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A Stabilized Space-Time Finite Element Method
for the Wave Equation

Olaf Steinbach and Marco Zank

Abstract We consider a space—time variational formulation of the wave equation by
including integration by parts also in the time variable. A standard finite element dis-
cretization by using lowest order piecewise linear continuous functions then requires
a CFL condition to ensure stability. To overcome this restriction, and following the
work of A. A. Zlotnik (1994), we consider, in the case of space—time tensor product
discretizations, a stabilized variational problem which is unconditionally stable. We
provide a stability and error analysis, and some numerical results which confirm the
theoretical findings.

1 Introduction

While for the analysis of parabolic and hyperbolic partial differential equations a
variety of approaches such as Fourier and Laplace methods, semigroup theory, or
Galerkin methods, is available, see, for example, [9, 10, 11, 14, 21, 22], standard ap-
proaches for the numerical solution are in most cases based on semi—discretizations
where the discretization in space and time is split accordingly, see, e.g., [19] for
parabolic problems, and [5, 6, 15] for hyperbolic equations. More recently, there ex-
ist space—time approaches as for example in [1, 2, 12, 13, 16, 17, 20] for parabolic
problems, and [3, 4, 7, 8, 23] for hyperbolic equations, see also [18] where the
space—time discretization of the wave equation requires some CFL condition.

In this work we introduce a stabilized finite element method for a second order
ordinary differential equation and we transfer this approach to the corresponding
hyperbolic partial differential equation. As model problem we consider the Dirichlet
problem for the wave equation,
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attu(xvt) _Axu(xvt) = f(xat) for (xat) € Q =Qx (07T)a

0 for (x,r) € £:=TI x(0,T), (1)

u(x,0) = du(x,0) =0 forx € Q,

<
~
~—

I

where Q C R?, d = 1,2,3, is a bounded domain with Lipschitz boundary I" = 9,
T > 0O is a finite time and f is a given right-hand side. The variational formulation
of (1) is to find u € Hy)y (Q) := L>(0,T; H}(2)) NH} (0,T:L>(R)) C H'(Q) such
that

—(9u, 9 w) 120y + (Vatt, Vaw) 129y = (fiw)o (2)

is satisfied for all w € Hy'\y(Q) == L*(0,T;H} (2)) NHY(0,T;L*(R2)) C H'(0),
where f € L*(Q) is given. Here, we use the standard Sobolev and Bochner spaces
with the subspaces

H(0,T;12(Q)) = {v € H'(0,T:LX(Q)): v(-,0) = o}

and
HY(0,7:1%(2)) == {v € H'(0,T:L2()): v( T) = 0}.

Furthermore, (-,-)¢ denotes the duality pairing as extension of the inner product in
L?(Q). Note that the initial condition u(-,0) = 0 is considered in the strong sense,
whereas the initial condition d;u(-,0) = 0 is incorporated in a weak sense. It is well
known that for f € L?>(Q) there exists a unique solution u € H&‘é_ (Q) of the varia-
tional formulation (2), see [9, Theorem 3.2 in Chapter IV], and [18].

Nevertheless, a conforming tensor—product space—time discretization of (2) by
piecewise multilinear continuous functions requires the CFL condition [18]

1
h < 7 hy, 3)
where h; and h, are the uniform mesh sizes in time and space, see also Remark 1 in
Section 3. To gain a deeper understanding of the CFL condition (3) a corresponding
scalar ordinary differential equation

duu(t) + pult) = f(t) fort € (0,T), u(0)=du(0)=0, @)

where 1t > 0 and f are given, is analyzed and an unconditionally stable finite ele-
ment method for (4) is introduced. Note that u > 0 is related to the eigenvalues of
the Laplace operator for homogeneous Dirichlet conditions.

Instead of the variational formulation (2) we consider a stabilized formulation
which generalizes the approach of [23]. This stabilization is first discussed for the
scalar differential equation (4), and then transferred to the wave equation (1). The
rest of this paper is organized as follows: In Section 2 we consider the second order
ordinary differential equation (4), where we show unique solvability. In addition, we
prove a discrete inf—sup condition to get an unconditionally stable numerical scheme
and error estimates. We present some numerical examples to illustrate the theoretical
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results. In Section 3 we extend the ideas of Section 2 to the scalar wave equation,
where we get an unconditionally stable finite element method for the wave equation.
We present a numerical analysis of the discretization scheme, an error estimate with
respect to || - ||;2(o) and we provide some numerical results for illustration.

2 Second order ordinary differential equations

As a model problem we consider the second order linear equation for pt > 0,
Ouu(t)+pu(t)=f() forte(0,T), u(0)=du(0)=0, 5)
and the variational formulation to find u € H& (0,T) such that
a(u,w) = (f;w)o7) (©)

is satisfied for all w € H})(O,T), where 7 > 0 and f € [H})(O,T)]’ are given, and
where the bilinear form is
a(u,w) := —(9u,hw) ;20,1 + KU, W) 12(0.7)-

Note that (-,)(o,7) denotes the duality pairing as extension of the inner product in
L?(0,T), and the Sobolev spaces

HY(0,T) := {v e H'(0,T): v(0) = 0},
HY0,T) = {v e H'(0,T): v(T) = 0}

are endowed with the inner products

T
)y 0 = )y = |, d(0av(e)

and with the induced norm
2 2 T )
lulen o) = okl 20 ) :/o [Gru(t)]"dt.

The dual space [H710(07 T)]' is characterized as completion of L?(0,T) with respect
to the norm

<fa W> (0,1)
1 )= sup —— .
[H.()<0-,T)] 0¢W€H10(O,T> |W|Hl (077")

For v € Hy (0,T) we define w(r) = (A7) (t) := v(T) —v(t), i.e. w € Hy(0,T).
Then the variational formulation (6) is equivalent to the variational formulation to
find u € Hy (0,T) such that
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—(Ou, &, V) 12 (0.7 + 1w, %TV>L2 0.7) =(f,rv)0.1) (N
is satisfied for all v € Hy (0, T). Since the bilinear form
—(Ou, at%TV>L2(0 ) =(9u,0v) 27y foru,ve H&’(O, T)

implies an elliptic operator A : H} (0,T) — [H& (0,T)]', unique solvability of the
variational formulation (7) follows by using some compact perturbation argument,
and injectivity, see [18, Theorem 4.6].

Next, we consider a conforming finite element discretization for the variational
formulation (7). For a time interval (0,7) and a discretization parameter N € N we
define nodes

O=fn<h<bh<..<tno1<ty=T,

finite elements 7, = (¢,_1,¢) of local mesh size hy =1, —1;,_1,{=1,...,N, the global
mesh size h = max i, and a related finite element space S} (0,7) = span{gok}szo of
piecewise linear continuous functions, where the basis functions ¢ are the usual
hat functions. The Galerkin—Bubnov finite element discretization of the variational
formulation (7) is to find uy, € Vj, := S},(0,T) N H} (0,T) = span{@; }}_, such that

—(Qyun, A I TVi) 12(0.7) + Mt LTV 120 1) = (A TVR) (0.7) ®)
is satisfied for all v, € V},. It turns out that for a sufficiently small mesh size

< 72\/§
= 24 uT)uT

there holds the discrete stability condition [18, Theorem 4.9]

€))

auh,%rvh
(T lunly oy < sup Lt ZTV)

for all u,, € Vj,,
0#v, €V \Vh|H1(o,T)

implying the error estimate [18, Theorem 4.10], when assuming u € H>(0,T),

=l 0.7y < (U, T) hlul oo 7)-

When considering the stability of the finite element scheme (8) in the case of a
uniform mesh, i.e. when analyzing the root condition, instead of (9) we conclude
the weaker mesh assumption [18]

12
e

h<

To overcome the mesh condition (9) we will stabilize the numerical scheme in (8)
for which we need the following technical lemmata, where the trapezoidal rule is
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used analogously as in [23, Chapter 2]. In addition to 5111 (0,T) we also use the finite
element space S2 (0,T) of piecewise constant functions.

Lemma 1. For all f € L*(0,T) there holds

ol /0 t f(s)ds = Q% = oI /T t f(s)ds, (10)

where I,: C[0,T] — S,11(07 T) is the piecewise linear nodal interpolation operator,
and Q9: L?(0,T) — $)(0,T) denotes the L* projection on the piecewise constant
finite element space S5(0,T).

Proof. Fort € 1= (ty_1,4;),£=1,...,N, we have

t 7i‘ 1y B 101 i 0
[ 1s)ds = | [T gyas— [ pisyas| = - 7 s = @l
and
t _i-t/;‘ B tr—1 i 0
iy [ sas = | [ piws— [ piopas| = - [ pioyas= ohr. ]

Lemma 2. For all uy, € S}(0,T)NH{ (0,T) and wy, € Sy(0,T) NH}(0,T) there
holds the representation
1 N

E h%(a,uh,ﬁtwhhz(m + <”haQ2Wh>L2(o;r)7 11)
(=1

(n, wn)2(0.7) =

where Q0: L2(0,T) — S%(0,T) denotes the L* projection on the piecewise constant
finite element space S2(0, 7).

Proof. We consider the L? projection Q2 on the finite element space S2(O, T), and
with the error representation of the trapezoidal rule we obtain for each finite element
o, l=1,....,N

1y
Qh/ / / wy(s)dsdt
hé t—
Ty I
> /T ds+/ wp(s)ds| — B,Whm

2

! h
= Q?,Ih/T wi(s)ds — é Wz, -

Using integration by parts and (10) we further have

T t T t
/0 8,uh(t)1h/Twh(s)dsdt = —./0 uh(t)atlh/Twh(s)dsdt

T
=~ [ w(o Q).
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With this we then conclude, by using integration by parts and the local definition of
the L? projection Q2,

T
<“hawh>L2(0.,T):/0 uh(t)<9,/ s)dsdt = /atuh / wi(s) dsdt

=— Z azuh Qh/ wh(s)dsdt

N h2 N ty 0 t

=y " ) dmnyde— Y [ (o) QY / wa(s)dsdt
=1 fe-1 (=111 T
1 N

t
=—Yn 7 (O, rwp) 2 Z atuh / wp(s)dsdt

=1 I

1
Sl =
™=

h%(&,umatwh)Lz(m—/o Btuh(t)lh/Twh(s)dsdt

o~
I

T t
I Dt D) 2 ) + /0 (1) O /T wi(s)dsdt

~
Il
—_

I
Sl= Sl-
1= 1=

h% (Jyup, atWh>L2(r[) + (up, ngh>L2(0.T) )

o~
Il

i.e. the representation (11). a

Now we are in a position to find an alternative representation of the bilinear form

a(-,-).
Corollary 1. For w;, € S;(0,T) NH; (0,T) and wy, € Sj(0,T) NH (0, T) we have

alup, wp) = —(9un, 9 wn)2(0.1) +H<uhawh>L2(o,T)
I’l2
= <aﬂ/lh7 alWh>L2 0, T + Z 8;14;,, alWh>L2('L'Z> + IJ,<Mh, Qhwh>L2(0 T)

N “hz )
= Z ( - 1) atblhvatwh>1‘2(rk) +“<uh’Qhwh>L2(O,T)- (]2)

Motivated by the representation (12) we now define the perturbed bilinear form
ap (Wn Wh) == <3t”ha ath>L2 (0,7) + U <uha ngh>L2(07T) (13)

for w, € S},(0,T) NH (0,T) and wy, € S3(0,T) NH(0,T), and we consider the
perturbed variational formulation to find i, € S} (0,7T) ﬁH& (0,T) such that

an(Un, wn) = (f,wn)(0.1) (14)

is satisfied for all w, € Sj(0,T) NH(0,T).
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Lemma 3. The perturbed bilinear form (13) is bounded, i.e. we have

1
‘ah(uhawh)’ < <1+2NT2> |1 (0,7 [Wh i1 0.1

forall uy € S}(0,T) mH(;,(o,T), wy € 83(0,T)NH(0,T).

Proof. With the Cauchy-Schwarz inequality, the L? stability of QY, and with the
Poincaré inequality we have

‘ah(uhawh)’ < ‘uh|H1(07T)|Wh|Hl(07T) +u HW1HL2(07T)HnghHLZ(O,T)
1
< (1 +2MT2) |uh‘H1(07T)‘Wh|Hl(OvT)

for uy, € S}(0,T) ﬁH&(O7 T),wy € SL(0,T) ﬂH})(O, T), and so the assertion. O

To prove a discrete stability condition for the perturbed bilinear form (13) we need
the following lemma which is analogous to [23, Theorem 2.1].

Lemma 4. For a given zj, € S,ll (0,7) ﬂH,lO (0,T) represented by
N
z(t) = ZZI(Pi(t) withzy =0
i=0

and a fixed index j € {0,...,N — 1} there exists a function V{; €5:(0,T) ﬂH& (0,7)
with the following properties:

i. Fort € |0,t;] we have V;;(t) =0.
ii. For{=j+1,...,N we have

22
(ZZ_fol)

| —

(O hzn) 2z =

as well as
i 0 1
<vh7QhZh>L2(Q) )
iii. There holds the estimate

il o) < lznllzo,r)-

Proof. For zj, € $3(0,T) NH(0,T) we consider the piecewise linear interpolation
of the antiderivative, i.e. for 7 € [0,T] we define

N

i)=Y ( /O ¥ zh(s)ds) o) =1, /0 "an(s)ds. i€ SH0,.T)NHL(0.T).

k=0
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From (10) the relation 0;v), = Q?lzh follows. For a fixed index j € {0,...,N—1} we
now define

(—=1)/7iz; fori=0,...,J,

) N .
T (1) = J (1), J —
Zh() l:ZOZz(p() Z { Zi forl:J—|—17,N

Notg that zi €S51(0,T) OH}O (0,T), and according to z;; we introduce V;; satisfying
;v = QVz]. In particular for j >0 and ¢ € 7, for ¢ = 1,..., j we then have

—J 0_Jj 1 e J 1 j j
vy, (1) = Qyz; (1) z(s)ds = 3 (z[_l +z[> =0,

= h
he Juy

and due to V;;(O) = 0 we conclude Vﬁ(t) =0forre€0,1)],i.e. i
To prove ii. we compute for ¢ = j+1,...,N

(8&2, ach>L2(‘r[) = <Q2Z;u atzh>L2(r[)

1, . ‘
*(Z?_l—&-zé) (Zé—Z€—1>

1
= (Zﬁfl +Z£) (Ze —szl) =5 (z% —z§_1>

Il Il
— N

[\

as well as
i 0 1y r . 0
(Vi Onn) 12z, Z/t Ih/o z1(s)ds Qzn(t) dt
-1

= [ [ [ Ao+ [ drasenn] a

-1

L ds S | [ das+ [ sy

% 1 zn(s)ds {/t‘] zn(s)ds + Zh(S)ds}

1y

i 2 1 1r-1
/ zn(s) ds) + zn(s)ds / zn(s)ds
1, tj

ty_1 tj 1
-1 l-1

1
2
(
_ % (/:IZ;Z(S)dH l;“zh(s)ds)z_; (/tf”'zh(S)ds>

- ( / ’”Zh<s>ds)2—; ( / ’“Zh<s>ds)2.

From the L? stability of Q?, we finally conclude the third assertion, i.e.

2

_j _j 0_j
|V;,|H1(O7T) = |V;,‘H1(zj,T) = ||thiz||L2(zj,T)

0 0
= ||Qh1h||L2(t_,,T) < HQhZhHLZ(o,T) < ||ZhHL2(O,T)' a



A Stabilized Space-Time Finite Element Method for the Wave Equation 9
Lemma 5. The variational formulation to find zj, € Sy(0,T) NH}(0,T) such that
an(Viszn) = (8, 9va) 12(0.1) (15)

is satisfied for all v, € S}l (0,T)NHL (0,T) is uniquely solvable, where g € L*(0,T)
is given. Moreover, the stability estimate

HZhHLZ(o,T) <2r H8||L2(0,T) (16)
holds for any mesh with maximal mesh size h.

Proof. The finite element stiffness matrix of the variational problem (15) is upper
triangular with positive diagonal elements and hence, there exists a unique solution
zn € 8(0,T)NH(0,T) of (15).
~ For the stability estimate we consider for an index j € {0 — 1} the function
G 51(0,7) ﬂHO (0,T) as given in Lemma 4. Plugging v, 1nt0 (15) and by using
the properties of Lemma 4 this gives

(97 12(0.r) = @ (V) 2)

—(07].0zn) 207 + 1T, Ohn) 12 0.7

N . N .
=-Y (9V49h2n) 12, + ) <V;,7Q21/1>L2(n)

(=j+1 t=j+1
I s 5\, K ((/fz )2 ( b 2

=—3 =% ds) — / zn(s)ds
2[:;—1( ) 421 Ij J1j

This result yields, with the Cauchy—Schwarz inequality, the Poincaré inequality, and
the use of the properties of Lemma 4,

N N
o120 = X lenlizsy = X S (d+zz1+d) < z (2 +3)

=
:.

<35 Z Gty Z hjs1j
=l 2%
N—

hj (g, 9tV£>L2(o,T) + Z i1 (g, 9tV£>L2(o,T)
j=0

IA
gl

1

. N7 .
hillgllz2 o) il o) + Y Rivillelzzo.m Pl o)
j=0

sz

=,

~.
I

<2T |8l 20,1 |20l 20,1

i.e. the assertion. O
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Lemma 6. For each uy, € S}(0,T)NH, (0,T) there holds the discrete inf-sup con-
dition

1 - sup lan (tn, wh)|

PR |“h|H' 0,7) = ’
14+2u1? 01 0wy, S} (0,T)NHL(0,T) Wil 0,y

Proof. For a fixed function u, € S;(0,T) NH; (0,T) let wy € S},(0,T) N H (0, T)
be the unique solution of (15) for g := duy, € L>(0,T), i.e. we have

ah(vh,wh) = <9tuluatvh>L2(0,T) a7

for all v, € $;(0,T) NHg (0, T). For the particular choice v (1) = wy,(0) — wy (t) with
vi € 53(0,T)NHy (0,T) we obtain

(9w, Orwa) 20,7y — 1 {wn — wa(0), Qpwh) 2.7y = —(Ortan, Awi) 120 7

and hence we conclude, by using the Cauchy—Schwarz and Poincaré inequalities,
and the L? stability of the L? projection Qg,

|Wh|§11(07T) = *(at”hvatwhh?(o,r) + e {wp, *Wh(0)7Q2Wh>L2(0,T)

IN

|t |1 (0.7) |Wh|H1(0,T) + e [w, — Wh(0)||L2(0,T) ||Q2WhHL2(O,T)
1

< |uh|H1(O,T)|Wh|H1(O7T) +ENT|W11|H1(O,T)||Wh||L2(0.T)

< (1 +\6ﬂT2) g 0.7y Wale 0.1y
where in the last step we used the stability estimate (16).

The choice v, = uy, € S}l (0,7) ﬂH&(O, T) in (17) and the estimate above yield
ah(uhywh) = ‘uhﬁ.]l 0T > 7|uh|H1(0 T)|Wh‘H1(0 T)
( 3 ) 1_|_ \/EuTz ) s

and hence the discrete inf—sup condition follows. a

Theorem 1. Let the unique solution u of (6) satisfy u € H*(0,T) for some s € [1,2].
There exists a unique solution iy, € S} (0,T') ﬂH& (0,T) of the Galerkin—Petrov finite
element discretization (14) satisfying

_ 1 o~
Ju— a7y < {1+ <l+§/.LT2> <1+\f2uT2)] Co(s) " Jul o)

1 2\ ;2
+E“ (l—i—\@uT )h C2|”|H1(0.,T)7

where the constants C1,Cy > 0 are coming from standard interpolation error and
stability estimates.

Proof. Forany v, € S}(0,T)NH{ (0,T) we first have
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‘u_ﬁhh—ll(oﬂ‘) S IM—Vh‘Hl(O’T) + ‘l:tvh - V/”l|H1(0,T)

and it remains to bound the second term. With the discrete inf—sup condition in
Lemma 6 and using the Galerkin orthogonality for the variational formulations (6)
and (14), we first have

1 ‘ﬁh V]’ll ) < Sup |ah(ﬁh_vhawh)|
~Vala(0,T) = —
1+/2uT1? 01 04w eSL(0.7)NHY (0.T) Whleo,)
_ sup |an(in, wn) — an(va, wa)|
0wy €SH(0,T)NH | (0,T) Whlg (0,T)
_ sup |a(u,wn) —an(vi, W)
0£wyESH(0,T)NHA(0,T) (W (0,7)
_ sup |a(u —vp,wn) +a(vn, wi) —an(ve, wa)|
0wy eSH(0,T)NHAH(0,T) [Whl g (0,7)

Now, with the boundedness of the bilinear form a(-,-) and the Poincaré inequality
we further conclude

a(u—vp,wi) = —(9, (= i), hWwh) 20,7y + H{U =V, Wn) 12001

|t — vy, |H1(0,T) [Whl g1 ©or 1 [ — v HLZ(O,T) [[wn ||L2(0,T)

IA

|
< (1 +SHT ) |t =valg1 0.7y Walm1 (0,1 -
Moreover, using the representation (12) we can estimate the consistency error by
N

Z /’l? <8,vh, atWh>L2(r[>
(=1

1
la(vi,wi) — an(vi,wi)| = E“

1
M 1 |Vl 1) Wnlao.r)-

IN

Hence we have

1

_ - T
WW“’HH'(O,T} < (1+§HT )|M_Vh|H1(0,T)+ﬁuh [Valgi o1y »

and therefore
~ 1
|t —tn| g1 0,7) < {1 + (1 + ENTZ) (1 + ﬁNTZ)} |t —Vlg1(0.1)
1 2\ ;2
T (1 +V2ur )h Vale (0.1)

follows. In particular for the piecewise linear nodal interpolation v;, = I,u we have
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[Ju —Ih“”Hl(o,T) < Ci(s) W |”\HS(0,T)7 ||Ih“||H1(0,T) <G |“|Hl(0,T) . 0
As numerical example for the Galerkin finite element methods (8) and (14) we con-
sider a uniform discretization of the time interval (0,7) with T = 10 and a mesh size
h=T /N.For it = 1000 we consider the solution u(t) = sin” ( %m) and we compute
the appearing integrals for the related right-hand side in (8) and (14) by the usage
of high order integration rules.

In Table 1 we present the results for the stabilized variational formulation (14)
which is unconditionally stable, and where the error estimate in the energy norm of
Theorem 1 is confirmed. In addition we also present the error in L>(0,T') where we
observe a second order convergence, as expected. But at this point we do not include
any further discussion of error estimates in L>(0,T) since this is behind the scope
of this contribution.

N h [l —unll 20,10y €0€ [ —Unlp1(10) €OC
4 2.5000000 1.7722e+00 0.00  9.0867e+00 0.00

8 1.2500000 6.0704e+00 -1.78  2.0130e+01 -1.15
16  0.6250000 1.2687e+00 2.26  9.4204e+00 1.10
32 0.3125000 5.7861e+00 -2.19  6.0121e+01 -2.67
64 0.1562500 3.3966e-01 4.09 6.1941e+00 3.28
128 0.0781250 7.6647¢-02 2.15  2.2955e+00 1.43
256 0.0390625 2.0315e-02 1.92 9.4091e-01 1.29
512 0.0195312 5.2649¢-03 1.95 4.1539¢-01 1.18
1024 0.0097656 1.3365e-03 1.98 1.9803e-01 1.07
2048 0.0048828 3.3682e-04 1.99 9.7671e-02 1.02
4096 0.0024414 8.4229¢-05 2.00 4.8663e-02 1.01
8192 0.0012207 2.1057e-05 2.00 2.4310e-02 1.00
16384 0.0006104 5.2644e-06 2.00 1.2152¢-02 1.00
32768 0.0003052 1.3161e-06 2.00 6.0758e-03 1.00

Table 1 Numerical results for the stabilized variational formulation (14), u = 1000, 7' = 10.

In Table 2 we present the related results for the variational formulation (8) without
stabilization. We observe that we have convergence for a sufficiently small mesh
size only. Note that 1/12/u = 0.1095.

3 Wave equation

Instead of the ordinary differential equation (5) we now consider the wave equation
(1) and the related variational formulation (2), and we aim to extend the results of
Section 2. For u € H(;;‘(;‘ (Q)andw e H(;;"AIO(Q) we define the bilinear form

a(u, W) = —<&lu, a[W>L2(Q> + <Vxl/l, V)CW>L2(Q) .
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N h lu—unlli2010)  €0C [u—unli 1) e€OC
4 2.5000000 7.0573e+01 0.00  9.8785e+01 0.00

8 1.2500000 1.6871e+03 -4.58  3.7166e+03 -5.23
16 0.6250000 9.1421e+07 -15.73  3.7247e+08 -16.61
32 0.3125000 2.3915e+15 -24.64  1.9496e+16 -25.64
64 0.1562500 1.6337e422 -22.70  2.9536e+23 -23.85
128 0.0781250 3.1417e-02 78.78  1.7859e+00 77.13
256 0.0390625 9.2885e-03 1.76 8.2361e-01 1.12
512 0.0195312 2.4767¢-03 191 3.9567¢-01 1.06
1024 0.0097656 6.3105e-04 1.97 1.9532e-01 1.02
2048 0.0048828 1.5839¢-04 1.99 9.7325e-02  1.00
4096 0.0024414 3.9633e-05 2.00 4.8620e-02 1.00
8192 0.0012207 9.9106e-06  2.00 2.4304e-02  1.00
16384 0.0006104 2.4778e-06 2.00 1.2152e-02 1.00
32768 0.0003052 6.1946e-07 2.00 6.0757e-03  1.00

Table 2 Numerical results for the variational formulation (8), u = 1000, T = 10.

The Hilbert spaces H&’& (Q) and Hé;’}O(Q), defined in Section 1, are endowed with
the inner product '

T
<”’V>Hé;é_(Q) = <”’V>H(§;_10(Q) ::/0 /Q [atu(x,t)&v(x,t)—i—qu(x,t)-va(x,t) dxdr,

where the induced norm

T
2 R 2 2
WP ._/0 /Q[|atu(x,t)| + |Vl 0) ] dedr

is well-defined due to Poincaré inequalities with respect to space and time. As in
[9] we have unique solvability of (2) when assuming f € L*(Q), in particular we

have, see [18],
1

|l 1) < 7 T || fll2(g)-

Next, we examine a conforming finite element discretization for the variational for-
mulation (2) in the case where Q = (0,L) is an interval for d = 1, or £ is polygonal
for d =2, or Q is polyhedral for d = 3. For a tensor—product ansatz we consider a
sequence (Jy)nen of admissible decompositions

Ny N
0=Ty=0x[0,T]=Jo;x |7
i=1 (=1

with N := N, - N; space—time elements, where the time intervals 7, = (f,_1,#;) with
mesh size A, ¢ are defined via the decomposition

O=n<th<nh<..<tnoa<tn=T
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of the time interval (0, 7). For the spatial domain 2 we consider an admissible and
globally quasi—uniform decomposition into finite elements @; with mesh size h,;
which can be represented by using standard maps with respect to related reference
elements. Here, the spatial elements @; are intervals for d = 1, triangles or quadri-
laterals for d = 2, and tetrahedra or hexahedra for d = 3. Next, we consider the finite
element space

0}(Q) =V (2) 25, (0,T)

of piecewise multilinear continuous functions, i.e.
Vi (Q) = span{y;}*) C Hy(Q), S}, (0,T) =span{g/};", C H'(0,T).

In fact, V, (£2) is either the space S }u (Q) of piecewise linear continuous functions
on intervals (d = 1), triangles (d = 2), and tetrahedra (d = 3), or V;, () is the
space Q}lx (Q) of piecewise linear/bilinear/trilinear continuous functions on intervals
(d = 1), quadrilaterals (d = 2), and hexahedra (d = 3). A finite element function
uy € O} (Q) admits the representation

N M,

up(6,1) = Y, Y uiwi(x)@e(s)  for (x1) € Q. (18)

(=0 j=1

The Galerkin—Petrov finite element discretization of the variational formulation (2)
is to find u, € Q}(Q) N Hy (Q) such that

a(up, wi) = —(Orun, rwn) 12(g) + (Vattn, Vawn) 12(g) = (f,wh) 0 19)

is satisfied for all wy, € Q}(Q) HHS;’_IO(Q). After an appropriate ordering of the de-
grees of freedom, the discrete variational formulation (19) is equivalent to the linear
system Kju = f with the system matrix

Kj := —Mj, @Ay, + Ay, @My, € RMxNxMeNe (20)

where M), , A, € RM+ are the mass and stiffness matrix with respect to space, and
My, , Ay, € RN are the mass and stiffness matrix with respect to time, respectively.

Remark 1. With the help of a von Neumann type stability analysis [5] for the matrix
(20) of the Galerkin—Petrov finite element method (19) for a uniform discretization
in time with mesh size /, and a uniform discretization in space with mesh size h, for
piecewise linear/bilinear/trilinear continuous functions on intervals (d = 1), squares
(d = 2), or cubes (d = 3) we can show stability of the corresponding numerical

scheme, if the condition

1
h <—h
t_\/gx

is satisfied, see [18].
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From Remark 1 we conclude that we have only conditional stability of (19). To
stabilize the numerical scheme in (19) we use as in (12) again Zlotnik’s idea [23]
and we prove the following representation.

Lemma 7. For all uy € Q}(Q) N Hy)y (Q) and wy, € QL(Q) NHy, (Q) the bilinear
form in (19) has the representation

d
a(up,wn) = —(Ohttn, dwi) 2(0) + Y, (Ouutn O O Wi) 12(0) 2D

m=1

d N
F
+ Z Z 7 ataxmuhvataxmwh>L2(Q><Q)7

where Qgt: L*(0,T) — ng (0,T) denotes the L? projection with respect to time on
the space ng (0,T) of piecewise constant functions.

Proof. Let u, € Q}(Q) ﬂHS;’& (Q) and w;, € 01(Q) ﬁHg;’IO(Q) be given. With the
representation (18) we have for (x,¢) € Q

[

My
up(x,t) = ZZ”W} ZUjh l///( Z”(PZ

Jj=

as well as
Ni—1 My Ni—1 ,
Z ZW Wi(x Zth Win(t) =Y, wiou(t)
(=0
Hence we have, form =1,...,d, and by using (11),

Mx Mx
<axm”h78xmwh>L2(Q)— / Uin(1)W;n(t dt/ O Wi (%) D, W (x) dx

i=1j=1
M, My

= Z‘T Y [12 h (D Uin, AWjn) 2z + <Ui,h7Q2,Wj,h>L2(o,T)]
i=1 j=
[ 00w, v x)
N 2
= <axmuh7 Qg; axmwh>L2(Q) + Z 12 <at&xmuh7 ataxmwh>L2(.Q XTy)*

O
Due to the representation (21) we define for uy; € Q},(Q) OHS;’& (Q) and wy, €
0} (0)N H(;;’}O(Q) the perturbed bilinear form

d
ap (wp, wi) == —(Outan, Owi) 120y + Y. (it Qi D W) 12(0) (22)
m=1
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d
= —(Quun, Owi) 210y + Y. (O Ory iy D Wi) 12(0) (23)

m=1

and we consider the perturbed variational problem to find #, € 0} (Q) ﬂHS;"& (Q)
such that '

ap(up,wn) = (f,wn)o (24)

is satisfied for all w; € Q}(Q) N Hy |, (Q).
To prove the existence and uniqueness of a solution u;, of (24) we show the
following lemma, which is analogous to Lemma 4.

Lemma 8. For a given v;, € Q}(0Q) OHJ;’(}_ (Q) represented by

N; My
va(x,t) = Y Vea()@e(t), Ven(x) =Y viwi(x) for (x,1) € Q
=0 =1
with Vo (x) = 0 for x € Q and Vy j, € V), (Q), and for a fixed index j € {1,...,N;}
there exists a function Z) € Q}(Q)N H(;;’}()(Q) with the following properties:

i. For(x,t) € Q x [t;, T] we have Z{;(x,l) =0.
ii. For{=1,...,jand for x € Q we have

(92 )05 iy = 5 (Ve s P = V),

andform=1,...,d
<axmz;; ('x7 .)7 Qgt a)Cm Vh (‘x7 ')>L2(T£) =
1/ [ 2o 2
= O, Vi(x,8)ds | —= O, Vi (x,8)ds | .
2\ Ui 2

i) Iy
iii. For x € Q there holds the estimate
1820 M0, < a2, -
Proof. Forv, € 0}(Q) ﬂH(};'& (Q) we define

. N . Vi n(x) fori=0,...,J,
uil(xJ) = ZUi{h(x)(pi(t)7 Ui{h(x) = {
i=0

(=1)77V;p(x) fori=j+1,...,N,

and for (x,1) € Q we set

. N e . t .
z(x,1) == — Z/T ul (x,5)dsy(t) = —1I, / uj (x,s)ds,

k=0 JT
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where Ij,: C[0,T] — S;(0,T) is the interpolation operator with respect to time. Note
that 7, € O} (Q) N Hy,\y(Q). For x € £ it follows from relation (10) that

Kzh(x,) = —Of ) (x,").

In particular for j < N;, x € , and fort € 7, for / = j+1,...,N; we then have

w . 1 ty . 1 . .
~03) ) = Qo) =~ [ whxs)ds =5 (UL, 0+ UL, ) =0,

and due to Z‘,’; (x,T) = 0 we conclude Z‘,’; (x,r) =0forr € [t;,T], i.e. i
To prove ii. we first compute for x € Q and for £ = 1,...,j

. Ty .
9z (x,-), Opva(x, Ni2ee) = | 92 (x,1) Qv (x,1) dt
(1
1 e

= _i (U/,J;l,h(-x) + U/jh(.x)> ' atvh(-x,t)dt
[/

- _% (U140 +U4)) (Ven(e) = Vi)
1

=3 (Vee1.0(x) +Vieu(x)) (Vé—l,h(x) —Vin (X))

_ % ([Vg,l,h(x)p - [V&h(xﬂz) '

Moreover, form =1,...,d we have forx € Q and for/ =1,...,j
. 1y .
<axmz;1 ('x7 .)7 Qgt axm Vh (‘x’ ')>L2(Té) = Qg, a)Cm Vh ('x7 ')‘T[ /t axmzil (x7t) dt
-1

Iy -1 . e .
= —Q2t8xmvh(x,~)m/ o, [/T u{i(x,s)ds(pgfl(t)—i-/T u{l(x,s)ds(pg(t)} dt

-1

1 [ P d 1
- t)dt —
h[ ’ /I‘g,] Xm Vh (‘x7 ) 2

1y -1
:-[ %M@@w—/ @ﬂmmwﬂ
2 tj Z‘j

-1 . ty .
hye ¢ [ (9xmu;l(x,s)ds+/ axmufl(x,s)ds]
T T

"ty . 'ty .
: [/ c')xmv{l(x,s)ds—i—/ 8xmv{l(x,s)ds}
t B l/'

vy

1 11 i 2 1 'ty ; 2
- E /t axm Vi (x7 S)dS - E " axm Vi (x7 S)dS .
v

J

From the L? stability of Q) and by using

19240 ) 20,7y = 192406 ) 20,1 = 190,13l 220.0
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0 0
= 11Q5,va () 20,5 < N Qv Mz 0.y < i)z 07
for x € Q we finally conclude the third property. O

With the last lemma we are now able to prove existence, uniqueness, and stability
of a solution uy, of (24).

Lemma 9. For fy € [H}(0,T;L*(Q))] and f1, f> € L*(Q) the variational formula-
tion to find wy, € Q}(Q) ﬂHé;’(} (Q) such that

Ni

an(Wn,vi) = (fo,vi)o + <flaatvh>L2(Q) + Z ht2,4<f2aat"h>L2(me (25)
(=1

is satisfied for all v, € Q}(Q) ﬂHé;’_})(Q) is uniquely solvable, and there holds the
stability estimate

HWhHL2(Q) <2r {”fOH[H_lO(O,T;LZ(_Q))]’ +fi HL2(Q) +ht2 HfZHLZ(Q)}' (26)

Proof. Let w2 € Q},(Q) ﬁHé;’é (Q) be any solution of the homogeneous variational
formulation (25) with f; = 0, and with the representation (18), i.e.

Ny
Wg(xvt) = Z Wé?h(x)(pf(t) for ('xvt) € Qa VV[(?h € th (9)7 W(g)h(x) =0.
=0

For an index j € {1,...,N,} we now consider an element Zi €Qi(O)N H(;;:]O(Q) as

given in Lemma 8. Plugging Z{; into (25) and by using the properties of Lemma 8
this gives
0 i
0 = ap(wy,7))
‘ d ‘
= - <81W27 alej1>L2(Q) + Z <Q2, axmwg’ aszlj1>L2(Q)

m=1

J ) d J .
- Z<atW27aIZ£>L2(_Q><TZ) + Z Z(Qg, 3XmW27aXmZ;L>L2(Q><r[)

I
\
—
AN
N
=
=
=
o
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This result yields, with the Cauchy—Schwarz inequality and the use of the properties

of Lemma 8,

13
0112 0112
9132 ) = ; 1R ey

Z & ( Won( X JFWe(,)h (X)Wéoq,h(x) + [Wgo,l_’h(x)]z) dx

/ Z sy dx+/ Zl Pl [0, (o) dx < 0,
which implies w2 = 0. By using

dim Q},(Q) NHyy (Q) = dim Q}(Q) NHy:y(Q)

we therefore conclude unique solvability of the variational formulation (25) for any
right-hand side f € [H}(0,T;L*(R))]' and fi, f> € L*(Q). Following the approach
as above we then obtain

N

(forZp)o+ (f1:0Z) 2(0) + X I o(f2:0Z0) 12 (0
=1

i 1
= a3 = 5 [ W (0

and

N1
t h .
||wh||,2_z( f/ Z ” )c)]zd)c—k/Q Y t’;rl [Wja(x))*dx
=

N N .
< Z hy. {<f07zh>Q + <flvatzh>L2 (0) + Z hrz,é<f27atZ;,>L2(qu)}

=1

N1 ) ) Ny .
+ Z ht J+1 { fO)Z;l>Q+ <flvatZ]J1>L2(Q> + Z h127€<f2aalZ}JI>L2(.Q><T()}

(=1

t .
< ¥t { ol 0,720y + 1 Aillizo) + B 1 £l F19FA N2
J=1 ’
Ni—1 ) .
+th-,j+1{||f0||[H{)(o,T;L2 ) +h 2l 2 }HafZ;L”LZ(Q)
= "

<27 {lfollyas o a2y + Millizig) + 2 152 Wil )

and hence the stability estimate is proven. O
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As a consequence of Lemma 9 we obtain unique solvability of the variational for-
mulation (24), and the stability estimate

[tnll20) < 2T || £l [} (0.7:22(Q))]

To derive an estimate for the L? error ||u — iy | 12(g) We introduce, as in [2, Section 2],
a space—time projection Q,‘,t Q}hv € 0:(0) ﬁHé;& (Q) when v € H&‘& (Q) is given.
First, the H} projection Q},x (L0, T;HL(Q)) — Vi, (2) @ L?(0,T) is defined by

T T
/ / VxQ,llxv(x,t)-vahx(x,t)dxdt = / / Vo(x,t) - Vv, (x,t)dxdt  (27)
0 Ja 0 Jo
for all vy, €V, (2) ®L*(0,T). Note that we have the stability estimate
||VxQ}1;xVHL2(Q) < ”VXV”LZ(Q)v

and, when assuming v € L*(0,T;H'**(Q)) for some s € [0, 1], the standard error
estimate

[[v— Q111XV||L2(9N) <ch™ IVl 20.7:0145(2))» (28)
if Q is sufficiently regular. Second, we define the Hy projection @ : Hj (0,T;L*(8))
— L*(2)®5, (0,T)NHy (0,T) by

T T
/ / 30} v(x,) vy, (x,1) dxdr = / / dv(x,t) vy, (o1 dxdt  (29)
0o Jo 0o Jo

for all v, € L*(2) ® 5}, (0,T)NH; (0,T). Again we have the stability estimate

10:Qh,vll2(0) < 19vll2(0)

and, when assuming v € H'**(0,7;L%(Q)) for some s € [0, 1], the standard error
estimate

v —=0ivllr20) < et P Wl presio 7220 - (30)
The next lemma shows that 0} O} v € 0;,(Q) ﬂH&‘& (Q) is well-defined under some

regularity assumptions on v, and that the projection operators in space and time
commute, see also [2, Lemma 2.1].

Lemma 10. For a given function v € H&&(Q) satisfying oyv € L*(0,T; H}(Q)) and

O,V €H) (0,T;L*(Q)), m=1,....d, there hold the following relations:

i. 0.0} v=0; eV, (Q)QL*0,T),

ii. Oy, 0} v =0} v € L}(Q)®S} (0,T)NH{(0,T), m=1,....d,

iil. Qilz, Q}lxv = Q}lx Q}hv € Q},(Q) QH&(}_ (Q). In particular, the space—time projections
Q}h Q}uv and Q}IX Q}ltv are well-defined.
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Moreover, there holds the error estimate
V=03, @iVl < v =ChVllr2(0) + IV = Qi vl 2(0) + € he |0 Vvl 12 -

Proof. For dyv € L2(0,T;HL(2)) we consider Q}lxatv €V, (Q)®L*(0,T) as the
unique solution of the variational formulation

T T
/ /VxQ,lu&v(x,t)-vahx(x,t)dxdt z/ /antv(x,t)-vahx(x,t)dxdt
0 Jo 0 Jo

for all v, € Vj, (2) ® C5(0,T). By using integration by parts in time twice this
gives

T T
/ /VXQ}lxatv(xJ)-vahx(x,t)dxdt:—/ /va(x,t)~ch9tvhx(x,t)dxdt
0 JQ 0 JQ
T
:—/ /VXQ,llxv(x,t)-Vx(9,vhx(x,t)dxdt
0 Jo
T
:/ /VXBIQ,luv(x,t)onvhx(x,t)dxdt
0 Jo

for all vj,, €V, (2) ® C5(0,T). Since C(0,T) is dense in L?(0,T) this holds true
for all vj,, € V, () ®L?(0,T), i.e. i. The proof of ii. follows in the same manner.
To prove iii. we first note that Q}lxv €V, (Q)®HL(0,T) C H&(O,T;H(.Q)),

and so Q}lt Q}uv € Q}l(Q) n Hé;’é’ (Q) is well-defined. Analogously we have that
0} O} v € 01(Q) NHy (Q) is well-defined. Now, with i., ii., and the definitions
(27), (29) we have that
(9,V.0}, O} v, AVvh) 2 (g) = (9,0}, V<0} v, AVvh)12(0)
= <(91VXQ}IXV, AVvh) 2(g)
= (V9 Vivp) 20
as well as
(8,VXQ},XQ}ltv7 Vi) 12(0) = (9 Vv, 0 Vavi) 120
for all v, € O}, (In) N Hy (Q). i.e. i
The error estimate follows from the triangle inequality
v =03, vl20) < v —=ChVllr200) + 125, (V= Q. V)ll12(0)
< v=0ivllzig) + V= Onvllz o) + 11 = Q4 )T = Q3 V12 g)
< v=0i Vi) + V= 0nvlliaig) +che 10— Q) Vi2g)
<|[v- Q;lz,VHLZ(Q) +v=0n vl 200y + e hx [0 Vv 12 ) -
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Now we are in a position to prove an error estimate for the approximate solution ij,.

Theorem 2. Let u € H&"&_(Q) be the unique solution of the variational formulation
(2) satisfying dyu € L*(0,T; H} (Q)) and 0y,,u € HL (0,T;L*(Q)), m=1,...,d, and

A € H} (0,T;L*(R)). Then, the unique solution iy € Q}(Q) QHS;’&(Q) of the
Galerkin—Petrov finite element discretization (24) satisfies the error estimate

[ =t |2 () <

< Ju—Qy,ull 2 (g) + I — O ull 2g) + e |0,V ull 2 )
274 |4 ; (0, i a,A
+274 |l X(u_Qh,u)”[Hb(O’T;LZ(_Q))]’+” I(thu_u)||L2(Q)+E|| hAxul| 29 -

Proof. Since the solution u fulﬁlls the assumptions of Lemma 10, the space—time
projection th thu €0 (0) ﬂHO 0. (Q) is well-defined. When using the representa-

tion (21), the properties of th th as given in Lemma 10, and applying integration
by parts, we conclude for all w;, € 0} (Q) ﬂH(};”lo(Q) that

an(tiy, — O}, O u,wp) = ay (i, wi) — an(Qj, O 1, wh)

= a(u,wy,) — an(Qy, O, W)
=a(u,wy) — (thQth wp) + Z 3rV Qh,thu Vi Wh>L2(.Q><n)
= — (9, w) 2(g) + (Vi vxwmz( <a,Q,£, Q) 1, 0w1) 12 (0)

—(V0}, O} 14, Vown) 12 ) + Z JEA 0}, 01 14, V. Wi) 120 x7,)
= *<at”,atwh>L2(Q) +(Vau, VxWh>L2(Q) <athlzx”a arWh>L2(Q)

—(V th u, Viwn) 1210y + Z 8, th,” AVaWn) 1200 x )
:<at(Q}lxu_u)78tWh>L2(Q)+< «(u—Qj,u), Vawn) 12 (g)

N |2
+Z t2 (0, V thru 9 XW]’!>L2(Q><T[>

= (9h(Q),u—u),wn) 12(g) + (—Ac(u— Q1) , wa) 12

j

8t Xth” 8twh>L2(Q><r[)
In particular we observe that u;, — Q,‘h Q}lxu is the unique solution of (25) in the case

1
fo=—Au—0u), fi=0(Qu—u), fr= _EgtAxQ]lltu'
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Therefore, the stability estimate (26) and the stability of Q},t in H017 (0,T) give

it — 04, Oh,ll 20y < 27 {11l = Ol o 1020y

h2
190}, = 1) 12g) + T5 19140}l 20}
<27 {1 =0l sy 07022y

h2
10} e )20 + 1 19 Al )}

With the last estimate, the triangle inequality, and the error estimate of Lemma 10
we finally obtain

e — @il 12y < llue— O}, Oh ull 20 + llin — ©4, O ull 20
< Ju—Qj,ull 2 (g) + I — O ull 2g) + b |9Vl 2 )
/’l2
+2T{ ||Ax(u— Ql}z,u)”[H{)(OT,LZ(-Q))]I + ||at(Q}llxu— M)HLZ(Q) + é”atAxu”Lz(Q)}
O

By using the error estimates (30) for the H&_ projection Qllu and (28) for the Hé
projection Q}lx we now conclude from Theorem 2 the following error estimate.

Corollary 2. Let the assumptions of Theorem 2 be satisfied. If in addition the unique
solution u of (2) is sufficiently smooth and € is sufficiently regular, we obtain the
error estimate

=l 2y < €l (||u||L2(O.T;H2(Q)) + ||<9t”||L2(o,T;H2(Q))) €1y

+chxh,\|8,qu||Lz(Q) +Ch[2 (||8,,u||Lz(Q) + ||(9;,Axu||Lz(Q) + H(),AquLz(Q)) .

As a numerical example for the Galerkin—Petrov finite element method (24) we con-
sider the one—dimensional spatial domain 2 = (0, 1), i.e. we have the rectangular
space—time domain Q := Q x (0,T) := (0,1) x (0,10). The discretization is done
with respect to nonuniform meshes as shown in Fig. 1 where we apply a uniform
refinement strategy. Note that these meshes do not fulfill the CFL condition (3). As
exact solutions we choose for (x,7) € O

ui (x,1) = sin(7x) sin’ (im) . up(x,r) = sin(mx)r? (10 — )34,

The appearing integrals to compute the related right—hand side in (24) are calculated
by using high order quadrature rules. The numerical results for the smooth solution
up are given in Table 3 where we observe unconditional stability and quadratic con-
vergence in || - || 12(0)> as predicted by the error estimate (31). Moreover we have
linear convergence when measuring the error in | - | H'(g)- Note that such an error
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estimate can be shown by using the H' (Q) projection, an inverse inequality, and the
error estimate (31). For the singular solution u, the related results are given in Ta-
ble 4 where we observe a reduced order of convergence in || - [|;2(o) and in [ - [1(g).
respectively. These convergence rates correspond to the reduced Sobolev regularity
uy € H/*7¢(Q), & > 0.

Remark 2. The Galerkin—Petrov finite element method (24) seems to fulfill a kind
of conservation of the total energy

1 1
E(t) 1= S 10m(0) 2 0 + 5 Va0l P2y €[0T,
As illustration we consider a solution of the homogeneous wave equation, i.e.
uz(x,t) = (cos(mt) +sin(me)) sin(zx) for (x,1) € 0 := (0,1) x (0,10)

with the total energy
2

E(r)= > fort € [0,10].

Here, the initial condition u3(x,0) = sin(7x), x € £, is treated via homogenization,
while the initial condition d,u3(x,0) = mwsin(zx), x € £, is incorporated in a weak
sense. For the solution u3 and for the mesh as given in Fig. 1 we compute the discrete
total energy

1o Lo
Ey(t) := Eua,uh(.,z)”iz(m +§||Vx”h("f)”§<a>’ t€[0,T].

In Fig. 2 the difference

7.52
Ey(t)—E(t)=Ey(t)— 5 fort € [0, 10]

is plotted pointwise for the refinement level with uniform mesh sizes b, = 6'12—010 and
h, = 6;—10. Note that d;;, is piecewise constant in time. Probably due to the used

space—time approximation we observe some oscillations within the finite element
accuracy, but no energy loss occurs.



A Stabilized Space-Time Finite Element Method for the Wave Equation

25

10 1090ecccccce . 3 . .
8 goeseeecce ° . ° °
6 6.:........ ° L] L] [ ]
4 4--000.000. ° ° ° .
) P
[ ] L] L] L[]

° ° ° °

° ° ° °

0 ¢0ccc000e E ; ; ;
0 0.5 1 0 0.5 1

X X

Fig. 1 Nonuniform meshes: Starting mesh and the mesh after one uniform refinement step.

dof  fymax  emin hrmac hrmin [0 =il eoc [ur —uinfy g eoc
30 0.37500 0.06250 3.75000 0.62500 3.579e+00 0.00 1.289e+01 0.00
132 0.18750 0.03125 1.87500 0.31250 1.975e+00 0.86 9.849¢+00 0.39
552 0.09375 0.01562 0.93750 0.15625 9.213e-01 1.10 6.534e+00 0.59
2256  0.04688 0.00781 0.46875 0.07812 6.829e-01 0.43 5.210e+00 0.33
9120  0.02344 0.00391 0.23438 0.03906 2.466e-01 1.47 2.848e+00 0.87
36672 0.01172 0.00195 0.11719 0.01953 7.029e-02 1.81 1.435e+00 0.99
147072 0.00586 0.00098 0.05859 0.00977 1.819e-02 1.95 7.159e-01 1.00
589056 0.00293 0.00049 0.02930 0.00488 4.588e-03 1.99 3.576e-01 1.00
2357760 0.00146 0.00024 0.01465 0.00244 1.149e-03 2.00 1.788e-01 1.00
9434112 0.00073 0.00012 0.00732 0.00122 2.875e-04 2.00 8.938e-02 1.00

37742592 0.00037 0.00006 0.00366 0.00061

7.189¢-05 2.00

4.469¢-02 1.00

Table 3 Numerical results of (24) for Q = (0,1) x (0,10) and for u;.
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4.758e-03 1.24

3.704e+00 0.26

Table 4 Numerical results of (24) for O = (0,1) x (0,10) and for u5.
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Fig. 2 Difference of the total energy E(t) = ”72 and Ej(¢) for the solution u3 for a uniform mesh.
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