept of boundary triples is briefly reviewed.

2.1. Sobolev spaces and periodic pseudodifferential operators on closed curves

In this section some properties of periodic pseudodifferential operators on closed curves
are discussed along the lines of [34, Chapters 5 and 7]. Special realizations of such
operators will play an important role in the analysis of Dirac operators with singular
interactions later.

Throughout this section ¥ C R? is a C°°-smooth loop of length £ and let T = R/Z.
By v : {T — ¥ we denote a fixed arc-length parametrization of ¥, i.e. a C*°-function
with |4/(-)] = 1 and v(¢T) = X. First, we recall the construction of Sobolev spaces of
periodic functions on a loop. For a distribution! f € D'(T) := C*(T)’ we write

~

f(n) = <f7€7n>D'(1r),9)(T) €C, en(t)= et n €7z,

! In [34] the notation D’ (R) is used instead of D’(T). The subindex 1 means the 1-periodicity.
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for its Fourier coeflicients. Recall that a distribution f € D'(T) can be reconstructed
from its Fourier coefficients by

f=3  Fnen, (2.1)

where the series converges in D’(T), see [34, Theorem 5.2.1]. For any two distributions
frg € D'(T) we denote by f x g their convolution which is defined (via its Fourier
coefficients) by f xg(n) = f(n)g(n), n € Z. In particular, for f,g € L*(T) one has

f*g:/J@mc—@d&
T

For convenience we set n := |n| for n € Z \ {0} and n := 1 for n = 0. Then for s € R,
the Sobolev space H*(T') consists of the distributions f € D'(T) with

[FFRES 122 n2s|f(n)|2 < 0.

nezZ

The set H%(T) endowed with the above norm and induced scalar product becomes a
Hilbert space. If s < ¢, then H'(T) is compactly embedded into H*(T).

The Sobolev spaces H® on T can be translated to Sobolev spaces on Y. For that we
define on D'(X) := C*°(X)’ the linear map

U:D'(2) = D(T), (Uf)le)=F(re(tTy71()), ¢eC>(T). (2.2)

It is not difficult to verify that

Uf(t) = f(y(et), feL'(%), teT; (2.3)

this property will often be used. For s € R we define the Hilbert space

H(3):={feD'(X):Uf e H*(T)}, |flm=z) = IUfln=cr), [fe€H ()

By construction, the induced map U : H*(X) — H*®(T) is unitary for any s € R. It is
easily seen that C*°(X) is dense in H*(X) for all s € R.

Next, we recall the definition of periodic pseudodifferential operators on T and X.
Define first the linear operator w acting on mappings F' : Z — C by

(WF)(n):=F(n+1)—F(n), neZ. (2.4)

Definition 2.1. A linear operator H acting on C°°(T) is called a periodic pseudodif-
ferential operator of order a € R, if there exists a function h : T x Z — C with
h(-,n) € C=(T) for each n € Z and
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Hu(t) = Znez h(t,n)w(n) e, (t), u e C>®(T), (2.5)
and for all k,l € Ny there exist constants c,; > 0 such that

ok _
Dk wflh(t,n)’ < cpyn®, n ez,
where w,, means the application of w to the second argument of h. The class of all periodic

pseudodifferential operators of order « is denoted by W%, and we set ¥™° := Nycr V<.

One has the obvious inclusions ¥ c ¥# for a < 3. Moreover, in the spirit of (2.1)
the periodic pseudodifferential operator H is determined by its Fourier coefficients

Hu(m) =" an)(h(n)en, em) ) o

In particular, if h is independent of ¢, then we simply have ?I\u(n) = h(n)u(n). The
following properties of periodic pseudodifferential operators can be found in [34, Theo-
rem 7.3.1 and Theorem 7.8.1].

Proposition 2.2.

(i) Let H € U<, Then for any s € R the operator H uniquely extends to a bounded
operator H*(T) — H*%(T); this extension will be denoted by the same symbol H.

(ii) For any H € ¥ and G € V* one has H 4+ G € ¥™>{ft HG ¢ vt and
HG — GH € yo+h-1,

It is now straightforward to define periodic pseudodifferential operators on X.

Definition 2.3. A linear map H : C*°(X) — D’(X) is called a periodic pseudodifferential
operator of order a € R on %, if there exists a periodic pseudodifferential operator Hy of
order a on T such that H = U1 HoU. We denote by ¥$ the linear space of all periodic
pseudodifferential operators of order & € R on ¥ and set Uy := N, cr V.

In view of Proposition 2.2 and the fact that U is unitary it is clear that each H € ¥$
induces a unique bounded operator H : H*(X) — H*~%(X).

In what follows we discuss several special periodic pseudodifferential operators which
will play an important role in the main part of this paper. First, let ¢y > 0 be a constant
and consider the operator

Lou(t) =Y (& +[n) a(n) enlt), ueC™(T), acR, (2.6)
nez

on C°°(T). Note that the Fourier coefficients of L%u are @(n) = (2 + |n|) % u(n) for

n € Z. One can show that L* € U2 and hence L® induces an isomorphism from H*(T)
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to H*~2(T) for any s € R. The operator L = L' will be of particular importance in the
following.
Using the operator U from (2.2) we introduce

A :=U"'L°U € U2, a€R, (2.7)

and conclude that A® : H*(X) — H*~2(X) is an isomorphism for any «,s € R, and
A“AP = A®*P for all o, € R. We note that the realization of A = A! for s = 3 is
viewed as an unbounded self-adjoint operator in L?(X) satisfying A > co. In particular,
by varying ¢y we get that A is a uniformly positive operator and that its lower bound
can be arbitrarily large.

The following lemma, in which the adjoint of a formally symmetric periodic pseudod-
ifferential operator is described and that can be proved with standard manipulations for

distributions, will be useful later.

Lemma 2.4. For H € V$, consider the linear operator in L?(X) defined by Hoou = Hu
on C>®(X). If Hy is symmetric, then its adjoint HZ, is given by

H: f=Hf, domH ={fel*X): Hf € L*(2)}.

Various integral operators on T are in fact periodic pseudodifferential operators, which
allows us to deduce their mapping properties from the general theory, and which can
be translated to integral operators on ¥ using the map U from (2.2). The following
proposition is borrowed from [34, Theorem 7.6.1]; recall that w is given by (2.4).

Proposition 2.5. Let o € R and k € D'(T) such that for any j € Ny there exists ¢; > 0
with [w/R(n)| < ¢;n®=7 for alln € Z. Let h € C*>(T?). Then the operator H defined by

(Hu)(t) i= (5% (h(t,)u) ) (), we C=(T), (2.8)
belongs to H € ¥*. In particular, the integral operator acting as
Hu(t) := /h(t,s)u(s) ds, weC™(T),
T

belongs to U—=°.

In the following proposition we discuss a class of integral operators that appear quite
frequently in our applications.

Proposition 2.6. Let a : T? — C and p: T — C be C>®-functions, where p is injective
with p/(t) # 0 for allt € T. For m € Ny set ki, (2) := 2™ log|z| for z € C\ {0} and
define an integral operator H,, by



J. Behrndt et al. / Journal of Functional Analysis 279 (2020) 108700 11

Hpu(t) = /I{m (p(t) = p(s)) alt,s)u(s) ds, we C®(T).
T

Then H,, € Y~™"1. Purthermore, in the special case a =1 and m =0 one has
1+2LH)L €Ut (2.9)
where the operator L is defined by (2.6).

Proof. First, we treat the case m = 0. We introduce an auxiliary function o : T — R
by Xo(t) := log|sin(nt)|, then its Fourier coefficients are

_ —log2, n=0,
Xo(n) = { ) (2.10)
7%7 n 7& 07

see [34, Example 5.6.1]. Next, one has

log |p(t) — p(s)| = log |sin (w(t — 5))| + ao(t, s), (2.11)
ao(t, s) = log % , t#£s, and ag(t,t) =log (—|p’7(rt)|> .

Using Taylor expansions one sees that there exist smooth functions f; and fo such that

1 1
sin(m(t — s)) - Tt —s) fi(t,s) and p(t) — p(s) = (t — s) falt, s),

and since p is injective, we have (p(t) — p(s))/sin(n(t — s)) # 0. One concludes that
aop : T2 — C is a C*-function. Now we decompose Hy = Cy + Dy, where

Coul(t) = /Xo(t —s)a(t,s)u(s)ds = (XO * (a(t, )u)) (t),

T

Dou(t) = /ao(us) a(t, s) u(s) ds.

T

It follows from (2.10) and Proposition 2.5 that Cy € ¥~ and Dy € ¥~°. Therefore
Hy € U~ by Proposition 2.2.

To show (2.9) consider LHyL = LCyL + LDyL and note that the second summand is
in W~°°. Furthermore, for a = 1 the Fourier coefficients of CyLu are given by

CoLu(n) = Xo(n)Lu(n) = Xo(n)(c + |n|) ¥i(n),

and using (2.10) one finds
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[N

LCoLu(n) = (3 + |n]) *Xo(n) (¢ + [n]) #(n) = b(n)a(n)
with
—c2log 2 =0
CO Og ) n=2yu,

1 2
Lo o,

2[n|?

b(n) = (c§ + [nl)Xo(n) =

which shows that the action of the operator K := 1 4+ 2LCyL is determined by

1—2c¢log2, n=0,

Ku(n) = k(n)i(n) with k(n) = { 2
—ﬁ, n # 0.

Proposition 2.5 implies K € U1,
For m > 1 we represent p(t) — p(s) = (e~ 2™(t=%) — 1) a,(t, s) with

P(t)
—o7i’

t) — p(s
al(t,s):%, t#s, and ay(t,t) =

and note that a; € C°°(T?). Then using the decomposition (2.11) we write
(p(t) = p(s))™ log(|p(t) — pls)]) = (77~ —1)™ log(|sin(x (t — 5)) )as (£, )™

+ (6_2”i(t_3) - 1)ma0(t, s)ai(t,s)™.

This shows that H,, = C,, + D,,, where C,, and D,, are integral operators

Cnu(t) = / (e_QWi(t_s) — 1) log(|sin(m(t — 8))|)ai(t, s)™ a(t, s)u(s) ds,
T

Dpu(t) = / (e_Q”i(t_s) —1)"ao(t, s)ax(t, s)™a(t, s) u(s) ds.
T

The integral kernel of D,, is smooth, which implies by Proposition 2.5 that D,, € U ~°,
It remains to show that C,, € U~("*t1_ For that consider the function

Xm T = C,  xp(t) = (e72 — 1)m10g | sin(rt)|
and remark that y,(n) = (w™Xo)(n). With the help of equation (2.10) it follows that
|w? Xm (n)| = |w™ X0 (n)| < ¢;n~™ 7177, By Proposition 2.5 this yields C,,, € W=(m+1),

which completes the proof of this proposition. 0O

Next, recall that the Hilbert transform Ty on T is defined by

Tou(t) :=1 p.v./cot (m(t —s))u(s)ds = (k*xu)(t), & =ip.v.cot(m), (2.12)
T
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where p.v. means the principal value of the integral. By [34, Section 5.7] for the distri-

bution k one has &(n) = sgnn. It follows that Tgu(n) = (1 — dp,,)u(n), and
ToeV, TZ-1e€T >, (2.13)

In the following assume that a € C°°(T?). Then the operator

(Thu)(t) =1p.v. / cot (m(t — s)) a(s,t) u(s) ds

T
satisfies for ag(t) := a(t,t) the relation
Ty —apTy € V™, (2.14)
see Section 7.6.2 in [34]. Since the commutator Ty := agTy — Tpag, which acts as

Tou(t) =1 p.v. / cot (7(t — s)) (a(t,t) — als, s)) u(s) ds,

T

has a C°°-smooth integral kernel, the principal value can be dropped, as the integral is
convergent, and Proposition 2.5 implies that T € ¥~°°. Hence, we also have

Ty —Thao € U=, (215)

Corollary 2.7. Let p : T — C be C*°-smooth and injective with p'(t) # 0 for allt € T.
Then the operator C given by

Cu(t) = % p'V./p(tAd& u € C(T),

satisfies
1 _ 1 _
P P

Proof. We write

1 tan (m(t—s))

— ————— =cot (n(t — s))a(t,s) with a(t,s)= T o) —p(s)

o0~ ps)  EES

and a(t,t) = 1/p'(t). Then a € C°>°(T?) and ao(t) = a(t,t) = 1/p'(t). Thus (2.16) follows
from (2.14) and (2.15). O
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Finally we recall the definition of the Cauchy transform Cs on . We identify R?
with C by

Rzax:(xhxg)wxl—i—ixg =:£e€C, RQBy:(yl,yz)Nyl—i—iyg =:( eC,

then Cy is defined by

Cgu

ueC®(x), £ex. (2.17)

s

With an arc-length parametrization v of ¥ and x = v(t),y = v(s) one has

su~

i @)+ b))
Culyt b / +172 ) — (71(5)-%172(8))(1.

Recall that for the tangent vector field t at ¥ and y = ~v(s) € ¥ we use the notation
T(y) := t1(y) + it2(y) = vi(s) + iv4(s). We shall also view y — T'(y) as a function on
Y or s = T(v(s)) as a function on the interval [0,¢]. The same holds for the function
T(y) := ti(y) — ita(y) = vi(s) — ivh(s), and we will also denote the corresponding
multiplication operators by 7' and T. With this we see for u € C*°(X) and z = y(t) € &
that

it = Lo [ B o
o0 (2.18)
- ;p'v'z/ (1 + i:c;)L(—y)(m i) W)
We also consider the formal dual Cg, of Cy, in LQ(E), which acts as
@
Chula(i) = p / —ina(t ;Vz—(t()m(;(j)i)w(s)) oo e

for u € C*(X) and z = 7(t) € X. Note that Cf is the operator which satisfies
(Cxu,v)r2(sy = (u, Cxv) 2w for all u,v € C°°(X). Similarly as in (2.18) we have

l
L) _ i v (71 (t) +ir5 (1)) (11 (¢ 172 t))u(~(s)) s
(T'Csu)(z) = —p. 0/ (1) = (@) ( 5 = ma(9)) d
(2.20)
i u(y) 5
P E/(xl—imz)—(yl—iyz)d )
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In the following proposition we summarize the basic properties of Cyx, and C§ which
are needed for our further considerations. They basically follow directly from (2.18),
(2.20), Corollary 2.7, and (2.13).

Proposition 2.8. Let Cs; and C§ be defined by (2.17) and (2.19), let U be given by (2.2),
and let the Hilbert transform Ty be defined by (2.12). Then the following is true:

(i) Cs — UYToU € U™ and, in particular, Cs, € ¥,
ii) CL — U 'TyU € U™ and, in particular, Ck € U2,
b 2 b b

Furthermore, one has Cy,Cx, — 1 € U™ and CxC5, — 1 € U™,
Proof. Let us prove (i). Denote by 7' and T the multiplication operators by the functions
s+ T(v(s)) = 74 (s) +iv5(s) and s — T(y(s)) = v (s) — iv4(s) respectively. Clearly,
they both belong to U, see [34, Section 7.2]. Hence (i) is equivalent to

CsT —U'ToUT = CsT — U™ "o T (7(¢-))U € U™,
which in turn is equivalent, by definition, to UCsTU ! — ToT(y(¢-)) € =, For v €

C*(T) and ¢t € T, we compute (UCsTU 'v)(t). Note that for z = (z1,22) € ¥ and
w(z) := (U~1v)(z), (2.3) and (2.18) give

¢
L w((s) .
(CsTw)(x) = 0 P 'O/ (x1 +iz2) — ('71(3) + i’VQ(S)) ‘
= l p.V.i U(g_ls) ds.
w2 ) o i) = () + 12(9))

Hence, a change of variable yields

(UCsTU )(t) = Z% p.v. / _ v ds

with p(t) = yi(t) + iy2(¢t). For all t € T we have p/(t) = (T(y({t)) # 0 and
1/p'(t) = YT (y(£t)), and Corollary 2.7 gives {*UCsTU ' — (~'TyT(¢-) € ¥,
which completes the proof of (i). Item (ii) is proved in a similar fashion and the last
statement is a consequence of (i), (ii), and (2.13). This can be seen by the equivalences

TE—-1e€V ™™ iff UCLU'UCSU ' —1e¥ ™ iff O4(Cx —1€ Vg™,

and a similar argument shows Cx,C§, — 1 € W5*°. This completes the proof. O
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2.2. Boundary triples and their Weyl functions

We recall some basic facts about boundary triples following the first chapter of the
paper [13], in which the proofs for all statements of this subsection can be found. We also
refer the reader to [16,17] and the monographs [8,18] for more details and applications.
Throughout this abstract section H stands for a separable Hilbert space.

Definition 2.9. Let S be a closed densely defined symmetric operator in H. A boundary
triple for S* is a triple {G,T0,T'1 } consisting of a Hilbert space § and two linear maps
T'g,T'; : dom S* — G satisfying the following two conditions:

(i) For all f, g € dom S* there holds (S*f,g)sc — (f,S*9)3c = (L1f,Tog9)s — (Lo f,T19)g.
(ii) The map dom S* > f— (Iof,T'1f) € G x G is surjective.

A boundary triple for S* exists if and only if S admits self-adjoint extensions in .
From now on we assume that this is satisfied and pick a boundary triple {G,T9,T'1}.
This induces a number of additional objects. First, the operator By := S* [ kerT'y is
self-adjoint, and for any z € res By one has the direct sum decomposition

dom S* = dom By + ker(S* — z) = ker I'g + ker(S™* — z2), (2.21)

showing that T'g [ ker(S* — 2) is bijective. This allows to define the ~-field G and the
Weyl function M associated to {G,Ty,T'1} by

res By 3z — G, = (T | ker(S* —2))7' : § = K,

resBg>z— M, =11G,:5—G.

For z € res By the operators G, and M, are bounded, and z — G, and z — M, are
holomorphic. Their adjoints are given by G* = I'1(By — z)~! and M} = M.

Let G1 be a closed subspace of G viewed as a Hilbert space when endowed with the
induced inner product. In addition, let IT : § — Gy be the orthogonal projection, then
II* : Gy — G is the canonical embedding. Finally, let © be a linear operator in Gr;. We
will be interested in the operator By g defined as the restriction of S* onto the set

dom B e = {f € dom §* : Il f = O f, (1 — I*I)Tf = 0},

where the boundary condition IIT'; f = OIII'y f in dom By e also contains the condition
Iy f € dom ©. A number of properties of By appear to be encoded in ©. The most
important of them for our purposes are summarized in the following theorem:

Theorem 2.10. The operator Bre is (essentially) self-adjoint in H if and only if © is
(essentially) self-adjoint in Sr. Furthermore, if © is self-adjoint and z € res By, then
the following assertions hold:
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(i) z € spec Br,e if and only if 0 € spec(© — ILM,II*).
(ii) 2 € spec, Bue if and only if 0 € spec,(© — IIM.II*), and in that case the
eigenspaces are related by

ker(Bm,g — z) = G,ITI" ker(© — IIM_II").

(iii) z € specyys Bri,o if and only if 0 € specyy,(© — ILM,IT*).
(iii) For all z € res Bi,e Nres By one has

(Bro —2)~' = (By — 2) 7' + G.IT*(© — [TMIT") "' TIGY.

Finally we recall a special approach for the construction of boundary triples using
abstract trace maps developed in [32] and [33], see also [13, Section 1.4.2]. Let B be a
self-adjoint operator in the Hilbert space I, let G be another Hilbert space, and assume
that 7:dom B — §G is a surjective linear operator which is bounded with respect to the
graph norm of B and such that ker T is a dense subspace of the initial Hilbert space H.
Then S := B | ker T is a densely defined closed symmetric operator. Next, define for any
z € res B the injective operator

G.:=(T(B-27"), (2.22)

which is bounded from § to H. Then one has ran G, = ker(S* — z) for z € res B and
(2.21) leads to the direct sum decomposition

dom $* = dom B+ranG,, =z €resB, (2.23)
which shows that for all f € dom S* there exist unique f, € dom B and £ € G such that
f = f.+ G, one can show that the component ¢ is independent of the choice of z.

Having these notations in hand we can formulate now the following proposition:

Proposition 2.11. Let ¢ € res B be fized and define the mappings I'p,I'1 : dom S* — G
Jor [ = fe+Geé = fr +G£ € dom S* by

Tof :=€& and Tif:= %‘J’(fchfg).

Then {G,T0,T'1} is a boundary triple for S* with S* | kerT'g = B. Moreover, the ~y-field
and the Weyl function are given by (2.22) and M, = T(G, — 5(G¢ + Ge))-

3. The free Dirac operator and a boundary triple for its singular perturbations

In this section we first recall the definition of the free Dirac operator in R2, a minimal
and a maximal realization of the Dirac operator in R? \ ¥, and we introduce and study
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some families of integral operators which will play an important role in our analysis in
Section 4. Afterwards, we define a boundary triple which is useful in the treatment of
Dirac operators with singular d-interactions.

3.1. Dirac operators and associated integral operators
For m € R the free Dirac operator in R? is defined by
Aof = —io-Vf+mosf, domAg= H'(R?*C?), (3.1)

where o := (01,03) and o3 are the C2*2-valued Pauli spin matrices in (1.3). It is well-
known that A is self-adjoint in L?(R?;C?) with purely essential spectrum,

spec Ag = spec,y Ao = ( — 00, —|m|] U [|m\, —|—oo).

With (1.4) one gets A2 = (—A + m?)og, where —A is the free Laplacian defined on
H?(R?), and this implies for 2 € res(Ap)

(Ao — 2) 7' f(x) = (Ao + 2)(=A +m? = 2*) 7 f(x)

— (o +2) / Ko(vm? = 22| —y)) () dy | ()
/@x— y)dy, fe LXR%CY),

where

oula) == (Vi = el (- ) g (Vi = el o + 300

(3.2)
here K; stands for the modified Bessel function of second kind of order j, and we take
the principal square root function, i.e. for z € C \ [0, 00) the number /z is determined
by Re/z > 0.

Next we introduce a symmetric operator which is suitable for our purposes. More
precisely, denote by S the restriction of Ay to the functions vanishing at ¥, i.e.

Sf = (—ioc-V+mo3z)f, domS = H}(R*\X;C?. (3.3)

Then the operator A, » defined in (1.2) is an extension of S. The standard theory implies
that the adjoint S* is the maximal realization of the same differential expression in R?\ X,

S*f = (—io -V +mo3)fy ® (—ioc -V +mo3)f_,

dom S* = {f = fr & f- € L*(Q4;C*) @ L*(Q_;C?) : fy € H(0,Q4)}, 34)
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and we recall that
H(o, Q) = {f+ € L*(Q4;C?) : (—io - V 4+ mos) fx € L*(Q4;C?)}, (3.5)

which becomes a Hilbert space if endowed with the norm

. 2
”fiH%-I(a,Qi) = ”.f”%?(ﬂi;(CQ) + H(—W -V + mffs)fiHLZ(Qi;Cz)-

For our further considerations, it is useful to extend the Dirichlet trace operator onto
H(o,94). In the following lemma we summarize several known results; we refer to [11,
Lemma 2.3 and Lemma 2.4] for compact proofs:

Lemma 3.1. The trace map T2, : H'(Q4;C?) — Hz(%;C?), T2of = flo, extends
uniquely to a bounded linear operator T2 : H(o,Q4) — H*%(E;(C2), Moreover, if one
has T2 f € H2(%;C2) for f € H(o,0), then f € H'(Qx;C?).

Now we introduce some families of integral operators corresponding to the Green
function ¢, from (3.2). Let us denote the Dirichlet trace operator on H'(R?;C?) by
J0 . HY(R%,C2) — Hz2(%;C2). It is well-known that T2 is bounded, surjective, and
ker TP = H}(R?\ %;C?); cf. [25, Theorems 3.37 and 3.40]. For z € res Ay we first
consider the bounded operator

@ :=TP(Ag—2)"": L*(R%C?) — H?(%;C?) (3.6)
and its anti-dual
@, = (TP(4 —2)71) : H2(%;C?) — L2(R% C2). (3.7)

Using that @, is defined as the anti-dual of ®/, one finds, in a similar way as in [6,
Proposition 3.4], that ®, acts on ¢ € L?*(X;C?) as

bop(0) = [ 6.0~ Dply) ds(y) forac s R\,
)

Moreover, similarly as in [9, Proposition 4.4] or [29, Proposition 2.21] one gets that
ran ®, C ker(S* —2) C H(o,R%\X). In fact, we will see later in Proposition 3.5 that ®,
is closely related to the v-field for a boundary triple for S* and hence ®, is a bounded
bijective operator from H~2(%;C2) onto ker(S* — z).

We will also need a family of boundary integral operators with integral kernel ¢.. For
this purpose we first expose the structure of the Green function ¢, in more detail:

Lemma 3.2. Let z € res Ay and consider the function ¢, in (3.2). Then there exist scalar
analytic functions g1, ge, g3, and g4 and a constant ¢; < 0 such that
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i T 1
¢.(x) = 7.9 e %<log|x| +log vVm?2 — 22 +cl)(m03 + zoy)

+L(m2—z )[gl((m —2%)|z]?) (log vVm?2 — 22 + log |z|)

2
+g2((m —z )\x|2)}(ox) (3.8)
+%(m2 — 22 |z[? {gg((m = 2%)|z[?) (log vVm? — 22 + log |z|)

+ ga((m® — 22)\x|2)} (mos + zoy).
In particular, there exist C°°-smooth matriz valued functions f1 and fo such that

1
1 TLAIT2 | p (2) log 2] + fola). (3.9)
_ 0
.’El—i.’EQ

Proof. In order to prove the claimed results, let us recall the series representations of
K, from, e.g., §10.25.2, 10.31.1, and 10.31.2 in [27], which read

t2k
Iu(t)igjkzz()4kk!r(u+k+1)’ w01},

. = 2k
Ky(t) = ; + (logt — log2)1a (1) - ZZ(w(k+1)+¢(k+2))m’
k=0

o~ k t2k

Ko(t) = —(logt —log 2 + v)Io(t) + ZZ j AR
k=1

with ¢(t) = IV(t)/T(t) and v = —(1) < log 2. This implies first that Io(t) = 1+t2hg(t?)
and I(t) = thy(t?) with some analytic functions ho and hj. Furthermore, with some
analytic functions kg and k; we have

Ki(t) = % + thy (t*) log t + t(k1(t?) — h1(t?) log 2),
Ko(t) = —logt — 1 — t2ho(t*) logt — c1t*ho(t?) + t2ko(t?)
with ¢; := v —log2 < 0. This can be rewritten in a simplified form as
K\ (t) = % +tg1 (t*) logt + tga(t?), Ko(t) = —logt —c1 + t2g3(t*) logt + t2g4(t?),
where g1, g2, g3, and g4 are analytic functions and ¢; < 0. Using this now in the explicit

expression for ¢, from (3.2) one immediately gets (3.8). The representation (3.9) follows
from (3.8) after noting that
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1
doe i Ty +izo
or |z|2 27 1 0 -
r1 — iiL’Q
For z € res Ay we introduce the operator
C.ple) = pv. [ 6.0 = )oly)ds(y). ¢ CREC), wE S (310
x

The basic properties of C, are stated in the following proposition. For the formulation of
the result, recall the definition of the operator A from (2.7) and of the Cauchy transform
Cs and its dual C§, from (2.17) and (2.19), respectively.

Proposition 3.3. Let z € res Ay and consider the operator C, in (3.10). Then C, € \II%
and, in particular, C, gives rise to a bounded operator in H*(X;C?) for any s € R. The
realization in L*(3; C?) satisfies C% = Cz. Moreover, if t = (t1,t2) is the tangent vector
field at X and T = tq + ito, T=t— ito, then with some ¥ € \Ilgl one has

ACA = % (AT%’EA AC%TA> + é <(Z +Om)]1 (- —Om)]l> U (3.11)
Proof. We make use of (3.8) to decompose ¢, in the form ¢,(z) = x1 () +x2(z) + x3(x),
where

N~ Lfsrm o
w@=g | 4 mEEm ) =5 (75", 0, ) toglal,

T, — i{EQ
x3(z) = [h1(|z]?) log |z] + ho (|2]?)] (o - 2)
+ [|z[*hs(|z[?) log |z| + ha(|z|?)] (mos + zo),

and h; are analytic functions. Now use the decomposition C, = P, + P> + P,

(Pip)(z) = p.v. /)m(x —y)ey)ds(y), (Pjp)(r)= /Xj(w —y)e(y)ds(y), j =2,3;
> >

we have removed the principal value in the expressions for P, and P3 as the integral
kernels are sufficiently regular and the integrals converge, see, e.g., [21, Proposition 3.10].
Let us discuss the operator P; first. With the help of (2.18) and (2.20) we obtain

1 0 CsT
P =3 (TC/E . ) (3.12)

and since T, T € UY, we conclude from Proposition 2.8 that P, € ¥2.
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Next, we claim that the integral operator P, admits the representation

P2:£((Z+73)A_2 (27?1)/\2>+\111 (3.13)

with some ¥, € \1152; dueto A2 =U'L72U ¢ \Ilg1 this implies P € \I/;. In fact,
using the parametrization v : [0,4] — R? of ¥ we find

Wrn0 == (75" 0, [ohin -] s w) ds
T

7r
for f € C°°(X). Therefore, with f = U u and p(-) = y1(£-) +iv2(¢-) = v(¢-) we conclude

(UPU u)(t) = £<Z+m 0

(= Z_m)/MMMQ—MﬁM@NS
T

L (z4m 0

with Hy as in Proposition 2.6. Now it follows from Proposition 2.6 (with m =0, a = 1,
and p as above) that Hy € V~! and 1+2LHyL € ¥~1. Furthermore, Proposition 2.2 (ii)
and L~ € U2 yield 3172 + Hy € U2 and hence

14 L2 0 _ _
i <(z+73) (z_m)L_2)+UP2U Lew?,
L ((z+m)A~2 0 _
_E (( 0) (Z_m)A_2)+P26\I’227

which leads to (3.13).
It will be shown now that P3 € ¥5?. Indeed, setting again p(-) = 1 (£-)+iva(£-) = v(¢-)
we see that y3 decomposes as

xdﬂﬂp@”k%MG)M$aﬂuﬁ( 0 fﬁ>gﬂﬁ)+axa@
with the C*°-smooth matrix-valued functions
ar(t, ) = hi (|p(t) = p(s)*) 0

+ha(|p(t) = p(s)[?) (mos + za0) (p(t) 0 o5 W) ’

as(t,s) = ha(|p(t) — p(s)[?)] (p(t) Ep(s) W)

+ ha(lp(t) — p(s)|?) (mos + z00).
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Hence, it follows as above in the proof of (3.13) with Proposition 2.6 applied in the case
m =1 that UPsU™' = H; € =2, 5o that P; € U;*. Together with (3.12) and (3.13)
this implies first C, € \IIOE and in a second step, together with Proposition 2.2 (i) and

1
A € U2, that also (3.11) is true.
Finally, since ¢,(y — 2)* = ¢=(x — y), we find that the realization of C, in L?(X;C?)
satisfies €} = Cz. Hence, all claims have been shown. O

Finally, we prove a result on how ®, and C, are related to each other by taking traces.
Recall that T2 is the Dirichlet trace operator on H(o,{4), see Lemma 3.1, and that
TP®, ¢ is well-defined for ¢ € H~1/2(%;C?), as ran &, C ker(S* — 2) C H(o,R?\ ).
Proposition 3.4. For ¢ € H=2(%;C2) one has TP®,o = T % (c-v)p+Cop.

Proof. It suffices to prove the equality for ¢ € C°(X;C?); it is then extended by
continuity to all ¢ € H~2(3;C2). The assertion essentially follows from the classical

Plemelj-Sokhotskii formula, see, e.g., [34, Theorem 4.1.1], which states that the holo-
morphic function

C\X3&— B¢ 27”/( §d<

satisfies

TR(E) = 5= pv. <p_C) ac+ = <p(§), cex. (3.14)

In order to use it, recall that by (3.9) we can write ¢,(x) = x1(z) + X2(z) with

1
1 i ~
a@=—gg| 1 MU ad Rl =A@l + ),

T, — i.TQ

where f; and fy are C*°-smooth matrix functions. We decompose ¢, = ¥y + U5 and
GZ:P1+P2 with

U, p(z) = / xa(@ — o) o(y) ds(y) Wyp(ar) = / Ra( — 1) o(y) ds(y),

=

Pro() = pov. / i@ —v) o) dsy),  Paple) = / Sal — ) o(y) ds(y).
>

b

As in the proof of Proposition 3.3 we have removed the principal value from the expression
for P,, since the integral converges. One sees easily that Wy is continuous on R?, and
its value on ¥ coincides with Py, i.e.
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TPU0 = Pog. (3.15)

In order to find the relation between W, and P;p, we write the normal vector field as a
complex number N = vy +ivy = 75 — i7{ and note that d(y; +iy2) = iN(y) ds(y). With
© = (1, p2) a computation leads to

1 / —iN(y)¢2(y)
2mi ) (y1 +1iy2) — (x1 +iz)

x) = = Ny (y)
V() 1 / —iN(y)e1(y)
(

_% Y1 —+ 1y2) — (Zl —+ 1%2)

d(y1 + iy2)

d(y1 + iy2)

Applying now (3.14) to each component of this vector we find that

v [ G ds(y)

2mi Ty +1ir2) — (Y1 +iy2) i (N,
P =| , ° o) w5 (Vo)
.V./ (@1 —i22) — (1 — 192) ds(y)

27

b

= Pigp(a) F 5 (0 v(2)) (o).

A combination of this and (3.15) leads to the claim of this proposition. O

3.2. A boundary triple for Dirac operators with singular interactions supported on a
loop

We now follow the strategy from Section 2.2 to introduce a boundary triple which is
suitable to study our main operator A, . The construction will heavily use the results of
Section 3.1. The final formulas are closely related to those of [9] for the three dimensional
case.

Recall that the free Dirac operator Ag, its symmetric restriction S as well as the
adjoint S* were defined in (3.1), (3.3), and (3.4). Moreover, T is the Dirichlet trace
operator defined on dom S$* from Lemma 3.1, the integral operators ®, and C, are
introduced for z € res Ag in (3.7) and (3.10), respectively. The operator A € \I/é is given
by (2.7) and will sometimes be viewed as an isomorphism from L2(3; C2) to H~2 (; C2)
or from Hz(3;C2) to L2(X;C?), and is also regarded as an unbounded strictly positive
self-adjoint operator in L?(%;C?).

Proposition 3.5. Let ¢ € res Ag be fived. Define I'g, Ty : dom S* — L?(3;C?) by
Lof =iA" o -v)(TYf+ = TEf-),

1 (3.16)
L= A((‘.Tff+ +T2f) — (€ + Gg)AFof), f=171+® f- €domS”.
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Then {L*(X;C?),To,T1} is a boundary triple for S* such that Ag = S* | kerT'g. More-
over, the corresponding v-field and Weyl function are

resAg 22— G, =P,A and resAy>dz+— M, = A(@Z — %((‘34 +(‘35))A.

Proof. Recall that the Dirichlet trace operator T2 : H1(R%C2) — Hz(%;C?) is
bounded and surjective with ker TP = H}(R? \ ¥; C2). Hence,

T:=ATP : HY(R?;,C?) = dom 4y — L*(Z; C?)

is bounded and surjective with ker 7 = dom S. Following the constructions in Section 2.2
for B = Ay we consider T(Ag — 2)~t = ATP(Ag — 2)7! = A®’, for z € res Ay with @/,
given by (3.6), so that the operator G, from (2.22) in the present context is given by

G.=.A. (3.17)

Let ¢ € res Ap be fixed. Then, by (2.23) any function f € dom S* can be written as
[ =Jfc+Ge& = fe+Ge€ for some € € L?(%;C?) and fo, fz € H'(R?;C?), and according
to Proposition 2.11

I'of=¢ and I'if = %({Ifg +Tfz)

defines a boundary triple for S* such that Ay = S* [ ker I'y.

Next we show that the above boundary maps coincide with the more explicit rep-
resentations of I'y and I'; stated in the proposition. Let f = fe + G¢§ = fe + $cAL
with £ € L?(X;C?) and f; € H'(R?;C?) be fixed. Using that the jump of the trace of
fc € HY(R?;C?) at X is zero and the trace formula from Proposition 3.4 we find

T = T2 = TP (PcAL), — TP (BcAE)

- f%(o V)AE + CeAE — %(a V)AE — CeAE = —i(o - V)AL,

Hence, I'of = & = iA ™ (o - v)(TPf1 — TP f_), which is the claimed formula for T f.
Employing again Proposition 3.4 we find

TP fe = (T2 = ®A)1 + TE(f — dAE)-)

| = DN =

S (T2~ CAE+ (o A+ TP — A~ (o v)AE)

é(‘rfju +TPf) = CATof

and analogously ‘TDfE = L (T2f +T2F) - CeAlgf. By summing up the last two
formulae we find
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(T7e +TF2) = AT S + TP 1) = SA((T2F, +T2F) — (€ + €)ATof),

1
If=3

which is the claimed formula for T’y in (3.16).

Finally, the claimed representation of the y-field follows from Proposition 2.11 and the
equality (3.17). Using again Proposition 3.4, we can simplify the formula for the Weyl
function M, from Proposition 2.11 and get for p € L?(X;C?)

1
M. = AT? <c1>z — 5(‘1’4 + @C)) Ap

= A(Cz - %((ru) - %(GC - %(0’ )+ € — %(O‘ . y)))Agp
=a(e. - % (€ +€) ) A

Remark that in the above computation we used the well-known regularization property
(G.—3(Ge+ Ge))p € dom Ag = H'(R2;C?), which holds automatically by the abstract
theory (see the formula for the Weyl function in Proposition 2.11), and hence 72 and T
lead to the same trace in the second equality above. Therefore, all claimed statements
have been shown. O

Finally, we state an auxiliary regularity result that will be used later.

Lemma 3.6. Let f € dom S*. Then f € HY(R?\ X;C?) if and only if Tof € H*(X;C2).
Proof. First, if f = f, & f_ € H*(R?\ %;C?), then one has TP f. € Hz2(%;C?)
implying ‘J'fer —-JPf ¢ H%(E; C?). As 0 - v is a C°°-matrix function it follows that
(o) (TR —TPf ) € Hz(%;C2). Using that A is a bijection from H*(¥) to H*"2 (%)
for all s € R, this yields

Tof =iA Yo -v)(TPfy —TPf) € HY(Z;C?).

Conversely, let f = f4 @ f_ € dom S* with Tof € H*(2;C2). As A : HX(X) — H2 (%)
is bijective and the C'°°-matrix function o - v is invertible we conclude from the definition
of I'y that

TPf, —TPf e Hi(x;C?). (3.18)
By Proposition 3.3 the operators € and C; are bounded in H%(E; C?), which gives

(Cc+Cp)ATof € Hz(5;C2). In addition, 'y f € L?(5; C2) implies A~'T; € H2(3;C?).
With the definition of I'y this yields

1 1
(TP +TPf ) = AT f + 5(Cc+CALf € Hz2(%;C?).

N =



J. Behrndt et al. / Journal of Functional Analysis 279 (2020) 108700 27

Hence, together with (3.18) this implies TP f1 € H? (3;C?). Finally, Lemma 3.1 shows
fr € HY(Q4;C?). O

3.83. Some basic properties of the self-adjoint extensions

In this subsection we prove two results which are valid for the essential and discrete
spectra of a large class of self-adjoint extensions of S defined in (3.3) and which are
independent of the preceding construction of a boundary triple. These properties will be
used later for a more detailed spectral analysis of A, ;.

For the essential spectrum we have the following result, which can be proved using a
singular Weyl sequence constructed in a similar way as in [9, Theorem 5.7 (i)]:

Proposition 3.7. For any self-adjoint extension A of S one has the inclusion
(—o0,—|m|] U [Im],400) C spec. A.

Some information about the discrete spectrum can be obtained under an additional
regularity assumption:

Proposition 3.8. Let A be a self-adjoint extension of the symmetric operator S in
L?(R%;,C?) satisfying the inclusion dom A C H*(R? \ ¥;C?) for some s > 0. Then
the spectrum of A in (—|m|,|m|) is purely discrete and finite.

Proof. It is sufficient to show that A2 has at most finitely many eigenvalues in (—oo, m?).
For that, consider the quadratic form

a[f,f]:/\Af|2dx, doma = dom A.

R2

Since A is self-adjoint and hence closed, also the densely defined nonnegative form a
is closed. The self-adjoint operator associated to a via the first representation theorem
is A2. Next, take 0 < r < R with r chosen sufficiently large, such that the open ball
B, = {x € R? : |z| < 7} contains O in its interior, and choose @1, py € C*°(R2) which
satisfy

0< 1,02 <1, cp%—i—cp%:l, o1 =11in B, gogzlinRQ\BR.

Let f € dom A be fixed. Then one has ¢, f € dom A and A(p; f) = ¢;Af —ioc - (Vy;)f.
In particular, we note that pof € H(0,Q_) with TP f =0 € Hz (2; C?). Thus, it follows
from Lemma 3.1 that pof € HY(2_;C?).

Next, we remark that Ve, is supported in Bg \ B,. Hence, we have for j € {1,2}

alos frpif] = / (GRIAS + [io - (Vo)) fI2) dz + 7,
R2
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;= / 2Re (pj(—io - V +mos)f, —io - (V) f) . dz
Br\B:

= / Re ((—io - V +ma3) f, =i - V(¢5) f) ¢ da.
BRr\ B,

From ¢? 4+ ¢3 = 1 we obtain V(p?) = —V(¢3) and hence J; = —J5. Moreover, using
(1.4) one verifies |io - (Vip;) f|*> = [V; || f|? for j € {1,2}. Therefore, it follows that

dwﬂ%ﬂ+wmﬁwﬂ=/@ﬁ+d»ﬁﬁm+/ﬂVwF+mewmdx
R2 R2

:/|Af\2dx+/V|f|2dx,
Rz

R2

where we have used the abbreviation V := [V |? 4+ [Vis|? in the last step; note that V
is supported in Bg \ B,.. This leads to

alf, f1 = alp1f,p1f] — /V|<P1f\2dl“ +alpaf, 2 f] — /V|<P2f\2d$~ (3.19)
RQ

R2

In the following we will often restrict functions in doma to Br or R2 \E and view
them as elements in L?(Bg;C?) or L?(R? \ B,;C?), or we will extend L2-functions on
Bg or R2\ B, by zero onto R? and view them as elements in L?(R?;C?). We find it
convenient to use the same letter for the original and the restricted or extended function.

Let a; be the quadratic form in L?(Bg;C?) defined by

dmm:@emMmMWCELama:mm—/wwm.
Br

As V is bounded and «a is nonnegative it follows that a; is semibounded from below. It
is also clear that a; is densely defined in L?(Bg;C?). To see that a; is closed consider
gn € domay such that g, — g in L?(Bg; C?) for n — oo and a1(gn — gm, 9n — gm) — 0
for n,m — oo. Since V is bounded it follows that the zero extensions of g,, and g satisfy
gn — g in L?(R?%;C?) for n — oo and a(gn — gm>gn — gm) — 0 for n,m — oco. As a
is closed we conclude g € doma and a(g, — 9,9, — g) — 0 for n — oco. Furthermore,
as suppg C Br we have g € doma; and a1(g, — g,9n — g) — 0 for n — oo, thus a; is
closed. Let A; be the self-adjoint operator in L?(Bg;C?) corresponding to a;. Then A;
has a compact resolvent since the form domain doma; C H*(Bg \ X; C?) is compactly
embedded in L?(Bgr;C?) for s > 0. Hence, the number of eigenvalues N(Ay, m?) of A;
below m? is finite, that is, N(A;, m?) < cc.
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Next, let as be the quadratic form in L2(R? \ B,;C?) defined by

doma, = Hj (R*\ B,;C?), aslg,g] = alg, 9] — / Vlgl* da.
R2\B,
As above it is clear that as is densely defined and semibounded from below. Using

integration by parts and (1.4) one sees for g € C§°(R? \ B,; C?) that

alg,g] = / (g, (i -V + mag)zg)(c2 dz

R2\B,
::l/ (6 (- + m?)g) s d = /‘uvm2+mﬂm%dm
R2\B, R2\B,

which then extends by density to all g € H}(R?\ B,;C?). Therefore, the form as is
closed and the self-adjoint operator associated to as is Ay = —AP + m? — V, where
—AD denotes the Dirichlet Laplacian in R? \ B,.

Let us prove that N(A4z,m?) < co. Recall that V is bounded and that its support is
contained in Br. Consider the following closed sesquilinear forms a3 in L?(Bg \ B,.) and
ay in L?(R?\ Bg),

%um=(/<WW+u#—mm%m,
Br\B,

domagz = {g € H'(Br\ B,;C?): g=0on 8BT},

aslg, g] = / (IVgl* +m?(g|*) da, domay = H'(R?\ Bp).

R2\Br

For g € domas one has f3 := g | Bgr \B_T € domas, f4 :=g | R? \B_R € domay, and
as(g,9) = az(fs, f3) + as(f4, f1). Therefore, if the self-adjoint operator in L?(Br \ B,)
generated by as is denoted by Az and Ay is the self-adjoint operator in L?(R? \ Bg)
generated by a4, then it follows by the min-max principle that the eigenvalues of ay are
bounded from below by the respective eigenvalues of A3 ® A4. In particular, this implies
N(Az,m?) < N(Az,m?) + N(Ag,m?). One clearly has N(A4,m?) = 0. On the other
hand, the operator Az is semibounded from below and has a compact resolvent, hence,
N(A3z,m?) < co. This implies N(Az, m?) < oo.

Now we consider J : L2(R?;C?) — L?(Bg;C?) ® L3(R%?\ B,;C?), Jf = o1f ® ¢af.
Due to the properties of ¢ and @9 we get that J is an isometry. The above considerations
show that J(doma) C doma; @ dom ag, and with the equality (3.19) we obtain

alf, f] (a1 @ a2)[Jf, J f]

Hf”%2(]R2;(C2) B ||JfHiQ(BR;(C2)€BL2(R2\B—T;(C2).
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It follows from the min-max principle that
N(A%,m?) <N(Ay ® Az, m?) = N(Ar,m?) + N(Az, m?).

As we have seen above, the quantity on the right hand side is finite and hence
N(A?,m?) < co. This completes the proof. O

4. Dirac operators with singular interactions

In this section we study the Dirac operator A, , introduced in (1.2) and we prove
the main results of this paper. First, in Section 4.1 we show how A, ; is related to the
boundary triple {L?(¥;C?),T,T'1} from Proposition 3.5. Then, in Section 4.2, we verify
the self-adjointness of A, . for non-critical interaction strengths, i.e. when n? — 72 # 4,
and investigate the spectral properties of A, ; in this setting. In Section 4.3 we study
the self-adjointness and the spectral properties of A, - in the case of critical interaction
strengths. Finally, in Section 4.4 we provide a sketch of the proof of Theorem 1.3.

4.1. Definition of A, via the boundary triple

Recall the definition of the space H (o, Q) from (3.5), the trace maps 7% on H(o, Q4)
in Lemma 3.1, and that the operator A, ; in (1.2) is defined by

Ay f = (—io -V +mo3)fy © (—ioc -V +moa3)f_,
domA,,,Tz{f:er@ff € H(o,Qy) @ H(o,Q): (4.1)

—i(o-v) (T£f+ — ‘T?f_) = %(T)O’o + 703)(Tff+ + ‘J'Pf_)}.

Before analyzing the properties of A, . we would like to mention that for special
values of the interaction strengths A, . decouples to Dirac operators in L?(Q,;C?)
and L%(2_;C?) subject to certain boundary conditions. Similar effects are known in
dimension three, see [19, Section V], [4, Section 5], and [7, Lemma 3.1]. The result reads
as follows:

Lemma 4.1. Let n,7 € R. Then the following holds:

(i) Ifn? — 72 # —4, then there is an invertible matriz M, which is explicitly given below
in (4.4), such that f = f+ & f— € dom A, » if and only if TP f1 = MTPf_.
(ii) If n? —7% = —4, then A, , = AL ® A_, where Ay is a Dirac operator in L*(Q;C?)
and fi € dom Ay if and only if
i

T fe =i§(U'V) (noo +703) TE fs. (4.2)
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Remark 4.2. Assume that 2 — 72 = —4, which is equivalent to Z—z + % = 1. Thus, there
exists ¥ € [0,27] \ {Z, 27} such that /7 = —sind and 2/7 = cos¥. Using (1.4) we see

that (4.2) for fi is equivalent to

0= %03(0-1/) <O’0 — %(0 V) (noo + 7'0'3)) ‘J'ff+ = (ag—i-iag(a-u) cos 19—Sin7903)‘3'ff+,
i.e. the operators A, in the bounded domain Q, are exactly those investigated in [11].
The case ¥ = 0 corresponds to the well-known infinite mass boundary condition, which
is the two dimensional analog of the MIT bag boundary condition, studied in [2,26,36].
We would like to point out that our results on A, ; obtained later in Section 4.2 can be
used for a deeper understanding for A .

Proof of Lemma 4.1. The transmission condition in the definition of A, ; takes the form

. 1 . 1
(1(0 V) + 5(7700 + 7'03)) TV = (1(0 “v) — 5(7700 + 7'0'3)) TP,
Multiplying this equation with —i (o - ) we obtain the equivalent form

(00— R) TV fy = (00+R)TPf_, R:= % (o-v)(noo+T03) = % (noo—ras3)(o-v), (4.3)

where (1.4) was used. One computes

2_1 B i __,'72_7.2
R® = 5 (noo — 7o3)(0 - V) 5 (o0 -v)(noog + 10o3) = 1

00,

which implies (09 — R)(0¢ + R) = 09 — R? = 0 + "2272 0¢. Assume now n? — 72 #£ —4.
Then both o¢ £+ R are invertible with (o9 & R)~! = 4_“];;_72 (00 F R). Therefore, the
transmission condition can be equivalently rewritten as

TPy = (00— R) Moo+ R)T2f- or T2f = (0o + R) (o0 — R)TDfy,  (4.4)

which shows assertion (i). On the other hand, for n?> — 72 = —4 one has R? = ¢y and
multiplying (4.3) by o9 — R or o + R leads to the two conditions TP f+ = £+RTP fi. It
follows that the operator A, , decouples in an orthogonal sum of operators Ai acting
in Q4 and hence, also statement (ii) has been shown. 0O

Let us represent A, , using the boundary triple {L?(3;C?),T,I'1} constructed in
Proposition 3.5. Note that the definition of I'g and I'y can be rewritten as

i(o-v) (T2 fy —TPf) = Alof, (4.5)

% (TP +TPf ) =A"T0f + % (Cc + €z)AL f. (4.6)
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Proposition 4.3. Let n, 7 € R. Then the following holds:

(i)

(iii)

Assume |n| # |7|. Let © be the linear operator in L?(%; C?) obtained as the mazimal
realization of the periodic pseudodifferential operator 6 € V3, given by

1 1

n? —

i.e. dom© = {<p € L3(%;C?) : Gp € L*(3; (Cz)} and O = 0p. Then
domAmT:{deomS*:Fofedom@, I‘lf:@I‘of}. (4.8)

Assume n = T # 0, let Ty : L3(%;C?) 3 (¢1,p02) — w1 € L*(X) and let O

be the linear operator in L?(X) obtained as the mazimal realization of the periodic
pseudodifferential operator 6, € Vi, given by

11 .

i.e. domOy = {p € L*(X): 010 € L*(X)} and O = 6,¢. Then
dom A, , = {f € dom §* : I, Ty f = ©,TL,Tof, (0o — I I1, )T f = o}. (4.10)
Assume n = —71 # 0, let T : L*(2;C2) 3 (p1,92) = w2 € L3(X) and let ©_

be the linear operator in L?(X) obtained as the mazimal realization of the periodic
pseudodifferential operator 0_ € Vs, given by

1 1
_=—A|—4+ =1 I | A 4.11
b = A5+ T (E €I ) A (a.11)
ie. domO_ = {p e L3(X):0_p € L*(X)} and O_p = 0_¢p. Then

dom A, , = {f €domS* : IL_T1f = O_I_Tof, (00— I*II_)Tof = o}. (4.12)

Note that the case n = 7 = 0 is not discussed in the previous statement because A, ,

simply becomes the free Dirac operator Ay introduced in (3.1).

Remark 4.4.

(i)

The operators © and ©. in Proposition 4.3 are well-defined due to the fact that 6
and 61 are periodic pseudodifferential operators of order 1. For example 8¢ makes
sense as an element of H~1(3; C?) for any ¢ € L?(3;C?), and H'(%;C?) C dom ©.
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(ii) In items (ii) and (iii) of Proposition 4.3 we decomposed § = L*(%; C?) = Gir, ®SGn_,

Sn, = {@ = (p1,92) € L*(T;C?) : o = 0} ~ L*(%),
S = {(p = (p1,2) € LQ(Z;(CQ) D = O} ~ LQ(E).

Proof. With the help of (4.5) and (4.6) the transmission condition in (4.1) is

1
“ATof = (500 + 703) (A*ll“lf e+ GE)AFOf). (4.13)
Now let us distinguish between several cases.

(i) For |n| # |7| the matrix nog + 7To3 is invertible with

1

(noo +70o3) " = 772_772(7700 —703).

Hence, we can rewrite the equality (4.13) as

1 1
Daf = At —ron) + 5 (€ + €) [ AT = 0T

which gives the claimed representation in (4.8)
The cases (ii) are and (iii) are almost identical, so we only give a proof for (ii). By
(4.13) we have that f € dom A, - if and only if

—~ATof = (noo + 3) (A7'Tu f + % (€¢ + €)ATo )
_ (2077 8> (AT + % (€ + €Q)ATof )
— onIT* 11, (zrlr1 Fr % (€¢ + €)ALY f).

Writing this equation in components it follows that this boundary condition is equivalent
to the conditions (o9 — IT1 .11 )I'o f = 0 and
1 1

11 .
- —A(% + 5L+ GE)H+)AH+rof — O, 11, Tof.

Hence, we find that (4.10) is true. O

In view of the general theory of boundary triples, see Subsection 2.2, many properties
of A, r can be deduced from the respective properties of the operators © and ©4 from
Proposition 4.3. We prefer to consider separately the non-critical case n? — 72 # 4 and
the critical case n? — 72 = 4, where the latter one is more involved.
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4.2. Non-critical case

Throughout this subsection we assume that

n? — 7% #£4.

In order to show the self-adjointness of A, » we use Theorem 2.10. For that it is necessary
to investigate the operators © and O in Proposition 4.3.

Lemma 4.5. Let n,7 € R with n? — 7% # 4. Then the following holds:

(i) If n?> — 72 #0, then dom © = H*(3; C?) and © is self-adjoint in L*(3;C?).
(ii) If n= =7, then dom O = HY(X) and O4 is self-adjoint in L*(X).

Proof. (i) Let us consider the restriction ©; := © | H!(3;C?). Since § € VL, the
operator O is well-defined as an operator in L?(%;C?). We show © = ©; and that O
is self-adjoint in L?(¥; C?).

First, it follows from Proposition 3.3 that (€; + €z)* = €z + €¢ and hence O is a
symmetric operator in L?(3;C?). Moreover, since O is a symmetric extension of the
symmetric operator O, := © | C>°(X; C?), Lemma 2.4 implies ©7 C 0% = ©. Hence,
© = 0; and ©; = OF follows if we show © C ©;, for which it suffices to check the
inclusion

dom© C dom©; = H'(%;C?). (4.14)

To see (4.14) fix some ¢ € dom ©. Then 0y € L?(X;C?). Using Proposition 3.3 we find

1 N 2 CZT ~ 0
030 = 7_APA<)0 + \Ilgp’ where P = 77+7; 2 and W e \IJZ.
2 TCZ n—r

Hence, APAp € L2(2;C2) and as A : H2 (3; C2) — L%(3; C?) is bijective, this amounts
to PAp € H%(Z; C?). Since Oy, Cy € ¥ by Proposition 2.8, these operators give rise
to bounded operators in H 2 (3; C?), which implies that

[t - OSTTC 0
- 0 A~ TCLOST

n2—12

) Ap € H?(%;C?).

Now we use that TT = TT is the multiplication operator with the constant function
1 and that CyC% —zll,g”ECg —1le Vs> by Proposition 2.8. We then obtain from
the last line that 4;5:;; Ap+ Uy € H2 (3; C?) with some ¥ € US> and hence we get
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4;5?;;2 Ap € H? (3; C?). Since n? — 72 # 4 by assumption, this implies Ay € H: (2;C?)
and thus, ¢ € H*(3; C%). We have shown (4.14). This completes the proof of (i).
(ii) We consider the case ) = 7, the other one being similar. Recall that ©, is the

maximal operator in L?(X) associated to the periodic pseudodifferential operator

1 1 .
Using Proposition 3.3 we find for ¢ € dom O, that

_ L, 1 0 ACSTA\pe .o L, =
@+¢__%A¢_§H+<ATC’ZA 0 >H+80+‘I’<P——%A<P+‘I’SO

with some symmetric operator T e VY., This implies dom©, = domA? = H!(3;C)
and since A? is self-adjoint we conclude that also © is self-adjoint in L*(¥). O

After the preparatory considerations of Lemma 4.5 we are now ready to show the
self-adjointness of A, - for non-critical interaction strengths. To formulate the result we
recall the definitions of the free Dirac operator Ay from (3.1), of ®, and ¥/, from (3.7)
and (3.6), and of €, in (3.10), respectively.

Theorem 4.6. Assume that n,7 € R with n*> — 7% # 4 and (n,7) # (0,0). Then the
operator A, , is self-adjoint in L?(R?;C?) with dom A, , C H'(R?\ ¥;C?). Moreover,
for all z € res A, ; Nres Ag the operator oo + (nog + 703)C. is bounded and boundedly
invertible in H2 (3;C2) and

(Ap- — z)_l = (Ap — z)_l —®, (JO + (noo + TUg)Gz)_l(nao + 703)®L (4.15)
holds.

Proof. First, by Theorem 2.10 the self-adjointness of © and ©4 in L?(X;C?) and
L*(X), respectively, implies the self-adjointness of A, . in L?*(R?;C?). In addition,
since dom©® = H(3;C?) and dom©, = H(X), Lemma 3.6 yields dom A, , C
HY(R?\ ¥;C?).

It remains to show the Krein type resolvent formula in (4.15). First, for |n| # |7| we
have by Theorem 2.10 that © — M, z € res A, - Nres Ag, is boundedly invertible in
L3(%;C?) and

(Apr—2)"'=(Ag—2) ' +G.(0 - M) G

Taking the special form of © and M, = A(Gz — %(GC + GC-))A into account and using

,,2,;72(7700 —703) = (nog + 7o3) ", we find
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ST
nc—rT

1
— —A [772_7_2(7700 —T103) + GZ}A

1 1
5 (noo — 703) + 3 (C¢ +€E):|AA (@z - 5(@4 + G§)> A

(4.16)

= —A(nog + 7o3) " (00 + (noo + 7'03)(?2)/\.

As © — M, is a bijective operator in L%(3;C?) defined on dom® = H(X;C?) this
implies that oo + (o + 703)€, is bijective in Hz(¥;C2). In particular, the inverse
(00 + (noo +703)€.) ! is well-defined and bounded in Hz2 (X; C2). Using G, = ®,A and
G: = AP we get

G.(© - Mz)_lG’g =—®. AN (00 + (noo + Tog)ez)_l(nao + 70o3) AT AP (417)
= - (00 + (noo + TU3)6Z)71(7]00 +703)PL,

which leads to (4.15).
The proof of (4.15) for |n| = |7| # 0 is similar as above. First, one notes in the same
way as in (4.16) that

1 1
Oy — I M,IT; = —A<2— + Hiezn*i)/\ = —Q—HiA(ao + I T14 €, ) ALY, (4.18)
U n
which implies with 2nII{ 11y = nog + 703
I (04 — M ML) 'y = AT (s (00 + QnH;HjLeZ)H;)*lQnHiA*I
— A (I T (00 + 29I TT, €2)) ™ 29T T A~ !
= AL (00 + (noo + 703)82)71(7]00 + 7'0'3)A71.

With this observation and the same ideas as above one shows (4.15) also in the case
|n| = |7|. This finishes the proof of this theorem. 0O

In the following proposition we discuss the basic spectral properties of A, ;:

Theorem 4.7. Let 1,7 € R be such that n? — 72 # 4. Then the following holds:

(i) We have specqy Ay r = (—00, —|m|] U [|m],4+00). In particular, for m = 0 we have

ess AW:T =R.

(i) Assume m # 0. Then z € (—|m|,|m|) is a discrete eigenvalue of A, ; if and only if
there exists ¢ € Hz(%;C2) such that (oo + (noo + 703)C ) = 0.

(iii) If m # 0, then A, ; has at most finitely many eigenvalues in (—|m|, |m|).

spec A, » = spec

Proof. By Proposition 3.7, the set (—oo, —|m|] U [|m/|, +00) is contained in the essential
spectrum of A, .. Moreover, by Theorem 4.6 we have dom 4, , C H'(R?\ X; C?), which
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implies by Proposition 3.8 that the spectrum of A, ; in (—|m|, |m|) is discrete and finite.
This proves the items (i) and (iii).

It remains to prove (ii). Assume first that || # |7|. By Theorem 2.10 a number
z € resAp is an eigenvalue of A, . if and only if zero is an eigenvalue of © — M..
Using (4.16) this means that z € res Ay is an eigenvalue of A, ; if and only if there exists
¥ € dom© = H!(%;C?) such that

—A(nog + To3) (O‘o + (noo + TUg)(i’Z)Az/J =0,

i.e. if and only if ¢ := Ay € H: (3; C?) satisfies (¢ + (nog + 703)€. )¢ = 0. The proof
of (ii) for |n| = |7| is similar, one just has to use (4.18) instead of (4.16). O

Finally, we provide some symmetry relations for the point spectrum of A, r, which
can be seen as consequences of commutator relations of A, . The following results are
the two-dimensional analogues of [7, Proposition 4.2].

Proposition 4.8. Let 1,7 € R and assume that n*> — 72 # 4. Then the following holds:

(i) If |n| # 7], then z € spec, Ay, - if and only if z € spec, A__ a4 4r

n?—72’ ni-r

(ii) 2 € spec, Ay, if and only if —z € spec, A_, ;.

Proof. (i) Consider the unitary and self-adjoint operator

Ut L2043 €)@ L2(Q-5C?) — LA(Q4: CO @ LAQ5CY), U(fr@f-) = fir & (—f-).
We claim that

Apr =UA__ sy _ 4 U (4.19)

n2—r2’ ni-7

For this purpose we note first that f = f. © f_ € H'(Q,;C?)® H'(Q_;C?) belongs to

dom A, ,, if and only if

7,79
—i(o-v) (TP —TPf) = %(nao +703) (TP f+ + TP £2), (4.20)

which is equivalent to

(o) (TRWUS)s + T2US)-) = L oo+ 705) (TU )5~ T2US) ).

By multiplying the last equation with (nog+703)" 1 = 772_%(7700 —703) and using (1.4)
we find that f € dom A, ; if and only if

1

—i(o V) g (o0 +7o8) (TR (U +T2(US)-) = 3 (T2 U+ = T2V S)-),

N =
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which is equivalent to

(TRWH++TEWS)-) = =i(o - v)(T2Uf)+ = T2US)-)

N =

—m(ﬁo’o + 703)
ie. to Uf € dom A_yy/(y2—r2),—4r/(n2—-2)- Hence, we have shown the domain equal-
ity dom A, » = dom A_y,/(n2—72),—4r/(n2—72)U. Moreover, a straightforward calculation
shows UA, - f = A_4y/(2—+2),—ar)2—2)U f for any f € dom A, ;. This gives (4.19),
which yields (i).

(ii) Define the antilinear charge conjugation operator Cf = of, f € L?>(R?;C?).
Then we see immediately C2f = f for all f € L?(R?;C?). We claim that

CAy,=—A_,.C, (4.21)

which yields then the claim of statement (ii). To prove (4.21), we note first by taking
the complex conjugate of equation (4.20) that f € dom A, ; if and only if

(@) (TP — T°F) = %(no—o 4 703) (TPT5 + TP, (4.22)

where & = (7,02) and @; is the matrix with the complex conjugate entries of o;. By
multiplying this equation with o1 and using (1.4), 7 = 01, and 3 = —o2 we find that
(4.22) is equivalent to

i(0- ) (T2 (0nT5) ~ T2 ) = 500 — 705) (T (01 5) + T2(00T),

ie. Cf € dom A_, . Moreover, using again (1.4) and 73 = —0o we get

(—io -V +mo3)Cf = (—io -V +mo3)orf = o1(—i5 - V — ma3) f

= —01(—ioc -V +mo3)f = —C(—io -V +mo3)f),

which implies (4.21). O
4.8. Critical case

In this subsection we study the self-adjointness and the spectral properties of A, ;
for the critical interaction strengths, i.e. when n? — 72 = 4. To show the self-adjointness
of A, » we prove that the corresponding operator © in Proposition 4.3 is self-adjoint in
L?(%;C?).

Lemma 4.9. Let 7,7 € R be such that n* — > = 4. Then the operator © is self-
adjoint in L*(X; C?%) and the restriction of © onto H'(X;C?) is essentially self-adjoint
in L?(3; C?).
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Remark 4.10. According to Lemma 4.9 the operator © is essentially self-adjoint on
H(X;C?). It will turn out later in the proof of Proposition 4.12 that spec,, © is non-
empty. Hence, one has dom © ¢ H*(X;C?2) for all s > 0.

ess

Proof of Lemma 4.9. As in the proof of Lemma 4.5 we consider ©; := © | H*(%;C?).
It follows in the same way as in the proof of Lemma 4.5 that ©; is a symmetric operator
in L?(¥;C?) and together with Lemma 2.4 we see ©; C ©F C ©. To see © C ©1, which
then implies the claims, we will show (the slightly stronger fact) that

dom © = dom 6. (4.23)

For this we consider the associated periodic pseudodifferential operator 6 defined in (4.7)
and recall that with the aid of Proposition 3.3 we have

1 —2-A2  ACsTA
== = nt7
0 2v+\I’, where v (ATC’zA %A2>a

with some operator ¥ € WY, which is symmetric and hence self-adjoint in L*(X; C?). In
the following we denote by Y the maximal realization of v in L?(¥;C?), that is

Ty =vp, domY = {p e L*(;C?) :vp € L*(3;C*)} = dom 6,

and T, = T [ H'(X;C?). Note that dom ¥; = dom ©;. Since A and hence also A? are
invertible, we get (as operators on distributions)

- 1 0 2 A% 0 1 ZIAICSTA
o= (earcgan 1) (75" a) (0 T a

where the Schur complement 8(v) has the form

2 — 2
S(v) = —— A’ n—H-ATCZ( A2)TTACSTA = —
n—r7 n—rT

A2 77+T

ATCLCsTA. (4.25)

Using that C{,Csy = 1 + R with R € U™, see Proposition 2.8, we can rewrite this
expression as

S(v) = —— A2 - 1F IATTA - L IATRTA = f—ATRTA € US™®,  (4.26)

where we used in the last step that TT is the identity operator and n? — 72 = 4. From
this, (4.24), and dom A? = H'(X) we obtain now

dom® =domY = {(gpl,cpg) € L*(%;C?) : ¢y + %A_ICETAQOQ € Hl(E)}.
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Let us now consider the operator realizations ©1, Y1 of #,v and their closures O, YT in
L?(%;C?). In the following we view A? as an operator defined on H'(X) and note that
A? is self-adjoint and 0 € res(A?). Moreover, since %A*CETA € WY, we get that the
operator

Arp = % “2ACsTAp, domA; = H(X),

which is the product of the inverse of the upper left corner and the upper right corner of
Y1, is bounded in L?*(¥) and has a bounded and everywhere defined closure. Since the
Schur complement 8 (v) of Y1, which is the expression from (4.25) defined on H'(X),
has a bounded closure in L?(X) by (4.26), we conclude from [38, Theorem 2.2.14] applied
for = 0 that

dom©; = domY; = {(gphapg) € L2(E; (CQ) c1 + Arps € dom A?, @, € domSl(v)}

= {(gol,gog) € L3(%;C%) 1 1 + %A_lchAapg € Hl(z)} = dom ©.
Hence, we have shown (4.23), which finishes the proof of this proposition. O

With Lemma 4.9 we are now ready to show the self-adjointness of A, . for critical
interaction strengths. To formulate the result we recall the definitions of the free Dirac
operator Ay from (3.1), of @, and @/, from (3.7) and (3.6), and of €, in (3.10), respec-
tively.

Theorem 4.11. Let n,7 € R with n> — 72 = 4. Then the operator A, ; is self-adjoint
and its restriction to dom A, , N H'(R?\ X; C?) is essentially self-adjoint in L*(R?; C?).
Moreover, for all z € res A, - Nres Ay the operator oo+ (noo +703)C. admits a bounded
inverse from Hz(3;C2) to H™2(%;C2), and

(A — 2t =(Ag—2)"t - D, (0’0 + (noo + Tag)ez)_l(nao + 703)P%. (4.27)

Proof. First, according to Theorem 2.10 the self-adjointness of © in L?(3; C?) implies the
self-adjointness of A, , in L?(R?;C?), and the essential self-adjointness of the restriction
©1 = 0O | H(Z;C?) in L*(X; C?) implies the essential self-adjointness of A, , restricted
to dom A, N H'(R?*\¥; C?) in L?(R?; C?). For the latter observation we have also used
that by Lemma 3.6

S* I ker(I'y — ©1Tg) = A, ; | (dom 4, - N H'(R*\ £;C?)).

It remains to verify the Krein type resolvent formula in (4.27). By Theorem 2.10 we
have that © — M, is boundedly invertible in L?(3; C?) and

z

(Apr—2)"'=(Ag—2) ' +G.(6 - M.) G
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Taking the special form of © and M, = A((‘IZ — %(GC + (‘35))/\ into account we find with
a similar calculation as in (4.16)-(4.17) that

(O —M.)™ = —A"" (00 + (noo + 7'0'3)@2)71(7700 +71o3)A7L.

As (©—M,)~! is bounded in L?(X; C?) we deduce that (o¢+(nog+703)€C,) ! is bounded
from Hz (3;C2) to H™2(%;C?). Using G, = ®.A and G = AD,, we get

G, (@ — MZ)_IGE = —<I>ZAA_1(UO + (noog + 7'03)(‘32)_1(7700 + 703)ATTADL
=, (o‘o + (noo + 7'0'3)@,2)71(770'0 + 703)P%,

and thus (4.27). O

In the next proposition we analyze the essential spectrum of the self-adjoint operator
©. Note that our assumption 7?7 = 4 implies |7| < ||, and hence — T m € (=|m], [m|).

Proposition 4.12. Let n,7 € R be such that n?> — 72 = 4 and let m # 0. Then for
z € (=|ml,|m|) one has 0 € specqy (M. — ©) if and only if 2 = —7 m.

Proof. Throughout the proof we assume that z € (—|m/|,|m|). In particular, M, is a
bounded self-adjoint operator in L?(3;C2). Recall that

1
M,—-06= A (7700 —T103)A + ACA,

and using Proposition 3.3 we decompose M, — © = =1 + =5, where

_ 77+T A%+ (z +m)l FACSTA
=1 =

%ATC’EA A L (z-m)l
and =9 € \Ilg1 is a compact self-adjoint operator in L?(¥;C?2). We note that Z; defined
on dom(M, — ©) = dom © is a self-adjoint operator in L?(3;C?2). Therefore, it follows
that spec, (M, — ©) = spec,, 1 and, in particular,

eSS(
0 € spec. (M, — ©) if and only if 0 € spec . Z1.

In the following we will show that 0 € spec, =1 if and only if z = —% m. For this,

the Schur complement of Z; and [38, Theorem 2.4.6] (applied for © = 0) will be used. To
proceed, let 21 1 := =; | H*(3;C?). Then, by Lemma 4.9 we have =; = E We shall
use the operator A € \II% from (2.7) (see also (2.6)). Recall also that A? > ¢3 for ¢o > 0.
Now we choose ¢g such that ¢z > \m|e |n 4+ 7|. Then the upper left corner of =y 1,

1
A? + i(z +m)1,

A=
n+r 4
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is self-adjoint in L?(X) with 0 € res. A. Hence, the Schur complement 8§ := §(Z; 1), that
is defined on dom 8 = H'(X) and given by

lz+m)(n+7)
4

1 —

8:
n—r 4 4

-1
ATCHA (A2 + 11> ACSTA,
is well-defined. It is easy to see that S is symmetric and hence closable. We leave it to the
reader to check that the other assumptions in [38, Theorem 2.4.6] are also satisfied for the
block operator matrix Zy ;1. Thus, it follows from [38, Theorem 2.4.6] that 0 € spec,y =1
8. We are going to prove that 8 is bounded in L?(X) and that

0 € specy 8 if and only if z = -5 m.

if and only if O € spec,
To simplify the last summand in the above expression of 8 we use the identity

(A2 +al) P =A2—aA (A +al) AT = A2 —aA T3 (A2 Fal) (4.28)

and rewrite § = 81 + S with

§ = Loz emmy 1T ATCLOSTA,
n—T 4 4
2 -1
gy = WHT] Ldm) e (A2 ; detmintr) 11) CsTA.
4 47 47

By Proposition 2.8 one has C{,Cx, = 1 + K; with K; € ¥, so

n+T n+T

ATCLCsTA = — A+ K,

with Ky € U5™. Because of 7 — 72 = 4 one arrives at

81 = arplEmmy T e fEmmy e
n—rT 4 4 47

In order to deal with 8o we use again the identity (4.28), which gives

4 47 G+m)n+7) .\ " =
: 8o = ATC% [ A+ 121 TA=K3; + K
(n+71)2 L(z+m)* CZ( + Vs Cx 3t A,
where K3 = ATCL,A2CsTA and
-1
Ky = - EEOET) g - <A2 ylermnty) 11) CsTA.
™ 7i

Using Proposition 2.2 one finds that Ky € ¥ 1 and hence this operator is compact in
L?(%;C?). In order to simplify K3 we note first that
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K5 :=TCLA™2 — AT2TCf € U2
by Proposition 2.2 (ii). Hence,
K3 = AA2TCLCSTA + AKsCsTA =: AN 2T CLCOsTA + Ky

with Kg € \Ilgl. Using again CLCyx — 1 € ¥~ see Proposition 2.8, we arrive at
K3 =1+ K7 with K; € U5'. With this we find

(n+7)* z+m)
4 4m

(n+7)* L(z+m)

8 =
2 4 Am

(K3+K4): ]1+K8

with Kg € Vg, !, Using this in the expression of the Schur complement § we conclude,
with some Ky € \Ilil, that

S=8+8 = <£(z4_7rm) + (7727)2 : E(Z;m)> 1+ K,
TSI

From this we conclude that 8 is bounded and admits a bounded closure 8. Moreover, as
K is compact and symmetric, it does not influence the essential spectrum, and we have

= . ) (n+
0 €espec...Sifandonly if 2 = ————m.
PCCess Yy (7]+T)2+4

With n? — 72 = 4 we can simplify the last expression to

(774—7’)2—471’}24-7'24—2777—7724-7'2 B 272 4+ 201
m+7)2+4 P+ +r+n2—12 22 +2p7  2(n+7T) N

2r(p+71) T

Hence, 0 € spec

€ess

8 if and only if z = f% m. This finishes the proof. O

We are now ready to describe the spectral properties of A, , for critical interaction
strengths. Compared to Proposition 4.7, the following theorem shows that the spectral
properties of A, , differ significantly from the non-critical case.

Theorem 4.13. Let n,7 € R with n? — 72 = 4. Then the following is true:

(i) There holds specyy Ayr = (=00, —|m|] U {=7 m} U [|lm], +o0). In particular, for
m = 0 we have spec A, » = specy, Ay, - = R.
(i) Assume m # 0. Then z ¢ specqy Ay - is a discrete eigenvalue of Ay, - if and only if
there exists ¢ € H2 (3; C2) such that (oo + (noo + 703)C.)p = 0.
(iii) For all s > 0 we have dom A, , ¢ H*(R?\ £;C?).
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Remark 4.14. Ttem (ii) in the above theorem is slightly weaker as Proposition 4.7 (ii),
since one has to search for eigenfunctions ¢ of o¢ 4+ (noo + 703)C, in the larger space
H-: (3;C?). However, as there is no Sobolev regularity in dom A, , the smoothness of
the eigenfunctions of og + (o + 703)C, can not be improved.

Proof of Theorem 4.13. (i) The inclusion (—oo, —|m|] U [|m]|,+00) C spec

€ss

Ay~ holds
by Proposition 3.7. In addition, due to Theorem 2.10 and Proposition 4.12 one has
SpeCess An.r N (—|m|, |m|) = {—%m}, which gives the claim.

To prove item (ii) we note first that by Theorem 2.10 a point z € res Ag is an eigenvalue
of A, , if and only if zero is an eigenvalue of © — M,. Using a similar calculation as
in (4.16) this shows that z € res Ay is an eigenvalue of A, , if and only if there exists
¥ € dom© C L?(3; C?) such that —A(nog + 703) "1 (0¢ + (nog + 703)C,) Ay = 0, i.e. if
and only if ¢ := Ay € H_%(E; C?) satisfies (00 + (noo + TUg)Cz)gp =0.

Eventually, since dom A,, ; is independent of m, it suffices to prove statement (iii) for
m # 0. In this case the claim is a consequence of Proposition 3.8, as we have in this case
$PCCas(Anr) O (—|ml, ml) £ 0. O

Finally, we state several symmetry relations in the spectrum of A, .. The following
proposition is the counterpart of Proposition 4.8 for critical interaction strengths.

Proposition 4.15. Let n, 7 € R with n? — 72 = 4. Then the following holds:

(i) z € spec, A, if and only if z € spec, A_, .
(ii) 2 € spec, Ay ; if and only if —z € spec, A_, ;.

Proof. In the following set A} _ := A, ; | (dom A, N H'(R?\ ¥;C?)). Then by The-

L _is essentially self-adjoint in L?(R?;C?) and, in particular,

orem 4.11 the operator A, .

A%,T = An,7-~
(i) Consider the unitary and self-adjoint mapping

U: L2 (Q4;C%) @ L*(Q-;C?) = LX(Q1;C*) @ L*(Q-;C?), U(fy @ f-) = fr®(=f-).

As in the proof of Proposition 4.8 (i) one verifies A}, . = UAL, _ U. By taking closures
we find A, - = UA_, _;U and hence the claim follows.

(ii) Consider the nonlinear charge conjugation operator C'f = o1 f, f € L?>(R?;C?).
Then C2f = f for f € L?(R?%;,C?) and in the same way as in the proof of Proposi-
tion 4.8 (i) one obtains CA} = —A', _C. Taking closures leads to CA, » = —A_, ;C,
which implies (ii). O

4.4. Case of several loops

To prove Theorem 1.3 we use similar constructions as in the case of one loop. We
give some comments on necessary modifications in this subsection. Let N > 1 and
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let ¥;,7 € {1,..., N}, be non-intersecting C*°-smooth loops with normals v;. We set
Y= Ujvzl ¥, and for f € H(o,R?\ ) we denote its Dirichlet traces from Lemma 3.1
on the two sides of X3; by T2 ; f, where — corresponds to the side to which v; is directed.
The Sobolev spaces on ¥ are defined by H*(X) := @; L H?(%;), and for ¢ € H*(X) w
denote by ¢; its restriction on ;. Furthermore, if A; denotes the isomorphism deﬁned
in (2.7) on X;, then we set A := @;Vzl A;. As in the case of one loop one starts with
the symmetric operator S := Ag | H}(R?\ 2;C?). For z € res Ap and ¢ € L?(3;C?) we
introduce

/¢z$— y)ds(y), =€R?\X.

As for the single loop one shows that the map ®, extends to a bounded linear operator
®, : H 2(%;C?) — L%(R2;C2) with ran ®, = ker(S* — z). The associated principal
value operator C,,

(€=0)(x) = pov. / b:(z - )p(y) ds(y), @€ C=(Z:C?), zex,

has a block structure of the form

(€:0);(x) = Clpj(x) + Y _(K*pi)(z), € O®(T;C?), w€ %), (4.29)
ki

(C1p;)(x) —pv/@w Wi () ds(y), zex;, (4.30)
(K2F o) (z /QSZ z—y)er(y)ds(y), =ze€X;. (4.31)

The operators G are the same as in the one loop case, while the operators XJ* have
smooth integral kernels and are bounded from H*(X, C?) to H*(X;,C?) for any s,t € R.
Using Proposition 3.4, the trace equality T2 ;®.¢ = F 1 (0-vj) p;j+(C.¢); can be shown.
The construction of the boundary triple takes then literally the same form as for a single
loop. Let ¢ € res Ag be fixed and set (T2 f) := (T, f)}L,. Then {L*(%;C?),T¢, T},

Tof =A™ o o) (T2 ~T20), Taf = S A((T2F, +T2F) — (€ + €ATof ),

is a boundary triple for S*. The corresponding v-field G and Weyl function M are
2+ G, =®,Aand z— M, = A€, — 1(Cc + Ce))A.

Assume first that |n;| # |7;| for all j € {1,..., N}. Define an operator © in L?*(X;C?)
by © = —A[E+ 1 (Cc +€)]A, (Ep); :=

1
nT(nJUo —Tj03) ¢;, on its maximal domain,
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then Ay g corresponds to the boundary condition I'y f = Oy f. Using (4.29) one sees
that © can be written as © = EB;vzl 0, + O, where 0 acts in L?(3;;C?) by

0 =—A; m(ﬁjao = 7j03) + 5 (CL+C) | Ay

with maximal domain, while © is a bounded operator from H*(%,C2) to H'(, C2) for
any s,t € R and self-adjoint in L%(3; C2). Hence, the self-adjointness of © is determined
by the self-adjointness of @;\/21 ©;, and each ©; is exactly of the form as in the single-
loop case. Hence, ©; is self-adjoint by Lemma 4.5 and Lemma 4.9 and thus, also ©
is self-adjoint in L?(3;C?). This implies also the statements concerning the domain
regularity.

In order to study the essential spectrum we decompose M, to blocks as in (4.29) and
remark that the terms ngVk produce compact remainders, which do not influence the

essential spectrum. Hence, the condition 0 € spec, (M, — ©) is equivalent to

ess (

N 1 j
0 € Spec,g, @j:1 Ajm(ﬂjao —1j03)\; + A;CLA;
J J

As each of the terms on the right-hand side is covered by the analysis of the single-loop
case, the statement on the essential spectrum of M, — © and thus, with the help of
Theorem 2.10, also of As; », follows.

If for some j one has |n;| = |7;|, then one follows the same technical strategy as the
one in Section 4.2 for |n| = |7], i.e. one has to deal with additional orthogonal projectors,
and all other constructions are easily adapted.
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