TU

Grazm

Technische Universitat Graz

Space-time tensor-product finite element methods
for parabolic problems
R. Loscher, M. Reichelt, O. Steinbach

Berichte aus dem
Institut fir Angewandte Mathematik

Bericht 2026/1






Technische Universitat Graz

Space-time tensor-product finite element methods
for parabolic problems
R. Loscher, M. Reichelt, O. Steinbach

Berichte aus dem
Institut fur Angewandte Mathematik

Bericht 2026/1



Technische Universitat Graz

Institut fir Angewandte Mathematik
Steyrergasse 30

A 8010 Graz

WWW: http://www.applied.math.tugraz.at

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.



Space-time tensor-product finite element methods
for parabolic problems

Richard Loscher!, Michael Reichelt?, Olaf Steinbach®

nstitut fiir Angewandte Mathematik, TU Graz,
Steyrergasse 30, 8010 Graz, Austria

?Lehrstuhl fiir Numerische Mathematik, Helmut-Schmidt—Universitt,
Holstenhofweg 85, 22043 Hamburg, Germany

Abstract

We study space-time Galerkin—Petrov formulations for parabolic evolution prob-
lems and their relation to classical implicit time-stepping schemes. Although such
schemes are stable in the usual time-stepping sense, their interpretation as space-time
operator equations may lead to conditional stability, with constants depending on the
relation between temporal and spatial mesh sizes. We revisit this phenomenon for
the continuous Galerkin method of Aziz and Monk, which yields the Crank—Nicolson
scheme in the lowest-order case, and provide a detailed space-time error analysis for
solutions of both high and low regularity. In particular, the space-time framework
allows us to analyze the deteriorated behaviour of classical time-stepping methods
for nonsmooth initial data. By applying integration by parts in time, we derive an
adjoint space-time formulation that incorporates the initial condition in a natural
variational way. In the lowest-order case, this formulation leads to a Rannacher-type
smoothing of the initial data. The theoretical results are complemented by numerical
experiments.

1 Introduction

In this work, we are interested in the numerical solution of parabolic evolution equations
using space-time methods. As a model problem, we consider the initial Dirichlet boundary
value problem for the heat equation in a bounded Lipschitz domain €2 C R", n = 1,2, 3,
and a finite time horizon T" > 0,

Owu(x,t) — Agu(x,t) = f(x,t)  for (z,t) € Q :=Q x (0,7T),

u(z,t) = 0 for (z,t) € ¥ :=0Q x (0,7T), (1.1)
u(z,0) = wup(z) for x € Q.



A standard approach for the numerical solution of is to first discretize the problem
in space, e.g. by a finite element or finite difference method, and then solve the resulting
system of ordinary differential equations by a time stepping scheme. The analysis of such
schemes is well established, see, e.g., [19]. However, a classical time stepping analysis relies
in most cases on point values of the solution and the right-hand side in time, called temporal
collocation. Consequently, the resulting error estimates are usually formulated pointwise
in time and require more regularity of the data than would be needed for estimates in
natural Sobolev or Bochner spaces.

A way to overcome this limitation is to consider Galerkin—Petrov variational formula-
tions in time. These methods can be divided into two main classes: In continuous Galerkin
(cG) methods, the ansatz space consists of continuous functions in time, whereas the test
space is discontinuous. Such schemes were studied, for instance, in [4, 20, 37]. In contrast,
in discontinuous Galerkin (DG) methods, both ansatz and test spaces are discontinuous in
time, see [14] 22] 23]. Depending on the quadrature formula used for the temporal integrals,
these Galerkin—Petrov schemes are equivalent to well known time stepping methods. At
the same time, their variational structure provides a framework for deriving error estimates
under weaker regularity assumptions.

Instead of applying a Galerkin—Petrov formulation only to the purely temporal prob-
lem, one may also consider space-time variational formulations. These methods make
use of the fact that the space-time operator equation is well-posed in suitable space-time
Banach spaces. In such approaches, space and time are treated simultaneously, leading
to a monolithic system rather than to a sequential time stepping procedure, see, for in-
stance, [13, 211, 29| 30} BT} B2, B3]. This point of view is particularly attractive for adaptive
methods [T, [16], time-parallel algorithms [I7], and the construction of preconditioners for
the resulting monolithic systems [13] 25], as well as optimal control problems subject to
time dependent partial differential equations [I1]. Space-time discretizations may either
be built on general unstructured space-time meshes or on tensor product spaces. In both
cases, stability of the discrete space-time formulation is a central issue.

A detailed analysis for ¢G schemes on tensor product meshes was carried out by An-
dreev [2]. A central observation of this analysis is that, although the corresponding time
stepping scheme may be unconditionally stable in the classical sense, the associated space-
time operator equation can suffer from conditional stability. More precisely, the stability
constant may depend on the relation between the temporal and spatial mesh sizes, leading
to a CFL-type restriction that enforces parabolic scaling. Similar conclusions were ob-
tained in [12, 13]. Thus, the space-time perspective does not merely reproduce classical
time stepping schemes, but also provides a variational framework for analyzing their de-
teriorated behaviour for nonsmooth data. In particular, the loss of accuracy observed for
low-regularity initial conditions in classical time stepping methods [20, [36] can be under-
stood at the level of the associated space-time operator equation, see also [3].

In this paper, we focus first on the ¢G scheme introduced by Aziz and Monk [4], which
yields the Crank-Nicolson method in the lowest order case. We revisit the conditional
stability result of [2] in a space-time framework and analyze the resulting discretization by
means of an inf-sup argument. In particular, we give a detailed space-time error analysis



and derive convergence rates for solutions of both high and low regularity. Furthermore,
by applying integration by parts in time, we introduce an adjoint space-time formulation.
This formulation incorporates the initial condition in a natural way and, in the lowest
order case, leads to a scheme that can be interpreted as a Rannacher-type smoothing of
the initial data [20].

The paper is structured as follows. In Section 2] we introduce the space-time variational
formulation for the model problem and recall existence and uniqueness results based on the
inf-sup theory. In Section [3| we collect space-time approximation estimates for functions
of different regularity, which are then used in Section [4| to derive error estimates for the
primal formulation. In Section [5] we apply integration by parts in time and obtain the cor-
responding adjoint formulation. The analysis is complemented by numerical experiments
in Section [6] Finally, conclusions are given in Section [7]

2 The primal space-time variational formulation

The primal space-time variational formulation of the initial boundary value problem (|1.1])
is to find v € X with u(-,0) = uy € L*(Q), such that

/OT/Q[atu(x,t)v(x,t)+vxu(x,t).vxv(x,t)}dxdt = /OT/Qf(a:,t)v(x,t)dxdt (2.1)

is satisfied for all v € Y := L*(0,T; H}(Q)), where X := {u € Y : diu € Y*}. Related
norms are given as

[vlly = IVavllz@),  llullx = \/IIUII% + [|Oru]

2o =\ ully + flwa

where w, € Y is the unique solution of the variational formulation

T T
/ / Vaowy(x,t) - Vyu(z,t)dedt = / / Owu(z,t)v(z, t) dx dt
o Jo o Jo

forallv eY. Foru € X and v € Y we introduce the bilinear form

T
b(u,v) := / / [Otu(x,t)v(x,t) + V,u(z,t) - va(a:,t)}dx dt, (2.2)
o Jo
satisfying
b(u,v)| < V2]ullx||lv|ly for all (u,v) € X x Y. (2.3)

To ensure the well-posedness of the variational formulation (2.1), we assume f € Y™,
and vy € L?(Q). The latter ensures the existence of an extension #y € X satisfying
Uo(+,0) = up € L*(Q). Tt remains to determine 7 € Xy := {u € X : u(-,0) =0 € L*(Q)} as
unique solution of the variational problem

b(u+ug,v) = (f,v)g forallveY. (2.4)
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Unique solvability of the variational formulation ({2.4)) follows from the surjectivity of the
bounded bilinear form b(-, ), and from the inf-sup stability condition

for all u € Xj. (2.5)

The proof of follows when considering the particular test function v := v + w, for
u € Xog C Y, see [29, Theorem 2.1]. For conforming space-time finite element spaces
Xon C Xop and Y, C Y, the Galerkin variational formulation of is to find w, € Xop
such that

b(ﬂh + ﬂo,ﬂ}) = <f, Uh>Q for all v, € Y}, (26)

Unique solvability of (2.6 and related space-time finite element error estimates follow from
the discrete inf-sup stability condition

b Up, Up,
lunllxn < sup CLin:oh)

for all up, € Xop, (2.7)
0#vp€Yh thHY

when using the discrete norm

lealln o= o/ lallg + llwnal
where w,, ;, € Y}, solves the variational formulation
<eru,h7 vah>Lz(Q) = <(9tu, Uh>Q for all v, € Y},.

Indeed, the discrete inf-sup stability condition follows as in the continuous case when
choosing Uy, := up, + Wy, n € Yy for uy, € X C Y. In [29], we have considered space-time
finite element spaces Xo 5 = Y = span{gpk}ﬁil C Xp C Y of piecewise linear continuous
basis functions ¢ which are defined with respect to an admissible locally quasi-uniform
decomposition of the space-time domain () into simplicial shape regular space-time finite
elements ¢, of mesh size h,. However, in this paper we will consider different tensor product
space-time finite element spaces Xy, C Xy and Y), C Y satisfying dim X, = dimY}, but
Xon ¢ Yy, in order to reformulate the space-time Galerkin formulation in the spirit
of more common time stepping schemes. For simplicity, in this paper we only consider
lowest order space-time finite element spaces, but this approach can be extended to higher
order polynomial spaces as well.

3 Space-time tensor product finite element spaces

For the spatial domain 2 C R™ we consider an admissible and globally quasi-uniform
decomposition into shape regular simplicial finite elements 7, of mesh size h,, and the
related finite element space Vj,, = span{py i, C HI(S) of piecewise linear continuous



basis functions . In the case of a globally quasi-uniform finite element mesh there holds
the inverse inequality

Hvxuhng(Q) S Ch;l HuhHLz(Q) for all up € th. (31)

For u € L?(Q2) we introduce the L? projection @, u € Vj, as the unique solution of the
variational formulation

<Q}1%u, Uh>L2(Q) = (u, Uh>L2(Q) for all v, € th,
for which we immediately conclude the trivial stability estimate
1Qh, ull2@) < llullpe  for allu € L*(9). (3:2)

When assuming u € Hg(2) N H*(Q) for some s € [1,2], there hold the following error
estimates, e.g., [7, 2§]:

Ju—Quulliz < chllulus@) (3.3)
IVa(u = Qp w2 < chiu

Using (3.3) and (3.4)), and a space interpolation argument for some 7 € [0, 1], we conclude
the error estimate

lu—Qp, ulla-) < chd ™ |ulmsq)- (3.5)

Moreover, e.g., [6], Q) : Hy(Q) C L*(2) — V,,, C Hy(RQ) is stable in Hj(Q), i.e.,
V2@ ullz2) < co||Vaullz2) for all u € Hy(€). (3.6)

In addition to the L? projection Q}Llu we introduce, for v € HJ(Q), the H} projection
P} u €V}, as the unique solution of the variational formulation

(ViPru, Vaovp)re) = (Vau, Vovp) e for all vy € Vi, (3.7)
where we conclude the stability estimate
|VaPy ullz2@) < IVoullr2@ for all u € Hy(9Q), (3.8)
and the error estimates

IVa(u = Py w20
lu— Py ul| 120y

chd ™ ulmso), (3.9)

<
< H(Q)5 (3.10)

ch;|u

when assuming u € H}(2) N H*(2) for some s € [1,2].

For the time interval (0,7") we consider a uniform decomposition into N; finite elements
(ti—1,t;) of mesh size hy = T/Ny, and nodes t; = ih; for i = 0,..., N;. With respect to
this temporal mesh we introduce the space S (0,7) = span{t! } X, of piecewise linear and
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continuous basis functions ). For continuous v € H°(0,T), o > —, we define the nodal
interpolation

Ny
(L u)(8) = D ult)i (D), (3.11)
i=0
for which we have the error estimate
lu — Iitu||L2(07T) < chy [ulgeom), (3.12)

when assuming v € H?(0,T) for some o € (1/2,2]. Note that the constant degenerates as
o — 1/2. Finally, W2 = span{y{})*; C L*(0, T) is the space of piecewise constant basis
functions 99, for which the temporal L? projection QY U € Wht is defined as the unique
solution of the variational formulation

(Qgtu, Vn) 20,1y = (U, Un) 20,y for all v, € W}?t, (3.13)
satisfying the error estimate
|u— @0 ullr207r) < chf [ulgeom), (3.14)
when assuming v € H?(0,T) for some o € [0,1]. For t € (t;,_1,t;) we finally compute

oIy, u(t) = hlt(u(tz) —u(t;_1) = / dyu(t) dt = Q) Byu(t) .

Now we are in a position to state some approximation error estimates in space-time tensor
product finite element spaces:

Lemma 3.1 Let u € L*(0,T; H}(Q) N H*(Q)) N H(0,T; Hy()) for some s € [1,2] and
o € (1/2,2]. Then there holds the error estimate

IV (u = Qp, In,wll2) < 1 by ulizomms @) + c2 b |ul oo .rm)- (3.15)

(
If w € L*0,T; HY(Q) N H(Q)) N H(0,T; L*(Q)) is satisfied for some s € [1,2] and
o € (1/2,2], then there holds the error estimate

||vz( thIflLt )HLQ Q) < Cl |’U,|L2 OTHS( )) —|-62 h;l hg‘u|HU(O’T;L2(Q)). (316)
Proof. By the triangle inequality, we first have

IVa(u = Qp, In,u)ll 220y < | Valu — Qpu)lli2) + |Va@i, (u — In )| 12y (3:17)

For the first part we can use the error estimate (3.4) for s € [1,2] to conclude
T
IValu = Qhlliag = [ IVa(u(t) ~ @}, e o
0
T
< 2 [t
0

%JS () dt?
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ie.,

IValu — @ w)llr2) < chi™ lulizorm().
To bound the second term in (3.17), we first use the stability estimate (3.6) and the
interpolation error estimate (3.12)) to obtain

T
|’Vinz(U_IitU)||%2(Q) = /0 Hvaiz(U(t) _I}”lbtu(t)>||%2(§2) dt
T
<& / IVa(u(t) — L u(t) 2oy dt = & / 1 = L)V () 207y
< Chfa /QHVfBuH%{U(O,T) de = Chfa||Va:u||§fo(o,T;L2(Q))a

ie.,

and (3.15)) follows.

However, when using the inverse inequality (3.1]) in space first, the stability estimate
(3.2), and the temporal interpolation error estimate (3.12)), we obtain

||Vlelzx (u— IILU)“L?(Q) < chy HUHH"(O,T;Hol(Q))v

T
V2L (0 — Iw)|ag = / V2L (4 — 1) |2 dt
0

T
< on? / QL (u(t) — I u(6)) |2y dt

IN

T
ch? / () — I () 22 gy dt
= eh? [ fute) = B u(@)agn do

chshe / [0() e o) d

IA

ie.,
IVaQp, (u = I, w)llr2) < chg’ AT llull e o.riz2),
and this gives (3.16]). [ |

When the nodal piecewise linear interpolation [ ,%t in time is replaced by the temporal
piecewise constant L? projection Q?Lt, the statement of Lemma can be reformulated as
follows, where the proof can be adapted accordingly.

Lemma 3.2 Let u € L*(0,T; H}(Q) N H*(Q)) N H°(0,T; HY()) for some s € [1,2] and
o € [0,1]. Then there holds the error estimate
IValu — @1, Qhw)ll2@) < exhy™ Julraqmsms) + c2 b [ulpe 0,001 (0))- (3.18)

If u € LQ(O,T;H(}(Q) N H*(Q)) N HU(O,T; L*(Q)) is satisfied for some s € [1,2] and
o € [0,1], then there holds the error estimate

HVx(u - Q%Lz ?Ltu) HL2(Q) < hifl |u|L2(0’T;Hs(Q)) + co h;l h? |u’H0‘(07T;L2(Q)). (319)
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It remains to state an approximation result for @} I} in Y*:

Lemma 3.3 For v € X N H%(0,T; H (), let dyu € L*(0,T; H"(Q)) be satisfied for
some T € [0,1], and o € [1,2]. Then there holds the error estimate

1:(w = @y, Iy, w)]
Proof. For any v € Y = L*(0,T; H}(Q)), we first consider

(O(u = Qp Lhu),v)q = (O —Q,0m,v)q + (Q, (O — Oy, 1), v)g
= (O, (I — Qp ) v)g + (Ou — 01} u, Q v)g .

For the first part, we obtain, using duality and the error estimate (3.5)) for some 7 € (0, 1],

(Oru, (I = Qy,)v)q

y* S C1 hi_T ||8tu||L2(O,T;H*T(Q)) —f- Co ]’Lf_l HuHHQ(O,T;H*l(Q))' (320)

< 1Ol 2oy | (1 = Qn, )0l L2015 ()
< Chalc_T HatUHL?(O,T;H*T(Q)) HU”L2(0,T;H3(Q)) .

For the remaining term we conclude, using 0,1 itu = Qgt Oyu, duality, the stability estimate

(3.6)), and the error estimate (3.14)),

(O — 0Ly, u, Qp vy = (I —Q),)0u, Q) v)q
< (I — Q?Lt)atUHLQ(O,T;H—I(Q)) HQ}LIUHLQ(O,T;H(%(Q))

< Chf_l ||U||H9(0,T;H*1(Q)) ||U||L2(0,T;H3(Q))7

and the assertion follows from the norm definition of [|9,(u — @} I, u)|ly~ by duality. m

4 The primal space-time finite element method

For a space-time tensor product finite element formulation of we consider the ansatz
space Xoj, := W, ® Vi, C X with W}, = S}(0,7) N H} (0,T) = span{e!}), and the
test space Y) = W,?t ® V3, C Y. By construction we have dim Xo; = dimY} = N, M,,
but Xy, ¢ Y. In this case, unique solvability of is based on the following result:

Lemma 4.1 For Xy = Whlt @ Vp, and Yy, = W}?t ® Vy, there holds the discrete inf-sup
condition

b
|0unll o) < sup b(un, vn)

for all uy, € Xop. (4.1)
0#£vpEY), H'UhHLQ(Q)



Proof. For u, € Xo, = W), @ Vj,,, we have U, := dyuy, € V), = W), @ Vj,,, and hence we
can write

b(un,0n) = (Owun, Opun)r2(qQ) + (Vatn, VaOiun) r2(g)

T
= ||6tuh||%2(Q) + / / unh(x, t) . antuh(x, t) dx dt
0 Q

1 (" d
= ||atlbh”%2(Q)+§/ %/|quh($,t)’2dl‘dt
0 Q

1
= (|0l 2 () + 5 IV2un(T)1 220
> N Owunll20) = N0unllr2@)llonll2),

and the assertion follows. ]

While we can use to ensure unique solvability of the variational formulation ,
we cannot use to derive a priori space-time finite element error estimates for the
numerical solution u, € Xy,. Hence, we will state a different discrete inf-sup condition
as follows: When using the temporal piecewise constant L? projection Q%t as defined in
(3.13)), we introduce the mesh dependent norm, similar to the one used in [35],

2 0 2 1/2
Pkl QRuli] (4.2)

lullx = |cg? ol
where ¢ is the stability constant as used in (3.6)).

Lemma 4.2 For Xy = W,%t ® Vy, and Yy, = W,?t ® Vh,, there holds the discrete inf-sup
condition

b(up, v
luslx< sup )

for alluy, € Xop. (4.3)
0#vp €Y) ”vh”Y

Proof. Let uy € Xy = W,}t ® Vp,, be arbitrary but fixed. For dyu;, € W}?t @ Vi, =Y we
determine w,,, ;, € Y} as the unique solution of the variational formulation

(Vawu, by VaUn) 12(Q) = (Ostin, vn)r2(q)  for all vy € Y. (4.4)
It holds that

||va:wuh,h||%2(Q) = (VoW h, Vo,

h)I2(Q)
= (Ogup, Wy, p)r2Q) < ||Opunl|y+

vmwuh,h||L2(Q)7

from which ||wy, nlly < ||Opun||y+ follows. In order to prove the inverse estimate, we use
the definitions and stability estimates for the L? projections Q}lz and Q?Lt, respectively, to



conclude, recall dyuy, € Y},

<3tuh, U>L2(Q) sup <6tuha th Qh >L2(Q

sup —————— =
o£vey Yy 0#veY [vlly
_ sup <wauh,h7 VngtQ}LmU>L2(Q)
OfveY [vlly
V., w V.00 QL v
< sup NWettuile@lVe@@urlea o g,y .
0£veY HUHY

For 7y, := Q%tuh + wy, n € Y, we now compute, using (4.4)),

[onlly = 11Qh,un + w, all3
= Q% unlly + lwuy wll3 + 2 (w5, Qp,un)y
> [|Qh,unlly + ¢ [|Orun]
= Nlun % +2 (iun, Qh,un) 120
= NunllX +2 Orun, un)r2q) > Nunll,

2y* +2 <wauh,h7 vagtuh>L2(Q)

due to

1
(Opun, un) r2( // 2dt’uh o, )} dtdr = Z/QIUh(x,T)]Q dx > 0.

Moreover, we have that

b(un, V) = (Opun, Q?Ltuh + wuh,h>L2(Q) + (Vaup, Vm(Q?Ltuh + wuh,h)>L2(Q)
= <Vaswuh,ha Vz(Q(f)Ltuh + wuh,h)>L2(Q) + <V$Q2tuh7 Va:(Q(f)Ltuh + wuh,h)>L2(Q)

= [ Vo(Qh,un + wu, 1)1y = [Tl5 > [Tnlly llunllx,

which gives the desired result. [ ]

The stability of the L? projection in Hj({2) was a sufficient ingredient of the proof. In fact,
one can show that it is also necessary, see [34]. We are now in the position to prove a first
best approximation result.

Lemma 4.3 Let u € Xy and u, € X, denote the unique solutions of (2.4)) and (2.6),
respectively. Then there holds Cea’s lemma,

Ji—nllx < VZ2eq inf i — . (4.5)
ZhEXO’h

Proof. Let G}, : Xy — X, denote the Galerkin projection, defined as

b(Gru,vp) = blu,vy), Yo, € Yy, u € Xg.

10



With the discrete inf-sup condition (4.3)) we then conclude

b(Gru,v b(u, v
IGulx < sup A0t g, Mt gy
0#vp €Yy thHY 0#vp €Y, HUhHY

where we have used
b(u, Uh) = (@u, ?Jh>Q + <V$U, vxvh>L2(Q)

<(9tu, 'Uh>Q + <V1Q2tu7 vIUh>L2(Q)
< (19w

v+ llonlly + @0, ully |onlly

1/2
< V2 ||3tU|§/*+||QgtU||2y] lonlly < V2eq lullx lvally-
|
Moreover, using that Gz, = zj, for any z, € Xop, ||u|x< ||ulx, and || (I — Gp) [|=] G|l
see [9], we have
I —nllx = 10 = Gillx =0T = Gr)(@ = zn) lIx

< = Galllld = zullx < V2 i — 2] x-

When combining (4.5 with the approximation properties of the space-time finite element
space X, as given in Lemma [3.1] and Lemma we then conclude the following result:

Lemma 4.4 Let u € Xy and u, € Xy, denote the unique solutions of (2.4)) and ({2.6),

respectively. Assume u € H>Y(Q)NH?(0,T; H1(Q2)) such that V0t € L*(Q) is satisfied,
and let hy ~ h,. Then there holds the error estimate

l—nllx < cho |z + 1l oz (4.6)
o o 1/2
IV Byl ) + Nl 0.1
Proof. We first consider the error estimate (3.15)) for s = 2 and 0 = 1,
17— Qp, I ully < exha [Uli20,mm20) + 2 P [l om0
and the error estimate (3.20) for 7 =0 and o = 2, i.e.,
10:(@ — Qp,, I, )]

Together with (4.5) for z, = @;, I, @ and choosing h; ~ h, we obtain the assertion. [

v < e hg ||Jal gro,re)) + c2 he |[Ul| g2 0,051 0))-

Before we can prove an error estimate for ||u— || x, we need to establish an error estimate
for ||t — || 12(q), as (4.6) only involves the discrete norm ||Q} (W — ) |ly:
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Lemma 4.5 Let u € Xy and u, € Xop, denote the unique solutions of (2.4) and ({2.6)),
respectively. Assumeu € L*(0,T; H*(Q2))NH?(0,T; L*(Q)) such that d,u € L*(0,T; H*(Q))
and uw € H*(0,T; H*(Y)) is satisfied. For hy ~ h, there holds the error estimate

I =l < b2 [lillm oy + il mormo) (4.7)

Proof. When using the spatial Hj projection P, : H}(Q) — Vj, as defined in (3.7), and
the piecewise linear temporal interpolation operator I} : Hg (0,T) — W, see (3.11)), we
can write, using the Galerkin orthogonality

(O, vp) g + (Valin, Vaoun) r2(@) = (0, va) g + (Vall, Vaun) 12(q) (4.8)
for the particular test function, v, = 0(uy, — ]ét Pﬁzﬂ) € Y}, and using 8,5]}1”& = Q?Lt@tﬁ,

10t — Iy, Py, W) 720y = (Oe(tin — Iy, Py, 0), 8y(Un — I, Py W) r2(q)
< (Ou(n — I, Py, ), 0, (Un — Iy, Py W) 12(@)
+ (Vo(un — I, Py ), VoOy(tn — 1y, Py 1)) 120
= (Oy(u — [flltpﬁﬂ)a O (uy, — ]itpﬁﬂ)ﬂ?(@)
+ (Vo — 1,0), Vo0, (un — Iy, Py 1)) 12(q)
= (Qu — Q?Lt Pﬁzata7 Oy (un — [itpﬁza)h?(@)
+ (Vo (U = 1, 0), VaOi(un — I, Py 1)) 12
= (Qu — Pﬁﬁta, Oy, — Iitpﬁﬂ)h?(@)
(=, (T — 1, 0), 0y (Un — I, Py, W) 12(g)
< (104 - PLavi 20y + 180 — 1Dl 104G — 1L, P )| 2o
ie.,
104 (@ — I, Py, @) || 12(@) < 1100t — Py, 04| 12(g) + (| An (@ — I, ) [ 12 -

For uy, — I it P,}zﬁ € Xo,, we can use a Friedrich’s type inequality to further obtain
[an — I, Pyl @) < cllOi(@n — Iy, Py, @)l 2@

< ¢ |l9di - PLojil ) + 18— 1|20

IN

c [hi |04t r20. 712 (2)) + 17 \Aﬁ!moz;mm)} -
Now the assertion follows from

1@ = Unlliz@) < @ — I, Pyl 2@ + i — I, Pr, ll 2
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when using, see also the proof of (3.15)),

la = 1, Pl < I — Bl + 1@ — 1, Pyl
< ¢ hi |\17||L2(0,T;H2(Q)) + C2 h? ||ﬁ||H2(0,T;L2(Q)) :

Theorem 4.6 Let u € Xy and uy, € Xo, denote the unique solutions of (2.4)) and ({2.6)),
respectively. For  let all assumptions of Lemma[L.5] be valid. Then there holds the error

estimate
i —tinllx < (@) ha, (4.9)

where c(w) covers all contributions as given in (4.7)).

Proof. We first note that

& —anll% = 10u(@ = @)y~ + 1T =l < 10T — ) L2 g) + 17 — tnlly-

When using the spatial Hj projection P : Hy(Q) — Vi, € Hj(2) and the temporal
piecewise linear interpolation [ it as defined in (3.11]), we obtain

10 (@ — @) [l 22y < 10:(@ — I, Py, @) 22(0) + 106y, P, @) — tinl| 220
and as in the proof of Lemma 4.5 we get, recall h; ~ h,,
10Ty, Py, — n)ll2) < 11008 — Py, 04| r2(@) + 1A (@ — I, W) | 2

< chy (il oz + Nl o)

Moreover, using 0,1} 1 = Q) 9,u, and the error estimates (3.14) and (3.10), we compute

10:(w — I, Pr W)l 12 = |0t — Qp, P, 0stil| 12(q)
10vtt — Qp, 04t 12(q) + | @), (Ot — Py 8:0) || 12
Cht ||(9ttﬁ||L2(Q) + ||atﬂ - PﬁxﬁtﬂHLa(Q)

IAIA

IN

chg (’|?7HH2(0,T;L2(Q)) + ’W\|H1(0,T;H1(Q))>-

Together with the estimate

i —nly < IValii— PLllis + IVa(PL ) 120y
< |Va(@ = Py ) |12g) + chy ' [Py, — tnll 120
< IVe(@ = Py, @)l 12(g) + el [thﬂ — ull2@) + [lu = unllr2(@) |
and using the error estimates (3.9) and (3.10]) gives the assertion (4.9). [ |

13



Since all of the above error estimates , , and require a sufficiently regular
solution u, we now aim to derive error estimates for less regular solutions. To do so, we
first establish a discrete inf-sup condition in the norm ||u,||x being an equivalent norm to
llun || x for up € Xop. From (4.2)) we already have that || uy, || x < max{1, cél} ||up||x for all
up, € Xo. Now we will show the reverse inequality, that is also outlined in [2, (5.2.63)].

Lemma 4.7 For any u, € Xop,, there holds
llunllx > ¢ min{1, hyt B2} (lunllx - (4.10)

Proof. When using the Galerkin orthogonality and the error estimate (3.14]) for the tem-
poral L? projection Q?Lt, and the inverse inequality (3.1]) together with a duality argument,
we first compute

lunlly = V@b, unllzog) + IV — @Qh,)unllzz g

18 unl + 1 Owunl 320 2,30

IN

< N@punlly + ¢ hi hy 0vunllZa0 1.0
So, we get
lunllkx = 10sunlly+ + llunlls
< Qb unly + |1+ e ] aunl
< max{ch, 1+ chf ;' e |Qhunlly + |9unl}-]
and the assertion follows. |

When combining the discrete inf-sup stability condition (4.3)) and the norm equivalence
inequality (4.10)), this results in the discrete inf-sup stability condition

b(uy, v
conllunllx < sup M

for all u, € Xop, (4.11)
0#vL €Y ||Uh||Y

where cg, := ¢ min{1, h; 'h2}. In particular we then conclude the Cea type estimate

N V2o
|t —upllx < — inf |ju— z|x. (4.12)
CS,h 2n€Xo,n

Remark 4.1 Even for smooth solutions u, the quasi best approximation error is at best

- 2 . - 2 -
U—Upllx S — 11 U— Zpllx &S — g clu).
CS,h #h€Xo0,n c

)

In the case of orthotropic scaling, i.e., hy >~ h,, we have cgj =~ h,, which would suggest
that no convergence is observed. However, in we derived an estimate of order h, in
this setting. This indicates that for U satisfying the assumption of Lemmal/.5, the discrete
inf-sup constant exhibits the behavior csy = csp(u) =~ 1, i.e., it improves on a certain
subclass U of functions uw € U C Xy, see also [5].

14



On the other hand, for parabolic scaling h; ~ h2, we have cg; ~ 1, and with the ap-
proximation properties of the space-time finite element space Xy we obtain the following
result:

Lemma 4.8 Let u € Xy and u, € Xop, denote the unique solutions of (2.4) and ({2.6),
respectively. Assume u € H>'(Q) N H??(0,T; H'(Q)). For hy ~ h? there holds the error
estimate

[u—unllx < chy [||ﬂ||§12,1(Q) + ||ﬂ||12qs/2(o,T;H—1(Q))] ” (4.13)
Proof. We first consider the error estimate fors=2and o =1,
17— Qp 1y, ully < 1 by |l L20mm2()) + €2 by e ||| 0,122 ()
and the error estimate for =0 and o0 = 3/2,
@ — nlly- < 1 b 100l 2 + c2 by [ 20,01y
In particular for h; ~ h? and using for z, = Q},_I}, U, the assertion follows. |

Similar as for second order elliptic problems, for smoothly bounded or convex spatial
domains 2, we can now use the Nitsche trick to conclude an error estimate in L?(Q).

Lemma 4.9 Let u € Xy and u, € Xop, denote the unique solutions of (2.4) and ({2.6)),
respectively. For hy ~ h2 there holds the error estimate

I3 = Tnlliaay < chollii = Tulx (4.14)
Proof. Let us consider the adjoint heat equation,

—op(z,t) — App(x,t) = ul(z,t) —up(x,t)  for (x,t) € Q,
p(z,t) = 0 for (z,t) € X,
p(z,T) = 0 for z € Q,

i.e., p € Y is the unique solution of the variational formulation
b(w,p) = (U — Up, w)r2q) forallw e X;.
In particular for w = u — wuy, € X; this gives

Hﬁ—ﬂhHiz(Q) = <U—ﬂh,ﬂ—ah>L2(Q) = b(ﬂ—ﬂh,p)
= 0= n,p— Qh,Q0,p) < V21[T —nlxllp — Q1 Qv -

By parabolic regularity we have that p € H*(Q), since u — u;, € L*(Q), see (4.13). Next
we use the error estimate (3.19) for s =2 and 0 = 1,

lp = @1, Qhplly < erha |plrzormz@) + 2 byt helplaomiz@) < che Pl

15



when choosing h; ~ h2. Now the assertion follows from the regularity estimate (A.15]),

1Pl 20 @) < @ — nllr2(q) »

and the error estimate (4.13)). |

Now we are in the position to consider the case when the initial datum ug is discontinuous.
For this we consider the homogeneous heat equation (L.1) with f = 0, where we can
reformulate the previous error estimates as follows.

Theorem 4.10 Let u € X, and u, € Xoy denote the unique solutions of (2.4) and (12.6)),
respectively. Assume f =0, and uy € H¥(Q) := [L*(Q), H}(Q)];s for some s € [0,1]. For
hy =~ h2 there hold the error estimates

(4.15)

[u—unl[x < chi |uol He(Q)

and

1@ —Tnllra) < ey lluoll ze(qy- (4.16)

Proof. For f =0 and assuming uy € HJ (), the error estimate (4.13)) reads

» _ _ _ 1/2
||u — uh||X < hm |:HU||§{2,1(Q) + ||u||§{3/2(0,T;H—1(Q))} < Cha: ||sz0||L2(Q)7

while using (4.12) for z; = 0 and the regularity estimate (A.3|) this gives

[ =[x < cllullx < elluollzze)-

Now, (4.15)) follows from a space interpolation argument, and (4.16)) follows as in the proof
of (3.19) .

All of the previous error estimates are formulated for the solution wuy, satisfying the finite
element variational formulation ({2.6]), which involves the extension ug of the given initial
datum uy. Hence, and as in the case of Dirichlet boundary conditions for elliptic problems,
we proceed as follows. For ug € X we consider the space-time finite element approximation
[ﬁtQ}lwﬁo, and instead of we consider a perturbed variational formulation to find
u;, € Xop such that

b(uy, + I, Q, To,vn) = (f,vn)q for all v, € Y, (4.17)
and subtracting (4.17)) from (2.6)) gives the perturbed Galerkin orthogonality
b(uy, — uy,vp) = b(I}, Qp Uy — g, vp,)  for all vy, € Y. (4.18)

As in the elliptic case we can use the Strang lemma to analyse this additional error:

16



Lemma 4.11 Let u € Xy and uj, € X, denote the unique solutions of (2.4)) and (4.17)),
respectively. Assume u, g € H>'(Q)NH?(0,T; H*(Q)) such that V0, V .01y € L*(Q)
are satisfied, and let hy ~ h,. Then there holds the error estimate

7 — ;| x < (@, o) he - (4.19)

If w,uy € L*0,T; H*(Q)) N H*(0,T; L*(QQ)) and 0y, duy € L*(0,T; H*(Q)) as well as
AU, Agig € H*(0,T; L3(Q)) is satisfied, then

12— Ul 2@y < (@, Tio) B2, (4.20)

and
[ — g |ly < e(@, o) hy - (4.21)

Proof. By the triangle inequality we first have
o = up llx <lw —unllx + llun = llx,
and with (4.3)) we further obtain

- - b(uy, —ur, v
@, — @ lx < sup M

0#vr €Y}, thHY
b([}{tQ}Lﬂo - aoﬂfh)
= sup
0#vL €Y}, ||Uh||Y

< V2| — ILQr Tollx = V2|0 — Q) 14, ol x,

since the nodal temporal interpolation I; and the spatial L* projection @ commute.
Hence we can use the error estimates (3.15) and (3.20) to conclude (#.19). In order to
estimate || — @} L2(g) We can proceed as in the proof of Lemma[4.5 But instead of
we have to use the perturbed Galerkin orthogonality

b(ty, vr) = b(w,vp) + b(uo — fflth;llzao, )

for the particular test function v, = 9,(u, — I, P, )t € Y. In any case, the additional
term can be estimated similar as in the proof of Lemma to conclude (4.20). The error
estimate (4.21]) finally follows as in Theorem [ |

It remains to consider error estimates for the solution u; of the perturbed variational
formulation (4.17), when the solution # is less regular, and parabolic scaling h; ~ h2 is
required.

Lemma 4.12 Let u € Xy and u; € Xo, denote the unique solutions of (2.4)) and (4.17),
respectively. Assume u, 1y € H*'(Q) N H*2(0,T; H'(Q)). For hy ~ h? there holds

7~ Tillx < 13— nllx +c 7 — 2}, @) Tl x. (4.22)

and
7 — @l 20) < cha [Hﬂ — k|| x + || — fétQhﬁOHX}

L 1 (4.23)
+ [[uo — I, Qp, Uoll2(@) + lluo — @y, uollz2()-
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Proof. As in the proof of Lemma we first have
[ —upllx < flu—unlx + [[an —lx,
but now we use (4.11)) for iy ~ h2 and (4.18)) to conclude

- b(uy, — u;
cllin—lx < sup bun — uj,, vn)

0£oey,  |lvnlly
b(IL Q} W — g, vp) _
= sup b The ’ < V2|t — I}, @}, ol x-
0Av, €Y, v |ly

To prove (4.23)), we can proceed as in the proof of Lemma , but now we obtain

@ — |72 = (G- 05,0 — )2 = b(E—j,p)
= b(u Uh,p th ) b(’U, uh7 th )
= b(u uh,p Qh th ) b([thh Uy — Uo,thQgtP),

and it remains to consider the second term,
b(I;,, @, o — Tho, @y, QD)
= b(‘[}},tthao - aﬂ? Q}ILxQ?ztp - p) + b(‘[]ithlzan - a07p)
< V2l[uo — I, Q4 Uol x|lp — @1, Qh,plly + b(I, Q4 To — Tio, p),

and the first part can be further estimated as in the proof of Lemma4.9, Using integration

by parts in space and time we obtain

b(—’;i@;lzxﬂo - ﬂOap) = <at(I%tQ}anO - ﬁo)»pk) + <Vx(]étQh,ﬁ0 - 270), vzp>L2(Q)
= (I, Qp. o — o, —0p — Aup)12(Q) — (@ uo — uo, p(0)) 12(0)
< [I,Qh 70 — Tollzz@) + luo — @ wollzzcey | Il 22 @),
and the assertion follows.

When combining the results of Theorem and Lemma we finally conclude:

Theorem 4.13 Letu € Xy and u;, € Xy denote the unique solutions of (2.4) and (4.17),
respectively. Assume f =0, and ug € H*(QY) := [L*(Q), H(Q)]s for some s € [0,1]. For

hy =~ h2 there hold the error estimates

[ —ugllx < ehg lluoll s (q)

and
12—l 2@) < ehy™ [luoll o

18



By introducing
Ny M,

up 1= uy, + f;}thhzﬂo = Z Z uy 1y (1) or ()

i=0 k=1
we can write the variational formulation (4.17)) as

b(uh, Uh) = <f, ’Uh>Q for all v, € Y3,

For the particular test function wvy,(x,t) = ?(t)ge(x), i = 1,..., Ny, £ = 1,..., M,, this
gives

Mz o wo— il
> / ki / (@) pe(x) da
k=1 /ti-1 t T
< t—t
+ Z/ <u21 + Ll — u21)> dt/ Vepor(x) - Vap(z) da
k=1 Jti-1 ha T

t;
- [ twbeda)ds,
ti—1
which is equivalent to the algebraic system of linear equations,

My (u' —u' ™) + % MKW +u ) = f, i=1,...,N. (4.26)
Despite the different evaluation of the right hand side f* this is the Crank-Nicolson scheme,
which was introduced in [10], to remove the oscillatory behavior and allow for much bigger
time-steps than in a method proposed before by Richardson [27]. Note that the coefficients
u” are determined from the L? projection of the initial datum wuy. But it is well known that
a piecewise linear continuous approximation of a discontinuous initial datum wu produces
oscillations around the discontinuity, see also the discussion in [36]. This motivates the

following considerations.

5 The adjoint space-time FEM for the heat equation

When considering the variational formulation (2.1)), and using integration by parts in time,
this gives

/OT/Qf(x,t)v(a:,t) dedt = /OT/Q [&u(z,t)v(x»t)Jeru(a:,t)-va(x,t)} d dt
- /OT/Q [_ u(x,t) Opv(z,t) + Vyu(z,t) - va(x,t)] dx dt — / ug(z) v(x,0) dz

Q
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when using v(z,7) = 0, z € Q. Hence we conclude a variational formulation to find
ueY = L*0,T; H}(Q)) such that

br(u,v) = /OT/Q [— u(z,t) Ov(z,t) + Vyu(z,t) - va(x,t)} dx dt (5.1)

:/OT/Qf(x,t)v(x,t)dxdtvL/Quo(x)v(xao)d‘”

is satisfied for all v € X :={v € X : v(z,T) = 0,z € Q}. Unique solvability of
follows as in the case of the primal variational formulation (2.1)), see also [24, Lemma 3.1].

For the discretization of we use the ansatz space Y) = W}?t ® Vj,, of functions
which are piecewise linear in space but piecewise constant in time, and the test space

Xpp= Wit ® Vj,,, where W,llt = span{y } gt € H{(0,T) is the space of piecewise linear
continuous functions which are zero at ¢t = 7. Then we determine u;, € Y} such that

bT(Uh, Uh) = <f, Uh>Q + <U0, Uh(O)>L2(Q) for all Vp € XT,h- (52)
Unique solvability of (5.2)) is a direct consequence of the discrete inf-sup condition (4.11)).

Lemma 5.1 ForY, = W}?t ® Vp, and Xrpj = Wit ® Vh, there holds the discrete inf-sup
stability condition

b
cspllunlly < sup br (un, vn)

for alluy, € Yy, (5.3)
0Avp€XT p thHX

where csy, = ¢ min{1, h; ' h2}.

Proof. Consider the time reversal operator ¢rv(t) = v(T'—t), which is an isometry. For any
given uy, € Y}, we first compute 7, € Xo 5 = t7(Xr) as unique solution of the variational
formulation

b(Un, trwn) = (Vatrun, Vatrwy) 2y  for all wy, € Yy,

and using the discrete inf-sup stability condition (4.11)) this gives

: _ _ b(vp, Lrw
e min{1, bt B2} [Tallx < ofuféyw
Wh, h

(Vatrun, Valrwn) 12(q)
= sup
0w, €Y}, [[wnlly

< llerunlly = [lunlly-

Now let U,(t) := 17U4(t), t € (0,T), then we can write, see Lemma [B.1]

br(up, Vn) = b(Uh, trun) = (Vatrun, Valrun)r2q)
= |lunlly > ¢ min{1, by " A3} |luslly [Tl x,

implying the assertion, noting that ||,||x = ||v||x- [
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Remark 5.1 In fact, one can show that the discrete inf-sup constants for the primal and
the adjoint problem are equal, see Lemma|B.1), 1.e.,

. b(un,vn) . br(vp, up)
inf. sup ———— = inf sup —7———.
un€Xon o,y [[unllxllonlly  vn€¥noru,exs, [lonlly [lunllx

Thus, we assume if u satisfies the assumption of Lemma .5, we again have in the case of
orthotropic scaling hy ~ h, that cgp, ~ 1.

As a direct consequence of the discrete inf-sup stability condition (5.3)), and as in (4.12)),

we conclude Cea’s lemma

2
lu —up|ly < — inf ||u— wply. (5.4)
CS,h WhEYn

When combining this with the error estimate (3.19) for s = 2 and o = 1, we conclude the
following result:

Theorem 5.2 Let u € Y and uy, € Y}, be the unique solutions of the variational formula-
tions (5.1) and (5.2)), respectively. Assume u € H*Y(Q), and let hy ~ hZ, or let u satisfy
all the assumptions of Lemma 4.5 Then there holds the error estimate

|u—unlly < chy|u|pziq). (5.5)

It remains to derive an estimate for the error in L?(Q):

Lemma 5.3 Foru €Y and u, € Y}, being the unique solutions of the variational problems
(5.1) and (5.2)), there holds the error estimate

lu=unllzz) < e [llu= P ullzzigy+llu—Qfull gy + e e [ Valu— Q) 12g)| - (5:6)

Proof. From the variational formulations (5.1)) and (5.2]) we first conclude the Galerkin
orthogonality

—(un, Ovn)q + (Vaun, Vo) 12(0) = —(u, Ovn)q + (Vatl, Vo) 12(), - vn € Xz
For w;, € Y}, define

T
Up(x,t) ::/ wy(z,s)ds, Tp € Xrp, Oz, t) = —wp(x,t),
¢

where we have

T T
/ / Vown(e,t) - Vaon(e, £) da dt — — / / Vo 0,0n(2,1) - VaTa (e, ) da dt
0 Q 0 Q

_ —1/Ti/yvv (2, ) da dt
- 9 o dt o zVh\4)y
T

1 _
=3 V20 (0)|720) > 0.

1 _
=3 V20 ()12
0
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. o 1 O .
In particular for wy, = up — P, Qp, u € Y}, we can write

[Jun — P}}IQ&UH%Q(Q) = (up — PLQ?RU, Up — P;IQ?HWH(Q)
= —(up — P;LQ?”U, Ofn) 12(Q)
< —(up — Py, Qp,u, 0i0n) 12(Q) + (Valun — Py, Qp,u), ViTn) 12(g)
= —(u— PﬁxQZtu, On) 12(@) + (Ve(u — P;LQ?%U), VaUh) 12(Q)-

For the first term we have

—(u - P}LQ]OHU, 8t@h>L2(Q) = —<u - P,}xu, 8ﬁh>L2(Q)

IN

lu— Py ull 220107 | 2(q)
= |lu— Py ullr2qllun — Pr,@Qp,ullr2),

and for the second term we have

(Valu = P, Qpw), Valn) i) = (Valu = Qh,u), VaTi)r2g)

(Valu — Qp,u), V(T — Q4 Th)) 12(@)

IV (u— @, u)|l L2 I Ve (Th — Q00| 120

chy ' |Va(u — Qpu)|l 2 [0n — O, Tnll 220

chyt hy || Va(u — Q)| 2100|220

= ch ||V (u = Qw2 llun — Py, @0, ull 12(q)-

VARV

IN

Hence we conclude

lun — Pp Qp ull2q) < llu— P ullr2) + chy ' he [ Va(u — Qp,u) | 20)-

With
lu = unllrz@) < llu— Py, @nullzzg) + llun — Pr, Qh,ullr2@)
and
lu— Py Qpullzy < llu— Q) ullr2) + 1@, (u— Py u)|l2q)
< lu—@Qpull2) + llu = By ull 2,
the assertion follows. ]

Corollary 5.4 Assume u € H*(Q) such that V.0 € L*(Q) is satisfied. Then there
holds the error estimate

Ju—unll2q) < ¢ [hi [l 20,7 m200)) + B [l 0,7 200)) + g B ”antUHP(Q)] - (5.7)
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In particular for hy ~ h, this gives

lu = willzzgy < cha R llullzzommmey + lullm oz + IVedulz@],  (5:8)
while for hy ~ h% we obtain

lu = wnllizg) < ch2 el 2oy + lullm oy + b | Vadiulliz)] - (5.9)

Even for a smooth solution u we therefore need to use the parabolic scaling hy ~ h% to
ensure second order convergence in L*(Q) when using the adjoint formulation.

The need of a parabolic scaling to get higher order rates in L?(Q), also stems from the fact
that for the adjoint formulation the ansatz space Y}, consists of only piecewise constant
functions in time which do not give higher order convergence, even for smooth functions.
This can be circumvented using a reconstruction operator in a post-processing step. To
obtain a piecewise linear, globally continuous solution in time, we consider the following
reconstruction operator Ry, : Wi, — W, where for each uy,, € W} given as

wn(t) = 3 ue()
(=1

the reconstruction is defined as
N
(Riun,)(£) = i (t), (5.10)
k=1

where

akzﬁ(uk%—ukﬂ) fork=1,...,N —1, aN:§(3uN—uN_1>.

For ease of presentation, we assume that the temporal mesh is uniform. In the non-uniform
case, define

P uk + P g1 Ungr

up = fork=1,...,N —1,
It g1 + he g
To = (2hnn + hen—1) un — hy N UN—1
N )
hen—1 + hen

By definition we set (Rp,up,)(0) = 0, i.e., 4y = 0. Similar reconstructions are well known
for DG in time schemes, see, e.g., [I8], for an excellent overview. The reconstruction
operator satisfies the following properties.

Lemma 5.5 For any uy, € W) it holds that

HRhtuhtHLz(t@il,m <ec Huht HLQ(wz) fOT’ all ¥ = 1, ey N, (5.11)
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where the element patch wy is defined as

(t07t2)7 € = 17
Wy = (tg_g,tg+1), (= ,...,N—l,
(tn—2,tn), L=N

Moreover, for any u € H?(0,T) satisfying u(0) = 0 we have
lu — haQgtuHLQ(O,T) < chf |ulm2(0,1)-

Proof. For a piecewise constant function u,, € W}?t, given as

Up, (t> = Z Uﬂﬂ?(t)?

we have
lun |72, 4y = Peug, €=1,...,N.

The reconstruction Ry, up, is a piecewise linear, globally continuous function,

(Ragun ) (1) = > urtbi(t).
K=1

On each temporal element (¢,_1,1,), we can compute

te ty—t t—to—y
R u 2 —_ Z—ﬂ, +;
Runlizeo = [ | T

te —to1
1

1
=~y (W) 4 G+ 7p) < 5l (ﬂ?_l + a?)

3

For all interior nodes, i.e., for £ =1,..., N — 1, we have

DN | —

1 2
u = (5 (Uz+ue+1)) <

while for £ = N we get
1 2
ﬂ?v == (5 (3UN — UN—I))

(S ) ) () <

Hence we obtain

—2

1 1 1
||Rhtuht||%2(to,t1) < §htu1 < th (U§+Ug) 2 |Iuht|li2(t0,t2)7
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and for / =2,..., N — 1, we have

1 _ _ 1 1
I o (20 +52) < 7 (20 021 < 5 gy

tonte) S 92

It remains to consider / = N,

1 3 a 3 3
[ Ron i, |72 < =~ hy (G, +1y) < 3 he (U + uy) < 5 [, 72 (g )-

tN_1,tN) — 2

This concludes the proof of the stability estimate ((5.11]).
In order to prove ([5.12]) we consider an arbitrary linear function ¢(t) = a+ bt for which
we compute

1 [

N
1
(@ua)(t) = (), a = [ a)dt = atSb(tette).
=1 t Sty

With this we further obtain
N
(Rn @, @) (1) = > Gty (1),
=1

with, for / =1,...,N — 1,

1 1

1 1
qe = 5(%4—(]@_1) = 5 (a+§b(tg+tg_1)+a+§b(tg+1 +tg)) =a+bt, :q(tg),

where we have used ty41 = t;, & hy. Moreover, for £ = N we conclude

in = = (Ban —qna) = % (3 (a 4 % bty + tN_1)> - (a + %b(tN_l 4 tN_Q))>

2
= a+bty = q(ty).
Hence, on each interval (t,_y1,t,), £ = 2,..., N, it holds that
(R, @5, 0)(t) = a(t)

for any affine linear function ¢(¢) = a + bt, while on the first interval, (¢y,¢;), due to the
homogeneous initial condition, we get

(R, @, a)(t) = q(t) for all g(t) = bt.

Therefore we get for any u € H?(wy), using the stability estimate (5.11]), that

”u - Rth?LtuHLZ(tl—lzté) = ||u —q+ Rthgt(q - u)HLQ(tethe)
<l = qllz2gey a0 + IR0 Q5 (0 = W2,y < cllu—all2g.
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By standard approximation results, since ¢ was arbitrary, we get for £ = 1

lu = R, @5, ull 2 (10.10) < € glszt||u—€I||L2(o,t2) < ¢ (2he)? [ul 2 ),

q(
and for { =2,... N

= R @l i < ¢ inf i = dllizy < o (3h)? fulie.
q(t)=a+bt

Summing over all £ =1,..., N completes the proof. ]

Theorem 5.6 Let uw € Y and uy, € Y}, be the unique solutions of (5.1)) and (5.2)), re-
spectively. If uw € H*(0,T; L*(2)) N L*(0,T; H*(Q)), Vou € H*(0,T; L*(Q)) and 0;Au €
L3(Q) are satisfied, then for hy ~ h, we have the error estimate

[ — R unll2(q) < elu) b,
where c(u) is a constant depending on u.
Proof. We split the error
lu = Ruunllzzi@) < llu— Ru@y, Pa,ullr2) + IR Qh, Pt — Rintinl 12() -

For the first term, using a Poincaré type inequality, the stability of P,}I, as well as the error

estimates (3.10)) and (5.12), we get
lu = Rn, @5, Po,ullzze) < llu— Py ullra) + 1P, (R, Qhu — w12

< lu— Py ullr2g) + ¢ Vo Py, (R, @p,u — u)| 120
< lu— Py ullr2g) + ¢ | Va(Rn, @0, u — u) || 12(q)
< c <hi [u| 20,1 12(0)) + h? |Va:u|H2(O,T;L2(Q))>-

For the second term, using the stability estimate (5.11)), we have that
IRu @b, Pt = Ruyunllz@) < cll@p, Po,u — unllr2g)-

Now, we proceed similar as in the proof of Lemma [5.3] When using the Galerkin orthogo-
nality
bT(u, Uh) = bT(uh, Uh) for allv, € XT,h,

we compute that

br(QY, P w— up,vp) = br(Q), Pr u—u,vp)
- _<Q2tP}1xu —u, Ovn) 12(Q) + (Vm(QgtP,;u —u), Voun)12Q)
- _<Q?Ltpgzu - Pf}z% on)r2(Q) — <Pi}zu — u, Oyun) 12(Q)
+ <Vz(Q2tU —u), VoUn) 12(Q)
= —(Pﬁzu — u, Opun) 12(Q) + <V1(Q2tu —u), Va(vp — Q[i)ztvh»L?(Q)
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In particular for
T
m(et)i= [ (@8 PLute,s) — une.s)lds, o€ X,
t
we get —0,v), = Q?HPhlzu — up, and
—(Q, P, u — un, 00n) 12g) = 1@, Po, v — unll72 (g,

as well as

(Va(Qp, Pryu —up), VoUn)i2) = —(VaOiUn, Valn)12(q)

1

T
d o Lv 2 (012

Hence, we get

”Q?HP;IU - Uh”%%@)
S —(QgtP,%lu — Up, atUh>L2(Q) + (Vx(taPému — Uh), Va:Uh>L2(Q)
= br(Qh, Py, u — un, Tp)

= —(Pp u—u,00n)12(0) + (Va(Q),u — u), Vo (Th — Q) Tn)) 12(0)-
Now, using the Cauchy—Schwarz inequality and (3.10]), the first term is estimated by
—(P,%xu —Uu, 8t6h>L2(Q) S ||Phlxu — u||L2(Q)||8ﬁh||L2(Q)
< eh ul o2 ) 10| 2 ()
while for the second term, using integration by parts and (3.14]), this gives
(Vo(@Qpu =), Vo(Th — Q0012 = (—Au(@hu— 1), Th — Qh,Tn)12(Q)
< A (@Qh,u — )| 2@ 17n — @i, Tall2@) < chi [ Azdeul| 121 040n] 12(0)-

With h, ~ h; and 0,1, = ng P,%zu — uy, we finally obtain

1@, P, u — unllzz@) < chi (HUHL2<0,T;H2(9)) + HuHﬂl(o,T;HQ(Q>)>>

and the assertion follows. ]

It remains to consider the case of less regular initial data:

Corollary 5.7 Letu € Y and uy, € Yy, be the unique solutions of the variational formula-
tions (5.1) and (5.2)), respectively. Assume f =0, and uyg € H*(Q) := [L*(Q), Hy(Q)]}s for
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some s € [0,1]. Then, u € H'*>0+9)/2(Q) N H*/2(0,T; HY(Q)). The error estimate (5.6)
then gives

1+s)/2 Hu||H(1+s)/2(0,T;L2(Q))

lu=wnllzzgy < P ullizomam ooy + b
— s/2
+hy hy! ||u||HS/2(O,T;H01(Q))} ;
and in particular for hy ~ h2 we obtain

|u — unll 2

< Chglc+s [HUHLQ(O,T;HHS(Q)) + ”UHH<1+8>/2(0,T;L2(Q)) + [|ul Hs/2(o,T;H5(Q))]~

Note that for a discontinuous but piecewise smooth initial datum we have vy € ?IS(Q),
s <1
2

It remains to take a closer look on the discrete variational formulation (5.2). When writing

wle,t) = 303w vl ele) = Y uslt) eula),

and using as test function vy(z,t) = o (t)@e(z), j=1,...,Ny =1, L =1,..., M,, is
equivalent to, recall ¢1(0) =0 for j =1,..., N, — 1,

My

-y /t .Hl u(t) D) (t) dt /Q or(T)pe(T)dx

. Z /tj+1 uk(t)wjl (t)dt /Q Voor() - Vo) dx

k=1 Yti-1
tj1
= / / flx, t)pe(x)dx wjl (t) dt,
tj—1 Q
which we can write as Crank—Nicolson scheme
. . 1 . . .
My ™ =) + 5 by K (0™ 4+ ) = 7, (5.13)

with the spatial mass and stiffness matrices M), and Kj. Note that the coefficient vector
u’ describes the solution which is constant in the time interval (¢;,¢;41). For the remaining
test functions vy, (z,t) = VY (t)pe(z), £ =1,..., M,, we have

_ z / w0 0wd(0) it [ oule)pda)da
w3 [ uouidt [ Vopla) - Vapda) da
= /tl/Qf(x,t)gpg(a:) dx g (t) dt—i—/ﬁuo(x)w(:c) dx,
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i.e., we obtain the implicit Euler scheme

1
Myu* + 3 hy Kpu! = f) +ud. (5.14)

In particular, the adjoint formulation corresponds to a time stepping scheme, where for
the first step implicit Euler is used with step size h;/2, and then Crank—Nicolson is applied
with step size hy;. Such a scheme was already proposed by Rannacher [26] known as
Rannacher smoothing, to regularize the initial datum uy and get a more stable numerical
approximation. Indeed, one could also see the first implicit Euler step as a smoothing
projection IT}, : L*(Q) — V},, given as

h
(H}Lmuo, Un, ) r2(0) + é (Vxﬂ}muo, Van, ) r2@) = (U0, Vn, )12, for allv,, € Vi, . (5.15)

Then the adjoint formulation corresponds to a perturbed primal formulation in which
the initial datum wg is projected by II; rather than by @ . Since the projection II}_
regularizes the initial datum, the error analysis of the primal formulation for smooth data
can be applied. To obtain the convergence rate of this scheme, it remains to estimate the
projection error of the initial condition.

Lemma 5.8 For uy € L*(Q) there holds
T wollzzoy < lluollzziy,  and VLI uolli2y < V2R ' luollre). (5.16)

as well as
HUO — H}ILZUOHLQ(Q) S HUOHLQ(Q) (517)
Moreover, if ug € H}(S2), then

1/2
1/2
HUO — H%LIUUHLQ(Q) <c (ht + hi) HV:EUOHLQ(Q)y (519)
and 12
1V, (o — T ug)|| 2y < c(1 4R h;l) 1V t0]l 2. (5.20)

Moreover, if ug € H*(Q) N HY(Q) is satisfied, then

||u0 — H}llzuoHLz(Q) S C <ht + hi) ]uO|H2(Q), (5.21)

and
1/2
IV, (g — TIE o) | p2gey < € (ht S h?) o 112 6. (5.22)
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Proof. When testing (5.15) with v,, = IT} ug € V}, this gives
t
||H}L$U0||i2(sz)+§||V$H/11xU0||%2(Q) = <u07Hilsz0>L2(Q) < ||U0||L2(Q)||Hilsz0||L2(Q)
from which ([5.16)) follows. Moreover, we compute, using (5.13]) for v, = II} up,

t
o — H}Lmuoué(n) + 5 ||VxH}LmU0||%2(Q)

h
= Jlug — I} uol| 720 + Et (V.IL, uo, VLII uo)r2(0)

= luo — T, uol| 72y + (o — TTy, o, T, o) 20y
= (ug — H}LIUO,UO>L2(Q) < luo — H;LIUOHLQ(Q)HUOHLQ(Q),
from which (5.17)) follows. For uy € H;(2) we can consider the Hj projection Py ug € Vj,,
and using the same computations as above as well as Holder’s inequality we conclude
o — leUOH%?(Q) + gt ||VxH11u0||%2(Q) = (up — Hilzz“OvU0>L2(Q)
= <U0 - H;llzuo, Uy — P;1$U0>L2(Q) + (Uo - Hillzum P}1IUO>L2(Q)

hy

= <U0 — H}L:CUO, Ug — Phxu0>L2(Q) + = (V thUO, Vv Ph UO>L2(Q)

< lluo — 105, uol 2oy [luo — PMUOHL?(Q) T ||V 0, uo| 2@ Ve P, o 20y
; 1/2
t
< (uuo — I, o) + HVwHizuo“i%m)

1/2
(o= Pl + 5 IVePLunlieg )
ie.,
t
o — HllszOH%Q( ||V Hhxuonm(g) o — Piiwu()“%?(ﬂ) + 5 ||prﬁgc“0||%2(m‘

With the error estimate ([3.10)) and the stability of P, : Hj(Q) — V,,, C Hy(Q2) we further
obtain

h
Juo — P,;uonizm +5 ||vxnzxuo||%2<m < o [B2 4 I [ Vatolagey

which gives and (| - Moreover, is equivalent to

h
Et (Vo(I, uo — Py o), Vavr) 2y = (uo — I uo, vi)r2(0) —

h
t <V Pl Uo,v Uh)LQ Q)
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for all v, € Vj,. In particular for v, = II} uo — P, uo this gives
hy
5 IV (I, w0 — Py o) 1720
= (uo — H}LIUU, H}lLZUO — P}LUO>L2(Q) (523)
h
—f-?t <V$P,1wU07 Vx(P,inO — H}llxuo)>L2(Q)
= Jlug — T} uol| 2o 1T, o — Py ol 2
h
5 [VaPa,toll 200 | V(P 10 = TG 0) [ 220
< lluo — 18}, woll (e | 113}, w0 = woll 20 + 1o = P ol oo |
h
+ Et IV Py ol 22 [ Vo (P, tio — 1T, o) || 22
2\ 1/2
§ C (ht + hx) HVIUOHLQ(Q)
2\ 172
. |:C <ht + hx) HvxuoHLz(Q) + Chx ‘|V1U0HL2(Q):|
h
+ gt IV 2ol 22| Ve (Py, w0 — T, o) || 20
h
< ¢ (hu+ 12) Va2 + 5 [ Vatoll ey | Vo P o = 11}, uo) [ 2

when using the error estimates (5.19)) and (3.10]), and the stability estimate (3.8)). Hence

we have shown

IV (T, w0 — Py wo) [ 720

< 2¢ (14 W20 ) IVatolFagq) + I Vattoll 20 Vo ( P g = T o) 20
from which

IV (I g = P2y < e (1+ A2y ) IVato] 22
follows. With
IV (uo — I, uo) || 2() < Vel — Py o)l 2 + Ve (P, w0 — T, wo)|| 220

and using for s = 1 we conclude .

It remains to consider the case uy € H*(Q) N H (). Note that (5.23) can be rewritten
as

hy
o — H}LmUOH%Q(Q) +5 ||Vx(H}Lmu0 - PL“O)H%Z(Q)
hy
= <U0 — H}lleO, Uy — Ph uO)LQ(Q) + = (V Ph Ug, Vx(P}ixU[) - H,llxuo)hz(g)

h
= (ug — H,llxuo, Up — Ph Ug)r2(0) + o (V U, Vm(P;LUO - Hiﬂo))ﬂ(m;
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using the definition (3.7) of P,%w. Using integration by parts, we further conclude

hy
|uo — H}LZUOH%%Q) + 5 ||V$<Hfltzu0 - PILUO)H%?(Q)

h
= <U0 - H%LIUO,UO - Pfizu0>L2(Q) + Et <—A$U0, P;Z’UJO - H}LIUO>L2(Q)

< lug — IT; uol| 2o [|uo — Pr, ol 12(0)

Aol B o — 1T ol
< Jug — 10, wol| 2oy [lwo — Py, ol 220

+% [Azuol|r2(0) [Hpﬁzuo — ol r2@) + lluo — H}LZUOHL2(Q):|
< ¢h? |lug — 1T, o 2oy [uo] 20

h
+ 5 ol (e [ B ol + 1o = 0, o 2o

where we have used the error estimate (3.10) for s = 2. Hence we have shown
o — Hilzzuo”%z((l) <c <h920 + ht) |t mr2(0y[|to — HileUOHH(Q) + chfc hy ’Ut)ﬁﬂ(ma

from which
||UQ — HillrUOHLQ(Q) S C (hi + ht> |UO|H2(Q)

follows, i.e., (5.21)). With this we further conclude
||Vx(H;1sz0 - P;L“O)Hi?(g)
<c <1 +h? ht_l) llug =TT, o 2 () [uo| 12 () + € B2 [uol B2
< e [(rrnnt) (2 h) + 82 ol
With the triangle inequality
IV (o — T, o)1 720
< 2|V (up — PL“O)H%?(Q) + 2|V (P uo — H}LIUO)H%?(Q)
< el (1 n2n) (B2 4 h) + 2 luof3eqay

we finally conclude ((5.22)). n

When considering the error estimates (5.17) and (5.19) we can use a space interpolation
argument to conclude the following result:

Theorem 5.9 Assume ug € H¥(Q) := [L2(Q), Hi ()]s for some s € [0,1]. Then there
holds the error estimate

s/2
o — 113 ol 2@y < e (B2 +he) " ol 7oy (5.24)
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6 Numerical results

As a numerical example we consider the heat equation in the one-dimensional spatial
domain Q = (0,1) and 7' = 1. The space-time finite element discretization of the primal
variational formulation (2.6 is done by using the ansatz space X, = Whlt ® V4, and the
test space Y, = W ® Vj,, while for the adjoint formulation we use Y, as ansatz

space, and X7, = W,llt ® V4, as test space. First, we consider the smooth solution
u(x,t) = cos(mt) sin(mz) (6.1)

where the given data f and uy are computed from u. The numerical results for both the
primal and the adjoint formulation using h; = h, are given in Table |1, where we observe
first order convergence in Y = L?(0,T; H}(2)) in both cases, as predicted by Theorem
and Theorem [5.2] respectively. However, we only observe second order convergence
in L?(Q) for the primal formulation as explained by Lemma , while the error for the
adjoint approach converges linearly, see Corollary [5.4] To obtain second order convergence
in L?(Q) also for the adjoint formulation, we need to postprocess the solution, see Theorem
[5.6] or use parabolic scaling, see Table [2, and Table

N Ni |lu—upllr2@) eoc |lu—unlly  eoc
primal formulation

4 4 4.137-1072 3.597 - 107!

8 8 1.027-1072 2.01 1.784-107% 1.01
16 16 2.562-1073 2.00 8.907-107% 1.00
32 32 6.403-107% 2.00 4.452-107%2 1.00
64 64 1.601-10"* 2.00 2.226-1072 1.00

128 128 4.001-107° 2.00 1.113-1072 1.00
256 256 1.000-107° 2.00 5.565-107% 1.00
adjoint formulation

4 4 1.129-1071 4.988 - 107!

8 8 5.661-102 1.00 2.512-107' 0.99
16 16 2.833-1072 1.00 1.258-107' 1.00
32 32 1.417-1072 1.00 6.295-1072 1.00
64 64 7.085-1073 1.00 3.148-1072 1.00

128 128 3.543-1073 1.00 1.574-107% 1.00
256 256 1.771-1073 1.00 7.870-1073 1.00

Table 1: Convergence results for the primal and adjoint formulations in the case of the
smooth solution (6.1)), hy = h,.

As a second example, we consider, similar to [36], the solution

o

u(z,t) = Z % sin (%T) sin (%T) et sin((nx). (6.2)
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adjoint formulation

N, Ny |lu—upllr2) eoc |lu—wuplly  eoc

4 16 5.110-1072 4.784 - 1071
8 64 1.054-1072 2.28 2.044-107% 1.23
16 256 2.452-107% 210 9.509-10"% 1.10
32 1024 5.944-107* 2.04 4.597-1072 1.05
64 4096 1.465-107* 2.02 2.261-107% 1.02
128 16384 3.638-107° 2.01 1.122-107% 1.01

Table 2: Convergence results for the adjoint formulation in the case of the smooth solution
(6.1]) with parabolic scaling, hy = h2.

adjoint formulation

Ny, Ny |lu—=TRpun|iz eoc |[u—Rpunlly eoc
4 4 6.186-1072 3.847- 1071
8 8 1.779-107? 1.798 1.822-107! 1.078
16 16 4.705-1073 1.918 8.957-1072 1.024
32 32 1.205-1073 1.965 4.459-1072 1.006
64 64 3.047-107* 1.984 2.227-1072 1.002
128 128 7.656-107° 1.992 1.113-1072 1.000
256 256 1.919-107° 1.996 5.565-1073 1.000

Table 3: Convergence results for the adjoint formulation with reconstruction in the case of
the smooth solution (6.1)) and uniform scaling, h; = h,.

which is a solution of the homogeneous heat equation (1.1)) with f = 0, and with the initial
datum

uo(x) =

1, ifz € (0.25,0.75),
0, else.

The numerical results for both the primal and adjoint formulations are given in Table[d]. In
the case of orthotropic scaling, h; = h,, we observe divergence of the primal formulation in
Y, as can be explained by , where cgj, >~ h,, and using the best approximation in X.
For the adjoint formulation, though, we see a rate of 1/4, as predicted by Theorem for
all s < 1/2. The rates for the error in L?(Q) are not yet explained by the theory presented.
When using parabolic scaling, hy = h2, in Table [5| in both cases we obtain comparable
results with orders of convergence which are due to the reduced regularity of the solution
as explained by and for the primal and adjoint formulation, respectively, using
csp = 1, and the best approximation in the corresponding norms.

Even though the convergence behavior is similar, the adjoint approach does not overshoot
at the discontinuities of the initial data. This behavior is exemplified in Figure [1| for the
primal and adjoint approach for N, = N; = 32, see also [36] for a more detailed discussion
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Ny Ny lu—wupllr2@) eoc  |lu—uplly  eoc
primal formulation

4 4 8878-1072 8.377-1071

8 8 7.222.1072 0.30 1.115-10° -0.41
16 16 5.545-1072 0.38 1.599-10° -0.52
32 32 4.091-1072 0.44 2.269-10° -0.50
64 64 2.959-1072 0.47 3.183-10° -0.49

adjoint formulation

4 4 8.944-1072 3.498 - 107!

8 8 5273-1072 0.76 2.753-107' 0.35
16 16 3.073-1072 0.78 2.356-1071 0.22
32 32 1.832-1072 0.75 2.025-107% 0.22
64 64 1.091-1072 0.75 1.725-107% 0.23

Table 4: Convergence results for the primal and adjoint formulations for the singular
solution (6.2)) with discontinuous initial data, h; = h,.

Ny N |lu—upllr2) eoc |lu—wuplly eoc
primal formulation
4 16 2.265-1072 3.091- 1071
8 64 7.467-1073 1.60 1.979-10"! 0.64
16 256 2.642-1073 1.50 1.397-10"' 0.50
32 1024 9.314-107% 1.50 9.854-1072 0.50
64 4096 3.264-10~*  1.51 6.920-1072 0.51
adjoint formulation
4 16 3.073-1072 2.435 - 1071
8 64 1.088-1072 1.50 1.726-10"! 0.50
16 256 3.848-1073 1.50 1.221-107' 0.50
32 1024 1.360-1073 1.50 8.629-10"2 0.50
64 4096 4.807-1074 1.50 6.090-1072 0.50

Table 5: Convergence results for the primal and adjoint formulations for the singular
solution ([6.2)) with discontinuous initial data and parabolic scaling, h; = h2.

of the Crank—Nicolson oscillations.

Although we have presented almost all error estimates in the case of lowest order finite
element spaces only, these results can be generalized to higher order polynomial ansatz
spaces. To ensure optimal convergence, a related higher regularity of the solution is re-
quired, excluding discontinuous initial data. For the smooth solution as given in we
provide some numerical results, in which we first consider second order finite elements in
space, and second order finite elements in time as ansatz functions, but piecewise linear
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—=— adjoint
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0.1)
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u(z, t =

Figure 1: Comparison of the primal and adjoint approach at ¢t = 0.1.

ones for testing. In the adjoint formulation we switch ansatz and test spaces accordingly.
The numerical results as given in Table [6] indicate optimal orders of convergence, as ex-
pected. Finally, in Table [7] we provide related results for cubic finite elements in space
and time, and second order test functions in time for the primal formulation. For the
adjoint formulation, second order functions in time are used as ansatz, while third order
finite elements are used for testing. Again we observe optimal orders of convergence, as
expected.

Ny, Ny |lu—wupllr2@) eoc |lu—uylly eoc
primal formulation

2 2 578-1072 1.12-107¢

4 4 1.71-1072 1.76  2.02-107' -0.85

8 8 249-1073 2.78 5.13-107%2 1.98
16 16 3.25-107* 2.94 1.28-1072 2.00

32 32 4.10-107° 2.98 3.20-107% 2.00
64 64 5.15-107° 2.99 7.99-107% 2.00
adjoint formulation

2 2 4.64-1072 2.05- 1071

4 4 120-107? 1.95 5.17-1072 1.98

8 8 292-1073 2.04 1.28-107%2 2.01
16 16 7.22-107* 2.02 3.20-107%  2.00
32 32 1.80-1074 2.01 7.98-107* 2.00
64 64 4.49-107° 2.00 2.00-107* 2.00

Table 6: Convergence results for the primal and adjoint formulations using quadratic/linear
finite elements in time, and quadratic/quadratic finite elements in space in the case of the
smooth solution (6.1)), hy = h,.
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Ny Ny lu—wupllr2@@) eoc  |lu—uylly eoc
primal formulation

2 4.48-1072 7.76 - 1072

4 220-1073 4.35 6.86-107% 3.50

8 1.31-107% 4.07 7.25-107* 3.24

6 8.01-107° 4.03 839-107° 3.11

32 32 498-1077 4.01 1.02-107° 3.03

64 64 3.11-1078 4.00 1.27-107% 3.01
adjoint formulation

2 647-1073 1.99 - 102

4 7.78-1071 3.06 2.43-107% 3.03

8

6

9.59-107° 3.02 3.01-107* 3.01
1.19-107° 3.01 3.75-107° 3.00
32 32 1.49-10°° 3.00 4.68-107% 3.00
64 64 1.86-107"7 3.00 5.85-1077 3.00

Table 7: Convergence results for the primal and adjoint formulations using cubic/quadratic
finite elements in time and cubic/cubic finite elements in space in the case of the smooth

solution (6.1)), hy = h,.

7 Conclusions

In this paper, we analyzed primal and adjoint space-time variational formulations for
parabolic evolution equations using tensor product discretizations in space and time. For
lowest order ansatz and test spaces, the primal formulation recovers the Crank—Nicolson
method. At the same time, its space-time interpretation reveals a conditional stability
property, where the stability constant depends on a CFL-type relation between the tem-
poral and spatial mesh sizes.

This conditional stability becomes relevant in the error analysis for solutions of low
regularity, in particular for discontinuous or nonsmooth initial data. The numerical ex-
periments confirm the deteriorated behaviour of the primal method in this regime. To
incorporate the initial condition differently, we derived an adjoint space-time formulation
when applying integration by parts in time. For regular data, this formulation yields com-
parable convergence rates after a suitable postprocessing in time. For rough data, however,
it shows an improved behaviour and naturally leads to a Rannacher-type smoothing of the
initial data.

The Galerkin—Petrov space-time formulation therefore provides an operator-theoretic
framework, based on inf-sup stability, for analyzing both classical time stepping schemes
and their behaviour for nonsmooth data. For low-regularity problems, the adjoint formula-
tion is preferable, whereas for smooth solutions the primal formulation remains competitive.
Although the detailed analysis in this work was carried out for lowest order approxima-
tions, the underlying arguments extend to higher order test and ansatz spaces, as can be
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observed in the numerical examples.
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A Regularity estimates

In this appendix we summarize some well known results on the regularity of solutions
for the initial boundary value problem , see, e.g., [15 Sect. 7.1.3]. Since the heat
equation is linear, we first consider the homogeneous heat equation, and afterwards the
inhomogeneous one but with zero initial conditions. We assume that 2 C R” is bounded
with smooth boundary 02, or polygonal /polyhedral but convex.

A.1 Homogeneous heat equation

We first consider the homogeneous heat equation with homogeneous Dirichlet boundary
conditions, but some initial conditions,

Ou—Au=0inQ=02x(0,7), u=00n2X=00x(0,T7), u0)=upin Q2. (A.1)

The solution of (A.1)) is given by the Fourier series
o t) =Y we Monla), w = [ (o) dula)da, (42)
k=1 &

where ¢, € Hj(2) are the normalized Dirichlet eigenfunctions of the Laplacian,

—A¢p =M InQ, ¢, =0 ondf, / or(x) @j(z) de = ;.
Q

Based on (|A.2)) and depending on the regularity of the given initial datum wuy we can state
the following results:

Lemma A.1 Let u as given in (A.2)) be the solution of the initial boundary value problem
(A.1)). Depending on the regqularity of the initial datum g there holds:

1. Forug € L*(Q) we have u € L*(0,T; HY(Q)) N H'(0,T; H'()), satisfying
||u||%2(o,T;H3(Q)) + |’UH12H1(0,T;H—1(Q)) < HUOH%Q(Q)J (A.3)
as well as u € HY/2(Q) := L*(0,T; HY(Q)) N HY2(0,T; L*(Q)), satisfying
Hu”i?(O,T;H(}(Q)) + ||U||§11/2(0,T;L2(Q)) <c ||U0||%2(Q)- (A4)
2. Foruy € HY}(Q), ue H*(Q) := L*(0,T; H*(Q)) N HY(0,T; L*(Y)), satisfying

HUH%Q(O,T;HQ(Q))+ ||u||§{1(0,T;L2(Q)) < HVQTUOH%Q(Q)' (A.5)
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3. Forug € HY(Q) N H*(Q), there holds

1
vaatuH%?(Q) < §|u0|§{2(ﬂ)7 (A.6)

and

1
ullFr2 0 7102 < 5”“0”1%12(9)- (A7)

When using space interpolation arguments, we derive regularity results in an intermediate
scale of Sobolev spaces.

Corollary A.2 Assume ug € H*() == [L*(Q), HL(Q)]s for some s € [0,1]. From (A4)
and (A.5) we then conclude u € H'**1+9)/2(Q), and

||u||%2(0,T;H1+S(Q)) + ||u||1211(1+5)/2(07T;L2(Q)) < c||uo| %s(g)’ (A.8)
Moreover, using and we obtain u € H¥/*(0,T; HL(R)), satisfying
lull gsrzommiy < cllvoll ooy (A.9)
Finally, from and we conclude the following estimate:
Corollary A.3 For the solution u of with uy € Hy () there holds
Hu”?ﬂ/Q(O,T;H—l(Q)) < CHUOH%-P(Q)' (A.10)

A.2 Inhomogeneous heat equation

Next we consider the inhomogeneous heat equation with zero Dirichlet boundary condi-
tions, and zero initial conditions,

Ou—Ayu=finQ, w=0o0n%, wu(0)=0inf. (A.11)

The solution of (A.11)) is given by the Fourier series
u@,t) = 3 ulton(), (A.12)
k=1

where the coefficients uy () are solutions of the ordinary differential equations

up,(t) + Mup(t) = fi(t) = (f(1), pr)o fort € (0,T), uk(0)=0.
Lemma A.4 Let u as given in (A.12) be the solution of the initial boundary value problem
(A.11)). Depending on the reqularity of f there holds:
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1. For f € L*(0,T; H ()), we have u € L*(0,T; Hy () N Hy (0, T; H(2)), with
||u||%2(O,T;H3(Q)) + ”uH%{l(O,T;H*l(Q)) <2 Hf”%?(o,T;H*l(Q))v (A.13)
as well as u € Hé;’é’/Q(Q) = L*(0,T; H}(Q)) N H&M(O, T; L*(Q)), satisfying
s + 10y < 2oz (A1)
2. For f € L*(Q), uw € L*(0,T; Hy () N H*(Q)) N Hy (0,75 L*(KY)), satisfying
||u||iQ(D,T;H(}(Q)ﬂH2(Q)) + ”uH?{é’(O,T;LQ(Q)) < 2|1 f11Z2(- (A.15)
3. For f € L*(0,T; H}(Q)), there holds
IVeOiullzaig)y < 1720 msm - (A.16)
4. If f € Hy (0,T; H-(Q)) is satisfied, then
10wullr2omsm-1@) < V2 Flaorm1@). (A.17)

Again we can use space interpolation arguments to formulate regularity results in an in-

termediate scale of Sobolev spaces. From (A.14]) and (A.15)) we have:

Corollary A.5 Assume f € L*(0,T; H-'*5(Q)) := [L*(0,T; Hy *(Q))]* for some s €
[0,1]. Then, we conclude u € H'**U+9/2(Q), and

HUH%Q(O,T;HHS(Q)) + ||u||?'{(1+5)/2(07T;L2(Q)) <c ||f||%2(O,T;H*1+S(Q)) - (A.18)

Finally, from (A.13) and (A.17) we conclude the following estimate:
Corollary A.6 For the solution u of (A.11)) with f € H(}’/z(O,T; H=Y(Q)) there holds

Hu||§{3/2(07T;H—1(Q)) < CH.]CH?'{U?(O,T;H—l(Q))‘ (A.19)

B Equivalence of inf-sup stability constants

Because for any bounded, linear isomorphism B : X — Y™* it holds that (B™')* = (B*)™!,
and ||B||x—y+ = ||B*||y x>+, the continuous inf-sup constants for B and B* are the same,
ie.,
B * .B>‘< *
inf  sup —< U U)y v = inf sup —< Uy U)X X

0AueX ozoey |ullxlvlly  0ZveY orzuex |ullx|vlly

The same conclusion holds true for the discrete inf-sup constant, e.g., [8, Proposition 3.4.3].
For completeness, and because our discrete trial and test spaces differ slightly, we include
a proof of this result in the next lemma.
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Lemma B.1 [t holds that

inf sup —b(uh’vh) = inf sup —bT(Uh’uh)

0#unE€Xo,h 0£v, €Y}, llwnll xlvnlly 0ZVnE€Yh 0£up € X p ||Uh”Y||“h||X

where b(-,-) : Xop X Yy = R and br(-,) : Y3 x X7 — R are defined in and .

respectively.

Proof. We first note that the time reversal map ¢rv(t) := v(T —t), when solely acting on
time, is an isometric 1som0rphlsm as amap typ : Yy — Yy, and as a map v 1 Xop — Xpp.
Moreover, Ostr = —u70;, 1% = id, and the L? adjoint satisfies 15 = 17. Hence, for all u € X
and v € Y we have that

b(u,v) = :@u(x,t) v(z,t) + Vyu(z,t) - Vzv(:z:,t)] dt dx

I
cxc\c\ﬂc\c\ﬂ
S— — 5 55— 55—

!

-@u(x, t)io(x,t) + Vou(z,t) - Veiro(z, t)} dt dx

-L*Tatu(ac, t) trv(x,t) + Vaepu(z, t) - Vapo(z, t)] dt dx

!

-LTatu(x, t) trv(x,t) + Vaeru(z, t) - Vapo(z, t)] dt dx

!

- Opru(z,t) trv(x,t) + Vairu(z, t) - Vapo(z, t)} dt dx
= br(ityv, LTU)
Thus, for the operators By : Xop — YY), and Bry 1 Y, — XT s defined as
<Bo,huh,vh>y*xy = b(uh,vh), <BT,hUh,Uh>X*xX = bT(Uh,Uh),

there holds the relation

<BO,huh7Uh>Y*><Y = b(uhavh) = bT<LT'Uh:LTUh)

= (Bralrn, LTUR) X*xX = <L§“B;,hLTUh7Uh>Y*xY

for all u, € Xop, and vy, € Yy, ie., By = L%B}’hLT. Now, we compute the discrete inf-sup
constant for the primal problem as

inf sup M — inf sup <Bo,huh7 vh>Y*><Y
0#un€Xon 04,y ||Unllx||vnlly 07un€Xo,n 0£vp, €Yy, HuhHXHUhHY
= inf H
0Aup€eXo,n HuhHX
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Moreover,

inf HBO,huh| Yo _ . H’Uh’ Y*
0#uneXon  |[unl|x 0£ueY; || By unllx
B -1
. Sup HBOJ%,'UhHX - ||B—1| —1
= e - * °
ooy ||Unllv- OIS0
Using that HBO*,}LHY;%XO’h — HBO*}Z* xg,—~v;» and that B(;,;t’* = ngl = (5 Brpr) ™!, we
then compute
1Boallvioxon = 107 Brar) I, o,
. (Br hlrUh, t7UR) X*x X
= inf sup
0£ULEYS 0stup € Xon llun| x[Jvnlly
, br(Lrvn, Lrup)
= inf sup @ —/————————
0FvnE€YR 0y, € Xo HuhHXHUhHY
b
— o sy rlw)
0£UREYh e Xrp || Unllx [|UR]ly
This concludes the proof. "
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