Technische Universität Graz

Boundary element methods for Dirichlet boundary control problems

Günther Of, Thanh Phan Xuan, Olaf Steinbach

Berichte aus dem Institut für Numerische Mathematik

Bericht 2010/1

Technische Universität Graz

Boundary element methods for Dirichlet boundary control problems

Günther Of, Thanh Phan Xuan, Olaf Steinbach

Berichte aus dem Institut für Numerische Mathematik

Bericht 2010/1

Technische Universität Graz Institut für Numerische Mathematik Steyrergasse 30 A 8010 Graz

WWW: http://www.numerik.math.tu-graz.ac.at

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.

Boundary element methods for Dirichlet boundary control problems

Günther Of, Thanh Phan Xuan, Olaf Steinbach

Institut für Numerische Mathematik, TU Graz,

Steyrergasse 30, 8010 Graz, Austria {of,thanh.phanxuan,o.steinbach}@tugraz.at

Abstract In this paper we discuss the application of boundary element methods for the solution of Dirichlet boundary control problems subject to the Poisson equation with box constraints on the control. The primal and adjoint boundary value problems are rewritten as systems of boundary integral equations involving the standard boundary integral operators of the Laplace equation and of the Bi–Laplace equation. While the first approach is based on the use of the standard boundary integral equation based on the Bi–Laplace fundamental solution, the additional use of the normal derivative of the related representation formula results in a symmetric formulation, which is also symmetric in the discrete case. We prove the unique solvability of both boundary integral approaches and discuss related boundary element discretisations. In particular, we prove stability and related error estimates which are confirmed by a numerical example.

1 Introduction

Optimal control problems of elliptic or parabolic partial differential equations with a Dirichlet boundary control play an important role, for example, in the context of computational fluid mechanics, see, e.g., [9, 11, 12], and the references given therein. A difficulty in the handling of Dirichlet control problems is the choice of the control space, where the Sobolev trace space H^{1/2}(Γ) appears as a natural choice [1]. To obtain smoother optimal solutions one may even consider H^2(Γ) as control space, where the Sobolev norm for sufficient regular boundaries can be realised by using the Laplace–Beltrami operator [16]. The most popular choice is to consider L_2(Γ) as control space. Although this choice allows the use of a piecewise constant control function, the associated partial differential equation has to be considered within an ultra–weak variational formulation, see, for example, [20], and [2] for an appropriate finite element approximation using standard piecewise linear basis functions. The use of the ultra–weak variational formulation of the primal Dirichlet boundary value problem in the context of an optimal control problem requires the adjoint variable p to be sufficiently regular, i.e., p ∈ H^2(Ω) ∩ H^1_0 (Ω). Since the adjoint variable p itself is the unique solution of the adjoint partial differential equation with homogeneous Dirichlet boundary conditions, either a smooth boundary Γ, or a polygonal or polyhedral but convex domain Ω has to be assumed. For related finite element approximations, see, e.g., [5, 6, 11, 19, 22], or [29] in the case of a finite dimensional Dirichlet control. To include a Dirichlet boundary condition u = z ∈ L_2(Γ) in a standard variational formulation, alternatively one may consider a penalty approximation of the Dirichlet boundary condition by using a Robin boundary condition, see, e.g., [1, 13, 14, 15]. Again, sufficient smoothness of the boundary Γ has to be assumed.

In [25], a finite element approach was considered, where the energy norm was realized by using some hypersingular boundary integral operator which links the Dirichlet control with the normal derivative of the adjoint variable. The related optimality condition results then in a higher regularity of the control and requires less assumptions on the smoothness of the adjoint variable, in fact, one may even consider general Lipschitz domains Ω. Moreover, for polygonal or polyhedral bounded domains Ω one also obtains higher order convergence results for the approximate finite element solution.

Since the unknown function in Dirichlet boundary control problems is to be found on the boundary Γ = ∂Ω of the computational domain Ω ⊂ R^n, n = 2, 3, the use of boundary integral equations seems to be a natural choice. But to our knowledge, there are only a few results known on the use of boundary integral equations to solve optimal boundary control problems, see, e.g., [7, 30] for problems with point observations. In this paper, we consider the Poisson equation as a model problem, however, this approach can be applied to any elliptic partial differential equation, if a fundamental solution is known. In this case, solutions of partial differential equations can be described by the means of surface and volume potentials. To find the complete Cauchy data, boundary integral equations have to be solved. For an overview on boundary integral equations, see, e.g., [17, 23] and the references given therein. The numerical solution of boundary integral equations results in boundary element methods, see, e.g., [26, 27].

The model problem is described in Section 2, where we also discuss the adjoint problem which characterises the solution of the reduced minimisation problem. In Section 3, we present the representation formulae to describe the solutions of both the primal and adjoint Dirichlet boundary value problems. To find the unknown normal derivatives of the state variable and of the adjoint variable, weakly singular boundary integral equations are formulated. Since the state enters the adjoint boundary value problem as a volume density, an additional volume integral has to be considered. By applying integration by parts, this Newton potential can be reformulated by using boundary potentials of the Bi–Laplace operator. Hence we recall some properties of boundary integral operators for the Bi–Laplace operator in Section 4. In Section 5, we analyse a first boundary integral formulation to solve the Dirichlet boundary control problem, and we discuss stability and error estimates of the related Galerkin boundary element method. Since this boundary element approximation leads to a non–symmetric matrix representation of a self–adjoint operator, we introduce and analyse a symmetric boundary element approach, which includes a second, the so–called hypersingular boundary integral equation in Section 6. Again we discuss the related stability and error analysis. Finally, we present a numerical example in Section 7.

2 Dirichlet control problems

Let Ω ⊂ R^n, n = 2, 3, be a bounded domain with boundary Γ = ∂Ω. As a model problem, we consider the Dirichlet boundary control problem to minimise the cost functional

J(u, z) = 1 2 � Ω [u(x) − u(x)]^2dx + 1 2 ϱ ⟨Dz, z⟩_Γ (2.1)

subject to the constraint

−Δu(x) = f(x) for x ∈ Ω, u(x) = z(x) for x ∈ Γ, (2.2)

and where the control z satisfies the box constraints

z ∈ U := � w ∈ H^{1/2}(Γ) : g_a(x) ≤ w(x) ≤ g_b(x) for x ∈ Γ � . (2.3)

We assume f, u ∈ L_2(Ω), ϱ ∈ R_+, and g_a, g_b ∈ H^{1/2}(Γ). Moreover, we use the hypersingular boundary integral operator D : H^{1/2}(Γ) → H^{−1/2}(Γ) to describe the cost, or some regularisation term, via a semi–norm in H^{1/2}(Γ). In particular, for z ∈ H^{1/2}(Γ) we have

(Dz)(x) = − ∂ ∂n_x � Γ ∂ ∂n_y

U^∗(x, y)z(y)ds_y for x ∈ Γ,

where

U^∗(x, y) = � � � � � − 1 2π log |x − y| for n = 2, 1 4π 1 |x − y| for n = 3

(2.4)

is the fundamental solution of the Laplace operator.

Let u_f ∈ H^1_0 (Ω) be the weak solution of the homogeneous Dirichlet boundary value problem −Δu_f (x) = f(x) for x ∈ Ω, u_f (x) = 0 for x ∈ Γ.

The solution of the Dirichlet boundary value problem (2.2) is then given by u = u_z + u_f , where u_z ∈ H^1(Ω) is the unique solution of the Dirichlet boundary value problem

−Δu_z(x) = 0 for x ∈ Ω, u_z(x) = z(x) for x ∈ Γ. (2.5)

Note that the solution of the Dirichlet boundary value problem (2.5) defines a linear map u_z = Sz with S : H^{1/2}(Γ) → H^1(Ω) ⊂ L_2(Ω). Then, by using u = Sz + u_f , we consider the problem to find the minimiser z ∈ U ⊂ H^{1/2}(Γ) of the reduced cost functional

~J(z) = 1 2 � Ω [(Sz)(x) + u_f (x) − u(x)]^2dx + 1 2 ϱ ⟨Dz, z⟩_Γ. (2.6)

To characterise the minimiser z ∈ U of the reduced cost functional (2.6) we introduce the self–adjoint, bounded and H^{1/2}(Γ)–elliptic operator T_ϱ := ϱD + S^∗S : H^{1/2}(Γ) → H^{−1/2}(Γ) (2.7) satisfying, see, e.g., [25],

⟨T_ϱz, z⟩_Γ ≥ c^{Tϱ}_1 ‖z‖^2_{H1/2(Γ)}, ‖T_ϱz‖_H−1/2_{(Γ)} ≤ c^{Tϱ}_2 ‖z‖_H1/2_{(Γ)} for all z ∈ H^{1/2}(Γ),

where S^∗ : L_2(Ω) → H^{−1/2}(Γ) is the adjoint operator of S : H^{1/2}(Γ) → L_2(Ω), i.e.,

⟨S^∗ψ, φ⟩_Γ = ⟨ψ, Sφ⟩_Ω = � Ω ψ(x)(Sφ)(x)dx for all φ ∈ H^{1/2}(Γ), ψ ∈ L_2(Ω).

Moreover, we define g := S^∗(u − u_f ) ∈ H^{−1/2}(Γ). (2.8) Hence we can rewrite the reduced cost functional (2.6) as

~J(z) = 1 2 ⟨T_ϱz, z⟩_Γ − ⟨g, z⟩_Γ + 1 2 ‖u_f − u‖^2_{L2(Ω)}.

Since U ⊂ H^{1/2}(Γ) is convex and closed, and since T_ϱ is self–adjoint and H^{1/2}(Γ)–elliptic, the minimisation of the reduced cost functional ~J(z) is equivalent to solving a variational inequality to find z ∈ U such that ⟨T_ϱz, w − z⟩_Γ ≥ ⟨g, w − z⟩_Γ for all w ∈ U. (2.9) Since (2.9) is an elliptic variational inequality of the first kind, we can use standard arguments as given, for example in [3, 10, 20, 21], to establish unique solvability of the variational inequality (2.9).

By using the primal variable u = Sz + u_f , and by introducing the adjoint variable τ = S^∗(u − u) ∈ H^{−1/2}(Γ), we can rewrite the variational inequality (2.9) as ⟨ϱDz + τ, w − z⟩_Γ ≥ 0 for all w ∈ U. (2.10) Note that for given z ∈ H^{1/2}(Γ) and f ∈ L_2(Ω) the application of u = Sz + u_f corresponds to the solution of the Dirichlet boundary value problem (2.2). The application of the adjoint operator τ = S^∗(u − u) is characterised by the Neumann datum

τ = − ∂ ∂n p in the sense of H^{−1/2}(Γ), (2.11)

where p ∈ H^1_0 (Ω) is the unique solution of the adjoint Dirichlet boundary value problem −Δp(x) = u(x) − u(x) for x ∈ Ω, p(x) = 0 for x ∈ Γ. (2.12) Since the unknown control z ∈ U ⊂ H^{1/2}(Γ) is considered on the boundary Γ = ∂Ω, the use of boundary integral equations to solve both the primal boundary value problem (2.2) and the adjoint boundary value problem (2.12) seems to be a natural choice. In what follows we will describe and analyse two different boundary element methods to solve the variational inequality (2.9) numerically. This will be based on the use of appropriate boundary integral operator representations of T_ϱ and g as introduced in (2.7) and (2.8), respectively.

3 Laplace boundary integral equations

3.1 Primal boundary value problem

The solution of the Dirichlet boundary value problem (2.2), −Δu(x) = f(x) for x ∈ Ω, u(x) = z(x) for x ∈ Γ, is given by the representation formula for ~x ∈ Ω,

u(~x) = � Γ U^∗(~x, y)t(y)ds_y − � Γ ∂ ∂n_y

U^∗(~x, y)z(y)ds_y + � Ω U^∗(~x, y)f(y)dy, (3.1)

where t = ∂ ∂n u ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation (V t)(x) = ( 1 2 I + K)z(x) − (N_0f)(x) for x ∈ Γ. (3.2) Note that (V t)(x) = � Γ U^∗(x, y)t(y)ds_y for x ∈ Γ is the Laplace single layer integral operator V : H^{−1/2}(Γ) → H^{1/2}(Γ), and (Kz)(x) = � Γ ∂ ∂n_y

U^∗(x, y)z(y)ds_y for x ∈ Γ is the Laplace double layer integral operator K : H^{1/2}(Γ) → H^{1/2}(Γ). Moreover, (N_0f)(x) = � Ω U^∗(x, y)f(y)dy for x ∈ Γ is the related Newton potential. The single layer integral operator V is H^{−1/2}(Γ)–elliptic; for n = 2 we assume the scaling condition diam Ω < 1 to ensure this. For the solution of the boundary integral equation (3.2) we therefore obtain t = V^{−1}( 1 2 I + K)z − V^{−1}N_0f . (3.3)

3.2 Adjoint boundary value problem

The solution of the adjoint Dirichlet boundary value problem (2.12), −Δp(x) = u(x) − u(x) for x ∈ Ω, p(x) = 0 for x ∈ Γ, is given correspondingly by the representation formula for ~x ∈ Ω, p(~x) = � Γ U^∗(~x, y)q(y)ds_y + � Ω U^∗(~x, y)[u(y) − u(y)]dy, (3.4)

where q = ∂ ∂n p ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation (V q)(x) = (N_0u)(x) − (N_0u)(x) for x ∈ Γ. (3.5)

Remark 3.1 While the boundary integral equation (3.2) can be used to determine the unknown Neumann datum t ∈ H^{−1/2}(Γ) of the primal Dirichlet boundary value problem (2.2), the unknown Neumann datum q ∈ H^{−1/2}(Γ) of the adjoint Dirichlet boundary value problem (2.12) is given as the solution of the boundary integral equation (3.5). Then, by using τ = −q, the control z ∈ H^{1/2}(Γ) is determined by the variational inequality (2.10). However, since the solution u of the primal Dirichlet boundary value problem (2.2) enters the volume potential N_0u in the boundary integral equation (3.5), it seems to be necessary to include the representation formula (3.1). In this case we would have to solve a coupled system of boundary and domain integral equations, which still would require some domain mesh. Instead, we will now describe a system of only boundary integral equations to solve the adjoint boundary value problem (2.12).

To end up with a system of boundary integral equations only, instead of (3.4), we will introduce a modified representation formula for the adjoint state p as follows. First we note that

V^∗(x, y) = � � � − 1 8π |x − y|^2 � log |x − y| − 1 � for n = 2, 1 8π |x − y| for n = 3

(3.6)

is a solution of the Poisson equation Δ_yV^∗(x, y) = U^∗(x, y) for x ≠ y, (3.7) i.e., V^∗(x, y) is the fundamental solution of the Bi–Laplacian. Hence we can rewrite the volume integral for u in (3.4), by using Green’s second formula, as follows: � Ω U^∗(~x, y)u(y)dy = � Ω [Δ_yV^∗(~x, y)]u(y)dy = � Γ ∂ ∂n_y

V^∗(~x, y)u(y)ds_y − � Γ V^∗(~x, y) ∂ ∂n_y u(y)ds_y + � Ω V^∗(~x, y)[Δu(y)]dy = � Γ ∂ ∂n_y

V^∗(~x, y)z(y)ds_y − � Γ V^∗(~x, y)t(y)ds_y − � Ω V^∗(~x, y)f(y)dy .

Therefore, we now obtain from (3.4) the modified representation formula for ~x ∈ Ω,

p(~x) = � Γ U^∗(~x, y)q(y)ds_y + � Γ ∂ ∂n_y

V^∗(~x, y)z(y)ds_y − � Γ V^∗(~x, y)t(y)ds_y − � Ω U^∗(~x, y)u(y)dy − � Ω V^∗(~x, y)f(y)dy, (3.8)

where the volume potentials involve given data only.

The representation formula (3.8) results, when taking the limit Ω ∋ ~x → x ∈ Γ, in the boundary integral equation for x ∈ Γ,

0 = p(x) = � Γ U^∗(x, y)q(y)ds_y + � Γ ∂ ∂n_y

V^∗(x, y)z(y)ds_y − � Γ V^∗(x, y)t(y)ds_y − � Ω U^∗(x, y)u(y)dy − � Ω V^∗(x, y)f(y)dy, which can be written as

(V q)(x) = (V_1t)(x) − (K_1z)(x) + (N_0u)(x) + (M_0f)(x) for x ∈ Γ. (3.9) Note that (V_1t)(x) = � Γ V^∗(x, y)t(y)ds_y for x ∈ Γ is the Bi–Laplace single layer integral operator V_1 : H^{−3/2}(Γ) → H^{3/2}(Γ), see, for example, [17, Theorem 5.7.3]. Moreover, (K_1z)(x) = � Γ ∂ ∂n_y

V^∗(x, y)z(y)ds_y for x ∈ Γ is the Bi–Laplace double layer potential K_1 : H^{−1/2}(Γ) → H^{3/2}(Γ). In addition, we have introduced a second Newton potential, which is related to the fundamental solution of the Bi–Laplace operator, (M_0f)(x) = � Ω V^∗(x, y)f(y)dy for x ∈ Γ.

With (3.3), we conclude from (3.9) the boundary integral equation V q = V_1V^{−1}( 1 2 I + K)z − K_1z + N_0u + M_0f − V_1V^{−1}N_0f, and therefore

q = V^{−1}V_1V^{−1}( 1 2 I + K)z − V^{−1}K_1z + V^{−1}N_0u + V^{−1}M_0f − V^{−1}V_1V^{−1}N_0f . (3.10) By replacing τ = −q in (2.10) we therefore obtain a boundary integral representation of the operator T_ϱ as defined in (2.7), T_ϱ := ϱD + V^{−1}K_1 − V^{−1}V_1V^{−1}( 1 2 I + K), (3.11) and a related representation for g as defined in (2.8), g := V^{−1}N_0u + V^{−1}M_0f − V^{−1}V_1V^{−1}N_0f. (3.12) To investigate the unique solvability of the variational inequality (2.9) based on the boundary integral representations (3.11) and (3.12), we first will recall some mapping properties of boundary integral operators which are related to the Bi–Laplace partial differential equation, see also [17, 18].

4 Bi–Laplace boundary integral equations and properties of T_ϱ

In this section, we consider a representation formula and related boundary integral equations for the Bi–Laplace equation Δ^2u(x) = 0 for x ∈ Ω, (4.1) which can be written as a system, Δu_Δ(x) = 0, Δu(x) = u_Δ(x) for x ∈ Ω. (4.2) As for the Laplace equation we can first write the boundary integral equations

u_Δ(x) = (V t_Δ)(x) + 1 2 u_Δ(x) − (Ku_Δ)(x) for x ∈ Γ (4.3) and t_Δ(x) = 1 2 t_Δ(x) + (K^′t_Δ)(x) + (Du_Δ)(x) for x ∈ Γ, (4.4) where (K^′t_Δ)(x) = � Γ ∂ ∂n_x

U^∗(x, y)t_Δ(y)ds_y for x ∈ Γ

is the adjoint Laplace double layer integral operator K^′ : H^{−1/2}(Γ) → H^{−1/2}(Γ). Note that

u_Δ = Δu and t_Δ = ∂ ∂n u_Δ = n · ∇u_Δ = n · ∇Δu

are the associated Cauchy data on Γ.

To obtain a representation formula for the solution u of the Bi–Laplace equation (4.1), we first consider the related Green’s first formula � Ω Δu(y)Δv(y)dy = � Γ ∂ ∂n_y u(y)Δv(y)ds_y − � Γ ∂ ∂n_y

Δv(y)u(y)ds_y + � Ω [Δ^2v(y)]u(y)dy, (4.5) and in the sequel Green’s second formula, � Γ ∂ ∂n_y u(y)Δv(y)ds_y − � Γ ∂ ∂n_y

Δv(y)u(y)ds_y + � Ω [Δ^2v(y)]u(y)dy = � Γ ∂ ∂n_y v(y)Δu(y)ds_y − � Γ ∂ ∂n_y

Δu(y)v(y)ds_y + � Ω [Δ^2u(y)]v(y)dy .

When choosing v(y) = V^∗(~x, y) for ~x ∈ Ω, i.e., the fundamental solution (3.6) of the Bi– Laplace operator, the solution of the Bi–Laplace partial differential equation (4.1) is given by the representation formula for ~x ∈ Ω by

u(~x) = � Γ ∂ ∂n_y u(y)Δ_yV^∗(~x, y)ds_y − � Γ ∂ ∂n_y

Δ_yV^∗(~x, y)u(y)ds_y − � Γ ∂ ∂n_y

V^∗(~x, y)Δu(y)ds_y + � Γ ∂ ∂n_y

Δu(y)V^∗(~x, y)ds_y .

By using (3.7), this can be written as

u(~x) = � Γ U^∗(~x, y)t(y)ds_y − � Γ ∂ ∂n_y

U^∗(~x, y)u(y)ds_y (4.6) − � Γ ∂ ∂n_y

V^∗(~x, y)u_Δ(y)ds_y + � Γ V^∗(~x, y)t_Δ(y)ds_y .

Hence we obtain the boundary integral equation

u(x) = (V t)(x) + 1 2 u(x) − (Ku)(x) − (K_1u_Δ)(x) + (V_1t_Δ)(x) for x ∈ Γ. (4.7)

Moreover, when taking the normal derivative of the representation formula (4.6), this gives another boundary integral equation for x ∈ Γ,

t(x) = 1 2 t(x) + (K^′t)(x) + (Du)(x) + (D_1u_Δ)(x) + (K^′_1t_Δ)(x), (4.8)

where (K^′_1t_Δ)(x) = � Γ ∂ ∂n_x

V^∗(x, y)t_Δ(y)ds_y for x ∈ Γ

is the adjoint Bi–Laplace double layer integral operator K^′_1 : H^{−3/2}(Γ) → H^{1/2}(Γ), and

(D_1u_Δ)(x) = − ∂ ∂n_x � Γ ∂ ∂n_y

V^∗(x, y)u_Δ(y)ds_y for x ∈ Γ

with D_1 : H^{−1/2}(Γ) → H^{1/2}(Γ).

The boundary integral equations (4.3), (4.4), (4.7), and (4.8) can now be written as a system, including the so–called Calderon projection C, � � � � � u t u_Δ t_Δ

� � � � � = � � � � �

1 2 I − K V −K_1 V_1

D^1_2 I + K^′ D_1 K^′_1 1 2 I − K V

D^1_2 I + K^′

� � � � �

� � � � � u t u_Δ t_Δ

� � � � � . (4.9)

Lemma 4.1 The Calderon projection C as defined in (4.9) is a projection, i.e., C^2 = C.

Proof. The proof follows as in the case of the Laplace equation [23, 27], for the Bi–Laplace equation see also [18].

From the projection property as stated in Lemma 4.1 we obtain some well–known relations of all boundary integral operators which were introduced for both the Laplace and the Bi– Laplace equation.

Lemma 4.2 For the boundary integral operators as introduced above there hold the relations KV = V K^′, DK = K^′D, V D = 1 4 I − K^2, DV = 1 4 I − K^{′2} (4.10) and K_1V − V K^′_1 = V_1K^′ − KV_1, (4.11) K^′_1D − DK_1 = D_1K − K^′D_1, (4.12) V D_1 + V_1D + KK_1 + K_1K = 0, (4.13) DV_1 + D_1V + K^′K^′_1 + K^′_1K^′ = 0. (4.14) Proof. The relations of (4.10) for the Laplace operator are well–known, see, e.g., [27], for the Bi–Laplace operator see also [18].

To prove the ellipticity of the boundary integral operator T_ϱ as defined in (3.11), we use the following result:

Lemma 4.3 For any t ∈ H^{−1/2}(Γ) there holds the equality

‖ ~V t‖^2_{L2(Ω)} = ⟨K_1V t, t⟩_Γ − ⟨V_1( 1 2 I + K^′)t, t⟩_Γ (4.15)

where ( ~V t)(x) = � Γ U^∗(x, y)t(y)ds_y for x ∈ Ω .

Proof. For x ∈ Ω and t ∈ H^{−1/2}(Γ) we define the Bi–Laplace single layer potential

u_t(x) = ( ~V_1t)(x) = � Γ V^∗(x, y)t(y)ds_y,

which is a solution of the Bi–Laplace differential equation (4.1). Then, the related Cauchy data are given by

u_t(x) = (V_1t)(x), ∂ ∂n_x u_t(x) = (K^′_1t)(x) for x ∈ Γ.

On the other hand, for x ∈ Ω

w_t(x) = Δ_xu_t(x) = Δ_x � Γ V^∗(x, y)t(y)ds_y = � Γ U^∗(x, y)t(y)ds_y = ( ~V t)(x)

is a solution of the Laplace equation. Hence, the related Cauchy data are given by

w_t(x) = (V t)(x), ∂ ∂n_x w_t(x) = 1 2 t(x) + (K^′t)(x) for x ∈ Γ.

Now, for u = v = u_t, Green’s first formula (4.5) reads � Ω [Δu_t(x)]^2dx = � Γ ∂ ∂n_x u_t(x)Δu_t(x)ds_x − � Γ ∂ ∂n_x

Δu_t(x)u_t(x)ds_x,

and therefore we conclude � Ω [w_t(x)]^2dx = � Γ ∂ ∂n_x u_t(x)w_t(x)ds_x − � Γ ∂ ∂n_x w_t(x)u_t(x)ds_x = � Γ (K^′_1t)(x)(V t)(x)ds_x − � Γ [ 1 2 t(x) + (K^′t)(x)](V_1t)(x)ds_x

= ⟨K^′_1t, V t⟩_Γ − ⟨ 1 2 t + K^′t, V_1t⟩_Γ

= ⟨t, K_1V t⟩_Γ − ⟨V_1( 1 2 I + K^′)t, t⟩_Γ.

The assertion now follows with w_t = ~V t.

Now we are able to state the mapping properties of the boundary integral operator T_ϱ as defined in (3.11), see also the properties of T_ϱ as introduced in (2.7).

Theorem 4.4 The composed boundary integral operator

T_ϱ := ϱD + V^{−1}K_1 − V^{−1}V_1V^{−1}( 1 2 I + K) : H^{1/2}(Γ) → H^{−1/2}(Γ)

is self–adjoint, bounded and H^{1/2}(Γ)–elliptic, i.e.,

⟨T_ϱz, z⟩_Γ ≥ c^{Tϱ}_1 ‖z‖^2_{H1/2(Γ)} for all z ∈ H^{1/2}(Γ).

Proof. The mapping properties of T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) follow from the boundedness of all used boundary integral operators [23, 26, 27]. In addition, we use the compact embedding of H^{3/2}(Γ) in H^{1/2}(Γ).

Next we will show the self–adjointness of T_ϱ. For z, w ∈ H^{1/2}(Γ) we have

⟨T_ϱz, w⟩_Γ = ⟨ϱDz, w⟩_Γ + ⟨V^{−1}K_1z, w⟩_Γ − 1 2 ⟨V^{−1}V_1V^{−1}z, w⟩_Γ − ⟨V^{−1}V_1V^{−1}Kz, w⟩_Γ

= ⟨z, ϱDw⟩_Γ + ⟨z, K^′_1V^{−1}w⟩_Γ − 1 2 ⟨z, V^{−1}V_1V^{−1}w⟩_Γ − ⟨z, K^′V^{−1}V_1V^{−1}w⟩_Γ

= ⟨z, ϱDw⟩_Γ − 1 2 ⟨z, V^{−1}V_1V^{−1}w⟩_Γ + ⟨z, [K^′_1V^{−1} − K^′V^{−1}V_1V^{−1}]w⟩_Γ.

Now, we conclude, by using the relations (4.10) and (4.11),

K^′_1V^{−1} − K^′V^{−1}V_1V^{−1} = K^′_1V^{−1} − V^{−1}KV_1V^{−1} = V^{−1}[V K^′_1 − KV_1]V^{−1} = V^{−1}[K_1V − V_1K^′]V^{−1} = V^{−1}K_1 − V^{−1}V_1K^′V^{−1} = V^{−1}K_1 − V^{−1}V_1V^{−1}K .

Hence we have

⟨T_ϱz, w⟩_Γ = ⟨z, ϱDw⟩_Γ − 1 2 ⟨z, V^{−1}V_1V^{−1}w⟩_Γ + ⟨z, [V^{−1}K_1 − V^{−1}V_1V^{−1}K]w⟩_Γ

= ⟨z, [ϱD + V^{−1}K_1 − V^{−1}V_1V^{−1}( 1 2 I + K)]w⟩_Γ = ⟨z, T_ϱw⟩_Γ,

i.e., T_ϱ is self–adjoint.

Moreover, for z ∈ H^{1/2}(Γ) we have, by using (4.10), t = V^{−1}z, and by Lemma 4.3,

⟨T_ϱz, z⟩_Γ = ϱ⟨Dz, z⟩_Γ + ⟨V^{−1}K_1z, z⟩_Γ − ⟨V^{−1}V_1V^{−1}( 1 2 I + K)z, z⟩_Γ

= ϱ⟨Dz, z⟩_Γ + ⟨K_1V V^{−1}z, V^{−1}z⟩_Γ − ⟨V_1( 1 2 I + K^′)V^{−1}z, V^{−1}z⟩_Γ

= ϱ⟨Dz, z⟩_Γ + ⟨K_1V t, t⟩_Γ − ⟨V_1( 1 2 I + K^′)t, t⟩_Γ

= ϱ⟨Dz, z⟩_Γ + ‖ ~V t‖^2_{L2(Ω)} .

Since the last expression defines an equivalent norm in H^{1/2}(Γ), the H^{1/2}(Γ)–ellipticity of T_ϱ follows.

5 A non–symmetric boundary element method Let S^1_H (Γ) = span{φ_i}^M_{i=1} ⊂ H^{1/2}(Γ) (5.1) be a boundary element space of, e.g., piecewise linear and continuous basis functions φ_i, which are defined with respect to a globally quasi–uniform and shape regular boundary mesh Γ_H of mesh size H. Define the discrete convex set

U_H := � w_H ∈ S^1_H (Γ) : g_a(x_i) ≤ w_H (x_i) ≤ g_b(x_i) for all nodes x_i ∈ Γ � . Then the Galerkin discretisation of the variational inequality (2.9) is to find z_H ∈ U_H such that ⟨T_ϱz_H , w_H − z_H ⟩_Γ ≥ ⟨g, w_H − z_H ⟩_Γ for all w_H ∈ U_H . (5.2)

Theorem 5.1 Let z ∈ U and z_H ∈ U_H be the unique solutions of the variational inequalities (2.9) and (5.2), respectively. If we assume z, g_a, g_b ∈ H^s(Γ) for some s ∈ [^1_2 , 2], then there hold the error estimates

‖z − z_H ‖_H1/2_{(Γ)} ≤ c H^{s− 12} ‖z‖_Hs_{(Γ)} (5.3) and ‖z − z_H ‖_{L2(Γ)} ≤ c H^s ‖z‖_Hs_{(Γ)} . (5.4)

Proof. The error estimate (5.3) in the energy norm follows from the general abstract theory as presented, e.g., in [4, 8], see also [10]. The error estimate (5.4) follows from the Aubin–Nitsche trick for variational inequalities, see [24] for the case U_H ⊂ U, and [28] for the more general case U_H ⊄ U.

Although the error estimates (5.3) and (5.4) seem to be optimal, the operator T_ϱ as considered in the variational inequality (5.2) does not allow a practical implementation, since this would require the discretisation of the operator T_ϱ as defined in (3.11), which is not possible in general. Hence, instead of (5.2) we need to consider a perturbed variational inequality to find ~z_H ∈ U_H such that

⟨ ~T_ϱ~z_H , w_H − ~z_H ⟩_Γ ≥ ⟨~g, w_H − ~z_H ⟩_Γ for all w_H ∈ U_H , (5.5)

where ~T_ϱ and ~g are appropriate approximations of T_ϱ and g, respectively. The following theorem, see, e.g., [25], presents an abstract consistency result, which will later be used to analyse the boundary element approximation of both the primal and adjoint boundary value problems.

Theorem 5.2 Let ~T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) be a bounded and S^1_H (Γ)–elliptic approximation of T_ϱ satisfying

⟨ ~T_ϱz_H , z_H ⟩_Γ ≥ c^{eTϱ}_1 ‖z_H ‖^2_{H1/2(Γ)} for all z_H ∈ S^1_H (Γ) and ‖ ~T_ϱz‖_H−1/2_{(Γ)} ≤ c^{eTϱ}_2 ‖z‖_H1/2_{(Γ)} for all z ∈ H^{1/2}(Γ).

Let ~g ∈ H^{−1/2}(Γ) be some approximation of g. For the unique solution ~z_H ∈ U_H of the perturbed variational inequality (5.5) there holds the error estimate

‖z − ~z_H ‖_H1/2_{(Γ)} ≤ c_1 ‖z − z_H ‖_H1/2_{(Γ)} + c_2 � ‖(T_ϱ − ~T_ϱ)z‖_H−1/2_{(Γ)} + ‖g − ~g‖_H−1/2_{(Γ)} � , (5.6)

where z_H ∈ U_H is the unique solution of the discrete variational inequality (5.2).

5.1 Boundary element approximation of T_ϱ

For an arbitrary but fixed z ∈ H^{1/2}(Γ), the application of T_ϱz reads

T_ϱz = ϱDz + V^{−1}K_1z − V^{−1}V_1V^{−1}( 1 2 I + K)z = ϱDz − q_z,

where q_z ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation

(V q_z)(x) = (V_1t_z)(x) − (K_1z)(x) for x ∈ Γ,

and t_z ∈ H^{−1/2}(Γ) solves

(V t_z)(x) = ( 1 2 I + K)z(x) for x ∈ Γ.

For a Galerkin approximation of the above boundary integral equations, let S^0_h(Γ) = span{ψ_k}^N_{k=1} ⊂ H^{−1/2}(Γ) be another boundary element space of, e.g., piecewise constant basis functions ψ_k, which are defined with respect to a second globally quasi–uniform and shape regular boundary element mesh of mesh size h. Now, ~q_{z,h} ∈ S^0_h(Γ) is the unique solution of the Galerkin formulation ⟨V ~q_{z,h}, τ_h⟩_Γ = ⟨V_1t_{z,h} − K_1z, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ), and t_{z,h} ∈ S^0_h(Γ) solves

⟨V t_{z,h}, τ_h⟩_Γ = ⟨( 1 2 I + K)z, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ).

Hence we can define an approximation ~T_ϱ of the operator T_ϱ by ~T_ϱz := ϱDz − ~q_{z,h} . (5.7)

Lemma 5.3 The approximate operator ~T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) as defined in (5.7) is bounded, i.e., ‖ ~T_ϱz‖_H−1/2_{(Γ)} ≤ c^{eTϱ}_2 ‖z‖_H1/2_{(Γ)} for all z ∈ H^{1/2}(Γ).

Proof. The assertion is a direct consequence of the mapping properties of all boundary integral operators involved, we skip the details.

Lemma 5.4 Let T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) be given by (3.11), and let ~T_ϱ be defined as in (5.7). Then there holds the error estimate

‖T_ϱz − ~T_ϱz‖_H−1/2_{(Γ)} ≤ c_1 inf_{τh∈S0h(Γ)} ‖q_z − τ_h‖_H−1/2_{(Γ)} + c_2 ‖t_z − t_{z,h}‖_H−3/2_{(Γ)}. (5.8)

Proof. For an arbitrary chosen but fixed z ∈ H^{1/2}(Γ) we have, by definition,

T_ϱz = ϱDz − q_z, q_z = V^{−1}[V_1t_z − K_1z], t_z = V^{−1}( 1 2 I + K)z.

By using (5.7), we also have ~T_ϱz = ϱDz − ~q_{z,h}, and therefore, T_ϱz − ~T_ϱz = ~q_{z,h} − q_z .

Let us further define q_{z,h} ∈ S^0_h(Γ) as the unique solution of the variational problem ⟨V q_{z,h}, τ_h⟩_Γ = ⟨V_1t_z − K_1z, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ). (5.9)

Then, the perturbed Galerkin orthogonality ⟨V (q_{z,h} − ~q_{z,h}), τ_h⟩_Γ = ⟨V_1(t_z − t_{z,h}), τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ) follows. From this we further conclude ‖q_{z,h} − ~q_{z,h}‖_H−1/2_{(Γ)} ≤ c ‖t_z − t_{z,h}‖_H−3/2_{(Γ)}.

The assertion now follows from the triangle inequality, and by applying Cea’s lemma. By using the approximation property of the trial space S^0_h(Γ) and the Aubin–Nitsche trick, we conclude an error estimate from (5.8) when assuming some regularity of q_z and t_z, respectively.

Corollary 5.5 Assume q_z, t_z ∈ H^spw(Γ) for some s ∈ [0, 1]. Then there holds the error estimate ‖T_ϱz − ~T_ϱz‖_H−1/2_{(Γ)} ≤ c_1 h^{s+ 12} ‖q_z‖_Hs_{pw(Γ)} + c_2 h^{s+ 32} ‖t_z‖_Hs_{pw(Γ)}. (5.10)

5.2 Boundary element approximation of g

As in (5.7), we may also define a boundary element approximation of the right hand side g as defined in (3.12), g = V^{−1}N_0u + V^{−1}M_0f − V^{−1}V_1V^{−1}N_0f.

In particular, g ∈ H^{−1/2}(Γ) is the unique solution of the variational problem ⟨V g, τ⟩_Γ = ⟨N_0u + M_0f, τ⟩_Γ − ⟨V_1t_f , τ⟩_Γ for all τ ∈ H^{−1/2}(Γ), where t_f = V^{−1}N_0f ∈ H^{−1/2}(Γ) solves the variational problem ⟨V t_f , τ⟩_Γ = ⟨N_0f, τ⟩_Γ for all τ ∈ H^{−1/2}(Γ).

Hence we can define a boundary element approximation ~g_h ∈ S^0_h(Γ) as the unique solution of the Galerkin variational problem ⟨V ~g_h, τ_h⟩_Γ = ⟨N_0u + M_0f, τ_h⟩_Γ − ⟨V_1t_{f,h}, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ), (5.11) where t_{f,h} ∈ S^0_h(Γ) is the unique solution of the Galerkin problem ⟨V t_{f,h}, τ_h⟩_Γ = ⟨N_0f, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ). (5.12) Lemma 5.6 Let g be the right hand side as defined in (3.12), and let ~g_h be the boundary element approximation as defined in (5.11). Then there holds the error estimate ‖g − ~g_h‖_H−1/2_{(Γ)} ≤ c_1 inf_{τh∈S0h(Γ)} ‖g − τ_h‖_H−1/2_{(Γ)} + c_2 ‖t_f − t_{f,h}‖_H−3/2_{(Γ)}. (5.13)

Proof. The assertion follows as in the proof of Lemma 5.4, we skip the details. By using the approximation property of the trial space S^0_h(Γ) and the Aubin–Nitsche trick, we conclude an error estimate from (5.13) when assuming some regularity of g and t_f , respectively.

Corollary 5.7 Assume g, t_f ∈ H^spw(Γ) for some s ∈ [0, 1]. Then there holds the error estimate ‖g − ~g_h‖_H−1/2_{(Γ)} ≤ c_1 h^{s+ 12} ‖g‖_Hs_{pw(Γ)} + c_2 h^{s+ 32} ‖t_f ‖_Hs_{pw(Γ)}. (5.14)

5.3 Approximate variational inequality

We consider the variational inequality (2.10) with τ = −q to find z ∈ U such that ⟨ϱDz − q, w − z⟩_Γ ≥ 0 for all w ∈ U, (5.15) where q ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation (V q)(x) = (V_1t)(x) − (K_1z)(x) + (N_0u)(x) + (M_0f)(x) for x ∈ Γ, (5.16) and t ∈ H^{−1/2}(Γ) is the unique solution of (V t)(x) = ( 1 2 I + K)z(x) − (N_0f)(x) for x ∈ Γ. (5.17) The Galerkin boundary element approximation of the variational inequality (5.15), and therefore the boundary element discretisation of the perturbed variational inequality (5.5), is to find ~z_H ∈ U_H such that ⟨ϱD~z_H − q_h, w_H − ~z_H ⟩_Γ ≥ 0 for all w_H ∈ U_H , (5.18) where q_h ∈ S^0_h(Γ) is the unique solution of the Galerkin formulation

⟨V q_h, τ_h⟩_Γ = ⟨V_1t_h − K_1~z_H + N_0u + M_0f, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ), (5.19) and t_h ∈ S^0_h(Γ) solves ⟨V t_h, τ_h⟩_Γ = ⟨( 1 2 I + K)~z_H − N_0f, τ_h⟩_Γ for all τ_h ∈ S^0_h(Γ). (5.20) The Galerkin formulation (5.19) is equivalent to the linear system V_hq = V_{1,h}t − K_{1,h}~z + f_1, (5.21) and (5.20) is equivalent to V_ht = ( 1 2 M_h + K_h)~z − f_2, (5.22) where V_h[ℓ, k] = ⟨V ψ_k, ψ_ℓ⟩_Γ, K_h[ℓ, i] = ⟨Kφ_i, ψ_ℓ⟩_Γ, V_{1,h}[ℓ, k] = ⟨V_1ψ_k, ψ_ℓ⟩_Γ, K_{1,h}[ℓ, i] = ⟨K_1φ_i, ψ_ℓ⟩_Γ, M_h[ℓ, i] = ⟨φ_i, ψ_ℓ⟩_Γ, and f_{1,ℓ} = ⟨N_0u + M_0f, ψ_ℓ⟩_Γ, f_{2,ℓ} = ⟨N_0f, ψ_ℓ⟩_Γ for k, ℓ = 1, . . . , N and i = 1, . . . , M. Recall that we use piecewise linear basis functions φ_i, and piecewise constant basis functions ψ_k. Moreover, let D_H be the Galerkin matrix of the hypersingular boundary integral operator D, i.e.

D_H [j, i] = ⟨Dφ_i, φ_j⟩_Γ for i, j = 1, . . . , M.

The matrix representation of the variational inequality (5.18) is then given by the discrete variational inequality

(ϱD_H ~z − M^⊤_h q, w − ~z) ≥ 0 for all w ∈ R^M ↔ w_H ∈ U_H , or ( ~T_{ϱ,H} ~z − ~g, w − ~z) ≥ 0 for all w ∈ R^M ↔ w_H ∈ U_H , (5.23) where ~T_{ϱ,H} = ϱD_H + M^⊤_h V^{−1}_h K_{1,h} − M^⊤_h V^{−1}_h V_{1,h}V^{−1}_h (1 2 M_h + K_h) (5.24) defines a non–symmetric Galerkin boundary element approximation of the self–adjoint boundary integral operator T_ϱ as defined in (3.11). Moreover,

~g = M^⊤_h V^{−1}_h � f_1 − V_{1,h}V^{−1}_h f_2 �

is the boundary element approximation of g as defined in (3.12).

Theorem 5.8 The approximate Schur complement ~T_{ϱ,H} as defined in (5.24) is positive definite, i.e.,

( ~T_{ϱ,H} z, z) ≥ 1 2 c^{Tϱ}_1 ‖z_H ‖^2_{H1/2(Γ)} for all z ∈ R^M ↔ z_H ∈ S^1_H (Γ),

if h ≤ c_0H is sufficiently small.

Proof. For an arbitrary chosen but fixed z ∈ R^M let z_H ∈ S^1_H (Γ) be the associated boundary element function. Then we have

( ~T_{ϱ,H} z, z) = ⟨ ~T_ϱz_H , z_H ⟩_Γ = ⟨T_ϱz_H , z_H ⟩_Γ − ⟨(T_ϱ − ~T_ϱ)z_H , z_H ⟩_Γ ≥ c^{Tϱ}_1 ‖z_H ‖^2_{H1/2(Γ)} − ‖(T_ϱ − ~T_ϱ)z_H ‖_H−1/2_{(Γ)}‖z_H ‖_H1/2_{(Γ)}.

Since z_H ∈ S^1_H (Γ) is a continuous function, we have z_H ∈ H^1(Γ). Hence we find

t_{zH} = V^{−1}( 1 2 I + K)z_H ∈ L_2(Γ), q_{zH} = V^{−1}[V_1t_{zH} − K_1z_H ] ∈ L_2(Γ).

Therefore we can apply the error estimate (5.10) for s = 0 to obtain

‖T_ϱz_H − ~T_ϱz_H ‖_H−1/2_{(Γ)} ≤ c_1 h^{1/2} ‖q_{zH} ‖_{L2(Γ)} + c_2 h^{3/2} ‖t_{zH} ‖_{L2(Γ)} ≤ c_3 h^{1/2} ‖z_H ‖_H1_{(Γ)}. Now, by applying the inverse inequality for S^1_H (Γ), ‖z_H ‖_H1_{(Γ)} ≤ c_I H^{−1/2} ‖z_H ‖_H1/2_{(Γ)}, we obtain ‖T_ϱz_H − ~T_ϱz_H ‖_H−1/2_{(Γ)} ≤ c_3c_I � h H �_{1/2} ‖z_H ‖_H1/2_{(Γ)}.

Hence we finally obtain

( ~T_{ϱ,H} z, z) ≥ � c^{Tϱ}_1 − c_3c_I � h H �_{1/2}� ‖z_H ‖^2_{H1/2(Γ)} ≥ 1 2 c^{Tϱ}_1 ‖z_H ‖^2_{H1/2(Γ)}, if c_3c_I � h H �_{1/2} ≤ 1 2 c^{Tϱ}_1 is satisfied.

Now we are in a position to apply Theorem 5.2 to ensure unique solvability of the perturbed Galerkin variational inequality (5.5), and to derive related error estimates. Corollary 5.9 When combining the error estimate (5.6) with the approximation property of the ansatz space S^1_H (Γ), and with the error estimates (5.10) and (5.14), we finally obtain the error estimate

‖z − ~z_H ‖_H1/2_{(Γ)} ≤ c_1 H^{s+1/2} |z|_H1+s_{(Γ)} + c_2 h^{s+1/2} ‖q_z‖_Hs_{pw(Γ)} + c_3 h^{s+3/2} ‖t_z‖_Hs_{pw(Γ)} +c_4 h^{s+1/2} ‖g‖_Hs_{pw(Γ)} + c_5 h^{s+3/2} ‖t_f ‖_Hs_{pw(Γ)} when assuming z ∈ H^{1+s}(Γ), and q_z, t_z, g, t_f ∈ H^spw(Γ) for some s ∈ [0, 1]. For h ≤ c_0H we therefore obtain the error estimate ‖z − ~z_H ‖_H1/2_{(Γ)} ≤ c(z, u, f) H^{s+ 12} . (5.25) Moreover, we are also able to derive an error estimate in L_2(Γ), i.e., ‖z − ~z_H ‖_{L2(Γ)} ≤ c(z, u, f) H^{s+1} , (5.26) when applying the Aubin–Nitsche trick.

In the particular case of a non–constrained minimisation problem, instead of the discrete variational inequality (5.23) we have to solve the linear system

~T_{ϱ,H} ~z = ~g,

which is equivalent to the system � � � −V_{1,h} V_h K_{1,h} V_h −(^1_2 M_h + K_h) −M^⊤_h ϱD_H

� � � � � � t q ~z

� � � = � � � f_1 −f_2 0

� � � . (5.27)

Remark 5.1 The error estimates (5.25) and (5.26) provide optimal convergence rates when approximating the control z by using piecewise linear basis functions. However, we have to assume h ≤ c_0H to ensure the unique solvability of the perturbed Galerkin variational inequality (5.5), where the constant c_0 is in general unknown. Moreover, the matrix ~T_{ϱ,H} as given in (5.24) defines a non–symmetric approximation of the self–adjoint operator T_ϱ. Hence we are interested in deriving a symmetric boundary element method which is stable without any additional constraints in the choice of the boundary element trial spaces.

6 A symmetric boundary element method

The boundary integral formulation of the primal boundary value problem (2.2) is given by (3.2), while the adjoint boundary value problem (2.12) corresponds to the modified boundary integral equation (3.9). In what follows, we will use a second boundary integral equation of the adjoint boundary value problem to obtain an alternative representation for q and therefore of the adjoint operator S^∗. In particular, when computing the normal derivative of the representation formula, (3.8), this gives

q(x) = ( 1 2 I + K^′)q(x) − (D_1z)(x) − (K^′_1t)(x) − (N_1u)(x) − (M_1f)(x) for x ∈ Γ, (6.1)

where (N_1u)(x) = lim_{Ω∋ex→x∈Γ} n_x · ∇_{ex} � Ω U^∗(~x, y)u(y)dy for x ∈ Γ and (M_1f)(x) = lim_{Ω∋ex→x∈Γ} n_x · ∇_{ex} � Ω V^∗(~x, y)f(y)dy for x ∈ Γ.

Hence, from (2.11) we obtain

τ = S^∗(u − u) = −q = −( 1 2 I + K^′)q + D_1z + K^′_1t + N_1u + M_1f, and, by using (3.3) and (3.10), we conclude the alternative representations

T_ϱ = ϱD + D_1 − ( 1 2 I + K^′)V^{−1}V_1V^{−1}( 1 2 I + K) + K^′_1V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1 (6.2) and g = K^′_1V^{−1}N_0f − N_1u − M_1f + ( 1 2 I + K^′)V^{−1} � N_0u + M_0f − V_1V^{−1}N_0f � . (6.3)

Theorem 6.1 The boundary integral operator T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) as defined in (6.2) is self–adjoint, bounded, and H^{1/2}(Γ)–elliptic.

Proof. While the self–adjointness of T_ϱ in the symmetric representation (6.2) is obvious, the boundedness and ellipticity estimates follow as in the proof of Theorem 4.4. In particular, the operators T_ϱ in the symmetric representation (6.2) and in the non–symmetric representation (3.11) coincide. Indeed, by using (4.10) and (4.11) we obtain

T_ϱ = ϱD + D_1 − ( 1 2 I + K^′)V^{−1}V_1V^{−1}( 1 2 I + K) + K^′_1V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1

= ϱD + D_1 + � K^′_1 − ( 1 2 I + K^′)V^{−1}V_1 � V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1

= ϱD + D_1 + V^{−1} � V K^′_1 − KV_1 − 1 2 V_1 � V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1

= ϱD + D_1 + V^{−1} � K_1V − V_1K^′ − 1 2 V_1 � V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1

= ϱD + D_1 + V^{−1}K_1( 1 2 I + K) − V^{−1}V_1( 1 2 I + K^′)V^{−1}( 1 2 I + K) + ( 1 2 I + K^′)V^{−1}K_1.

Due to the representation of the Laplace Steklov–Poincaré operator, see, e.g., [27],

S = V^{−1}( 1 2 I + K) = D + ( 1 2 I + K^′)V^{−1}( 1 2 I + K),

we further conclude ( 1 2 I + K^′)V^{−1}( 1 2 I + K) = V^{−1}( 1 2 I + K) − D.

Therefore, by using (4.10) and (4.13) we have

T_ϱ = ϱD + D_1 + V^{−1}K_1( 1 2 I + K) − V^{−1}V_1 � V^{−1}( 1 2 I + K) − D � + V^{−1}( 1 2 I + K)K_1

= ϱD + V^{−1} � V D_1 + V_1D + K_1( 1 2 I + K) − V_1V^{−1}( 1 2 I + K) + ( 1 2 I + K)K_1 �

= ϱD + V^{−1} � −KK_1 − K_1K + K_1( 1 2 I + K) − V_1V^{−1}( 1 2 I + K) + ( 1 2 I + K)K_1 �

= ϱD + V^{−1} � K_1 − V_1V^{−1}( 1 2 I + K) � , and we finally obtain the non–symmetric representation (3.11). Therefore, the ellipticity of T_ϱ follows as in Theorem 4.4.

6.1 Symmetric boundary element approximation of T_ϱ

For an arbitrary but fixed given z ∈ H^{1/2}(Γ), the application of T_ϱz reads, by using the symmetric representation (6.2),

T_ϱz = ϱDz + D_1z + K^′_1t_z − ( 1 2 I + K^′)q_z,

where q_z ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation (V q_z)(x) = (V_1t_z)(x) − (K_1z)(x) for x ∈ Γ, and t_z ∈ H^{−1/2}(Γ) solves

(V t_z)(x) = ( 1 2 I + K)z(x) for x ∈ Γ.

As for the non–symmetric representation of T_ϱ we can define approximate Galerkin solutions t_{z,h}, ~q_{z,h} ∈ S^0_h(Γ), and therefore we can introduce the approximation

^T_ϱz := ϱDz + D_1z + K^′_1t_{z,h} − (1 2 I + K^′)~q_{z,h}. (6.4)

Lemma 6.2 The approximate operator ^T_ϱ : H^{1/2}(Γ) → H^{−1/2}(Γ) as defined in (6.4) is bounded, i.e., ‖ ^T_ϱz‖_H−1/2_{(Γ)} ≤ c^{bTϱ}_2 ‖z‖_H1/2_{(Γ)} for all z ∈ H^{1/2}(Γ).

Moreover, there holds the error estimate

‖T_ϱz − ^T_ϱz‖_H−1/2_{(Γ)} ≤ c_1 inf_{τh∈S0h(Γ)} ‖q_z − τ_h‖_H−1/2_{(Γ)} + c_2 ‖t_z − t_{z,h}‖_H−3/2_{(Γ)}. (6.5)

Proof. The proof follows as for the boundary element approximation of the non– symmetric formulation, see Lemma 5.3 and Lemma 5.4.

By using the approximation property of the trial space S^0_h(Γ) and the Aubin–Nitsche trick, we then conclude an error estimate from (6.5) when assuming some regularity of q_z and t_z, respectively.

Corollary 6.3 Assume q_z, t_z ∈ H^spw(Γ) for some s ∈ [0, 1]. Then there holds the error estimate ‖T_ϱz − ^T_ϱz‖_H−1/2_{(Γ)} ≤ c_1 h^{s+ 12} ‖q_z‖_Hs_{pw(Γ)} + c_2 h^{s+ 32} ‖t_z‖_Hs_{pw(Γ)}. (6.6)

6.2 Boundary element approximation of g

As in the approximation (6.4), we can define a boundary element approximation of g as defined in (6.3), g = K^′_1t_f − N_1u − M_1f + ( 1 2 I + K^′)q_f , where q_f ∈ H^{−1/2}(Γ) is the unique solution of the boundary integral equation (V q_f )(x) = (N_0u)(x) + (M_0f)(x) − (V_1t_f )(x) for x ∈ Γ, and t_f ∈ H^{−1/2}(Γ) solves (V t_f )(x) = (N_0f)(x) for x ∈ Γ.

Hence we can define approximate Galerkin solutions ^q_{f,h}, t_{f,h} ∈ S^0_h(Γ), and therefore, we can introduce the approximation ^g := K^′_1t_{f,h} − N_1u − M_1f + ( 1 2 I + K^′)^q_{f,h}. (6.7) As in (5.14) we conclude the error estimate ‖g − ^g‖_H−1/2_{(Γ)} ≤ c_1 h^{s+ 12} ‖q_f ‖_Hs_{pw(Γ)} + c_2 h^{s+ 32} ‖t_f ‖_Hs_{pw(Γ)} (6.8) when assuming q_f , t_f ∈ H^spw(Γ) for some s ∈ [0, 1].

6.3 Approximate variational inequality

The use of the symmetric approximations (6.4) and (6.7) results in the approximate variational inequality ( ^T_{ϱ,H} ^z − ^g, w − ^z) ≥ 0 for all w ∈ R^M ↔ w_H ∈ U_H , (6.9) where

^T_{ϱ,H} = ϱD_H + D_{1,H} − (1 2 M^⊤_h + K^⊤_h )V^{−1}_h V_{1,h}V^{−1}_h ( 1 2 M_h + K_h) (6.10) +K^⊤_{1,h}V^{−1}_h ( 1 2 M_h + K_h) + ( 1 2 M^⊤_h + K^⊤_h )V^{−1}_h K_{1,h} defines a symmetric Galerkin boundary element approximation of the self–adjoint operator T_ϱ, and ^g = K^⊤_{1,h}V^{−1}_h f_2 − f_3 + ( 1 2 M^⊤_h + K^⊤_h )V^{−1}_h � f_1 − V_{1,h}V^{−1}_h f_2 � is the related boundary element approximation of g as defined in (6.3). Note, that in addition to those entries of the non–symmetric approximation, we use

D_{1,H} [j, i] = ⟨D_1φ_i, φ_j⟩_Γ, f_{3,j} = ⟨N_1u + M_1f, φ_j⟩_Γ for i, j = 1, . . . , M.

Lemma 6.4 The symmetric matrix

^T_H := ^T_{ϱ,H} − ϱD_H − D_{1,H} = K^⊤_{1,h}V^{−1}_h (1 2 M_h + K_h) + ( 1 2 M^⊤_h + K^⊤_h )V^{−1}_h K_{1,h} −( 1 2 M^⊤_h + K^⊤_h )V^{−1}_h V_{1,h}V^{−1}_h ( 1 2 M_h + K_h)

is positive semi–definite, i.e., ( ^T_H z, z) ≥ 0 for all z ∈ R^M .

Proof. We consider the generalized eigenvalue problem

^T_H z = μ � ~S_H + (1 2 M^⊤_h + K^⊤_h )V^{−1}_h ( 1 2 M_h + K_h) � z, (6.11)

where the stabilised discrete Steklov–Poincaré operator

~S_H = D_H + a a^⊤ + (1 2 M^⊤_h + K^⊤_h )V^{−1}_h ( 1 2 M_h + K_h)

is symmetric and positive definite. Note that the vector a is given by

a_i = � Γ φ_i(x)ds_x for i = 1, . . . , M.

Since the eigenvalue problem (6.11) can be written as � (^1_2 M^⊤_h + K^⊤_h )V^{−1}_h I � � −V_{1,h} K_{1,h} K^⊤_{1,h} � � V^{−1}_h (^1_2 M_h + K_h) I � z = μ � (^1_2 M^⊤_h + K^⊤_h )V^{−1}_h I � � V_h

~S_H � � V^{−1}_h (^1_2 M_h + K_h) I � z, it is sufficient to consider the generalised eigenvalue problem � −V_{1,h} K_{1,h} K^⊤_{1,h} � � w z � = μ � V_hw ~S_H z � , (6.12)

where w = V^{−1}_h ( 1 2 M_h + K_h)z .

From (6.12) we conclude (K_{1,h}z, w) − (V_{1,h}w, w) = μ(V_hw, w), (K^⊤_{1,h}w, z) = μ( ~S_H z, z), and by taking the difference we obtain (V_{1,h}w, w) = μ[( ~S_H z, z) − (V_hw, w)] = μ((D_H + a a^⊤)z, z).

Hence, μ ≥ 0 follows, which implies the assertion.

As a corollary of Lemma 6.4, we find the positive definiteness of the symmetric Schur complement matrix ^T_{ϱ,H} as defined in (6.10).

Corollary 6.5 The approximate Schur complement ^T_{ϱ,H} as defined in (6.10) is positive definite, i.e.,

( ^T_{ϱ,H} z, z) ≥ ϱ(D_H z, z) + (D_{1,H} z, z) = ⟨(ϱD + D_1)z_H , z_H ⟩_Γ ≥ c ‖z_H ‖^2_{H1/2(Γ)}

for all z ∈ R^M ↔ z_H ∈ S^1_H (Γ), since ϱD + D_1 implies an equivalent norm in H^{1/2}(Γ).

Hence we can apply Theorem 5.2 to ensure unique solvability of the perturbed variational inequality to find ^z ∈ R^M ↔ ^z_H ∈ U_H such that

( ^T_{ϱ,H} ^z − ^g, w − ^z) ≥ 0 for all w ∈ R^M ↔ w_H ∈ U_H . (6.13)

Corollary 6.6 When combining the general error estimate (5.6) with the approximation property of the ansatz space S^1_H (Γ), and with the error estimates (6.6) and (6.8), we finally obtain the error estimate

‖z − ^z_H ‖_H1/2_{(Γ)} ≤ c_1 H^{s+1/2} |z|_H1+s_{(Γ)} + c_2 h^{s+1/2} ‖q_z‖_Hs_{pw(Γ)} + c_3 h^{s+3/2} ‖t_z‖_Hs_{pw(Γ)} +c_4 h^{s+1/2} ‖g‖_Hs_{pw(Γ)} + c_5 h^{s+3/2} ‖t_f ‖_Hs_{pw(Γ)}

when assuming z ∈ H^{1+s}(Γ), and q_z, t_z, g, t_f ∈ H^spw(Γ) for some s ∈ [0, 1]. In particular for h = H we therefore obtain the error estimate

‖z − ^z_H ‖_H1/2_{(Γ)} ≤ c(z, u, f) H^{s+ 12} . (6.14)

Moreover, we are also able to derive an error estimate in L_2(Γ), i.e.,

‖z − ^z_H ‖_{L2(Γ)} ≤ c(z, u, f) H^{s+1} , (6.15)

when applying the Aubin–Nitsche trick.

In the particular case of a non–constrained minimisation problem, instead of the discrete variational inequality (6.13) we have to solve the linear system ^T_{ϱ,H} ^z = ^g,

which is equivalent to a system of linear equations, � � � −V_{1,h} V_h K_{1,h} V_h −(^1_2 M_h + K_h) K^⊤_{1,h} −(^1_2 M^⊤_h + K^⊤_h ) ϱD_H + D_{1,H}

� � � � � � t q ^z

� � � = � � � f_1 −f_2 −f_3

� � � . (6.16)

Remark 6.1 The symmetric boundary element approximation ^T_{ϱ,H} is positive definite for any choice of conformal boundary element spaces S^1_H (Γ) ⊂ H^{1/2}(Γ) and S^0_h(Γ) ⊂ H^{−1/2}(Γ). In particular we may use the same boundary element mesh with mesh size h = H to define the basis functions φ_i and ψ_k, respectively. From a theoretical point of view, this is not possible when using the non–symmetric approximation ~T_{ϱ,H} .

7 Numerical results

As numerical example we consider as in [5, 22], see also [25], the Dirichlet boundary control problem (2.1)–(2.3) for the domain Ω = (0,^1_2 )^2 ⊂ R^2 where

u(x) = (x^2_1 + x^2)^{−1/3}, f(x) = 0, ϱ = 1, [g_a, g_b] = [−1, 2].

Note that the box constraints [g_a, b_b] = [−1, 2] as considered in this example are not active, i.e., we have to solve the coupled linear system (5.27)) in the case of the non–symmetric boundary element approach, and (6.16) for the symmetric approach.

For the boundary element discretisation, we introduce a uniform triangulation of the boundary Γ = ∂Ω on several levels where the mesh size is h_L = 2^{−(L+1)}. Since the minimiser of (2.1) is not known in this case, we use the boundary element solution z_{h9} of the 9th refinement level as reference solution. The boundary element discretisation is done by using the trial space S^0_h(Γ) of piecewise constant basis functions, and S^1_h(Γ) of piecewise linear and continuous functions. In particular, we use the same boundary element mesh to approximate the control z by a piecewise linear approximation, and piecewise constant approximations for the fluxes t and q. Note that we have h = H in this case, and therefore we can not ensure the S^1_h(Γ)–ellipticity of the non–symmetric boundary element approximation, see Theorem 5.8. However, the numerical example shows stability in this case.

Non–symmetric BEM (5.27) Symmetric BEM (6.16) FEM [25] L ‖~z_{hL} − ~z_{h9} ‖_{L2(Γ)} eoc ‖^z_{hL} − ^z_{h9} ‖_{L2(Γ)} eoc ‖z^{FEM}_{hL} − z^{FEM}_{h9} ‖_{L2(Γ)} eoc 2 2.19 –3 7.77 –3 1.34 –3 3 5.06 –4 2.11 1.95 –3 1.99 5.33 –4 1.33 4 1.92 –4 1.40 4.84 –4 2.01 2.08 –4 1.36 5 7.84 –5 1.29 1.28 –4 1.92 8.00 –5 1.38 6 3.13 –5 1.32 3.85 –5 1.73 3.14 –5 1.35 7 1.25 –5 1.33 1.34 –5 1.53 1.25 –5 1.33 8 4.58 –6 1.45 4.66 –6 1.52 4.55 –6 1.45

Table 1: Comparison of BEM/FEM errors of the Dirichlet control.

In Table 1, we present the errors for the control z in the L_2(Γ) norm and the estimated order of convergence (eoc). These results correspond to the error estimate (5.26) of the non–symmetric boundary element approximation, and to the error estimate (6.15) of the symmetric boundary element approximation. Note that we have z ∈ H^{7/6}(Γ), and therefore s = 1/6. Hence we can expect 7/6 as order of convergence. For comparison, we also give the error of the related finite element solution, see [25]. From the numerical results we conclude, that all three different approaches behave almost similar, as predicted by the theory.

8 Concluding remarks

In this paper, we have shown that we can use boundary element methods to solve Dirichlet boundary control problems. The numerical results coincide with those of a comparable finite element approach. The advantage of using boundary element methods lies in the fact, that only a discretisation of the boundary is required. In the case of smooth data we can prove, with respect to the used lowest order trial spaces, the best possible order of convergence for the boundary element approximation of the control z, while for a finite element approximation we are only able to prove some reduced order, see [25]. Moreover, optimal control problems subject to partial differential equations in unbounded exterior domains can be handled analoguesly.

While this paper is on the stability and error analysis of boundary element methods for optimal control problems only, further research will be done for an efficient solution of the resulting discrete systems. Hereby, special focus will be on appropriate solution methods to solve the discrete variational inequalities. This also involves the construction of efficient preconditioners, as well as the use of fast boundary element methods.

Acknowledgement

This work has been supported by the Austrian Science Fund (FWF) under the Grant SFB Mathematical Optimisation and Applications in Biomedical Sciences, Subproject Fast Finite Element and Boundary Element Methods for Optimality Systems. The authors would like to thank K. Kunisch, A. Rösch, B. Vexler, and W. Zulehner for many helpful discussions.

References

[1] F. Ben Belgacem, H. El Fekih, H. Metoui: Singular perturbations for the Dirichlet boundary control of elliptic problems. Math. Modelling Numer. Anal. 37 (2003) 833– 850.

[2] M. Berggren: Approximations of very weak solutions to boundary value problems.

SIAM J. Numer. Anal. 42 (2004) 860–877.

[3] H. Brezis: Problémes unilateraux. J. Math. Pures Appl. 51 (1972) 1–168.

[4] F. Brezzi, W. W. Hager, P. A. Raviart: Error estimates for the finite element solution of variational inequalities. Numer. Math. 28 (1977) 431–443.

[5] E. Casas, J. P. Raymond: Error estimates for the numerical approximation of Dirichlet boundary control for semilinear elliptic equations. SIAM J. Control Optim. 45 (2006) 1586–1611.

[6] K. Deckelnick, A. Günther, M. Hinze: Finite element approximation of Dirichlet boundary control for elliptic PDEs on two– and three–dimensional curved domains. Preprint SPP1253–08–05. DFG Priority Program 1253 Optimization with Partial Differential Equations, 2008.

[7] Z. Ding: Optimal boundary controls of linear elastostatics on Lipschitz domains with point observations. J. Dynam. Control Syst. 7 (2001) 181–207.

[8] R. S. Falk: Error estimates for the approximation of a class of variational inequalities.

Math. Comput. 28 (1974) 963–971.

[9] A. V. Fursikov, M. D. Gunzburger, L. S. Hou: Boundary value problems and optimal boundary control for the Navier–Stokes system: the two–dimensional case. SIAM J. Control Optim. 36 (1998) 852–894.

[10] R. Glowinski: Numerical methods for nonlinear variational problems. Springer, Berlin, 1980.

[11] M. D. Gunzburger, L. S. Hou, T. Swobodny: Analysis and finite element approximation of optimal control problems for the stationary Navier–Stokes equations with Dirichlet controls. Math. Model. Numer. Anal. 25 (1991) 711–748.

[12] M. Hinze, R. Pinnau, M. Ulbrich, S. Ulbrich: Optimization with PDE Constraints.

Mathematical Modelling: Theory and Applications, vol. 23, Springer, Heidelberg, 2009.

[13] L. S. Holt, S. S. Ravindran: Penalty methods for numerical approximations of optimal boundary flow control problems. Internat. J. Comput. Fluid Dyn. 11 (1998) 157–167.

[14] L. S. Hou, S. S. Ravindran: A penalized Neumann control approach for solving an optimal Dirichlet control problem for the Navier–Stokes equations. SIAM J. Control Optim. 36 (1998) 1795–1814.

[15] L. S. Hou, S. S. Ravindran: Numerical approximation of optimal flow control problems by a penalty method: Error estimates and numerical results. SIAM J. Sci. Comput. 20 (1999) 1753–1777.

[16] L. S. Hou, T. P. Svobodny: Optimization problems for the Navier–Stokes equations with regular boundary controls. J. Math. Anal. Appl. 177 (1993) 342–367.

[17] G. C. Hsiao, W. L. Wendland: Boundary Integral Equations. Springer, Heidelberg, 2008.

[18] B. N. Khoromskij, G. Schmidt: Boundary integral equations for the biharmonic Dirichlet problem on non–smooth domains. J. Integral Equations Appl. 11 (1999) 217–253.

[19] H.–C. Lee, S. Kim: Finite element approximation and computations of optimal Dirichlet boundary control problems for the Boussinesq equations. J. Korean Math. Soc. 41 (2004) 681–715.

[20] J. L. Lions: Optimal Control of Systems Governed by Partial Differential Equations.

Springer, Berlin, Heidelberg, New York, 1971.

[21] J. L. Lions, G. Stampacchia: Variational inequalities. Comm. Pure Appl. Math. 20 (1967) 493–519.

[22] S. May, R. Rannacher, B. Vexler: Error analysis for a finite element approximation of elliptic Dirichlet boundary control problems. Lehrstuhl für Angewandte Mathematik, Universität Heidelberg, Preprint 05/2008.

[23] W. McLean: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge University Press, 2000.

[24] F. Natterer: Optimale L_2–Konvergenz finiter Elemente bei Variationsungleichungen.

Bonn. Math. Schrift. 89 (1976) 1–12.

[25] G. Of, T. X. Phan, O. Steinbach: An energy space finite element approach for elliptic Dirichlet boundary control problems. Berichte aus dem Institut für Numerische Mathematik, Bericht 2009/13, TU Graz, 2009.

[26] S. A. Sauter, C. Schwab: Randelementmethoden. Analyse, Numerik und Implementierung schneller Algorithmen. B. G. Teubner, Wiesbaden, 2004.

[27] O. Steinbach: Numerical Approximation Methods for Elliptic Boundary Value Problems. Finite and Boundary Elements. Springer, New York, 2008.

[28] F.–T. Suttmeier: Numerical solution of variational inequalities by adaptive finite elemens. Vieweg+Teubner, Wiesbaden, 2008.

[29] B. Vexler: Finite element approximation of elliptic Dirichlet optimal control problems.

Numer. Funct. Anal. Optim. 28 (2007) 957–973.

[30] P. You, Z. Ding, J. Zhou: Optimal boundary control of the Stokes fluids with point velocity observations. SIAM J. Control Optim. 36 (1998) 981–1004.

Erschienene Preprints ab Nummer 2008/1

2008/1 P. Urthaler: Schnelle Auswertung von Volumenpotentialen in der Randelementmethode.

2008/2 O. Steinbach (ed.): Workshop on Numerical Simulation of the Maxwell Equations.

Book of Abstracts.

2008/3 G. Of, O. Steinbach, P. Urthaler: Fast Evaluation of Newton Potentials in the Boundary Element Method.

2008/4 U. Langer, O. Steinbach, W. L. Wendland (eds.): 6th Workshop on Fast Boundary Element Methods in Industrial Applications, Book of Abstracts.

2008/5 D. Brunner, G. Of, M. Junge, O. Steinbach, L. Gaul: A Fast BE-FE Coupling Scheme for Partly Immersed Bodies 2009/3 G. Of, O. Steinbach: The All–Floating Boundary Element Tearing and Interconnecting Method.

2009/4 O. Steinbach: A note on the stable coupling of finite and boundary elements. 2009/5 O. Steinbach, M. Windisch: Stable boundary element domain decomposition methods for the Helmholtz equation.

2009/6 G. Of, W. L. Wendland, N. Zorii: On the Numerical Solution of Minimal Energy Problems.

2009/7 U. Langer, O. Steinbach, W. L. Wendland (eds.): 7th Workshop on Fast Boundary Element Methods in Industrial Applications, Book of Abstracts.

2009/8 H. Egger, M. Freiberger, M. Schlottbom: Analysis of Forward and Inverse Models in Fluorescence Optical Tomography.

2009/9 O. Steinbach, M. Windisch: Robust boundary element domain decomposition solvers in acoustics.

2009/10 M. Freiberger, H. Egger, H. Scharfetter: Nonlinear Inversion in Fluorescence Optical Tomography.

2009/11 H. Egger, M. Hanke, C. Schneider, J. Schöberl, S. Zaglmayr: Adjoint Sampling Methods for Electromagnetic Scattering.

2009/12 H. Egger, M.Schlottbom: Analysis and Regularization of Problems in Diffuse Optical Tomography.

2009/13 G. Of, T. X. Phan, O. Steinbach: An energy space finite element approach for elliptic Dirichlet boundary control problems.

2009/14 G. Of, O. Steinbach: Coupled FE/BE Formulations for the Fluid–Structure Interaction.