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State-based nested iteration solution
of optimal control problems with PDE constraints®

Ulrich Langer! Richard Loscher! Olaf Steinbach Huidong Yang!

Abstract

We consider an abstract framework for the numerical solution of optimal
control problems (OCPs) subject to partial differential equations (PDEs). Ex-
amples include not only the distributed control of elliptic PDEs such as the
Poisson equation discussed in this paper in detail but also parabolic and hy-
perbolic equations. The approach covers the standard L? setting as well as
the more recent energy regularization, also including state and control con-
straints. We discretize OCPs subject to parabolic or hyperbolic PDEs by
means of space-time finite elements similar as in the elliptic case. We discuss
regularization and finite element error estimates, and derive an optimal rela-
tion between the regularization parameter and the finite element mesh size in
order to balance the accuracy, and the energy costs for the corresponding con-
trol. Finally, we also discuss the efficient solution of the resulting systems of
algebraic equations, and their use in a state-based nested iteration procedure
that allows us to compute finite element approximations to the state and the
control in asymptotically optimal complexity. The numerical results illustrate
the theoretical findings quantitatively.

Keywords: PDE constrained optimal control problems, finite element method,
error estimates, solvers, nested iteration

2010 MSC': 49J20, 49MO05, 35J05, 65M60, 656N22, 65F10

1 Introduction, motivation, and preliminaries

Since Lions’ pioneering monograph [45] on the optimal control of systems described
by partial differential equations (PDEs) of elliptic, parabolic, or hyperbolic types,
the investigation of optimal control problems (OCPs) for PDEs and their numerical
solution have developed into a well-established research field in Applied Mathemat-
ics with many applications in different areas in science and engineering. Since then
the development of the mathematical analysis on OCPs for PDEs is documented
by a huge number of publications. We here only refer the reader to the books
[B, 12, [32] [64], the collections [28] 29, [44], and the survey paper [4]. Tracking-type
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OCPs for PDEs can be posed as follows: Find the optimal control u, € U and the
corresponding state y, € Y minimizing the cost functional

1 _ 1
T oo = 3 o~ Ty + 5 o lluclly (1)
subject to (s.t.) the state equation
By, =u, in U, (1.2)

where we are thinking about elliptic (e.g., Poission’s equation: B = —A), parabolic
(e.g., heat equation: B = J; — A,), and hyperbolic (e.g., wave equation: B =
On — A,) PDEs or systems of such PDEs with appropriate boundary and initial
conditions. Here § € Hy denotes the given desired state (target) that we want to
track as close as possible, and p > 0 is a suitable chosen regularization parameter
that also defines the energy cost |lu,||? of the control u, € U appearing as right-
hand side of the state equation . In this paper, the spaces Y, U, and Hy are
Hilbert spaces with Y C Hy C Y™ being a Gelfand triple, and B : Y — U is always
assumed to be an isomorphism. Of course, one can consider also nonlinear PDEs
or systems of PDEs represented then by a nonlinear operator B acting between
Banach spaces in general; see, e.g., [64]. The practical realization of the control
u, sometimes requires additional, so-called box-constraints imposed on the control,
i.e., we look for some optimal control u, € U,y = K. C U in a non-empty, closed,
and convex subset K. of U. Similarly, we can also request box-constraints imposed
on the state, i.e. we look for y, € Y,, = K5 C Y in a non-empty, closed, and convex
subset K of Y. These are the main assumptions ensuring existence and uniqueness
of an optimal solution (y,,u,) € Y x U of the optimal control problem —
or the coresponding box-constrained problems where U or Y is replaced by U,4 or
Y..; see, e.g., [12, [45] [64].

One of the most simple examples of such kind of tracking-type OCPs is the
distributed optimal control of the Poission equation with L? regularization: Find
up, € U= L*(Q) and y, € Y = H}(Q) minimizing the cost functional

1 _ 1
T (Yo ue) = 3 Yo — y”%[y:L?(Q) 50 HuQHQU:LQ(Q) (1.3)
s.t. the Dirichlet boundary value problem for the Poisson equation
—Ay,=u, inQ, y,=0 onodQ, (1.4)

where Q C R? is a bounded Lipschitz domain with boundary 99, d = 1,2,3. It is
well known that the solution of the OCP f is characterized by the gradient
equation

Do+ ou, =0 1in§, (1.5)

where p, solves the adjoint Dirichlet boundary value problem
—Ap,=y,—F inQ p,=0 ondQ (1.6)

When inserting u, = —Ay, into the gradient equation (L.5]), we get p, = 0 Ay,.
Hence, we have to solve the BiLaplace equation

0A%, +yy=7 InQ, y,=Ay,=0 ond. (1.7)

Since the operator B = —A is an isomorphism from H{(Q,A) = {y € H}(Q) :
Au € L*(Q)} onto U = L?(Q), the natural choice for the state space would be
Y = H}(Q,A) rather than Y = H{(Q) in the case of L? regularization. On the
other hand, if we choose Y = H}(Q) as state space, then we can permit controls



from U = H~1(Q), and now B : H}(Q) — H~1(Q) is an isomorphism as well.
Therefore, instead of using the L? regularization ||ug||%2(m in (1.3, we may also

consider the energy regularization HUQH%I*I(Q) to minimize

Tte) = 5 [ Ila) = 7@ do+ 5 el o (1)

subject to the Poisson equation (1.4). By duality we have ||u,||g-1(0) = [Vl r2 (),
and hence we can write (1.8]) as the reduced cost functional

) = [ Ine) =) do+ 50 [ (Do) de (19)

whose minimizer is given as the unique solution of the gradient equation
—0AY,+y,=7Y in€Q, y,=0 ond. (1.10)

To underline the differences in considering the optimal control problems (1.3]) and
subject to (L.4), i.e., when measuring the control u, either in L?(Q) or in
H=1(Q), let us consider three simple examples. Therefore, we will study three
different target functions ¥ on the one-dimensional (d = 1) domain Q = (0,1),
namely the regular target

7y, (x) =4x(1 —z) forxz € (0,1) (1.11)
with 77, € H}(Q) N H?(0,1), the piecewise linear target

1, x = 0.5,
Ua(x) = 10, z € (0,0.25) U (0.75,1), (1.12)
piecewise linear, else,

belonging to H}(Q) N H*(Q) for all s < 1.5, and the discontinuous target

T(@) = {1, z € (0.25,0.75), 113)

0, else,

with 753 € H*(Q), s < 0.5. In all of these cases, we can solve both the gradient
equation and the BiLaplace equation analytically in order to compute
the state functions y;,, @ = 1,2,3 for different values of the relaxation or cost
parameter g, see Fig. There we also plot the errors ||y;, — ¥, z2(q) for both
regularization norms as a function of the regularization parameter o. We observe
that in all cases the error ||y; , —%;[|L2(q) is smaller when using energy regularization
in H=1(Q) instead of using the regularization in L*(Q2). In fact, the errors coincide
when considering g2 = qu,l. Note that the related regularization error estimates
were already shown in [51].

When the state y; , is known we can compute the control u; ,(z) = —y;’,(z) as
well as the costs [|ui,llL2Q) and [|u; ol m-1(Q) = 4] ,llL2(@) for both regularization
norms. We observe that in the case of the smooth target 7, all costs remain bounded
for o — 0, while for the discontinuous target 7, all costs tend to infinity as o — 0.
The situation is different for the piecewise linear target 7, where the costs remain
bounded in the case of energy regularization, but tend to infinity as ¢ — 0 when
using L? regularization. As discussed later in this paper, these observations are
in complete agreement with our theoretical results. Moreover, they show that our
theoretical results are sharp.
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Figure 2: Error and different types of regularization with o = -1 = o12.

The finite element discretization of OPCs such as f in general, or (|1.3])—
and f in particular, is usually investigated for fixed o > 0, and dis-
cretization error estimates are provided for the finite element errors ||y, — y,n || and
lug —upnl in different norms; see, e.g., [41] 42} 49, [55, [56] However, as shown above,
the distance of the computed finite element state y,, from the desired state ¥ is
basically given by the distance ||y, — 7| that is fixed for fixed p. Similarly, the
computed costs |lupp|| approximate the cost ||u,|| that is also fixed for fixed p. If
we want to improve the distance ||y, — 7|, then we have to diminish p that leads
to higher cost |lupp|. On the other side, if we want to reduce the cost, then we
have to enlarge o that yields a larger distance ||y,, — J||. A careful analysis of the
discretization error ||y,n, — 7|l in terms of ¢ and h shows that we have to relate



the regularization parameter o to the mesh-size h in order to get an asymptotically
optimal convergence of y,;, to ¥ in balance with the energy cost for the control. It
is shown in [37, [39] that we should choose o = h? and ¢ = h* for OCPs (1.3)—(T.4)
with L? regularization and (L.8)—(L.4) with H~! regularization, respectively. The
same choices as in elliptic OPCs hold for parabolic OPCs [43] and hyperbolic OPCs
[47, [40] when using space-time finite element discretizations. If we permit functions
as regularization, then o can be adapted to the local mesh-size that can heavily
vary over the computational domain in the case of an adaptive mesh refinement;
see [38]. In this connection, we also refer to the very recent paper [54] where both
the regularization parameter and the mesh-size are dynamically adjusted locally on
the basis of a posteriori error estimates. The incorporation of box constraints im-
posed on the state or the control finally leads to state-based variational inequalities
of first kind which can be again discretised by (space-time) finite elements; see [15]
for the elliptic OPC f with state or control constraints. As in the uncon-
strained case, the choice ¢ = h? again gives asymptotically optimal convergence.
For constant o > 0, we refer to the recent papers [7, 19, 23] and the references
therein.

An approximate solution to OCPs such as 7 can be found via the finite
element discretization of the optimality system consisting of the state equation,
the adjoint equation, and the gradient equation for defining the optimal state y,,
the optimal adjoint (co-state) p,, and the optimal control wu,; cf. . . ) and
. ) for the simple elliptic OCP (| ) 1 ) with L? regularization. The finite
element discretization of the OCP (| 1.2)) finally leads to a linear symmetric,
but indefinite linear system of algebralc equatlons (saddle point system) for defining
finite element vectors y,n,Poh,Upn related to the finite element approximations
Yohs Poh» Uoh 1O Yo, Do, U, Via the finite element isomorphism. This 3 x 3 block
system can be reduced to the 2 x 2 block system

o 'A, By | [pon| [ O

et )bl -5 a1
by eliminating the control u,;. Here, the matrix By, arises from the finite element
discretization of B, M} denotes the mass matrix, and Aj represents the regu-
larisation term. Since we have to vary g in order to adapt the accuracy of the
approximation of the target ¥ and the energy cost for the control u, to the practi-
cal requirements and to our budget, we would like to have not only a solver for the
symmetric and indefinite system or for the original 3 x 3 block system that
runs in asymptotically optimal complexity in terms of h but also a solver that is ro-
bust in p. Such kind of robust iterative solvers were proposed and analysed in, e.g.,
[57, 58, [68]. Eliminating the adjoint p,, from , we arrive at the symmetric
and positive definite (spd), state-based Schur-complement system

Sghth =¥n (115)

where S, = My, 4 oD}, with Dy, = B{A;lBh. The spd Schur-complement system
can efficiently be solved by means of the preconditioned conjugate gradient (pcg)
method provided that a robust preconditioner Cj is available, and the matrix-
by-vector multiplication Dy, % y’;h, which contains the application of A;l, can be
performed efficiently. Surprisingly, for the optimal choice of the regularisation p,
the Schur-complement S, is always spectrally equivalent to the mass matrix M,
and, therefore, to some diagonal approximation of My, such as the lumped mass
matrix lump(Myp,). So, the lumped mass matrix lump(M}) can serve as robust
preconditioner Cj. This result is not only true for the elliptic case [37, [39] but also
for parabolic [43] and hyperbolic [47] OCPs as well as for variable regularizations g
locally adapted to the mesh-size. It turns out that, for the elliptic OCP (L.8)-(1.4)



with H~! regularization, B, = Aj, = D}, = Kj,, and, therefore, S,;, = My, + 0Kj,
where Ky, is the spd finite element Laplacian stiffness matrix. So, a fast multipli-
cation is ensured. Similarly, for the elliptic OCP f with L? regularization,
we have Sy, = My, + gKhMglKh. Here we can replace M, by lump(Mp,) without
affecting the asymptotic behavior of the discretization error [39)], and a fast multipli-
cation is again ensured. In general, we have to use inner iterations for approximating
the application of A,:l. Now, the pcg with the preconditioner Cj, = lump(M},) can
be used as nested solver in a nested iteration process on a sequence of uniformly or
adaptively refined meshes starting with some coarse mesh and stopping the nested
iteration as soon as a prescribed accuracy for the approximation of the given de-
sired state 7 is achieved without exceeding a given budget for the energy cost of
the control. The reconstruction of the control from the computed state is an in-
tegral part of the nested iteration process. This allows us to solve OCPs such as
1D always in optimal, or, at least, almost optimal complexity. In the case
of OCPs with state or control constraints, we have to solve variational inequalities
of first kind in the state-based formulation. After the finite element discretization,
these variational inequalities are living in the finite element state space, and can be
reformulatated as non-differentiable non-linear systems of algebraic equations for
determining the nodal solution vector y,; corresponding to the finite element state
solution y,;. This non-linear system can by solved by the semi-smooth Newton
method that is nothing but the primal-dual active set method [30]. Alternatively,
we can use multigrid methods for variational inequaltities arising, e.g., from obsta-
cle problems [27]; see also the overview article [20]. For o robust solvers of control
or state constraint OCPs, we also refer to [2, [13] [63] and the references therein.

The rest of the paper is organized as follows. Section |2 presents a theoretical
framework for the analysis and numerical analysis of OCPs of the form f
including regularization error estimates (Subsection , Galerkin discretization
and error estimates (Subsection , recovering of the control from the computed
Galerkin approximation to the state in a simple postprocessing procedure (Subsec-
tion , solvers and their use in nested iteration with accuracy and cost control
(Subsection [2.4)), the handling of additional functional box-constraints for the state
and the control (Subsection. The application of this abstract framework to the
distributed control of Poisson’s equation (1.3)~(1.4) is presented in Section [3} where
we also discuss our numerical results. The application to the distributed control of
Poisson’s equation deliver the blueprint for other applications such as discussed in
Section [d In Section [f] we draw some conclusions, and give an outlook on further
research directions in connection with our approach.

2 Abstract optimal control problems

2.1 Abstract setting and regularization error estimates

Let X C Hx C X* and Y C Hy C Y™ be Gelfand triples of Hilbert spaces, where
X* and Y* are the duals of X and Y with respect to Hx and Hy, respectively.
We assume that Hy and Hy are Hilbert spaces with the inner products (-, )m,
and (-, ) g, , respectively. Moreover, the duality pairings (-, ) x« x and (-, )y« y are
defined as extension of the inner products in Hx, and in Hy, respectively.

Let B:Y — X* be a bounded, linear operator which is assumed to satisfy an
inf-sup condition, i.e., for all y € Y, we have

By, x) x»
1Bylx- < Zllylly, sup (DLDXX

> ylly -
ozeex  l7llx

In addition we assume that B is surjective. Hence, B : Y — X* defines an isomor-



phism. By
(By,z)x+ x =: (y, B*x)y,y~ forall (y,z) €Y x X

we define the adjoint operator B* : X — Y™*. For optimal control problems in
which we are interested, B results from boundary value or initial-boundary value
problems for PDEs or systems of PDEs. Y is the state space with the norm || - ||y,
while U = X* denotes the control space with norm || - || x~ which describes the cost
of the control. In order to define an equivalent norm in X* we consider a linear
self-adjoint and elliptic operator A : X — X* satisfying

|Az]| x- < cf |lzllx, (Az,z)x«x > ¢ ||lz]|% forallz € X.

With this we define ||z||a = /(Az,z)x- x and |Julla-1 = /(A" u, uw) x x+ which
are equivalent norms in X and X*, respectively.
We first consider an abstract tracking type optimal control problem with neither

state nor control constraints to find the minimizer (y,, u,) € Y x U of the functional

1 _ 1 . «
j(y@aug) = B ||yg - y”%{y + B} o ||uQH124*1 s.t. By, =u, inU = X7, (2.1)

where ¢ > 0 is the cost or regularization parameter on which the solution depends,
and y € Hy denotes the given target or desired state.

In the standard approach we consider the solution of the constraint equation
By, = u, which defines the control-to-state map y, = B~ u,. With this we can
write the reduced cost functional as

~ 1 _ _ 1
J(ug) =B 1“9_9“%{)/ +*Q||ug||§1*17
2 2

and its minimizer u, € U = X* is given as the unique solution of the gradient
equation
B (B u, —9)+0A u, =0 inX.

Since B : Y — X* is an isomorphism, we can write the reduced cost functional as

Flwe) = 5 lvo ~ 3y + 5 01 Byellir, (22)
and its minimizer y, € Y is given as the unique solution of the gradient equation
Yo+ 0B*A 'By,=7 inY*. (2.3)
The linear operator S := B*A™!'B :Y — Y* is self-adjoint and elliptic, i.e.,
(Sy,u)y-y = ¢ |yl and [[Syly- < |lylly forally €Y,

with ¢f = ¢{'(cP/cs)? and ¢§ = (c§)?/cf; see, e.g., [43, Lemma 1]. We note that,
for By, = u,, we have

Hng% = (SYo, Yo)v=y = <A_1Byg7ByQ>X,X* = <A_1u97ug>X,X* = ||u9||2A*1-

(2.4)
Moreover, for the solution y, € Y C Hy of (2.3), we get
1 _
Syo=— (U —y,) € Hy . (2.5)

4
Using (2.4), we can rewrite the reduced cost functional (2.2 in the form

1 B 1
TWo) = 5 lve —Ul3r, + = 0llvell%,
2 2



where the realization of ||y,||% with S = B*A~!B involves the inversion of 4, which
in general may complicate the numerical implementation. Hence we may replace
lyoll% by any equivalent but more easier computable norm [|y,||%, = (Dy,, Yo) v~y
for some bounded and elliptic operator D : X — X* and satisfying the norm
equivalence inequalities

et ylls < llyllp < [lylls forally €Y.

We now minimize

1 B 1
TWo) = = lve — T3, + 5 0llvellBs (2.6)
2 2

whose minimizer y, € Y is given as the unique solution satisfying

Yo Wiy + 0(Dyo,Y)v+y = Y, y)u, foralyel. (2.7)

For the unique solution y, € Y of , and depending on the regularity of the
target 7, we can state the following result for the regularization error ||y, — 9|l m, -

Lemma 1. Let y, € Y be the unique solution of the variational formulation (2.7).
Fory € Hy there holds

—1/2

[Yollery < [@llmys  Nwello < o™ Nllay, My —llay < 15l

while for y € Y we have

2 7lo, lyello < 17l

lye =¥llo < 9llp,  llye —¥llay <o
If in addition Dy € Hy 1is satisfied foryeY,

Y2 1Dyl ay

lye = Yllay < ol DYllay, lye—¥llp <o
follow.

Proof. For the particular test function y = y, € Y we first have

<yg,yg>Hy + 9<Dyg7yg>Y*,Y = <y> yg>HY < Hy”HY”yQHHY?

ie.,
~1/2

1Yol zry < Nllays  NYello < o™ = [l -

Moreover, we also obtain
ollvolls = 0 (DyosYo)v+y = (T~ Yor Yo) t1y = (T~ Yos Wity — (T~ Yo I — Yo) Hy

which gives

lve = Tz, + ellvells = T = ve. D ay <17~ yollmy 17lm,

i.e.
e = Fllay < I¥lay-

When assuming y € Y, we can choose y =7 —y, € Y as test function to conclude
7= Yoltry = T Y07~ vo)iry = 0(DYo, T~ Yo)v=y
= 0(DY,T—Yo)v=y — (DT~ Y0): T~ Yo)v=v

ie.,
1Yo —Tll7, + 0 llve — T = 0(DT.T — yo)rry < o|lFllsllve —Fllp-



Hence,
1/2

1Yo = ¥llo < 19llp,  [lye = Ulla, < o/" I7llp-

On the other hand, we can also write
17— vollZr, = 0 (Do, ¥ — yo)vey = 0(DYp, U)y+y — 0(DYp, Yo)v=v

ie.,
17 = yellzr, +ellvellb = ¢ (Dye. B)v+y < ellyellnlFlp,

and hence,
19ollp < 11l p-

Finally, if Dy € Hy,
Hyg - yHIQLIY +o Hyg - QH% =0 <Dy»§ - yQ>Y*,Y <p ||Dy||HY ”yg —Yllay,

ie.,
lye =Fllmy < ollDFly,  llye —3lo < /2 | DYl sy -
O

When using the results of Lemma [I] we obtain a bound for the costs |Ju||x~ for the
control u, = By,, depending on the regularity of the target .

Corollary 1. From the gradient equation oDy, + vy, =7, see (2.7)), we obtain

) o gllmy  forye Hy,
”DyQ”HY = E ”y - yg”HY < Q_1/2 ||?||D fOTg ey,

||Dy||HY fOT’yGY, DQGHYa
as well as
1 1 | o' |[yllm,  forye Hy,
luolla-1 = Yolls < —5 el < —5 _ 7
¢ ¢ cp e f [l forgey.

In particular, for § € Y the costs ||u,l|a-1 of the control u, = By, are uniformly
bounded as ¢ — 0. Moreover, ||y, — §lla, — 0 as ¢ — 0 implies u, - T = By
i X* in this case. However, in the more interesting case § € Y we conclude
By ¢ U = X*, and ||ugl|la-1 — o0 as ¢ = 0. In this case we have to balance the
regularization error ||y, — Y|l o, with the costs ||up|la-1 of the control u, = By, we
are willing to pay.

In particular for less regular target functions, e.g., 7 € Y but Dy € Hy, or even
7 € Y, we may include the regularization parameter g in the definition of the regu-
larization operator D, : Y — Y*. Instead of we then consider the variational
formulation to find y, € Y such that

Yoo )1y + (Doyor Y)y+y = (§: )y forally €Y. (2.8)
As in Lemma [I| we then conclude the regularization error estimates

1Yo = Ulley <IYllay foryeHy, lyo—Yluy <¥llp, foryeY. (29



2.2 Galerkin discretization and error estimates

For the discretization of the variational problem we introduce a conforming
finite-dimensional subspace Y;, = span{y;}}£, C Y spanned by the M = M(h)
basis functions 1, ..., pp. Here, h denotes some positive discretization parameter
such that h tends to zero when M = M (h) goes to infinity. For example, one can
think about A being the mesh-size in a finite element discretization as considered
in Section Bl
At this time we assume that for any y € Y there exists a projection Py € Y}
satisfying
ly = Pullary < erh* lyllos vy —Payllo < ez llyllo (2.10)
for some o > 0, and with positive constants ¢y, co. Moreover, if Dy € Hy is satisfied
for y € Y, we also assume, for some positive constants cs, c4,
ly = Payllmy < csh® |IDyllay, Ny — Puylp < cah® | Dylay - (2.11)
The Galerkin discretization of the variational formulation reads as follows:
Find the Galerkin approximation ¥, € Y} to the state y, € Y such that
(Yohs Yn) iy + 0 (DYohs Yn)y+y = (U, Yn)u,y for all yp € Y. (2.12)

When using standard arguments, we conclude unique solvability of (2.12) as well
as Cea’s lemma,

1Yo = Yorll3r, + 0¥ — YorllD < jnf, {Hyg —unllE, +ollye — yh\l%}, (2.13)
and using (2.10)) for y = y, € Y, this gives

1Yo — Yorllir, + 0o — YorllD < [C? h** + ¢ 9} ol < ch® |lyollD,  (2.14)

when choosing
0= h>. (2.15)
Otherwise, if the regularisation or cost parameter g is fixed, we can not expect any

further convergence for small discretization parameters h satisfying h?® < .
However, depending on the regularity of the target ¥ we can refine the error

estimate (2.13)) as follows:

Lemma 2. Let y,i, € Y}, be the unique solution of the Galerkin variational problem
[2.12). Then there holds the error estimate, when choosing o = h>®,

903, fory e Hy,
||yQ_th||%‘Iy +h* ||yg_ygh||2D <c h2e ”?HZD foryey, (2.16)
h'*||Dyll3, foryeY, Dy Hy.

Proof. For j € Hy, the estimate follows from Cea’s lemma (2.13)) for the particular
test function v, = 0, and using Lemma (1| for § € Hy,

”yg - thH?{y +o0 ||yg - i‘/th%) < H?/Q”%{y +o0 ||yg||2D <2 Hy”%{y
For y € Y, using (2.13)), the triangle inequality, Lemma and (2.10]), we have

o = vorlliry +ellve —vanlly < inf [llve = wnlify + ellvo — w3

IN

2llye = B3, +20llye — I +2 inf (17— wlids, +ol7 - vall}]
Yn €Y

IN

Lol + 2[5 - Pagli, +olly — Pugll3]
2etn® + o4+ )] Il

ch** ||glp

IN
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when choosing o = h?®. If in addition Sy € Hy is satisfied, the proof of the third
estimate follows the same lines. O

Since the Galerkin approximation y,, to the state y, as solution of the minimization
problem (2.6) is an approximation of the desired target ¥, we are interested in
estimates for the related error y,;, — ¥ in the Hy norm.

Theorem 1. Let y,;, € Yy, be the unique solution of ([2.12)), and choose o = h3“.
Then there hold the error estimates

191 £y fory e Hy,
Yo =Ty <cq Ao forg ey, (2.17)
h**||Dy|lg,  foryeY, Dy € Hy.

When using space interpolation arguments, and assuming y € [Hy,Y]s for some
s € [0, 1], we finally conclude the error estimate

”th _gHHy < ch® ”gH[Hy,Yhs fOT? € [HY’Y]Isv s € [Oa 1]' (218)

2.3 Control recovering

When an approximate optimal state y,, is known we can compute the associated
optimal control u, = By,, € U = X* and an approximate control u,, € Uy via
post processing, where U, = spaun{ql)k}lk\]=1 C U is a suitable ansatz space. For this
we consider the variational formulation to find @, € U such that

(Uoh, xn)x+,x = (BYgh,xn)x+x for all z, € X, (2.19)

where X, = span{¢y }2_, C X is a suitable test space. As in (2.10]) we assume that
there exists a projection operator II;, : X — X}, satisfying the error estimate

|z = Mpz||x < ch®||B*z|m, - (2.20)

In order to ensure unique solvability of the Galerkin—Petrov variational formulation
(2.19) we need to assume the discrete inf-sup stability condition

(Un, Th)x= x

cs Jupllx- < sup for all up, € Up,. (2.21)

o#enex,  lznllx

In addition to (2.19)) we consider the variational formulation to find u,p € Uy, such
that

(o> Th)x+* x = (Ugs Tn) x+ x = (Byp,xn)x+ x forall zp € Xp,

and we conclude the perturbed Galerkin orthogonality
<u,_)h — agh7$h>X*,X = <B(y9 — ygh)yxh>X*,X for all z;, € Xj.

Moreover, using standard arguments, we conclude the error estimate

1 1 1 c
_ . < inf _ L <= .=—|B <2 .
[uo — wpnllx~ < oo uill, ue — unllx= < ” l[uollx ” | Byollx+ < s yolly

11



Now, using the discrete inf-sup stability condition (2.21)) as well as Cea’s lemma
[2.13) for y, = Pyy, we obtain, choosing ¢ = h**,

<ugh - ﬁgmﬂ?h)X*,X

cs |[ugh — Ugnllx+ < sup
O£z EX) lznllx
— sw (B(Ye — Yoh)s Tn) x+.x
0£@nEX), lznllx
B CQB
< Bo — Yor)llx+ < 3 Yo — yorlly < CfDllyQ*thHD
1
02B 1 9 )
< o) E lye — Phyg”Hy +lve — Pryollp
1
cg 1, 2 2 2 2
< p Eclh vollH + <3 1yall> = cllvollp -
Therefore,
ug — gnllx+ < [Jug — ugnllx= + [[ugn — Ugnllx+ < clly,llp -
follows.

Lemma 3. Let the assumptions and hold true. Further, let y, € Y
be the unique solution of the variational formulation , and let u, = By, €
U = X* be the associated control. For y,n, € Y being the unique solution of the
Galerkin variational formulation we compute Uon € Uy as unique solution of
the Galerkin—Petrov variational formulation . For this approximate control
Upn € Uy, we obtain the associated state §, = B~ U,,. For j € Hy we then have
the error estimate

190 = Yllay < cllyllay (2.22)

while for y € Y we have
190 = Ylluy < ch®|IYlly (2.23)

when choosing 0 = h®®, and where o is given by the approzimation property (2.10)).

Proof. For any ¢ € Hy C Y™ we first define z,, € X as unique solution of the
operator equation B*x, = 1. With this we obtain

170 — Yolliy = sup (Yo — Yo, ) 1y —  sup (Yo — Yo, B wy) Hy
ozvery  |1Yllay O£ pEHy 191l 22y
_ sup B Berelcex (o {on — Up Tu)xe x
0ApEHy 91l a1y 0AvEHy 1l a2y
_ sup (er = ey — ny)xe x + (o — U, ITny)x+ x
0#ypEHy [¥llx-x
— up (er = ey — Iy x + (Blon = Yo) InTy)x-x
0ApE Hy [l &y
With

zy — Hpay | x
ch® [yoll Dl B* 2y 1y
ch®lyoll ¥l my

(Ugn — ug, wyp — pay) x+ x [Toh — ol x+

IA A
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and

(B(Yoh — Yo), Mnxy) x+ x

(BWoh = Yo)s Mpxy — 2y) x+ x + (B(Yoh — Yo)> Tyy) X+ X
1B oh — Yo)llx+Mnzy — 2yl x + (Yon — Yo, B 2y) 1y
3 [Yon — Yolly R B* gy + 1yon — vollmy 0]l a2y
ch® yon = Yolly 1911y + 1Yo — Yoll ry 10[ 11y

INIA

we conclude
190 = Yeollzy < |Yen — Yoy + ch® [”ZJQHD + lyo — thHD} )
and by the triangle inequality we have

19 = Tlliry < NYo = Yllmy + U0 — Yoll -
For § € Hy we finally conclude

190 = vellmy < (140 072) [llay
while for 7 € Y we have
190 = vollay < e (h*+ 12 6772 |lgll-
Now the assertion follows for o = h2®. O

Using (2.22) and (2.23)), and as in (2.18]) we can use space interpolation arguments

to derive the final result of this subsection.

Theorem 2. Let the discrete state y,n € Y}, be the unique finite element solution of
the variational formulation with 0 = h?*, where we assumey € [Hy,Y]s for
some s € [0,1]. Let the discrete control U,y € Uy, be the unique solution of
For the resulting state y, = Bu,y, € Y we then have the error estimate

190 = lley < ch® [[Glimy v1,.- (2.24)

The former estimate relates the resulting state to the target, showing the accuracy
of the method. In addition it is important to control the costs. Therefore we need
to have a computable bound for ||, x+.

Lemma 4. Let u,, € Uy, be the unique solution of (2.19), and let (2.21) hold true.
Then

[tonllx+ < cllyonllp-

If, in addition, the discrete inf-sup stability

(Byn, Tn)x- x

¢sllynllp < sup » Vyn €Y, (2.25)
0#£znEXn llznllx
holds, then
1Yenllp < €5 l[tgnllx--
Proof. We compute, using (2.21)) and (2.19)
~ QNL hy L *, B hy L *
e lignllxs < sup e Tabxex o (BYan XX
o£znex,  lonllx otznex,  lonllx
The second estimate follows the same lines, using (2.25) and (2.19), i.e.,
- Byoh, Tn) x, Ugh, Th) X+, ~
sllyonllp < sup {BYohs Th)x*, X _ sup {Ugn, ) x-,x < pn | x--
orenex,  lonllx o£znex,  lTnllx

13



The last question to be answered is: How well does ||ty || x+ approximate the actual
cost ||up|lx+? To deliver a satisfactory response, let us introduce the projection
Qn : Hx — X}, defined as

(Qnu,xn)Hy = (U, Th)Hy, YTn € Xp
and let us make the following assumptions:

i. dim(Uy) = dim(X},) and @y : U, — X, is uniformly bounded from below,
i.e.,
|Qrunllax > collunllax, Vun € Un.

Then, @, admits a bounded inverse Q; ' : X}, — Uy, with [|Q; ]| < cél.
7. The projection operator Iy : X — X}, satisfies

|z — Mzl gy < ch®||z|p, Vo€ X for somea > 0.
114. There holds an inverse inequality
lzpllp < erh™%|lznllayx, Von € Xp for some a > 0. (2.26)
w. If Dy, € Hy then u, = By, € Hx and there holds the estimate
1Dyollry < ¢ llullry- (2.27)

Then we can prove the following estimate.

Theorem 3. For arbitrary but fized o > 0 let u, = By, € Hx and let u,, € Uy, be
the unique solution of (2.19)). Then,

lue — Tonllx+ < ch® |luplley for some a > 0.

Proof. By assumption ., Dy, € Hy, and using Cea’s lemma (2.13)) and (2.27)) we
get

pha /2 p2a 1/2
||yg—ygh||p<(cm2a+csg) 1Dyally < ch (c4+cgg) lotgl .

(2.28)
Further, it holds that
~ <ug _agh7x>X*,X
|ug — Ugnl|x+ = sup
0£zeX |l x
~ s ((Ug — Upn, z —Ipa)x- x . (Up — Uph, Hh$>x*,x>
0£zEX 2l x [E41P

For the second term we can estimate, using (2.28)),

(g — Uon, IInx) x+ x = (B(Yo — Yon): Inz) x+ x < ||Yo — Youllp|Hnz||p
h2a 1/2
< cllye - vrllollelln < ch® <C4+ng) letgl e 1 x-

For the first term we have
(up — Uph, @ — Hpx)x+ x < g — Uon||my |l — Unz|lmy < ch®||up — Uon |l my ||zl x,
and further

lug = g llary < ¢ (Il + gnlliy )-

14



So, it remains to bound
[tonll s < cllugllmy-

Therefore, we first consider the case U, = X} and estimate, using (2.19)), (2.28])
and the inverse inequality (2.26)),

||agh||%lx = <aghaagh>Hx = <Bygha"79h>Hx = <B(ygh - y@)vaeh>Hx + <u97a9h>HX

< llvo = yonll pllwonl D + lluell rx [won | rrx

A

IN

h2« o~ ~
e (cat ca™ ) Duglmeert =gl + gl 7

IN

c ol tgn |z -

Now, if Uy, # X, we we define upn, = Qpt,n € Xp, which satisfies

(Uohs Th) iy = (Qnrlgh, Th)Hyx = (Uohs Th)x*,x = (BYoh, Th)x+ x, Y2 € Xp.

Recalling, that Qp, : Uy, — X}, is boundedly invertible and u,, = Q;lagh, we have

[gnllzrx = 1@ tonllmy < NQy Mgnllzrx < g’ llugllr-

Thus, we can replace @,p by Upp in the above derivation, which finishes the proof.
O

2.4 Solvers and their use in nested iteration

Once the basis is chosen, the Galerkin variational formulation (2.12)) is equivalent to
the following spd linear system of algebraic equations: Find y,n = (y1,. .., yn) | €
RM solving the spd system

(M, + 0Dw)yon = Y (2.29)

where My, = ((¢j, ¥i) iy )i j=1,...m and Dy, = ((Dgj, i) iy )i j=1,...m ave M x M
spd matrices, while the vector y, = (7, i) ny )i=1,...m € RM is defined by the
given target ¥ € Hy. Thus, the solution yo, = (y1,...,ym)" € RM of
provides the coefficients for the Galerkin solution y,;, = Zjle Yyjp; € Yp CY of
via Galerkin’s isomorphism y,, <+ yon-

Let us choose the optimal regularization parameter o = h2®, and let Cj be an
asymptotically optimal spd preconditioner for the spd system matrix My, + o Dy, of
, i.e. there are positive, h respectively M}, independent spectral constants ¢y
and co such that the spectral equivalence inequalities

c1Cp <Spon =My, 4+ 0Dy, <Gy, (2.30)

hold, and the action C;lrh is of asymptotically optimal algebraic complexity O(Mj,),
where the best spectral constants ¢; and ¢y can be characterized by the minimal
eigenvalue )\min(C;ISQh) and the maximal eigenvalue /\max(C;ISQh) of C;lsgh,
respectively. Then the algebraic system can be solved by the pcg method
to a given relative accuracy € € (0,1) in the S, energy norm with asymptotically
optimal algebraic complexity O(M},) provided that the multiplication of the sys-
tem matrix S, with a vector is of asymptotically optimal complexity too. More
precisely, after n pcg iterations, we get the iteration error estimate

1yor = Yonllson < anllyon — Youlls - (2.31)

in the S,y energy norm || - ||s,, = (Sen+,-)"/?, where yu, Yons and yop, denote
the exact solution of (2.29)), the nth pcg iterate, and the initial guess, respectively.
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The reduction factor g, after n pcg iterations is given by ¢, = 2¢™/(1 + ¢*") with
q = ((conda(C; 'Sp1)) /2 —1)/((conda(C; 'Spr)) /2 +1) < 1 and conds(C}, 'Spn) =
)\maX(C;ISgh)/)\min(CfSQh) < ¢3/c1. The proofs of these well-known results on
pcg can be found in the standard literature; see, e.g., [26] Chapter 10], or [60L
Chapter 13].

The Petrov—Galerkin scheme allows us to recover the control @, € U

from the computed state y,n € Yj. Determining the solution u,n, = Z;\f:l U
of the Petrov—Galerkin scheme is equivalent to the solution of the following
system of algebraic equations: Find the coefficient vector Uy, = (u1,...,un)" € RV
such that

Mhﬁgh = Bhygh (232)

where My, = ((¢5,¢i)my )ij=1,...n and By, = ((Byj, ¢i)Hy )i=1,...,M; j=1,..,N are
N x N and M x N matrices, respectively. Due to the discrete inf-sup condition
, the N x N matrix M}, is always regular, but in general neither symmetric
nor positive definite. If we would choose Uy, = X, = span{¢x}2_, C X, then M,
is spd as Gram matrix, but then the computed control is in general too smooth.
Nonetheless, in our application presented in Section [3] we can choose different spaces
U, and X}, such that the inf-sup condition is satisfied and M, is spd at the
same time. Then system can efficiently be solved by pcg.

In practice, these solvers should be used within a nested iteration procedure
on a sequence of refined finite dimensional spaces with growing dimensions M; <
s < My < --- < My, respectively Ny < -+ < Ny < --- < N, related to shrinking
discretization parameters (mesh sizes) hy > -+ > hy > -+ > hp, such that hy goes
to zero and My, N, go to infinity as L tends to infinity. At some h = hy, this nested
iteration should produce

e a control u,p, such that ||[Uyn|lv = [[Uenlla-1 < Ceost, and

e the corresponding state y, = B~ 1y, satistying ||7, — ¥llmy < € 19l zry v,

in asymptotically optimal arithmetical complexity O(Mj) with a given “budget”
Ceoss > 0 and given accuracy e = 107P < 1, where o = h?®. We note that the control
U,n will be recovered from the computed state y,p, and 4, = B~ 11,y satisfies the
estimate . So, for sufficiently small h, we have ch®® < . We further note that,
in practice, yon ¢ Yon and tpp <> Uy, will be computed by solving the algebraic
systems (2.29) and , respectively.

Algorithm [I] summarizes the accuracy and cost controlled nested iteration pro-
cedure described above. The subindex ¢ always indicates the refinement level, i.e.
M, stands for M, K, for K, j, with o = h?"‘ etc. For £ =1, systems and
(2.32)) can be solved directly as indicated in the comments at lines 7 and 8, but their
iterative solution starting with zero initial guesses is also possible provided that ap-
propriate preconditioners C; and C; are available. Since good initial guesses are
available for £ = 2,--- | L, the algebraic systems and should be solved
by preconditioned iterative methods with appropriate preconditioners C, and C,.
In Subsection we show that pcg can be used not only for solving but also
with simple diagonal preconditioners C, and C, obtained from lumping the
corresponding mass matrices M, and M.

Remark 1. The energy cost ||uel|?_y- = ||wel|-1 = (A7 U, W) x,x+ in Line 16
of Algorithm/[1 is in general not computable exactly, but we can efficiently compute
a good upper bound as follows:

Wl = (w,we) x, x+ = (W, )y < || Hx el < cBlltel|zry .
el = (w, te) (@) iy < llwll el < cillael?, (2.33)
where we used that w = A~ i, € X solves the variational equation

(Aw, vy x+ x = (Ug, V) x+ x = (U, V), Vv € X C Hy,
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Algorithm 1: Accuracy and cost controlled nested iteration.

1 for/=1,...,L do

2 Generate My, Dy, 5, /% */

3 00 < h2* /* optimal regularization */

4 Sy < My + oDy /**/

5 Generate My, B, /* */

6 if / =1 then

7 Yo eSZlye /* solve directly */

8 uy <—M;1Bgyg /* solve directly */

9 else

10 Yo < Iﬁ_lyg_l /* prolongation of the state */
/* as initial guess for the iteration */

11 Yo <—S;1y€ /* solve iteratively */

12 uy <—I§_11~1@,1 /* prolongation of the control x/
/* as initial guess for the iteration */

13 uy <—M;1Bgyg /* solve iteratively */

14 end if

15 ee < [lye = Vollm, = lye — Yol my /* discretization error */

16 co = ||wel|? /* energy cost of the control */

17 if ¢y > c,,, then

18 STOP and return ¢y, uy, e,y /* cost test */

19 end if

20 if ep < e ||¥,||zz, then

21 STOP and return ¢y, 0y, es,ye /* accuracy test */

22 end if

23 end for

24 return cr,yr, er,yL

|lwllgy < crllwlla (abstract Friedrichs’ inequality), and ||w|a < cpl||@el|my . Thus,
we can replace co = ||Ug|3; by the easily computable cost ¢y = ||Ugl|3;, = (ﬁgﬁg, uy)
in Line 16, and cp > C.,y by cop > cwst/c% in Line 17, where ﬁg denotes the spd mass
matriz in Hx . In particular, for the Hx -reqularization (A = I) , which corresponds
to the L?-regularization in the applications, the cost co = |[tg||f_py, = (ﬁgﬁg,ﬁg)
of the control can be calculated directly. We note that we can also use the bound
lyenllp from Lemmal[f without recovering the control Uy, at the nested levels.

2.5 Constraints

To include additional constraints, e.g., on the control u, or on the state y,, we now
consider the minimization of the reduced cost functional over a non-empty,
convex and closed subset K C Y, where we assume 0 € K to be satisfied. The
minimizer y, € K satisfying

J (ye) = min 7 (y)
is determined as the unique solution y, € K of the first kind variational inequality

Yor ¥ — Yoy Hy + 0(DYory — Yo)v=y = (U, ¥y —Yo)u, forallye K. — (2.34)

As in Lemma [I] we can state the following result on the error ||y, — ||, -
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Lemma 5. Let y, € K be the unique solution of the variational inequality (2.34).
Fory € Hy there holds

—1/2

1Yo = Gllay < Nllays  lYello < o™ "7l

while for y € K we have

1/2

1ye = 9lls < llp,  llye =Yllay <o/, lyello < ¥llo-

If in addition Dy € Hy is satisfied for y € K, then the estimates

lyo = Fllay < 0l DFllmy  and |y, =Flp < 0 |DYllmy
follows.

Proof. From the variational inequality (2.34) we obviously have

0(DYo, ¥ —Yo)v*y =Y — Yo ¥ — Yo)Hy VYvEK.

In particular for y = 0 € K this gives

Q<Dygayg>Y*,Y + Hy - yQH?{y < <y_ yQay>HY < ||y_ yQ||HY||y||HY7

ie.,
—-1/2

1Yo = Ulley <1Wllays  Nyellp < 0™~ [l ay -

When assuming § € K we can consider y = 7 to obtain
1ye = Tl%r, +ollye —TID < (DT, T~ yo)vy- < ol7llnllye — o,
ie.,
lve =9llo <IFllo,  llye —Fllay <o |7lp-
For y =y € K we can write (2.34)) also as
e = 9llF, + o llvelD < 0(Dyo. P 1y < 0llyellnllFlln,

ie.,
19ellp < 17l p-
Finally, if Dy € Hy for § € K, then

lve —Tll3, +ollve —FlH < 0(DT. T~ Yo)v+v < || Dl ry ||Vo — Tl #y »

implying
lye = Fllay < 01Dy, Nye —Fllo < 02 1Dy -
O

Note that the results of Lemma [5| correspond to the results of Lemma [I| when no
constraints are considered.

As in the unconstrained case, let Y}, = span{p;}; C Y be a conforming ansatz
space, and let K C Y}, be some non-empty, convex and closed set being an appro-
priate approximation of K. Then we consider the Galerkin variational inequality of

(2.34) to find y,p € K}, such that
(Yohs Yn — Yon) by + 0{DYohs Yn — Yoh)y=y = (T Yn — Yoh) Hy (2.35)
is satisfied for all y;, € K}, which is obviously equivalent to

(U = Yohs Yn — Yoh) Hy — 0 (DYohsYn — Yon)y+y <0 for ally, € K.

Following [14] we can prove the following a priori error estimate:
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Lemma 6. Fory, € K and y,n € K}, being the unique solutions of the variational
inequalities (2.34]) and (2.35)), respectively, there holds the error estimate

Hyg - y@h”?‘]y +20 Hyg - yah”%
<2 inf [3llyo— walllr, + ellve — unlld] +4lleDy, +vo — T,
YhEKp

Proof. For arbitrary yp € Ky,

Hyg - yth%Iy +o0 ||yg - thH%J
= (Yo — Yoh>Yo — Yoh) Hy + 0{(D (Yo = Yoh)s Yo — Yoh)yY*Y
= Wo = Yoh>Yo — Yn) iy + 0(D(Yo — Yon): Yo — Yn)y=y
+(Wo = Yoh> Yn — Yoh) oy + 0 (D (Yo — Yoh)s Yn — Yon)v=y
= (Yo — Yoh Yo — Yn) iy + 0(DWo — Yoh): Yo — Un)y+y
+y — Yoh,Yn — th>Hy - <Dy9hyyh - ygh)Y*,Y
(Yo — T Yn — Yon) By + 0(DYo, Yn — Yon)v=y
(Yo = YohsYo — Yn)Hy + 0{D (Yo — Yon), Yo — Yn)v=y
+<y9 — Y, Yn — ygh)H + 0 <Dygvﬁ‘/h - ygh)Y* Y
= Wo = Yoh>Yo — Yn) iy + 0(D(Yo = Yon): Yo — Yn)y =y
+(0DYo + Yo — s Yn — Yoh) Y=Y
= ||yQ - thHHy ||y.9 —Ynllay +o Hyg - thHDHyQ —Ynllp
+leDyo + Yo — Yl uy llyn — yorllmy -

IN

A

When using Young’s inequality, we further have

1Yo = Yorll7r, + 0¥ — verllD

IN

1 1 1
7 lve — Yorllzry + lve — ynllir, + 5 @llve - Yol + 5 @llve - ynllD
—112 1 2
+loDy, +vo — Tl + 1 lyn — vonrllzr,
< 1 _ 2 _ 2 1 _ 2 1 o 2
<1 1Yo = vorllay + 1Yo — ynllar, + 5 ollye — YonllD + 5 ollve — ynllp

_ 1 1
+loDyo +yo = TllEy + 5 lvn = volliry + 5 e = vor iy

ie.,
1 1
1 ”?JQ - thsz + ) 0 ||yQ - th||2D
3 1 _
< 5 lve = vl + 5 ellve = wnlD + leDye + yo — Tl -
This gives the assertion. O

3 Distributed control of the Poisson equation

In this section, we will describe the application of the abstract theory to the solution
of distributed control problems for the Poisson equation, considering the control
either in L2(2) or in H~!(Q), and using either a constant or a variable regularization
parameter p.
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3.1 H™! regularization

First we consider the distributed optimal control problem to minimize

1 _ 1
T (Yo o) = 5 lye — y||%2(g) + 5¢ ||“g||§{—1(§z) (3.1)
subject to the Dirichlet boundary value problem for the Poisson equation,
—Ay,=u, in€Q, y,=0 ondQ. (3.2)

We assume that @ ¢ R? d = 1,2,3, is a bounded domain with either smooth
boundary 0f2, or convex. The standard variational formulation of the Dirichlet
boundary value problem (3.2)) is to find y, € H}(Q) such that

Awm»wmm=me (3.3)

is satisfied for all v € HJ(2). The variational formulation admits a unique
solution y, € Y := H}(Q) when assuming u, € U := H~}(Q) = X* = [H}(Q)]*,
iLe, X = Hj(Q), and Hx = Hy = L*(Q). When using the norm |y|ly = [|[Vy||r2(q)
we easily conclude the abstract assumptions for A = B = —A : H}(Q) - H1(Q)
with cff = ¢ = ¢ = B = 1. Moreover, S = B*A™'B = —A : H}(Q) — H~Y(Q)
with ¢f = ¢§ = 1. Hence we can rewrite the abstract variational formulation
to find y, € H{(£2) such that

Wor W) r2() + 0 (VYo V) 12(0) = T, ¥) 12 () (3.4)

is satisfied for all y € H{(2). Note that, in fluid mechanics, the variational problem
(3.4) is known as differential filter; see, e.g., [34]. The results of Lcmma now read

17l 20 ify e L*(),
lye = FllL2e) << 02|Vl L2 ify e Hy(Q),
o||AY| L2 ify e Hy(Q,4),

where we have used H} (2, A) := {y € H}(Q) : Ay € L*(2)}. Moreover,

IVllL2 o) ify € Hi(Q),

IV (yo — D) 220 < - L
e ™ IO 02 ||AY |2y iEY € HE(Q,A).

For the discretization of the variational formulation we introduce the standard
finite element space Y}, = span{p;}M, C Y = H}(Q) of piecewise linear continuous
basis functions ¢; which are defined with respect to an admissible decomposition
Trn of © into simplicial shape regular finite elements 7 of local mesh size h,, and
h = max,e7, hry. Fory € Y = H}(Q) let P,y € Y}, be the unique solution of the
variational formulation satisfying

/ VPyy-Vz,dr = / Vy - -Vzpdx for all z, € Y.
Q Q

When using standard finite element error estimates we immediately have
IV(y = Puy)llzz) < IVyllr2) fory € Hg(Q),
and

IV(y = Pay)llr2) < chlyluz) < ch||Ayllpzq) fory € Hy(Q,A),
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where for the last inequality we need that € is either smoothly bounded or convex,
as assumed. In this case, and using the Aubin—Nitsche trick, we also have the error
estimates

1y — Payllz) < chIVyllz), Iy — Paylle) < ch? Ayl L2 (q).

Hence we have established the abstract assumptions ([2.10) and (2.11)), with o =1,
implying the optimal choice o = h2. The finite element variational formulation of
(3.4) reads to find y,, € Y}, such that

(Yohs Yn) L2(2) + 0 (V¥Yon, Vyn) 120y = (U Yn) L2(2) (3.5)
is satisfied for all 3, € Y},. For the choice o = h?, the error estimates (2.17) read

1Yl 22 () fory € L*(Q),
yon —Yllz2) <c ¢ AlIVYllL2) for j € Hy(Q),
W2 ||AY|l 2 fory e Hi(Q,A) = Hg(2) N H?(Q).

Finally, for s € [0,1] we define the interpolation space H§(2) = [L*(Q), Hg ()]s,
and when assuming 5 € H(€2) the error estimate (2.24) reads

Yon = TllL2) < ch” 7llas@)- (3.6)

Once the basis is chosen, the finite element scheme ([3.5) is equivalent to the linear
system of algebraic equations

(Mp + 0Kp)yon =V, (3.7)
where the mass and stiffness matrices are defined via their entries

My[ji] = /Q oi(@)¢;(x)de and  Knlj,i] = /ngi(a:)goj(x)dx

for i,5 =1,..., M, and the source vector y;, via its coeflicients
y; = / y(x)p;(x)de forj=1,...,M.
Q

3.2 Variable H! regularization

Instead of the variational formulation with a constant regularization parameter
0, we now consider a variational formulation with a suitable regularization function
o(x), z € Q. For a given decomposition Ty, of € into finite elements 7 of local mesh
size h., we define the mesh dependent regularization function

on(x) = hz for x € T,

and the mesh dependent norm
9By, = | 2n(a) Val@) P de fory € HY(©).

Then we consider the variational formulation to find y,, € HJ () such that

/ngh,(:c)y(x) d:c+/Qgh(z) VYo, (z) - Vy(z) dx:/y(:r)y(x) dx (3.8)

Q

is satisfied for all y € Hg ().

21



As in Lemma [l we conclude the regularization error estimates
1Yorn = Fllzz) < 10llr2@),  Wenllrz@) < MWllz2@),  1Yonllai@).on < 1Wllz20)
for y € L2(2), and

1Yon = U2 ),0n < U2 000  NWon = Ullr2) < 19l 20,01

as well as
Yon le2 (2,00 < Ul H2 ()00

for y € HL(Q).
The finite element discretization of (3.8) reads to find y,,, € Y3 such that

/ Your (@)yn (@) do + / 00 () Vg () - Vyn () do = / H@)um(e)dr  (3.9)
Q Q

Q

is satisfied for all y5, € Y}. In this case, Cea’s lemma (2.13]) reads

”th - th,hH%%Q) + Hth - thﬁ”?{é(Q),gh

. 2 2
< inf {l1von =l Fao) + o = vl 00

and when choosing y;, = 0 this gives
1Yen = YonnllLz) < \/§||?||L2(Q) for g € L*(Q).

Moreover, when considering some quasi-interpolation y, = Pry,, we obtain the
error estimate

1/2
1Yor — Yonnllzz(o) < cll¥llaz@).on =€ ( > on? IIVy||2L2(T)> fory € Hy(9).

TCTh

When combining these results with the regularization error estimates, we finally
obtain

1/2
Yonh = UllLz) < cll¥llizz@)s  1Yonn —llz2) < c (Z h? |Vy||%2(r)> :
TCTh

Instead of (3.7), we now conclude the linear system

(Mp, + Kq,n)yon = Vi (3.10)

from the finite element scheme (3.9)), where the entries of the diffusion type stiffness
matrix K,,; are now given by

Ko nlj,1] :/ on(x)Vi(x) - Vej(x)de, i,j=1,...,M.
Q

3.3 L? regularization

Instead of (3.1) we now consider the optimal control problem to minimize

1 _ 1
T (Yo, i) = B lyo — ?J||2L2(Q) T3 QH“@H?}(Q) (3.11)

subject to the Dirichlet boundary value problem (3.2)) where we now consider the
source term u, € U = X* = L?(Q), ie., X = L*(Q). For the solution y, of
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(3-2) we therefore have Y = HE(Q,A) := {y € H}(Q) : Ay € L*(Q)}, with norm
Il (2.0) = [|1AY[|L2(q). Using B = —A: H}(Q,A) — L?(Q2), we therefore have

|ByllL2) = 1Ayl z2(0) = [lyllm2 (2.0)
for all 0 #y € HY(Q,A), and

<*Ay7 *Ay>L2(Q) < <*Ay, Q>L2(Q)
< sup et
AylL2 () ozqer2)  llallzzco)

||Z/||Y:H5(Q,A) = ||Ay||L2(Q) =

ie., P =cB = 1. Moreover, A =1 : L*(Q) — L?(), with ¢{' = ¢ = 1. Thus,
we define S := B*B : H}(Q,A) — [H}(Q,A)]* with ¢f = ¢§ = 1, and where
B* : L?(Q) — [HL(Q, A)]* is the adjoint of B : Hi(Q, A) — L?() satisfying

(B*q,y)a = (¢, BYy) 2(q) for all (¢,y) € L*(Q) x HY(Q,A).
Hence, we can rewrite the abstract variational formulation (2.7) to find y, €
H}(Q, A) such that
Yo W) L2 () + 0 (AYp, AY)12(0) = (U, ¥)L2(0) (3.12)
is satisfied for all y € H}(Q, A). Note that (3.12) is the variational formulation of
the Dirchlet problem for the BiLaplace equation,
oAy, +y,=7 inQ, y,=Ay,=0 ond. (3.13)

The results of Lemma [I] now read

190 — Tl < 17l 22 () ify € L*(Q),
- L =~ _ e —
e S 02| A2y iEY € HA(Q,A),

and
1Ay = D)2 <1ATll2) for g € Hy(2,A).

For a conforming finite element discretization of the variational formulation
we need to introduce an ansatz space Y, C Y = H(, A). At this time, and for
simplicity of the presentation, let us first consider the case d = 1 and Q = (0, 1).
In this case, we have Y = H}(0,1) N H?(0,1), and for a conforming ansatz space
we can use the space Y, = S2(0,1) N Hg(0,1) of second order B splines. Since, for
d = 1, the nodal interpolation operator I, : Y — Y} is well defined and bounded,
we can write the abstract assumptions as

ly = Inyll 20,0y < et B2 1y e20,0)s (W = Iny) " 220,y < 2 1" ll22(0,1)

i.e., @ = 2, implying the optimal choice o = h*. The Galerkin finite element
formulation of (3.12]) then reads to find y,p, € Y}, such that

<y,ghayh>L2(0,l) + 9<y§_)'h7y${>m<o,1) = (7, yh>L2(0,1) (3.14)
is satisfied for all y5, € Y3, and, for the error estimate (2.17), we obtain, for o = h?,

191 22(0,1) for 7 € L?(0,1),

1o — Fll20.1) <
’ o1 W2 200y for g € HE(0,1) N H2(0,1).

Finally, when using some space interpolation arguments, we conclude the error
estimate

1Yor = Fllz2(0,1) < P [TlliL2(0,1), 12 0,2 (0,1)]
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provided that § € [L?(0,1), Hj(0,1) N H*(0,1)];, for some s € [0,1].

Although we can generalize the above approach to domains Q = (0,1)¢ c RY,
d = 2,3 by using tensor product finite element spaces or IgA spaces, the construc-
tion of conforming finite element spaces Y, C HJ (2, A) with respect to simplicial
decompositions of € seems to be more challenging, e.g., [I]. Hence, we will describe
an alternative non-conforming approach as follows. For y, € H} (2, A) being the
unique solution of , we define p, = pAy, € L*(Q), and we can rewrite the
Dirichlet boundary value problem for the BiLaplace equation as system,

1 .
—Ap, =y, — 7, Epngyg:O inQ, y,=p,=0o0n0dN.

From this system we conclude p,,y, € H{ (), and in the sequel y, € H} (2, A).
The related variational formulation reads to find (p,,y,) € Ha(Q) x HL(Q) such
that

1

0
is satisfied for all (q,y) € Ha(Q) x HL(Q); cf. also Section

For the discretization of (3.15]), we now use the conforming finite element space
Vi 1= SE(Q) N HE(Q) = span{y; }M, of piecewise linear and continuous basis func-
tions ¢;, as already used in the case of the H~! regularization. This results in a
coupled linear system of algebraic equations

%Mh K, Poh \ _ [ On
-K, M, Yoh v )’

which is equivalent to the Schur complement system

(Pos D2 +(VYos V@) 12(0) = 0,  (VDo, VY)r2(0) = Wo — T, V) 12()  (3.15)

(M, + 0KnM;, ' Ki)yon = ¥y, -

3.4 Variable L? regularization

Instead of (3.12)) we now consider a variational formulation to find y,, € H}(Q2,A)
such that

/Q Yor (2)y(z) da + /Q on(x) Ay, () Ay(z) dr = / y(z) y(z) dz

Q

is satisfied for all y € HJ (2, A), with the mesh dependent regularization function
on(x) =ht forxzer.

When introducing p,, = on Ay,,, we end up with a variational system to find
(Pons Yon) € HF(2) x H(2) such that

1
/Q mp@h (z) q(x) dx + /Q VYo, (x) - Vg(z)dz =0

is satisfied for all ¢ € H}(Q), and

- /Q Vpo, (2) - Vy(a) do + /Q Yo (2)y() dz = /Q B(@)(z) de

is satisfied for all y € H (). The finite element discretization of this system results
in a linear system of algebraic equations,

Mo, Ka Por \ _ [ On
-K;, M, Yoh vy )’
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where the scaled mass matrix My, ;,,, is given by its entries

. 1 o
Mg, 15,1] z/ ——@i(x)pj(x)dr fori,j=1,...,M.
o o(x)

When eliminating p, we end up with the Schur complement system
(Mh + QKhM;/IQh,hKh)thh =Y

3.5 Control recovering

For the finite element approximation of the control u, = By,, we consider the ab-
stract variational formulation with U = X* = H71(Q) and X = H}(Q).
In this particular situation, we can choose the finite element space X, = Y =
span{gok}ﬂ/[: , of piecewise linear continuous basis functions ¢y, where the assump-
tion coincides with the second assumption in which was already estab-
lished. When an approximate state y,n, € Y, C Hj(Q) is known, we can compute
the related control @, € Uy = span{yy 12, C L?(2) C H~() as unique solution
of the variational formulation

/ Uon (T)n () do = / Vyor(z) - Vyp(z)dz for all y, € Y. (3.16)
Q Q

It remains to define Uy in order to satisfy the discrete inf-sup condition ([2.21)),
which now reads

(Un, Yn) 12(Q)

cs |lunllg-1(0) < sup for all uy, € Uy,.

wnevicHi(@) IVUnllrz o)

A first choice is to consider the control space Uy, = Y}, C H}(Q) of piecewise linear
and continuous basis functions, i.e., we have to solve the linear system with
M, = M;, and B;, = K;,. Now the discrete inf-sup condition is equivalent to the
stability estimate

1
1 < e 1
1Qryll 1 () < s Iyl 1 ()

for the L? projection Qp, : L?(Q) — Y, C H}(Q) C L3(), see, e.g., [6], which also
covers adaptive meshes.

For the approximate control @,, we can compute the related state g, € H ()
as unique solution of the variational formulation

/ Vo(x) - Vy(z)de = / Uon y(z)dx  for all y € HH (),
Q Q
and from ([2.24) we conclude the error estimate
10 =Tll2) < e’ Fllug) fory € Hi(Q) = [L*(Q, Hy(Q))]js, s € [0,1], (3.17)

when choosing ¢ = h? in the case of H~! regularization, and ¢ = h* in the case of
L? regularization.

Due to the choice U, = Y, C H{(f2) the discrete control ,, is much more
regular than expected, i.e., it involves boundary conditions. Although this does not
effect the final error estimate , the shape of the piecewise linear and continuous
control u,, may be not feasible. As an alternative we aim to construct a piecewise
constant discrete control.

For a given admissible decomposition of Q@ C R? into shape regular simplicial
finite elements 7 we introduce a dual mesh as follows: For any interior node xj € €2
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we define a dual finite element wy, satisfying wy Nw; = @ for z; # z; such that
Tr = UM @y, see Figureand, e.g., [59]. Then we define Uy, = span{y }L, C U =
H~1(Q) as ansatz space of piecewise constant basis functions 1, which are one in wy,,
and zero elsewhere. While the approximation assumption remains unchanged,
the discrete inf-sup condition follows as in [59]. Moreover, the error estimate
(3.17) remains true. But instead of the standard mass matrix M, = M}, we now
have to use a matrix M, = Mh defined by the entries

Mh[jvk]Z/ka(fc)wj(x)dxz/ op(x)dr, jk=1,...,M.

J

Thus, the linear system (2.32)) now takes the form Mhugh = Ky,n. Note, that we
additionally have that

IVynllL2) = sup M
O = Vel

and therefore the discrete inf-sup condition (2.25)) is satisfied. Thus, by Lemma
the cost can be estimated by

Vyenllz) < ltonllm-1(@) < esllVyenllz(o)- (3.18)

Remark 2. Foru= (uy,...,up)’ € RM we compute

- M N M
(Mpu,u)y = Z uiuj/ﬂl/)j(sc)goi(sc) dx = Z Z uiuj/ j(x)pi(x) de.

1,j=1 0=14,5=1

The local element matrices with entries
Mo fid) = [ di@eie)ds, (=1,
Te
can be computed to be, see [59], for d =1

1\/\/17'4 - @ (3 1) with ATru"n(]-/\v/-['re) = @a Ama;c(l\/\/]:n) = M;

8 \1 3 4 2
and for d =2
M, =— |7 22 7 With Apmin(Mr,) = —|7¢|, Amaz(My,) = —.
108 \ -~ ~ 99 36 3

Therefore, we see that Mh 18 symmetric and positive definite. Moreover, by ele-
mantary computations the spectral equivalence inequalities

c(d) (lump (Mp)u,u)e < (Mhu,u)g < (lump (Mp)u,u)z (3.19)

follow, where lump (Mp,) denotes the lumped mass matriz and
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Figure 3: Meshes and dual meshes in 1D (left) and 2D (right).

3.6 Solvers and their use in nested iteration

We start this subsection with the observation that we can write all linear systems
to be solved in a unified manner as

SonYoh = Yn (3.20)
where Sgh =M, + Dgh with
oKy, for H~! regularization, o = h?,
K, for variable H~! regularization, o5, (z) = h2,z € T,

D =
2h gKhM,ZlKh for L? regularization, o = h?,

KhMl_/lg}“hKh for variable L? regularization, o, (z) = h,z € 7.

We note that, for constant regularization functions gp(z) = o for all x € Q, we
obtain K, = 0Ky, as well as My, , = %Mh. Hence, it is sufficient to consider

the variable regularizations only. For the system matrix S, 5, = My +D,y, of (3.20]),
we can prove the following lemma for all regularizations discussed above.

Lemma 7. There hold the spectral equivalence inequalities

c1 (Chyn,¥n) < (Soryn.¥n) < 2 (Cryn,yn) (3.21)

for all yy, € RM | cf. ([2.30)), where the preconditioner Cp, = lump (My},) is a simple
diagonal matriz that is obtained from the mass matriz My, by mass lumping, i.e.,

M
Chulj, k] = lump(Mp)[j, k] = ;5 > Mn[j,il, jk=1,...,M;
=1

c1 = 1/(d+2), and co = 1+ ¢* with the h-independent ¢* > /\maX(M,:lDQh) being
the mazimal eigenvalue of the generalized eigenvalue problem D, vy, = AMjvy, or,
at least, an upper bound of it.

Proof. The lower estimate follows from the inequalities Sy, = My, + Dyp > My, >
(d + 2)7'lump (M},), where the last estimate can be found in [39, Lemma 1].
The upper estimate can be obtained from S,, = My, + Dy, < (1 + )My, <
(1+ ¢?) lump (My,). The estimate D, < ¢® M, follows from local inverse inequali-
ties and appropriate choices of the regularization parameter or function o as given
above for different regularizations. We refer to [39] for a detailed proof. We mention
that ¢ = Amax(Mj, 'Dy,y) is the best possible constant. O
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Remark 3. The mass matrices My, and My /,, p, in Dop = KhMglKh and Dy, =
KhM;/lgh)hKh, respectively, can be replaced by the corresponding lumped versions
lump(Mp,) and lump(My ,, 1) without affecting the discretization error and the
spectral equivalence inequalities; see [39]. We note that this replacement of the mass
matriz by their lumped versions makes the matriz-vector multiplication S,y xyy, fast.
More precisely, S,n * yp, can be performed in optimal complexity O(h=%). This is
important when solving the system by pcg as we do in the nested iteration
procedure presented in Algorithm [1]

In order to recover the control w,, > Uy € RM  we have to solve the system
" with Bh = Kh and Mh = Mh or Mh = Mh. In both cases, éh = lump(Mh)
is an asymptotically optimal preconditioner, see .

Let us now specify the nested iteration and, in particular, Algorithm de-
scried in Subsection for abstract optimal control problems, in the special case
of distributed control of the Poission equation with energy regularization presented
in Subsection Let us assume that 7; = 7Ty, is a sequence of uniformly (or
adaptively) refined simpicial, shape regular meshes with the mesh sizes h = hy,
£=1,...,L, and Yy, Xy, U, are corresponding finite element spaces as described in
Subsections [3.1{ and We recall that here X, = Y, = span{p; }MTN c X =Y =
H(Q). Line 11: y, «+ S, 'y, in Algorithm [1| now means that the system is
solved by the pcg iteration with the preconditioner C;, = lump(M},) and the initial
guess y9 = 15713’?71 that is simply interpolated from the last iterate on the coarser
mesh Ty_1. It is clear that we need a constant number n of nested iterations on
all levels £ = 2,..., L in order to match the discretization error . The coarse
mesh system S1y; =¥, (line 7 in in Algorithm [1)) is usually solved by some sparse
direct method [I1]], but it can be solved by pcg with the same preconditioner and
the initial guess y{ = 0;. This immediately yields that we need In hl_1 pcg iteration
in order to match the discretization error estimate for h = h;.

3.7 State constraints

We now consider the minimization of subject to the Poisson equation
with constraints on the state y, € Ks := {y € H}(Q) : g- <y < g4 ae. in Q},
where g1 € H}(2,A) are given barrier functions, and where we assume g_ < g,
and 0 € K, to be satisfied. The solution y, € K, of this minimization problem is
then characterized as the unique solution of the variational inequality

Yo ¥—Yo) 12+ (Vo V(Y —Yo)) 12(0) = (U, Y—Yo)12() for all y € K. (3.22)

This variational inequality completely corresponds to as considered in the
abstract setting. Hence, all results as given in Subsection [2.5| remain true. Instead
of the linear system we now have to solve a discrete variational inequality to
find y,n € RM & Yoh € K p such that

(M, + 0Kn)yoh = Y1, ¥y — ¥Yon) >0 (3.23)

is satisfied for all y € RM « y, € K. We define the discrete Lagrange
multiplier A := (M, + 0K},)yon — V5, and the index set of the active nodes,
Isy =4k =1,...,M : yp = g+ = g+(xx)}. With this we then conclude
the discrete complementarity conditions

Me=0, g, <yp <gyrpfork &I, y, \y <O0forkel;, \y >0fork el _,
which are equivalent to

A = min{0, Ay + c¢(g9+x — yx)} + max{0, \x + c(9—x —yx)}, ¢>0.
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Hence we have to solve a system F(yn, A) = 0 of (non)linear equations

Fl(y0h7 >‘) = (Mh + QKh)y.Qh - ?h — A= 07
FQ(Yth A) = A= min{ov A+ C(g-i- - Y)} + maX{O, A+ c(g_ - Y)} =0,

where the latter have to be considered componentwise. For any given A the system
F1(yon, A) = 0 reads
(Mp +0Kn)yon =¥5 + A

which can be solved as in the unconstrained case, and it remains to solve the
nonlinear system

Fo(My, + 0Kp) ' (7, + A), A) = 0. (3.24)
For the solution of we can apply a semi-smooth Newton method which is
equivalent to a primal-dual active set strategy, see, e.g., [8, B0, 31l [33], and [I5].
Instead of solving the nonlinear system we can solve the variational inequality
by using multigrid methods, see [20] for an overview of related methods. This
will be a topic of future research. When considering control constraints we replace
K by

K. = {y € Hy(Q) : (- d)r2() < (VY, Vo) r2(0) < (f+,9)L2(0)
for all ¢ € Hy(2) with ¢ > 0 a.e. in Q},

where we assume fi € L?(€2). For a more detailed discussion we refer to [I5], see
also [19].

3.8 Numerical results

We first reconsider the 1d examples from the introduction. Since we can analyti-
cally solve all of these 1d OCPs, we can easily verify the numerical results for both
the L? and the H~! regularization with respect to the accuracy of the approxima-
tion of the computed finite element state to the target and the approximation of
the cost of the control. Furthermore, we numerically study three multi-dimensional
examples with targets possessing different features. The first two examples are
taken from [I0], where beside the standard L? regularization also other regular-
izations including measure and BV regularizations are studied both theoretically
and numerically. These two benchmark examples from [I0] are given in the two-
dimensional (2d) computational domain Q = (—1,1)2. Here we also consider the
three-dimensional counterparts given in 2 = (—1,1)3. Finally, we numerically study
a three-dimensional (3d) example with a more complicated discontinuous target that
was already used in our paper [38] for numerical tests. In this example, the target is
zero with exception of several small inclusions which are nothing but hot spots. For
the three multi-dimensional examples, we always us the H ! regularization, which
is sometimes also called energy regularization, as described in Subsection [3.1} The
finite element discretization, the control recovering, the solvers, and the nested iter-
ation procedure also follow the description as given in Subsections[3.1] B-5] and [3.6]
In particular, we solve the system by pcg preconditioned by the lumped mass
matrix Cp = lump(My,). In the non-nested version, the pcg iterations are stopped
as soon as the SghC,le oh energy norm of the initial iteration error ) = u,;, — ugh
is reduced by a factor of 10°. In terms of the residual ry = S,pej, the stopping
criterion can be written in the form

(Cyy ek, xi) 2 < 1070 (Cy g, xp) 2.

We always use a zero initial guess in the nonnested iterations while, in the nested
iteration procedure, the initial guess is interpolated from the coarser mesh and the
iteration is stopped when the discretization error is reached.
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3.8.1 Numerical justification of the theoretical results in 1d

We reconsider the examples from the introduction, especially the smooth target
and the discontinuous target for which we computed the exact solutions
Y1,0 and ys , for and depending on g > 0 explicitely.

Let us consider piecewise linear finite elements, defined on the decomposition of
(0,1) into equidistant nodes xy, = k/N, k =0,..., N, for some N € N. Given the
mesh size h = 1/N, the optimal choice of the regularization parameter is o = g1 =
h? and o = 072 = h* in the case of the H~! regularization and L? regularization,
respectively. Now let us fix o = 27 for some £ € N and choose two decompositions of
mesh sizes hy -1 and hyz, such that o = h%,_, = h].. On these meshes we compute
the corresponding states yi on, , and y;on,,, @ = 1,3 of the H~! regularization
and the L? regularization, solving and (3.15)), respectively. The states are
plotted in Figure [44 We clearly observe, that the reconstructed states approximate
the exact states very well. We note that the larger distance of the target to the state
reconstructed using the L? regularization with respect to the state reconstructed by
the H~! regularization does not stem from the state being computed on a coarser
mesh, but is rather inherited from the continuous problem. This is further supported
by Figure |5, where the exact errors ||§ — y,l[z2(0,1) are plotted against the finite
element errors |7 — y,nll£2(0,1)-

In a post processing step, we now compute the reconstruction of the control
Ugh € Xp, on the primal mesh and @4, € U on the dual mesh, solving (3.16). The
results are presented in Figure |4l In the one dimensional case 2 = (0,1), we can
compute the exact cost, by introducing g, € H}(0,1) given as

Tolz) = / G2, 1)Tion(y) dy,

where
y(l—]}), yE(O,JJ)
x(l_y)7 ye(x,l),

denotes the Greens function, i.e., =y} = Uy in (0,1). Then we compute

G(xay) = {

~ (Uoh, V) 12(0,1) (—¥y,v)L2(0,1)
||ugh||H—1(0,1) = sup — = sup ———
orveri1) 1V lz20)  ozvemiony  1Vlz2e0,1)

@;W’)m(o,l) ~ — ~
sup o — WYsllL2(0,1) = £/ \Uph>Yo)L2(0,1)-
||’U/||L2(O,1) H g” ( ) < Q Q> ( )

0A£vEH}(0,1)

The cost of the different control reconstructions is compared with the exact cost
llugllzr-1(0,1) and |lugl|z2¢0,1) in Figures |6 and |7} respectively. We note that all
the computations align very well and fit the exact cost. Although it might seem
that the L? regularization comes with lower cost, we again stress that for fixed
0 > 0 the error ||7 — y,l/z2(0,1) for the L? regularization is larger compared to
the H~! regularization. Thus, to achieve the same level of accuracy one needs to
consider a smaller regularization parameter o leading to the same cost for the L2
regularization. Thus, for the implementation the H ' regularization is beneficial,
as the regularization parameter does not need to be chosen too small. Hence, if
one is interested in the L? cost, we propose to compute the state via the H !
regularization, then reconstruct the control and compute the L? cost and check if
it is still below the threshold given by the application.
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Reconstructed control on primal and dual mesh for o5 + = op: = 27

Exact and reconstructed state for g1 = oz = 2%
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Figure 4: Targets ¥, Js, (exact) reconstructed states using the H~1 and L? reg-
ularization v; , and y; on, respectively. And reconstruction of the controls w; ., on

the primal and dual mesh.
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Figure 5: Errors [|7 — y,llz2(q) and ||[J — yenllz2(o) for the different targets 7, and
75 and for the H~! and the L? regularization.
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Figure 6: Cost [lug| z-1(q) and cost of the reconstructed control [[tgn | g-1(q) for
the targets 7; and 5 when choosing ¢ = o-1 = h%,_, = 012 = hi..
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Figure 7: Cost |lu,||z2(q) and cost of the reconstructed control ||[tyn|z2(q) for the
targets 7, and J3 when choosing o = opr-1 = h%,_, = 012 = hj..

3.8.2 Peak
We now consider the smooth target

?(x) _ 6—50[(."61—0.2)2+(x2+0.1)2]

with z = (z1,72) € Q = (—1,1)? C R?; see [10]. We note that this target does not
vanish on the boundary 9 of Q. Therefore, it does not belong to the state space
Y = H(Q). The violation of the homogeneous boundary conditions may cause
boundary layers which affect the convergence of the finite element approximation
to the state. Furthermore, we consider a 3d version of this example with the target
function ) , ,

(@) = e~ S0E1=02 +(w2+0.1)* +(25-+0.3)%

with x = (21, 29,23) € Q = (—1,1)3 C R3. Table [I| presents the numerical results
for the nonnested and nested iteration regimes. We obtain the full experimental or-
der of convergence (eoc) as we would get for smooth targets satisfying homogeneous
Dirichlet conditions. The nested iteration procedure produces approximations with
the same accuracy as the nonnested iteration but several times faster.

Non-nested Nested
¢ #Dofs error eoc | its (time) error eoc its (time)
1 1,013 | 33%e—2 | — | 10 (2.1e—3s) | 3.34e—2 | — | 10(2.1e—3 s)
2 35,937 | 1.25e—2 | 1.41 | 11 (3.8e—3s) | 1.28e—2 | 1.39 | 2 (8.5e—4 s)
3 274,625 | 3.48¢—3 | 1.85 | 11 (5.5e—3s) | 3.74e—3 | 1.77 | 2 (1.2e—3s)
4 2,146,689 | 8.87e—4 | 1.97 | 11 (2.9e—2s) | 9.91e—4 | 1.92 | 2 (6.5e—3 s)
5| 16,974,593 | 2.22e—4 | 2.00 | 11 (2.1e—1s) | 2.54e—4 | 1.96 | 2 (4.7e—2 s)
6 | 135,005,697 | 5.56e—5 | 2.00 | 11 (1.5e—0s) | 6.43e—5 | 1.98 | 2 (3.7e—1 s)

Table 1: Peak (d = 3): Comparison of Nonnested and Nested iterations: L? error,
experimental order of convergence eoc, number its of pcg iterations, and computa-
tional time (time) in seconds on uniform mesh refinements, using 256 cores.

3.8.3 Pedestal

The next example is also inspired by a 2d example used in the numerical experiments
presented in [I0]. The target

if ¢ - d
(m):{l foe(—1/2,1/2)9,

0 else,

is nothing than a pedestal with a plateau of the high 1. This target ¥ is discon-
tinuous, and, therefore, it does not belong the state space Y = Hg(£2), but to the
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spaces H*(Q2) with s < 1/2. Thus, we can only expect reduced convergence rates
in the case of uniform mesh refinement. Table [2| presents some numerical results
for the three-dimensional case, i.e., d = 3. We again compare the nonnested and
nested iteration regimes. Since the target does only belong to H*({2) with s < 0.5,
we only see the reduced eoc of about 0.5. The nested iteration procedure again
produces approximations with the same accuracy as the nonnested iteration but
several times faster.

, HDofs Non-nested Nested

error eoc | Its (Time) error eoc Its (Time)
1 4,913 | 3.66e—1 - O (2.2e—3s) | 3.66e—0 — | 10(2.2e—3s)
2 35,937 | 2.67e—1 | 0.45 | 11 (3.2e—3s) | 2.73e—1 | 0.43 | 1 (5.2e—4 s)
3 274,625 | 1.87e—1 | 0.52 | 11 (5.5e— 3 s) | 1.93e—1 | 0.50 | 1 (7.5e—4s)
4| 2,146,689 | 1.3le—1 | 0.51 | 11 (2.8e—2s) | 1.35e—1 | 0.52 | 1 (4.5e—3 s)
5| 16,974,593 | 9.24e—2 | 0.51 | 11 (2.1e—1s) | 9.43e—2 | 0.52 | 1 (3.5e—2 s)
6 | 135,005,697 | 6.52e—2 | 0.50 1(1.5e—0s) | 6.62e—2 | 0.51 | 1 (2.5e—1s)

Table 2: Pedestal (d = 3): Comparison of Non-nested and Nested iterations: L?
error, experimental order of convergence eoc, number its of pcg iterations, and
computational time (time) in seconds on uniform mesh refinements, using 256 cores.

3.8.4 Inclusions

Finally, we consider the target

if (z1 — 0.5)2 + (z9 — 0.5)% + (z3 — 0.5)2 < 0.052,

if (21 — 0.5)% + (22 — 0.25)2 + (w3 — 0.75)% < 0.0625,

if (z1 — 0.5)% + (22 — 0.75)% + (23 — 0.75)% < 0.06252,
if (z1 —0.5)% +

if z; € [0.25,0.75] and x5 € [0.45,0.5] and x3 € [0.125,0.375],
if ((El — 05)2 + (.’ﬂg — 025)2
else,

+(
+(x
(z2 — 0.75)% + (w3 — 0.25) < 0.0752,
4
(

+ (z3 — 0.25)2 < 0.06252,

<
—~
8
~
Il
S O U W N

with piecewise constant, positive values inside small inclusions in the 3d domain
Q= (0,1)3. Outside of these hot spots the target is zero. Again, we expect interface
boundary layers and reduced convergence rate in the case of uniform mesh refine-
ment. Table |3 provides the numerical results for non-nested and nested iterations.
First we observe that the eoc is about 0.5 that perfectly corresponds to the regu-
larity of the target. The nested iteration procedure again produces approximations
with the same accuracy as the non-nested iteration but several times faster. More
precisely, at the finest refinement level ¢ = 6 with 135,005,697 unknowns (#Dofs),
the nested iteration reaches the same accuracy (error) as the nonnested iteration
within 0.18 seconds in comparison with 1.50 seconds needed for the nonnested it-
eration. We note that we stopped the non-nested iteration at the relative accuracy
1075, This can be relaxed, and the relative accuracy can be adapted to the dis-
cretization error. Figure [8|shows the computed finite element approximation to the
state at level £ =4

4 An overview on other applications

In this section, we are going to discuss some selected further applications of the
abstract theory as presented in Section
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Non-nested Nested
error eoc Its (Time) error eoc Its (Time)
1,013 | 350c—1 | — | 22 (53c-35) | 350e—1 | — | 22 (5.1c—3s)
35,937 | 3.26e—1 | 0.10 | 25 (6.8e—3s) | 3.3le—1 | 0.08 | 1 (6.4e—4 s)
274,625 | 2.35e—1 | 0.47 | 24 (9.3e—3 s) | 2.35e—1 | 0.50 2 (1.0e—3s)
2,146,689 | 1.60e—1 | 0.55 | 24 (2.2e—2s) | 1.61le—1 | 0.55 2 (2.6e—3 s)
16,974,593 | 1.13e—1 | 0.51 | 24 (2.2e—1s) | 1.12e—1 | 0.52 | 2 (2.7e—2s)
135,005,697 | 7.95e—2 | 0.50 | 24 (1.5e—0s) | 7.95e—2 | 0.50 2 (1.8e—15)

#Dofs

U W= S

Table 3: Inclusions (d = 3): Comparison of non-nested and nested iterations: L2
error, experimental order of convergence eoc, number its of pcg iterations, and
computational time (time) in seconds on uniform mesh refinements, using 512 cores.
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Figure 8: Computed state solution on the uniform refined mesh with 2,146,689
Dofs at the cut x5 =1/2.

4.1 Dirichlet boundary control of the Laplace equation

As a first example, we consider the Dirichlet boundary control problem to minimize

1 _ 1
T Yorue) = 5 190 = TlTa() + 5 @lwelz o) (4.1)
subject to the Dirichlet boundary value problem for the Laplace equation
—Ay,=0 inQ, y,=u, onl:=099Q, (4.2)

where the control u, is now nothing but the Dirichlet data of the state y, on
the boundary ' of €. In this case, we again have Hy = L?(Q), but the state
space Y now is the space of all harmonic functions in H!(Q), i.e., {y €
HY(Q) : (Vy,Vv)12(0) = 0 Yo € Hj(2)}. The state to control map ug = yinty,
is then given by the interior Dirichlet trace operator ™ : H'(Q) — H'/?(T), i.e.,
B =t .y - U = H'Y?(). Moreover, we introduce X = H_1/2( ) :={y e
H=Y2(T') : (4, 1)r = 0}. A semi-norm in the control space U = H'/?(T") is induced
by the Steklov—Poincaré operator S : H'/2(I") — H, Y *(I') which is defined via

0

|u9‘§{1/2(1“) = (Sug, up)r :/FaTyQ(m) Yo(x) dw = /Q Vyo(@)|* dz,

where y, € Y is the harmonic extension of u, € U. With this we can write the
minimization problem (4.1)-(4.2]) as in (2.6) to minimize

. 1 _ 1
I (o) = 5 190 = Gll72(0) + 50 IVYoll72(0) (4.3)
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on the space Y of harmonic functions. The minimizer y, € ¥ of the reduced cost
functional (4.1]) is then charcterized as the unique solution of the gradient equation
in variational form, satisfying

Wor W) r2@) T 0(VYo, VY) 12(0) = (U, Y) 12() forally €Y. (4.4)

Moreover, in this particular case, we can formulate state and control constraints at
once by defining Yy, :={y € Y : g_ <y < g1}, where g+ €Y are given (constant)
barrier functions. For y, € Y/, the minimizer of is then determined as the
unique solution of the variational inequality satisfying

oY —Yo)r2(0) +0(VYo, V(y—Yo)) r2(0) = (¥, ¥ —Yo)r2(n) for ally € Y. (4.5)
It is obvious that all regularization error estimates as given in the abstract setting
remain true. In order to incorporate the constraints in the definition of the state

space Y, instead of (4.4) we can introduce a Lagrange multiplier p, € HJ(£2) and
solve a saddle point variational formulation for (y,,p,) € H'(Q) x H}(Q2) satisfying

Wor ¥ r2) + 0V, V) 1200y + (VDo, VY 2) = (T, ¥) 12 (),
(Vyo, VQ>L2(Q) = 0

for all (y,q) € HY(Q) x H}(2). Finite element error estimates for the numerical
solution of (|4.6]) follow when using standard arguments.

Remark 4. The Dirichlet boundary control problem — in the control space
U = HY*(T') was first considered in [52)], see also [9, [17, [66]; for the consideration
of control or state constraints, see [15,[19,[22]. Further extensions include Dirichlet
control for Stokes flow [18], or for parabolic evolution equations [Z1)].

(4.6)

4.2 Distributed control of parabolic evolution equations

The abstract theory as given in Section [2]is not restricted to elliptic state equations,
but can also be applied to time-dependent PDEs. As an example for an parabolic
evolution equation we consider the minimization of

1 _ 1
T (Yo, tig) = By lye — y||2L2(Q) T3 Hug||2L2(o,T;H—1(Q))
subject to the initial-boundary value problem for the heat equation
Oo — AzYp =u, inQ, y,=00n3%, y,=0on,

where, for a given time horizon 7' > 0, @ := Q x (0,7T) is the space-time cylinder
with the lateral boundary ¥ = 9 x (0,T) and the bottom ¥y = @ x {0}. In
this case, we have Hxy = Hy = L*(Q), as well as X = L?(0,T; H(Q2)) and U =
X* = L?(0,T; H 1(Q)). Moreover, the related state space is defined as Y = {y €
X : Oy € X*,y(0) = 0}. Within this setting we have B = 9, — A, : ¥ — X*,

and A = —A, : X — X*. The reduced optimality system then reads to find
(P> Yo) € X x Y such that
1
E <prg, vzq>L2(Q) + <8tyg,q>Q + <szg, me>L2(Q) — 07
7<p97 aty>Q - <vmpg7 sz>L2 Q) + (yg, y>L2(Q) = <y’ y>L2 )

is satisfied for all (¢,y) € X x Y. This variational formulation and its space-time
finite element discretization was analysed in [43], for other approaches, see, e.g.,
[3, 161, [25] [411 [42] 48] [65]. While all of these approaches require the solution of a cou-
pled forward-backward system, a new approach related to the abstract variational
formulation was recently considered in [46], where D is induced by the norm

of the anisotropic Sobolev space Hé;737/2(Q) = L?(0,T; HY(Q)) N H&/z(o, T; L*(Q)).
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4.3 Distributed control of hyperbolic evolution equations

As an example for a hyperbolic evolution equation as state equation we consider
the minimization of

1 _ 1
T (Yo, up) = By lye — y||2L2(Q) T3 Hug||2L2(o,T;H—1(Q))
subject to the initial-boundary value problem for the wave equation
Oulo — DglYp =up, inQ, y,=00n%, y,=0y,=0o0n. (4.7)

When assuming u, € L*(Q), the initial boundary value problem admits a
unique solution y, € Hy} (Q) := L*(0,T; H}(Q)) N HE (0,T; L*(Q)); see, e.g., [36,
61]. Hoeever, this does not define an isomorphism. When using X = Hé;’,lo Q) =
L2(0,T; H3(Q))NH (0, T; L2(R)), ie., U = [Hy, o(Q)]*, and in order to ensure that
the wave operator B := [0 := 9y — A, : Y — X* is an isomorphism, we need to
define the state space accordingly. Therefore, and following [62], we introduce

— 7 e —
Y = How,(Q) == Hy)p (Q) s Ml = \/||UH2L2(Q) + 15llg -

where U is the zero extension of u € L?(Q) to Q_ := Q x (=T, T). In this setting
we can define A : X — X*, satisfying

(Ap,q)q = (00, 0:q) L2(@) + (Vap, V@) 12(q) for allp,q € X.

Then we can write the abstract gradient equation (2.3) as variational problem to
1,1
find (y,,p,) € Ho,(Q) x Hy((Q) such that

0 (Apo, )0+ (000, Eq)o_ =0, —(07,Epo)o_+Wo, ¥)12(0) = U, Y)12(Q) (4.8)

is satisfied for all (y,q) € Ho.0,(Q) X H&;}O(Q), where £ : H&’}O(Q) — HY{Q-) is a
suitable extension operator, e.g., reflection in time with respect to ¢ = 0. In any
case, for a space-time finite element Galerkin discretization of , we introduce
the standard finite element spaces Y}, = S}L(Q)QH&’&V(Q) and X, = S}L(Q)OH&’}O(Q)
of piecewise linear continuous basis functions. For (yn,qn) € Yi x X}, and following
[62, Lemma 3.5] we have

(Oun, Eqn)q_ = —(0tyn, 0rqn) 12(Q) + (Va¥n, Valn)£2(Q)-
Hence we have to find (y,n, pon) € Ys x X, such that
(OtPohs Oean) L2(Q) + (Vabon, Vaan) 12(0)
—(OYon, Oean) 12(Q) + (Valeh, Vatn)r2@) = 0,
(OtYn, 0pon) 12(Q) — (Valns Vabon)12(Q) + Wors Yn)12(@) = (U, Yn)12(Q)

is satisfied for all (yn, qn) € Yn x Xp. For a more detailed analysis of this approach,
see [47]; for other approaches we refer to, e.g., [24} 35 50, 53] [67].

5 Conclusions and outlook
We have first considered abstract tracking-type OCPs subject to some state equation

By = u where we think of linear elliptic, parabolic, and hyperbolic PDEs or PDE
systems. If the state operator B is an isomorphism between the state space Y
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and the control space U, then the OCP can be reduced to a state-based optimality
condition that is nothing but a state-based operator equation, or to a state-based
variational inequality in the case of additional abstract constraints imposed on the
state or the control. We have started with the investigation of the case without any
box constraints. For this case, we have provided estimates of the error ||y, — ¥l a,
between the optimal state y, and the desired state ¥ in the tracking norm || - ||z,
in terms of the regularization parameter p and the regularity of the desired state
y. After the Galerkin discretization of the state-based operator equation, we have
analysed the error ||y,n, — 3|, between the Galerkin solution y,;, and the desired
state 7. We have observed that the finite element mesh size h is strongly related
to the regularization parameter g in order to obtain the asymptotically optimal
convergence rate. The optimal control u,, can be computed from the Galerkin
state solution y,;, in a postprocessing procedure. Moreover, we have presented
efficient (parallel) iterative solvers that can be used in a smart nested iteration
process where we can control the accuracy of the computed state and the energy
cost of the control. Furthermore, we have shown that one can easily add and analyse
constraints for the state or the control.

In the second part of the paper, we have applied the abstract theoretical frame-
work to the distributed control of Poisson’s equation as blueprint for other appli-
cations. We have presented numerical results for 1d, 2d, and 3d benchmarks with
different features concerning the regularity of the target. These numerical results
not only illustrate our theoretical error estimates quantitatively, but also demon-
strate that the iterative solvers are very efficient, in particular, in a nested iteration
setting on parallel computers.

Finally, we have briefly discussed some other applications of the abstract frame-
work to PDE constrained OCP like the Dirichlet boundary control of the Laplace
equation and OCPs subject to parabolic or hyperbolic state equations where space-
time finite elements are used for their discretization.

Further extensions include problem classes for other boundary control problems
such as Neumann or Robin type problems; OCPs with either partial observations
or partial controls, or the optimal control of non-linear state equations such as the
Navier—Stokes system.

Acknowledgments

We would like to thank the Johann Radon Institute for Computational and Applied
Mathematics (RICAM) for providing computing resources on the high-performance
computing cluster Radonlﬂ Further, the financial support for the fourth author
by the Austrian Federal Ministry for Digital and Economic Affairs, the National
Foundation for Research, Technology and Development and the Christian Doppler
Research Association is gratefully acknowledged.

References

[1] M. Ainsworth and C. Parker. Two and three dimensional H?-conforming finite
element approximations without C'-elements. Comput. Meth. Appl. Mech.
Engrg., 431, 2024.

[2] O. Axelsson, M. Neytcheva, and A. Strom. An efficient preconditioning
method for state box-constrained optimal control problems. J. Numer. Math.,
26(4):185-207, 2018.

Lhttps://www.oeaw.ac.at/ricam/hpc

37



3]

[14]

[15]

[16]

[17]

[18]

N. Beranek, M. A. Reinhold, and K. Urban. A space-time variational method
for optimal control problems: Well-posedness, stability and numerical solution.
Comput. Optim. Appl., 86:767-794, 2023.

A. Borzi and V. Schulz. Multigrid methods for PDE optimization. SIAM
Review, 51(2):361-395, 2009.

A. Borzi and V. Schulz. Computational Optimization of Systems Governed by
Partial Differential Equations. STAM, Philadelphia, PA, 2011.

J. H. Bramble, J. E. Pasciak, and O. Steinbach. On the stability of the L?
projection in H'. Math. Comp., 71:147-156, 2002.

S. Brenner, J. Gedicke, and L.-Y. Sung. A symmetric interior penalty method
for an elliptic distributed optimal control problem with pointwise state con-
straints. Comput. Methods Appl. Math., 23(3):565-589, 2023.

X. Chen, Z. Nashed, and L. Qi. Smoothing methods and semismooth methods
for nondifferentiable operator equations. SIAM J. Numer. Anal., 38:1200-1216,
2001.

S. Chowdhury, T. Gudi, and A. K. Nandakumaran. Error bounds for a Dirichlet
boundary control problem based on energy spaces. Math. Comp., 86:1103-1126,
2017.

C. Clason and K. Kunisch. A duality-based approach to elliptic control prob-
lems in non-reflexive Banach spaces. ESAIM Control Optim. Calc. Var.,
17:243-566, 2011.

T. Davis. Direct methods for sparse linear systems. SITAM, Philadelphia, 2006.

J. De los Reyes. Numerical PDE-Constrained Optimization. Springer, Cham,
2015.

I. Dravins and M. Neytcheva. Preconditioning of discrete state- and control-
constrained optimal control convection-diffusion problems. Calcolo, 60(48),
2023.

R. S. Falk. Error estimates for the approximation of a class of variational
inequalities. Math. Comp., 28:963-971, 1974.

P. Gangl, R. Loscher, and O. Steinbach. Regularization and finite element
error estimates for elliptic distributed optimal control problems with energy
regularization and state or control constraints. Comput. Math. Appl., 180:242—
260, 2025.

W. Gong, M. Hinze, and Z. J. Zhou. Space-time finite element approximation
of parabolic optimal control problems. J. Numer. Math., 20:111-146, 2012.

W. Gong, W. Liu, Z. Tan, and N. Yan. A convergent adaptive finite element
method for elliptic Dirichlet boundary control problems. IMA J. Numer. Anal.,
39:1985-2015, 2019.

W. Gong, M. Mateos, J. Singler, and Y. Zhang. Analysis and approximations
of Dirichlet boundary control of Stokes flows in the energy space. SIAM J.
Numer. Anal., 60:450-474, 2022.

W. Gong and Z. Tan. A new finite element method for elliptic optimal control
problems with pointwise state constraints in energy spaces. J. Sci. Comput.,
102(1):21, 2025.

38



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

C. Graser and R. Kornhuber. Multigrid methods for obstacle problems. J.
Comput. Math., 27(1):1-44, 2009.

T. Gudi, G. Mallik, and R. C. Sau. Finite element analysis of a constrained
Dirichlet boundary control problem governed by a linear parabolic equation.
SIAM J. Control Optim., 60:3262—-3288, 2022.

T. Gudi and R. C. Sau. Finite element analysis of the constrained Dirichlet
boundary control problem governed by the diffusion problem. ESAIM Control
Optim. Calc. Var., 26:2019068, 2020.

T. Gudi and P. Shakya. Error estimates for a bubble-enriched c® interior
penalty method to a reduced state constrained elliptic optimal control problem.
J. Comput. Appl. Math., 460:116397, 2025.

M. Gugat, A. Keimer, and G. Leugering. Optimal distributed control of the
wave equation subject to state constraints. ZAMM Z. Angew. Math. Mech.,
89:420-444, 2009.

M. Gunzburger and A. Kunoth. Space-time adaptive wavelet methods for
optimal control problems constrained by parabolic evolution equations. SIAM
J. Control Optim., 49(3):1150-1170, 2011.

W. Hackbusch. Iterative Solution of Large Sparse Systems of Equations, vol-
ume 95 of Applied Mathematical Sciences. Springer, 2016.

W. Hackbusch and H. Mittelmann. On multi-grid methods for variational
inequalities. Numer. Math, 42(1):65-76, 1983.

A. Harbir, D. Kouri, M. Lacasse, and D. Ridzal, editors. Frontiers in PDE-
Constrained Optimization, The IMA Volumes in Mathematics and its Applica-
tions, New York, 2018. Springer.

R. Herzog, M. Heinkenschloss, D. Kalise, G. Stadler, and E. Trélat, editors. Op-
timization and Control for Partial Differential Equations, volume 29 of Radon
Series on Computational and Applied Mathematics. De Gruyter, 2022.

M. Hintermiiller, K. Ito, and K. Kunisch. The primal-dual active set strategy
as a semismooth Newton method. SIAM J. Optim., 13:865-888, 2003.

M. Hintermiiller and M. Ulbrich. A mesh-independence result for semi-smooth
Newton methods. Math. Program. Ser. B, 101:151-184, 2004.

M. Hinze, R. Pinnau, M. Ulbrich, and S. Ulbrich. Optimization with PDFE
Constraints, volume 23 of Mathematical Modelling: Theory and Applications.
Springer, Berlin, 2009.

K. Ito and K. Kunisch. Semi-smooth Newton methods for the Signorini prob-
lem. Appl. Math., 53:455-468, 2008.

V. John. Finite Element Methods for Incompressible Flow Problems, volume 51
of Springer Series in Computational Mathematics. Springer, 2016.

A. Kroner, K. Kunisch, and B. Vexler. Semismooth Newton methods for op-
timal control of the wave equation with control constraints. SIAM J. Control
Optim., 49:830-858, 2011.

O. A. Ladyzhenskaya. The Boundary Value Problems of Mathematical Physics,
volume 49 of Appl. Math. Sci. Springer, New York, 1985.

39



[37]

[38]

[39]

U. Langer, R. Loscher, O. Steinbach, and H. Yang. Robust finite element dis-
cretization and solvers for distributed elliptic optimal control problems. Com-
put. Methods Appl. Math., 23(4):989-1005, 2023.

U. Langer, R. Loscher, O. Steinbach, and H. Yang. An adaptive finite element
method for distributed elliptic optimal control problems with variable energy
regularization. Comput. Math. Appl., 160:1-14, 2024.

U. Langer, R. Loscher, O. Steinbach, and H. Yang. Mass-lumping discretization
and solvers for distributed elliptic optimal control problems. Numer. Linear
Algebra Appl., 31(5):2564, 2024.

U. Langer, R. Loscher, O. Steinbach, and H. Yang. Robust finite element
solvers for distributed hyperbolic optimal control problems. Comput. Math.
Appl., 180:166-190, 2025.

U. Langer, O. Steinbach, F. Troltzsch, and H. Yang. Space-time finite element
discretization of parabolic optimal control problems with energy regularization.
SIAM J. Numer. Anal., 59(2):660-674, 2021.

U. Langer, O. Steinbach, F. Tro6ltzsch, and H. Yang. Unstructured space-time
finite element methods for optimal control of parabolic equation. SIAM J. Sci.
Comput., 43(2):AT44-AT71, 2021.

U. Langer, O. Steinbach, and H. Yang. Robust space-time finite element er-
ror estimates for parabolic distributed optimal control problems with energy
regularization. Adv. Comput. Math., 50:24, 2024.

G. Leugering, S. Engell, A. Griewank, M. Hinze, R. Rannacher, V. Schulz,
M. Ulbrich, and S. Ulbrich, editors. Constrained Optimization and Optimal
Control for Partial Differential Equations, volume 160 of International Series
of Numerical Mathematics. Birkh&user Basel, 2012.

J. L. Lions. Controle optimal de systémes gouvernés par des équations auz
dérivées partielles. Dunod Gauthier-Villars, Paris, 1968.

R. Loscher, M. Reichelt, and O. Steinbach. Optimal complexity solution of
space-time finite element systems for state-based parabolic distributed optimal
control problems, 2024. arXiv:2404.10350.

R. Loscher and O. Steinbach. Space-time finite element methods for distributed
optimal control of the wave equation. SIAM J. Numer. Anal., 62(1):452-475,
2024.

D. Meidner and B. Vexler. A priori error estimates for space-time finite element
discretization of parabolic optimal control problems. Part I: Problems without
control constraints. SIAM J. Control Optim., 47(3):1150-1177, 2008.

C. Meyer and A. Résch. Superconvergence properties of optimal control prob-
lems. SIAM J. Control Optim., 44(3):970-985, 2004.

S. Montaner and A. Miinch. Approximation of controls for linear wave equa-
tions: A first order mixed formulation. Math. Control Relat. Fields, 9:729-758,
2019.

M. Neumiiller and O. Steinbach. Regularization error estimates for distributed
control problems in energy spaces. Math. Methods Appl. Sci., 44:4176-4191,
2021.

40



[52]

[53]

[54]

[55]

G. Of, T. X. Phan, and O. Steinbach. An energy space finite element approach
for elliptic Dirichlet boundary control problems. Numer. Math., 129:723-748,
2015.

G. Peralta and K. Kunisch. Mixed and hybrid Petrov—Galerkin finite element
discretization for optimal control of the wave equation. Numer. Math., 150:591—
627, 2022.

J. Power and T. Pryer. Adaptive regularisation for PDE-constrained optimal
control. J. Comput. Appl. Math., 470:116651, 2025.

A. Rosch. Error estimates for parabolic optimal control problems with control
constraints. Z. Anal. Anwend., 23(2):353-376, 2004.

A. Résch and R. Simon. Superconvergence properties for optimal control prob-
lems discretized by piecewise linear and discontinuous functions. Numer. Funct.
Anal. Optim., 28(3-4):425-443, 2007.

J. Schéberl, R. Simon, and W. Zulehner. A robust multigrid method for elliptic
optimal control problems. SIAM J. Numer. Anal., 49(4):1482-1503, 2011.

V. Schulz and G. Wittum. Transforming smoothers for PDE constrained opti-
mization problems. Comput. Visual. Sci ., 11:207-219, 2008.

O. Steinbach. On a generalized Ly projection and some related stability esti-
mates in Sobolev spaces. Numer. Math., 90:775-786, 2002.

O. Steinbach. Numerical Approzimation Methods for Elliptic Boundary Value
Problems: Finite and Boundary Elements. Springer, 2008.

O. Steinbach and M. Zank. Coercive space-time finite element methods for
initial boundary value problems. FElectron. Trans. Numer. Anal., 52:154-194,
2020.

O. Steinbach and M. Zank. A generalized inf-sup stable variational formulation
for the wave equation. J. Math. Anal. Appl., 505:125457, 2022.

M. Stoll and A. Wathen. Preconditioning for partial differential equation con-
strained optimization with control constraints. Numer. Linear Algebra Appl.,
19:53-71, 2012.

F. Troltzsch. Optimal control of partial differential equations: Theory, methods
and applications, volume 112 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, Rhode Island, 2010.

N. von Daniels, M. Hinze, and M. Vierling. Crank-nicolson time stepping
and variational discretization of control-constrained parabolic optimal control
problems. SIAM J. Control Optim., 53:1182-1198, 2015.

M. Winkler. Error estimates for variational normal derivatives and Dirichlet
control problems with energy regularization. Numer. Math., 144:413-445, 2020.

E. Zuazua. Propagation, observation, and control of waves approximated by
finite difference methods. SIAM Rev., 47:197-243, 2005.

W. Zulehner. Nonstandard norms and robust estimates for saddle point prob-
lems. SIAM J. Matriz Anal. Appl., 32(2):536-560, 2011.

41



	Introduction, motivation, and preliminaries
	Abstract optimal control problems
	Abstract setting and regularization error estimates
	Galerkin discretization and error estimates
	Control recovering
	Solvers and their use in nested iteration
	Constraints

	Distributed control of the Poisson equation
	H-1 regularization
	Variable H-1 regularization
	L2 regularization
	Variable L2 regularization
	Control recovering
	Solvers and their use in nested iteration
	State constraints
	Numerical results
	Numerical justification of the theoretical results in 1d
	Peak
	Pedestal
	Inclusions


	An overview on other applications
	Dirichlet boundary control of the Laplace equation
	Distributed control of parabolic evolution equations
	Distributed control of hyperbolic evolution equations

	Conclusions and outlook

