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Space-time boundary element methods
for the heat equation

Stefan Dohr, Kazuki Niino and Olaf Steinbach

Abstract. In this note we describe a space-time boundary element method for the numerical
solution of the time-dependent heat equation. As model problem we consider the initial Dirich-
let boundary value problem where the solution can be expressed in terms of given Dirchlet and
initial data, and the unknown Neumann datum which is determined by the solution of an appro-
priate boundary integral equation. For its numerical approximation we consider a discretization
which is done with respect to a space-time decomposition of the boundary of the space-time
domain. This space-time discretization technique allows us to parallelize the computation of
the global solution of the whole space-time system. Besides the widely-used tensor product
approach we also consider an arbitrary decomposition of the space-time boundary into bound-
ary elements, allowing us to apply adaptive refinement in space and time simultaneously. In
addition to the analysis of the boundary integral operators and the formulation of boundary ele-
ment methods for the initial Dirichlet boundary value problem we state a priori error estimates
of the approximations. Moreover we present numerical experiments to confirm the theoretical
findings.

Keywords. Space-time boundary element methods, heat equation, a priori error estimates.

AMS classification. 65M38, 65R20, 65M50, 65M12.

1 Introduction

Let Q C R™ (n = 1,2, 3) be a bounded domain with, for n = 2, 3, Lipschitz boundary
':=0Q, T € RwithT > 0, and o € R a fixed heat capacity constant with a > 0.
As model problem we consider the initial Dirichlet boundary value problem

aduu(z,t) — Agu(z,t) = f(x,t) for (z,t) € Q:=Q % (0,T),
z,t) = g(x,t) for (z,t) e L:=T x (0,7), (1.1)
u(x 0) =up(z) forzeQ

A

with given source term f, Dirichlet datum ¢ and initial datum wg. Unique solvability
of problem (I.1) in the setting of anisotropic Sobolev spaces [22] was shown in, e.g.,
[5L[13,[36]. An explicit formula describing the solution of problem (I.1)) is given by the
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so-called representation formula for the heat equation, see, e.g., 2], i.e. for (x,t) € Q
we have

u(x,t):/QU*(x—y,t)uo(y)dy—l—;/QU*(m—y,t—T)f(y,T)dydT

1
+/U*(xy,t7)8nyu(y,7) ds, dr (1.2)
@ Jx

1
! / On, U* (& — y,t = 7)g(y, 7) dsy 7,
aJy

where

- " ex —olr - yf? eER"0<T<t
A7 N\ I e T
Uz —y,t—7) =< \4n(t — 1) P\ a¢—r) ) mYERO=T<E

0, else

denotes the fundamental solution of the heat equation [12]]. Due to this representation
of the solution it suffices to determine the Neumann datum 0y,ux in order to compute
the solution v of problem (I.I). Hence the problem is reduced to the lateral bound-
ary X of the space-time domain ). We can determine the unknown Neumann datum
Onu)z by applying the Dirichlet trace operator to the representation formula (I.2) and
solving the resulting space-time boundary integral equation. The approximation of the
solution only requires a decomposition of the space-time boundary X into boundary
elements. Thus, in the case of space-time boundary element methods the dimension of
the problem is reduced to n compared to n + 1 for space-time finite elements methods
discussed in, e.g., [34, 36l

Boundary integral equations and corresponding boundary element methods for the
approximation of the solution of the initial Dirichlet boundary value problem for the
heat equation (I.T]) have been studied for a long time [2, 3} 5, [18]]. Besides well known
time-stepping methods [4], the convolution quadrature method [23]] or the Nystrom
method [38, 139], one can use the Galerkin approach [5} [16} 25| 26| 27, 29] for the
discretization of the global space-time integral equation. Space-time discretization
methods in general are gaining in popularity due to their ability to drive adaptivity in
space and time simultaneously, and to use parallel iterative solution strategies for time-
dependent problems [6| (14} 28]]. The global space-time nature of the system matrices
leads to improved parallel scalability in distributed memory systems in contrast to
time-stepping methods where the parallelization is limited to the spatial dimension.
However, in order to get a competitive space-time solver compared to, e.g., time-
stepping schemes, an efficient iterative solution technique for the global space-time
system is necessary, i.e. the solution requires an application of suitable precondition-
ers. In [6, 8, 9] a robust preconditioning strategy for space-time integral equations for
the heat equation based on boundary integral operators of opposite order [[17} 35] is
discussed. A parallel solver for space-time boundary element methods for the heat
equation was introduced in [[10]] and extended to the preconditioned system in [[7]].
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In this paper we analyze the heat potentials in and the arising boundary integral
operators as well as the solvability of the space-time boundary integral equations. The
analysis of the boundary integral operators and equations is mainly based on [2} 3} I5]].
We start with a discussion of the domain variational formulation of (I.1)), see [36], and
derive the mapping properties of the related boundary integral operators as well as the
ellipticity of the single layer and hypersingular boundary integral operators. Moreover
we discuss two different space-time discretization methods in order to compute an ap-
proximation of the unknown Neumann datum 9,ujz. The first one is the so-called
tensor product approach [26], [29], originating from a separate decomposition of the
boundary I" and the time interval (0, T"). In this case we use space-time tensor product
spaces for the discretization of the boundary integral equation. The second approach
is using boundary element spaces which are defined with respect to a shape-regular tri-
angulation of the whole space-time boundary ¥ =T x (0,7T) into boundary elements.
This approach additionally allows us to apply adaptive refinement in space and time
simultaneously while maintaining the regularity of the boundary element mesh. We
also present some numerical experiments to confirm the theoretical results.

The structure of the paper is as follows. In Section [2] we give a short overview of
the functional framework for the numerical analysis of problem (I.1), i.e. introducing
anisotropic Sobolev spaces on the space-time domain () as well as anisotropic Sobolev
spaces on the space-time boundary ¥ [21) 22]. In Section [3] we recall existence and
uniqueness results [13} 20, 36] for the domain variational formulation of (I.I)). This
domain variational formulation is later on used to prove the ellipicity of the single
layer and hypersingular boundary integral operators. Sections ] and 5] are devoted to
the analysis of the arising boundary integral operators and boundary integral equations.
In Section 6] we introduce the already mentioned space-time discretization techniques,
define suitable boundary element spaces and derive approximation properties of related
L? projection operators. The space-time trial and test spaces are then used for the
discretization of the boundary integral equations in Section [/, where we also derive a
priori error estimates for the Galerkin approximation of the unknown Neumann datum.
In Section [§] we provide results of numerical experiments validating the introduced
discretization techniques and we conclude with a brief outlook in Section 9]

2 Functional framework

The analysis of problem (I.1)) is done in anisotropic Sobolev spaces, which are intro-
duced and discussed in this section. Under certain conditions we can define trace op-
erators acting on those spaces and therefore provide conditions for the given Dirichlet
datum g and the unknown Neumann datum anu|y_ of the solution, resulting in existence
and uniqueness theorems for solutions of the model problem (I.1)). The definitions and
results in this section are mainly based on [21} 22, [36]. We start with the definition
of anisotropic Sobolev spaces on the space-time domain @ in Section 2.1} and extend
this to the space-time boundary X in Sections [2.2]and [2.3]
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2.1 Anisotropic Sobolev spaces on ()

The anisotropic Sobolev space H''/2(Q) is defined as
H"2(Q) := L*(0,T; H'(Q)) n H'/?(0,T; L*(Q)).
The norm of a function v € H"'/?(Q) is given by

2 2 2 2
lullzeg) = llullie ) + IVaullto ) + [ulgno 1 r2 )

T flu(, )HZLZ(Q)
|U|H1/2 OTLZ(Q / / t—le dr dt.

Moreover we define the space of functions in H'-!/2(Q) with zero initial conditions

with

)

Hy(Q) = {u € HYHQ)  ull gy < OO}

where
2 2
||U|| 1, |/2(Q) ||u||H17|/2(Q) + |u|H(;/2(O,T,L2(Q)>

with
T |lul )z
2 P NA(Q)
= _— 2.1

|U|Hgf2(o,T;L2(Q)) /0 : dt, @1
and write H1 1/2((,2) = L*0,T; H(Q)) ﬁHéV/z (0, T; L?(Q)). The space of functions
in H i)’l/ (Q) having zero boundary conditions is defined as

1,1/2 1/2
Hoy*(Q) 1= L7(0.7: HY(Q)) 1 Hy/* (0. T: 17())

and is equipped with the norm

||U|| 1, 1/2(Q ||v$u||L2(Q + |u|H1/2(OTL2(Q + |’LL| I/Z(OTLZ(Q))

In the same way we introduce the space of functions in H'!/2(Q) vanishing at the
final time 7, i.e.

Hl(Q) = LX(0, T3 H'(Q)) 1 H (0. 7: (@)

and
1,1/2 1/2
Hy'*(Q) = LX(0,T; HY(Q)) N H{*(0,T; LX(Q)).

In this case the semi-norm (2.1)) is replaced by

2 . ’ L (Q)
[ul I/Z(OTLZ(Q)) = /0 —7— dt. (2.2)
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Moreover we define the space

g 2@, £) = {u e H5'P(Q): Lu e 12(Q)}

where L := ad; — A, denotes the differential operator of the heat equation. The norm
of a function u € H ;10’7]/ 2(Q, L) is then given by
IIUH e

2 2
HUHH;IO,’I/Z + 1 Lull 720

CrN (@)

The definition of the space H. ;161/ 2(Q, L), where L' := —ad;—A, denotes the operator
of the adjoint heat equation, follows the same path.

2.2 Anisotropic Sobolev spaces on X

The spaces H™*(X) for r, s > 0 are defined in a similar way. We set
H™(Z) := L*(0,T; H"(T)) N H*(0, T; L*(I)).

For a smooth spatial boundary I" these spaces are defined for arbitrary r,s > 0.
However, for a general Lipschitz boundary I' the spaces H™*(X) are only defined for
0<r<lands>0.Forr,s € (0,1)anorm is given by

2 . 2 2 2
ull s (zy == wllzaiy + lulz20rm oy + 1UlEs 0. 102m)

[u(z ya')”LZ(OT)
|U\L2(0TH7 = // |x— |n—T+2r dsy ds;

T (-, t) = u(, 7)1 72y
|U‘H50TL2 / / |1+25 drdt.

The following Lemma is essential for the numerical analysis of the approximation
properties of L? projections on boundary element spaces which are defined with re-
spect to an arbitrary triangulation of the space-time boundary X. Since we will work
with shape-regular elements only, the Lemma basically implies, that we can use the ap-
proximation properties in standard Sobolev spaces H*(X) for s > 0, see, e.g., [24}33]],
to obtain the convergence results in anisotropic spaces.

with

and

Lemma 2.1. For r, s € [0, 1] the continuous embeddings
max (r,s)(z) SN HT,S(z) SN Hmin (r,s)(z) (2.3)

hold.



6 S. Dohr, K. Niino and O. Steinbach

Proof. Letu € H™*(X) for r, s € [0, 1] and define m := min (r, s), M := max (7, s).
Since H"(I') — H™(T') [19, Theorem 4.2.2] and H*((0,T)) — H™((0,T)) we
have

>~

2 2 2 2 2
[l zrmm gy = Nullzmogmy + lullgome) <c (Hu||HnO(2) + HUHHQS(Z))

) (2.4)
< CHUHH“S(Z)v

and therefore H™*(X) < H™™(X). According to [24] Theorem B.11 ff.] and [21},22]]
and since H'(X) = H"!(Z) we have

H™™(%) = [LA(2); HY ()] = [LXE);H'(D)] =H™EZ). (2.5
Hence |[ul| gym.mz) = ||ullgmx) and therefore H™*(X) < H™(X). The proof of the
first equality in follows the same path as described in [22] Proposition 2.1] in the
case of anisotropic Sobolev spaces on Q).

To prove the continuous embedding HM (X) < H™*(X) we use HM(I') — H"(T)
and HM((0,T)) < H*((0,T)). Analogously to estimate (Z.4) and relation (Z.3)) we
obtain HM(x) =~ HM-M(¥) and HuH%{T,S(Z) <c ||u|\f~{M,M(2) and therefore conclude
HM(Z) < H™(L). O

Let us now introduce the subspace
Ho(2) == L*(0,T; H'(T')) N H (0, T; L*(I))

which is the closure in H™*(X) of the subspace of functions vanishing in a neigh-
borhood of ¢ = 0 and ¢t = T'. Anisotropic Sobolev spaces on ¥ with negative order
r,s < 0 are defined as

!

H™(X) = [H;gjg—S(Z)}’, ao(x) = [H 2 (x)] .

Remark 2.2. Forr > 0 and 0 < s < 1 we have Hi5o(Z) = H™(X) and therefore
H™""5(L) = H"5(%).

For a function u € C'(Q) we define the interior Dirichlet trace

Ay (z,t) == lim  w(Z,t) for (x,t) € L.
Q3z—zel

Hence 76“% coincides with the restriction of u to the space-time boundary X, i.e. we
have y{Mu = ujg. This operator can be extended to the anisotropic Sobolev space

HI(Q),
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Theorem 2.3 (Trace Theorem, [22, Theorem 2.1]). The interior Dirichlet trace oper-
ator
,y(i)nt . Hl,l/Z(Q) N H1/2’1/4(Z)

is linear and bounded satisfying
|}76ntu|’H1/z,1/4(g) <cr ”uHHU/?(Q) forallu € Hl’l/z(Q)-

Lemma 2.4 ([5, Lemma 2.4]). The interior Dirichlet trace operator 'yé”’ is bounded

and surjective from Hi)”l/z(Q) to H'/21/4(x),

Theorem 2.5 (Inverse Trace Theorem). The interior Dirichlet trace operator v(")’” :
H;lo’l/z(Q) — H'/21/4(X) has a continuous right inverse operator

12
& : H2VA(2) = H*(Q)
satisfying Y Eyv = v forall v € H'/2V/4(2) as well as
||€Ov||H.ijl/2<Q) < CiT HUHH'/Q*'/“(Z) for allv € H1/2’1/4(Z).

Proof. The proof is similar to [[13| Theorem 4.9]. See also [3]. a

2.3 Piecewise smooth functions on X

For a closed, piecewise smooth boundary I" = U;Jz 1 fj with I; NI = 0 for i # j,
where I'; are open parts of the boundary I', we set £; :=T'; x (0,7) forj =1, ..., J.
We then have ¥ = Uj:l X;. Forr > 0and s > 0 we define the anisotropic Sobolev
space on the open part X; of the space-time boundary X

H™(Z;) = {v =Ty, V€ H“S(Z)}
and the space of piecewise smooth functions on £
HS(E) = {v € IX(Z) : vy, € HY (%)) forj = 1,..., J}

with norm
1/2

J
Wi = | D [v,
j=1

For r, s < 0 the anisotropic Sobolev space on ¥; is defined as the corresponding dual
space

2
H™s(25)

!/

H™ (%)) = [H 5] .
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The space of piecewise smooth functions on X with negative order is then given by
J ~
Hy () =[] H™ (%))

J=l1

with norm

el g e ZH

H75

Lemma 2.6. For r, s < 0 and w € Hp;, (X) there holds
oll s < ol gy

Proof. Letw € Hpyy (). By duality we conclude

w,V)x;
[wll grs gy = sup 7|<w,v>g| < sup E 7“ )z,
*® [oll |
0£vEH ™ —5(X) —n=s(Z)  OFvEH T s(X)

J
S sup Z |<w|23 ? Ulzj>):j |

0AveEH ™ —5(L) j=1 va

H=r=(2;)

4 [(wyz; s vj)x,]
Z sup e = [wll g ) -

j=1 1 0Av;€H-T5(%;) ||U]||H—7',—s(2j>

O

Note, that for a Lipschitz boundary I" we have to assume |r| < 1 to keep the validity
of the above statements.

3 Domain variational formulation

In this section we introduce and analyze the domain variational formulation of problem
(T.T) in the setting of anisotropic Sobolev spaces. We derive Greens’s formulae for the
heat equation in Subsection[3.1] In Subsection[3.2] we recall existence and uniqueness
results for the solution of the variational formulation of the model problem with zero
initial conditions. The unique solvability of problem (I.I) with a non-homogeneous
initial datum is discussed in Subsection [3.3] The presented results are based on [5} 13|
36, 40]]. In Subsection [3.4] we analyze the Neumann trace of solutions of the model

problem (T.T).
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3.1 Green’s formulae

This subsection is devoted to the derivation of Green’s first and second formula for the
heat equation with respect to the previously introduced setting of anisotropic Sobolev
spaces. These formulae are later on used to derive the representation formula for the
heat equation and for the analysis of related boundary integral operators, see Sectiond]
Recall that Q C R" is assumed to be a bounded domain with, for n = 2,3, Lipschitz
boundary I' := 9Q.

Theorem 3.1 ([I, Corollary 7.8]). Let u € C?(Q) N C'(Q). Then there holds the
classical Green’s formula, i.e.

/Q [Au(x)v(x) + Vu(z) - V’U(ZL‘)} do = /F@nu(x)v(x) ds,

forallv e C1(Q)NC(Q).

Now consider v € C?(Q). By applying Theoremwe get

T
/ / [a@tu(x,t) - Amu(f[;,t)i|’l)(x7t) dz dt
0 JO

T
= / / [a du(z, t)v(x, t) + Vyu(z,t) - Vyu(a, t)| dedt (3.1
0o Jo

T
- / /anmu(a:,t)v(az,t) ds, dt.
0 r

This equation is the so-called Green’s first formula for the heat equation. Using in-
tegration by parts on the first term of the right hand side and rearranging the terms
yields

a/gu(x,T)v(m,T) d:c:a/gu(m,O)v(m,O) dz

+ / ' / [0duu(z.t) — Apula, )] vla. 1) dedt + /0 ! /r Oz, )0z, t) ds, dt

/ / (z,)8v(z,t) — Vou(z,t) vxu(m,t)} dz dt.
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Again, by applying Theorem [3.1] we get

a/ u(z, T)v(z, T)dz = a/ u(z,0)v(x,0)dy (3.2)
Q Q
T
+/o /Q[a@tu(:ﬁ,t)—Azu(x,t)}v(:c,t)dxdt
_/T/ [_a&gv(x,t)—Amv(x,t)]u(x,t) dxdt
0o Ja

T T
-l—/ /anwu(x,t)v(x,t) dsg dt—/ /8nwv(x,t)u(x,t) ds, dt.
0 Tr 0 r

This equation is the so-called Green’s second formula for the heat equation. Our aim
is to extend these formulae to the more general case of functions in H'-'/2(Q). To do
so we use the following density results.

Lemma 3.2 ([5, Lemma 2.22]). Let C§°(Q x (0,T1) be the space of restrictions to Q
of functions in C§°(R™ x (0,00)). Then C§°(Q x (0,T1) is dense in H;B”I/Z(Q, L).

Analogously we obtain the following result, where C° (Q x [0,7)) is the space of
restrictions to @ of functions in C§°(R" x (—o00,T)).

Corollary 3.3. The space C§°(Q x [0,T)) is dense in H:bl/z(Q, L.

Before we introduce Green’s formulae for functions in anisotropic Sobolev spaces,
we have to ensure, that the bilinear form (0,u,v)q is well defined. In [36] it was

shown, that the bilinear form (0;u, v)q can be extended to functions © € H i)’l/ 2(Q),

ve H ,161/ 2(Q) and that there exists a constant ¢ > 0, such that

<atu7 U>Q S c ||u||H;]0’7|/2(Q) ||UHH;]’6]/2(Q) (33)

for all u € H;lo’f/z(Q) and v € H;{(’)I/Z(Q). Here and in the following, (-, ) denotes
the duality pairing as extension of the inner product in L*(Q).
For a function u € C''(Q)) we define the interior Neumann trace
Ay (z,t) == lim  n, - Vzu(Z,t) for (z,t) € X
Q3T —zel
which coincides with the conormal derivative of u, i.e. we have fyilmu = On,Us.

The definition of the Neumann trace operator *yilm can be extended to the anisotropic
Sobolev space space H'"'/2(Q, L).

Lemma 3.4. The interior Neumann trace operator

,yzint . Hl,l/Z(Q,L) N H_1/2’_1/4(Z)
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is linear and bounded satisfying
HV{MUHH—I/ZHM(E) < eNT HUHHH/Z(Q,Q Jorallv € Hl’l/z(Q;£)~
For u € C*(Q) we have {"u = Oy, us in the distributional sense.

Proof. Follows the lines of [5, Proposition 2.18]. a

Theorem 3.5 (Green’s first formula). For u € Hi):l/ 2(@, L)andv € H;l’bl/ 2(Q) there
holds ' _
a(Oru,v)@ + (Vau, Vau) 12g) = (W, vg" )y + (Lu,v)g (3.4)

where (-, ) denotes the duality pairing on H='/2=1/4(x) x HY/21/4(x).
Proof. Letu € C§°(Q x (0,77). According to (3.T) there holds

(Lu,v) 12(q) = Ok, v) 12(@) + (Vatt, Vo) 12(0) — (On, u, v) p2(x) (3.5)
for all v € Cg°(Q x [0,T)). All the terms are continuous with respect to v in

the H;{él/ 2(Q)—norm. Hence we can extend (3.5) by continuity to v € H;l’(’)l/ 2(Q).

Whereas for fixed v € H.l(’)1 / 2(Q) all the terms are continuous with respect to u

in the H;lo’l/ 2(Q, L) norm. Hence by applying Lemma we can extend (3.5) to
ueH ;t)’l/ 2(Q, L) which concludes the proof. O

Theorem 3.6 (Green’s second formula). For u € H;IO”l/z(Q, L)andv € H;lybl/z(Q, L)
there holds

int int int

<£U,’U>Q - <U, ‘CIU>Q - _<7imu770 U>Z + <PYO U, 7q U>Z- (3.6)
Proof. Foru € C§°(Q x (0,T]) and v € C§°(Q x [0,T)) there holds

(Lu, U>L2(Q) — (u, LIU>L2(Q) = —<’Yi1mua’7(i)ntU>L2(z) + (76ntU77i1ntU>L2(z)'

Similar as in the proof of Theorem|3.5|we can extend this formulatou € H ;10’1/ : (@, L)
andv € H ;{’01/ 2(Q, L") by applying Lemma and Corollary a

3.2 Homogeneous initial datum

In the following subsection we discuss, based on [36]], the unique solvability of prob-
lem (I.1I)) with zero initial conditions. Let f € [Hé;’})/ 2(Q)) and g € H'Y/2V4(X) be
given. We consider the initial Dirichlet boundary value problem
adpu(x,t) — Agu(z,t) = f(x,t) for (x,t) € Q,
u(z,t) = g(x,t) for (z,t) € X, 3.7
u(xz,0) =0 forz € Q.
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The variational formulation of problem (3.7) is to find u € H ! 1/ 2(Q) such that

a(u,v) = (f,v)g forallv e H&’l)/z(Q) (3.8)
with the bilinear form

a(u,v) = a(Owu,v)q + (Vau, Viv) 12
foru € H, ]/Z(Q) and v € H1 ]/Z(Q). The bilinear form

a(-,): Hg'*(Q) x H Q) = R

i)

is bounded, i.e. there exists a constant cf > 0 such that

A
|a(u,v)\ e HUHH;IO:VZ(Q) H’U”H;l’bl/z(@)

forall u € H1 ]/Z(Q), vE H;l(’)l/z(Q). For the given Dirichlet datum g € H'/>1/4(X)
we consider the decomposition v := u + @iy where 7, := &yg is an extension of g to
the space-time domain () satisfying y(i)mﬂg = g. The boundedness of the inverse trace

operator & : H'/>1/4(x) — H;l()”l/ 2(Q) then implies
Vgl 2y < exr gl nrzivsis) - (3.9)
Hence the variational formulation (3.8) changes to: Find @ € Hé;’(i/ 2(Q) such that
a(a,v) = (f,v)q — a(ig,v) forallve H(;;’})/Z(Q). (3.10)

Theorem 3.7 (Existence and uniqueness [36]). The variational formulation (3.10) im-
plies an isomorphism

£ Hyy*(Q) — [Hy{ (Q)
satisfying

_ 11 2
||u||H(;,01/z( < ZHEuH[H forall i € Hy, / (Q).

vo (@Y
Hence we conclude that the variational problem (3.10) is uniquely solvable and there-
fore u = @ + g4 is the unique solution of the variational problem (3.8). A direct
consequence of Theorem [3.7]is the stability estimate

3l < sup _aliv) forall s € Hypy/*(Q).  (3.11)
00, O#UEH&’})/Z(Q) ||UHH(;’10/2(Q)
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Theorem 3.8. For f € [H, H)’ 1/Z(Q)]’ and g € H'/*V/4(X) there exists a unique solution
u € Hl 172 (Q) of the variational problem (3.8)) satisfying

H’U/HH.]O’]/Z(Q) S CR ||f||[H(§’10/2(Q)]/ + CB ||g||H1/2v1/4():) . (312)

Proof. Unique solvability is a result of Theorem The stability condition (3.1T)
and the boundedness of the bilinear form a(-, -) imply
a(i,v ,V)0 — a(lig, v
5 ||ﬂHH1jl/2(Q) < sup ||’U|() = sup <f |1>)ﬁ ( . )
" oveHy 2@ T H Q) orveHy*(Q) Hy (@)

S ||fH[H(§710/2(Q)]’ +c ||ﬂg||H:1011/2(Q) .

The assertion follows by using the triangle inequality for v = % + g4, the Poincaré
inequality, and the stability (3.9) of the inverse trace operator. |

3.3 Non-homogeneous initial datum

The following analysis in the case of a given initial datum and zero boundary condi-
tions is mainly based on [40, Chapter 23] and [34]]. In this subsection we only recall
the main results. Let ug € L?(Q) be given. We consider the initial Dirichlet boundary
value problem

adpu(z,t) — Agu(z,t) =0 for (z,t) € Q,
u(z,t) =0 for (x,t) € Z, (3.13)
u(z,0) = up(z) forz € Q.
The space carrying the initial datum g is defined as
Vo(Q) := L2(0, T Hy (@) N H'(0, T H™H(Q)).

The norm of a function u € Vy(Q) is given by

lullbyq) = el Z2qoz:my(cy + NladeulTaozi-1(a)
where
lll 20,7213 (@) = [IVaull 2
and
ladsull 20 7.1-1(0)) = sup (@dpu,v)g

0£vEL2(0,T;H)(Q)) HUHLZ OTHI(Q)).

Analogously we define the space V(@) of functions with non-homogeneous boundary
conditions, i.e.

V(Q) == L0, T; H'(Q)) N HY(0,T; H1(Q))



14 S. Dohr, K. Niino and O. Steinbach

with norm

ullbg) = g + 1l -

Theorem 3.9 ([40, Theorem 23.Al)). For ug € LZ(Q) there exists a unique solution
u € Vo(Q) of problem (3.13)) satisfying the stability estimate

HUHVO(Q) <cr HUO”LZ(Q) :

The spaces V(Q) and Vo(Q) are dense subspaces of H'!/2(Q) and Hé;”l/z(Q), re-

spectively [5, 21]. Moreover the following norm equivalence holds.

Lemma 3.10. For u € V(Q) with Lu = 0 in Q the norms of V(Q) and H'"'/?(Q) are
equivalent, i.e. there exist constants cy, cy > 0 such that

lullygy < e llullgrirg) < e llullyg) -
Proof. Follows the lines of [3, Lemma 2.15]. m|

Additionally, if u € Vy(Q), i.e. u vanishes on the boundary X, we immediately con-
clude, that there exist constants ¢, & > 0 such that

lllgy < &l s gy < 2 Nl - (3.14)

This follows by using the Poincaré inequality and Lemma[3.10]
An important property of functions u € V(Q) is the continuity in time, i.e. we have

u € C([0,T]; L*(Q)). (3.15)

Hence the initial trace Tou := up—g € L*(Q) of the solution u of problem (3.13) is
well defined.

The unique solution v € H L1/ 2(Q) of the fully non-homogeneous initial Dirichlet
boundary value problem is then given as u = 14 + g wWhere i, € H;lo’j / 2(Q) is
the unique solution of problem with zero initial conditions, and @y € V(@) is
the unique solution of problem (3.13). By applying the stability estimate of Theorem
[3.8] the Poincaré inequality, estimate (3.14)) and Theorem [3.9) we obtain the following
stability estimate for the solution v € H"/2(Q),

lll 2@y < er IF vz + e 9l vz + ¢ lluoll 2y

The initial trace of solutions u € H"!'/2(Q) of problem (TT) is well defined due to

1,12

u = g + o with 4y € Hg (Q) and @ € Vo(Q). We set Tou := Toiig € L*(Q)

according to (3.13). ’
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3.4 Neumann trace operator

For the solution u € H;lo’l/ 2(Q,£) of (83.7) with f € L?*(Q) we can determine the

associated conormal derivative vi"u € H ~1/2=1/4(%) as the unique solution of the
variational problem

(Y, 2)y = a(u, Epz) — (f,Erz)q forall z € HY2V4(x) (3.16)
where &1 1= Hr& : H/2V/4(Z) — H1 1/Q(Q). The operator Hr : L*(Q) — L*(Q)
is defined as follows. For u € L?*(Q) we consider the series representation

= Uit)pi(x), Ui(t) = uipvp(t) for (z,t) € Q (3.17)
i=1 k=0

where ¢; € H& (Q) are the eigenfunctions of the Dirichlet eigenvalue problem
—Ap=pup inQ, ¢=0 onl,
and vy, € H& (0,T) are given by

T t
—sin( (2 L . 1
vg(t) = sin <(2 + lm)T>, keN (3.18)
The coefficients u; ;, in (3.17) are given by
2 T
Ujp = / / u(z, t)vg(t)di(x) da dt. (3.19)
T T Ja
Then Hru is defined as

(Hru)(z,t) = > (HrU;)(t)gi(x) for (z,t) € Q

i=1

(HrU;)( Zuzkcos < +k7r);).

The operator Hy : L*(Q) — L*(Q) and its restriction Hr : H;IO’I/Z(Q) = H1 I/Z(Q)
define isometric isomorphisms, i.e. we have

where

HHTUHLZ(Q) - ||u||L2(Q) forallu € LZ(Q),

and

[Hrul e forallu € Hg'*(Q).

@ = Il
A detailed analysis of the transformation operator Hr is given in [36].
We now get the following stability estimate for the Neumann trace of solutions u of

problem (3.7)).
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Theorem 3.11. Ler u € th/ 2(Q) be the unique solution of problem @) with f €
L2(Q) and g € H'/>'/*(X). Then the Neumann trace v"u € H~'/>~1/4(X) satisfies
the stability estimate

ol -y < i (g + 2 Ml i)

Proof. Using (3.16)), the boundedness of the bilinear form a(-, -) and of the operator
Er yields

. <,yintu’ Z>Z
||711m“HH—1/2,—1/4(2) = sup NALE] B s
0F2€H/21/4(%) 12l r172074(5)
78 - ;5
_ sup a(u,&rz) — (f,€rz)q

orzer i IElmzisg

A
S CIT (Cz HUHHIO,I/Z(Q) + ||f||[H161/2(Q)]/> .

O

In particular for the solution u of the initial Dirichlet boundary value problem (1.1}
with homogeneous right hand side and initial datum, i.e. f = 0 and ug = 0, we get

i A
||’YimUHH71/2,71/4(2) <crr (&) HUHH}O”]/Z(Q) .

The following Lemma is essential for the derivation of the jump conditions of the
boundary integral operators in Section 4]

Lemma 3.12 ([5, Lemma 2.23]). The combined trace map

int int int

(”Y(i)ma% ) s u= (7w, v )

maps C$°(Q x (0,T]) onto a dense subspace of H'/>'/*(£) x H~1/2=1/4(x).

Remark 3.13. Lemma is also valid if we replace the space C§°(Q x (0,77]) by
C(Q % [0,T)).

4 Boundary integral operators

In order to express the solution of the initial Dirichlet boundary value problem (I.1]) by
means of heat potentials as in (I.2)) the existence of a fundamental solution is essential.
In Subsection [4.1] we derive the fundamental solution of the heat equation and the
related representation formula. In Subsections [4.2] - we introduce and analyze the
heat potentials as well as the resulting boundary integral operators.
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4.1 Representation formula for the heat equation

In this subsection we derive the representation formula (I.2)) for the heat equation.
Therefore we consider Green’s second formula (3:2) for u € C?(Q). We want the
third integral of the right hand side to be zero, i.e. we search for a function v which is

a solution of the adjoint homogeneous heat equation

—a0v(y, ) — Ayv(y, 7) =0 for (y,7) € Q.

Since we want to find a representation of the solution u = u(z, t) of the model problem

(T1) we define v as
U(va) = U(y —x,t— T)

where (z,t) € @ is fixed. In this case we have
Orv(y,7) = 0 U(y — x,t —7) = =0pU(y — ,0)
where § =t — 7. Thus

adpU(y —2,0) —AU(y —2,0) =0 for (y,0) € Q.

We assume the function U to be spherically symmetric, i.e. U(y — x,0) = U(r,6)

where r = |y — x|. For r # 0 we get

- - 1~
adpU (r,0) — 0 U(r,0) — (n — 1);87«U(7’,9) =0.
With
~ r
Ur,0) =0"g(z), z=——, eR, =t—-7>0, 7<t,
(r,0) =07g(z) 7 7
we get

0T (r,0) = 107" g() — 30724/ (2),

0,0 (r,0) = g'(2)0""2,
0rU(r,0) = g"(2)07",
and therefore equation (@.1) becomes

1evlzg'<z>] g0 — (- D) g =0,

a {79719(@ -3 .

which is equivalent to

@ pa(e) = 3206 = ) - (0= 124/ ) =0,

4.1)

4.2)
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It remains to solve this ordinary differential equation. First we consider the one-
dimensional case n = 1, i.e. we have

1

avg(z) —az2¢'(2) = 9"(2) = 0

which can be written as

alr+3]96- 5 |ageotr +g10] =0

By choosing v = —% we get

& o529+ 51| 0.

and hence

1
aizg(z) +d(2)=ceR

follows. In particular for ¢y = 0 and using separation of variables we get
1,
Ing = fazz +c1, c1 €R,
and for ¢; = 0 we conclude

9(2) = exp (—%22) 4.3)

which is a solution of the differential equation (@.2) for n = 1. When inserting (4.3)
into (@.2) for general n we get

ofon(-32) + §eon(-52)] + oo (-3
0 a[vexp( 17 +4z exp { — 4% +2exp i
2
_Y e <_92) _ne <_92>
Tl +(n 1)2exp 17
=ex (_E22>a [ + ﬁ}
=P~y T3
Thus, @.3) is also a solution in the two- and three dimensional case if v = —7%.
Recalling the definition of the functions U and U we therefore have

aly — z|?

Uly—at—7)=(t—7)""exp ( W)

> for m < t.
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Due to the singularity of the function U at (z,¢) = (y, 7) we consider the space-time-
cylinder Q;—. := Q x (0,t — ) where 0 < e < t. Analogously to (3.2) we get

o [ uly.t =2t -2 dy =a [ up.0)u(.00d
o Q
+/0t8/9 [a@‘ru(y’T) _Ayu(y’T)}U(y,T> dydr
_/t—s/ [_ adro(y, 7) _Ayv(y,T)]u(y,T) dydr
0 Q

t—e t—e
+/ /Gnyu(y,T)v(y,T)dsydT—/ /6nyv(y,7')u(y,7') ds, dr.
0 r 0 r

With v(y,7) = U(y — x,t — 7) we now obtain
a/ w(y,t —e)U(y — z,e)dy = a/ u(y,0)U(y — x,t) dy
Q Q
t—e
+ / / [O@Tu(y, T) — Ayu(y, 7)} Uly—z,t —7)dydr 4.4
0 Q
t—e
—i—/ /8nyu(y,T)U(y —x,t—7)dsy,dr
0 r

t—e
- / /8nyU(y —x,t —T)u(y, 7)ds, dr.
0 r

Let us consider the integral on the left hand side, i.e.

a2 aly — z|?
a/u(y,ts)U(y:r,s)dy:a/s "2y, t —e)exp [ ————— ) dy.
Q Q 4e
By using the Taylor expansion

u(ya t— 6) = u(m, t) + (y - I)Tvxu(é_za §t) - gatu(g:ca §t)

with

we get

a aly —z*\ a aly —zf?
W/Qu(y,t—&)exp (_45> dyu(m,t)gnz/gexp (_48 dy

_ 22
+ 3/2 /(y — ) Vu(&, &) exp (-CM> dy (4.5)
€ Q

. _aly—af
8n/271 /Q@tu(fx,ft) exp( 45 >dy
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Next we are going to show the convergence of the first integral of the right hand side.
First we consider the spatially one-dimensional case n = 1, i.e. Q = (a,b) with
a,b € Rand z € (a,b). We have

b 2
o _aly—x)
A'_gl/z/anp( i >dy
T _a(y—m)2 a [° _oz(y—:lc)2
“a [ (T )are  [ew (-

By using the substitution z = 7= for the first integral and z = ¥=; for the second

one we get
1 2,2
o alr —a)*z

o ! ab—x)?2?
+ 617(11 - x)/o exp <—45> dz.

a(b—z)?2?
4e

a(z—a)?z?

e = 172 for the second integral

The substitution = 1)? for the first and

leads to

a2 W
A=2Va / exp (—n°) dn + 2/« / exp (—n*) dn,
0

and we finally obtain

lim A = 4f/ exp (—n%) dn = 2\/ax.

e—0

In the two-dimensional case we choose R > 0 such that Br(x) C Q and consider

a aly — af?
A= / exp () dy.
9 Bg(z) 4e

The integral over Q \ Br(z) converges to 0, since £ exp (— a\y4—€x|2) — Ofory #x

as € — 0. By using polar coordinates we get

R 2w 2 R 2
2
= a/ / exp <_ar >rd<,pdr: 7ra/ exp <_ar >rdr
eJo Jo 4e e Jo 4e
2
= 47 {1 — exp (f)] =0 4.
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In the three-dimensional case we also choose R > 0 such that Br(z) C Q and con-

sider | |2
0" aly —x
A [ e <_> ay.
g3/ Br(z) 4e

As in the two-dimensional case the integral over Q \ Br(x) vanishes. By using spher-
ical coordinates we obtain

2w
3/2/ / / exp <—>r sin 6 df dy dr
e
47Ta/ ex —% 2d
= 3 5 p 1 )rar

. . 2
The substitution 7> = %= leads to
R

321 o 5 83/2

327
A=2C —P )t dy 2% 228 —P )t dy = ———.
o exp (—n*)n” dn N exp (—n?)n” dn 7a

The other two integrals in (4.3]) vanish as ¢ — 0 due to the boundedness of V,u and

Oyu. We finally get the representation formula by taking the limit e — 0 in @.4), i.e.
we have

u(z,t) = / u(y,0)U*(z — y, t)dy + — /Cu y, T)U(x —y,t —7)dydr
/&lyu (y, ) U (x —y,t — 7)ds, dr (4.6)

—/ (Y, 7)0n, U™ (x — y,t — 7)ds, dr
a Jy
where

Uz —y,t—71) = - — n/zexp M for T < t.
’ dn(t —7) 4t — 1)

The function

a \n/2 —alz|? "
U*(z,t) = (Tm) exP( 4t > (@,8) €R"x(0,00), 4 5)

0, else,

is called the fundamental solution of the heat equation and due to construction, U* is
a solution of the homogeneous heat equation on R™ x (0, o), see, e.g., [12]], i.e.

[a@t - AI} U*(z,t) =0 for (z,t) € R" x (0,00).

Additionally the fundamental solution has the following properties.
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Lemma 4.1. For t > 0 there holds
/ U*(z,t)dx = 1.

Proof. Lett > 0. We have

* _ (a2 —alzf? _ n/Z/ 2
/nU(x,t)dx—(‘mt) /nexp( m dr =7 Rnexp( 2|*) dz
n
=g /2 H/ exp (—23) dz; = 1.
i=1 7R

Lemma 4.2. Let u € C(Q) N L™®(Q). For x € Q there holds

lim | U*(x —y,t)u(y) dy = u(x). 4.8)
t—0 Q

Proof. Lete > 0and u € C(Q) N L*°(Q). We define the function u as

~ u(z) forz € Q,
0 else.

Moreover, let (z,t) € Qx (0, 00). Due to Lemmafd.1Jand since U* > 0 on R™x (0, 00)
we have

/ U* (& — y, tyuly) dy — u(z)
Q

| U= p)it) ~ o) dy

< / U — 1) [ly) — ()] dy.

Since u ist continuous on Q and x € €, there exists a constant § > O such that
[u(y) — u(z)| < e/21if |y — x| < &. Thus, we write the last integral as

/U*(ﬂf —y, 1) [uly) — u(x)| dy = / U*(x =y, 1) [uly) —u(x)| dy

R™ R™\ Bj(z)
+ [ Uyl - 3] a.
Bs(x)
The second integral can be estimated by

N ~ _ € €
[ ve-voin -awa<s [ Ce-pne=3
—_— NG
Bs(x) <e/2
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For the first integral we obtain, due to u € L*°(Q),
Uz =y, 1) [u(y) — u(z)] dy < 2[|ul oo q) / U*(z —y,t)dy.
R7\Bs () R\ Bj(x)
The substitution z = x — y yields

/ Uz — g, t)dy = / U*(2,1) d2

R™\ Bj(x) R™\Bs(0)

a \"/2 —|z)?a
= ()" [ ew(5)e

R™\B5(0)

and by using polar coordinates we get

T —rla
/ U (z —y,t)dy < Ct_”/z/r"_l exp < ym ) dr
R7\ Bs () 5

oo
_ C/ / pn—l exp (_pZ) dp
at—1/2

with suitable constants C,C’ > 0O and a = § (%)1/2

t — 0, i.e. for ¢ small enough there holds

. The last integral vanishes as

/ U*( — g, 1) [(y) — (z)| dy < &/2.

R™\Bs ()

Altogether we obtain

<e

/ U*(z — g, t)u(y) dy — u(z)
Q

for ¢ small enough which concludes the proof. a

One can show that for sufficient regular input data f, g and ug the solution of the initial
Dirichlet boundary value problem (I.1) is given by the representation formula, i.e. for
(z,t) € Q we have

u(x,t):/QU*(x—y,t)uo(y)dy—l—;/G)U*(I—y,t—T)f(y,T)dydT

+ 1 / Ur(x —y,t — 7)0p,u(y, 7)ds, d7 4.9)
3

«

1
— /8nyU*(x—y,t—7')g(y,7') ds, dr.
a Jy :
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Due to the given representation for the solution of problem it suffices to
determine the yet unknown Cauchy datum d,,u;x to compute the solution in the space-
time domain Q. This can be done by applying the Dirichlet trace operator to (4.9) and
solving the resulting boundary integral equation on the space-time boundary X. The
following subsections are devoted to the analysis of the heat potentials in (#.9) and the
resulting boundary integral operators.

4.2 Initial potential
Let ug € L?(Q). The function
(Mouo)(x,t) := / U*(x —y,t)up(y)dy for (x,t) € R" x (0,7T) (4.10)
Q
is called initial potential of the heat equation with initial condition uy.

Lemma 4.3. For uy € L*(Q) the initial potential Mouo satisfies the homogeneous
heat equation, i.e.

[ad; — A, ] (Mouo)(m,t) =0 forall (z,t) € R" x (0,7).

Proof. For (z,t) € R™ x (0, T) there exists a compact neighbourhood O of (z, t) such
that O C R™ x (0,7). The restriction of U*(x — y,t) to (z,t) € O andy € Q is
bounded and differentiable on O for y € Q. Moreover U*(x — -, ) is integrable over
Q. The Leibniz integral rule then implies that we can interchange differentiation and
integration and we obtain

[ad; — Ay] (Mouo)(x,t) = /Q [0 — A JU*(x — y, t)uo(y) dy.

The assertion now follows by using
(28, — AL ] U*(z —y,t) =0
for (z,t) € R" x (0,T) and y € Q. o

Theorem 4.4. The initial potential My : L2(Q) = V(Q) ¢ HYY2(Q) is linear and
bounded, i.e. there exists a constant ¢ > 0 such that

MuH < ¢||u or all up € L*(Q).
|Mowo[, < cllwolzaq  forattuo € 12(2)

Proof. Follows the lines of the proof of [29, Lemma 7.10] with a restriction to the
space V(@) at the end. o
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Due to Lemma and the norm equivalence in Lemma we conclude that there
exists a constant c2 > 0 such that

HM()U()HHI)I/Z(Q) < A lugll oy for all ug € LX(Q). @.11)

An important property of the initial potential is the continuity in time, i.e. due to (3.15)
and Theorem (4 we have Moug € C ([0, T); L*()). Together with Lemma [4.2| this

immediately 1mphes (Mouo)(a: 0) = up(x) almost everywhere in Q. Hence the 1n1t1a1
potential satisfies the initial condition.

Due to the mapping properties of the Dirichlet and Neumann trace operators we
finally conclude that the integral operators

MO _,ylntMO . L2(Q) N H1/2,1/4(E),
M, —'YthO LZ(Q)%H_I/Z’_I/A‘(Z)

are linear and bounded.

4.3 Newton potential

The Newton potential for a given function f defined on the space-time domain () and
(z,t) € R" x (0,T) is defined as

(Nof) () A / U =yt — 1) f(y,7)dydr.  (4.12)

Lemma 4.5. The function u(z,t) = (Nof)(x, t) for (z,t) € R" x (0, T) for f regular
enough is a solution of the heat equation

[ad, — Agu(w,t) = {ﬂx’t)’ for (z,t) € Q< (0.T),
0, for (z,t) € Q° x (0,T).
Proof. First, let (z,t) € Q x (0,7T). Then

[0 = A, (Nof) a.)
= lod =4 Ql%a/t [t s ).
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Applying the Leibniz integral rule yields
t—e
[d; — / /U*x—y,t—f)f(y, 7)dydr
t—e
- [ [ara-ni-niwnaars [ U=y -
t—e
—/ /A Uz —y,t —7)f(y,7)dydr
1 t—e
:/ / [a@t—Ai}U*(x—y,t—T)f(y,T)dydT
& Jo Q

+/QU (z —y,e)f(y,t —e)dy.

Since U*(- — y,- — 7) is, for (y,7) € Q x (0, — €), a solution of the homogeneous
heat equation, the first integral of the right hand side vanishes. Additionally, Lemma

M.2)implies
/U*(x—y,e)f(y,t—s)dyﬂ)f(x,t) for x € Q.
Q

Note that [@d; — Ag]u(x,t) = 0 for x € QF follows analogously by considering a
ball B C R™ with radius R > 0 such that Q U {z} C Bp, and by choosing a zero
extension of f in Br \ Q. ]

The following theorem is essential in order to derive the mapping properties of the
Newton potential and subsequently of the single and double layer potentials in Sub-
sections [4.4]and 4.6] The theorem provides the mapping properties of the convolution
with the fundamental solution of the heat equation, see [, Section 3] and [30, 31]].

Theorem 4.6. The convolution with the fundamental solution U*

A HZ(R™ x (0,T)) — HLP22THR x (0,T))

loc
feUxf
is linear and continuous for any r € R.

Here, ﬁ]&%g (R™ x (0,T)) denotes the space of functions with compact support in
space, whereas the subscript ‘loc’ refers to the local behaviour in the spatial variables
[S]. Hence we immediately get the continuity of the Newton potential

No : [H; Q) = HEVP®™ % (0,T)),

loc

and by restriction we obtain the following mapping properties.
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Theorem 4.7. The Newton potential Ny [Hi(’)l/ 2(Q)]’ — Hi)’}/ 2(Q) is linear and
bounded, i.e. there exists a constant cév > 0 such that

=~ N 1,1/2 /
HNOfHH;IO”]/Z(Q) S (&) Hf”[HI’OI/Z(Q)]/ fOl" allf € [H;,O (Q)] .

Proof. Follows by applying Theorem [#.6) with » = —1 and by restriction to the space-
time domain (). a

The application of the interior Dirichlet trace operator to the Newton potential defines
a linear bounded operator

No := 7N : [H:(’)l/z(Q)]’ — H'/21/4(x)
satisfying

2

N 1,1/2
INo Il r2armgsy < 3 WSl g gy Forall f € [HIg (@)

with some constant cévo > (. Moreover, the application of the Neumann trace operator
yields the bounded operator

Ny =Ny : LH(Q) — HV/>~1/4(x),
i.e. there exists cév ' > 0 such that
||N1f||H—1/2~—1/4(Z) < Cévl ||fHL2(Q) forall f € L*(Q).

Here, we have to restrict the domain to the space L*(Q) due to the definition of the
Neumann trace operator v}

4.4 Single layer potential

We introduce the single layer potential with density w € L'(X) as

t
(Vw)(z,t) == ;/0 /FU*(m—y,t—T)w(y,T)dsydT for (x,t) € Dr (4.13)

where Dr := (R™\TI') x (0, T"). The fundamental solution U*(x — -, £ —-) is smooth on
¥ for (z,t) € Dr, and hence the single layer potential is well defined for w € L!(X).

Theorem 4.8. For w € L' (X) the single layer potential Vuw satisfies the homogeneous
heat equation, i.e.

[0y — A, (Vw)(x,t) =0 forall (z,t) € Dr.
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Proof. For (x,t) € Dr there exists a compact neighbourhood O of (z,t) such that
O C Dr, and hence dist(O,X) > 0. Therefore the restriction of U*(x — y,t — 7) to
(x,t) € Oand (y, ) € Xis bounded and differentiable on O for (y, 7) € X. Moreover
U* is integrable over X for (z,t) € O. Hence we can apply the Leibniz integral rule
and get

[ad; — A (Vw)(z,t) :é /0 /F (@8 — A |U*(z — y,t — T)w(y, 7) dsy dT

+1lim [ U*(z —y,e)w(y,t — ) dsy.

e—0 r

We then use [ad; — Ay]U*(x — y,t — 1) = 0 for (z,t) € Dr and (y,7) € X, and the
dominated convergence theorem to conclude

[@d; — A (Vw)(z,t) = lim [ U*(z —y,e)w(y,t —)ds, = 0.
e=0 Jr ’
i
The explicit representation of the operator V is only suited for w € L'(X).

However, the domain of the single layer potential can be extended by using the pre-
viously defined convolution operator A in Theorem {.6| We define the linear and

bounded operator 7, : H~1/271/4(x) — I;Tc;rlr;gl/z(R" x (0,T)) by
(yow,v) = (w, 7MYy forall v € [Hoomp /> (R x (0,T))].
The single layer potential is then given by
V= Avp s HV27V4(m) 5 BUP R % (0,T)). (4.14)

Due to the boundedness of the operators A and ), the operator V. HY/2Y ) —

H.lo’l/ 2(@) is, by restriction, bounded as well, i.e. there exists a positive constant

¢y’ > 0 such that

Hf/wHH < cg/ |wll g-1/2.-1/2(5) forallw € H™/2=14(3). (4.15)

PA(®)

Recall, that due to construction, the single layer potential is a solution of the homoge-
neous heat equation on D, i.e. for w € H~'/>~1/4(£) we have

[a@t - AI] Vw=0 on Dr.

Hence Vw € H;ldf/ %(Q, L) for w € H=1/2=1/4(%) and therefore the Dirichlet trace
as well as the Neumann trace of the single layer potential are well defined. In order to
show the jump relations we proceed as follows. Let By C R™ be a ball with radius
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R > 0, such that Q C Bpg and set Q¢ := Bg \ Q. Moreover Q¢ := Q¢ x (0,T). As
before we obtain the continuity of the mapping

Vi H VAV 5 HG Q0 ).

Thus, the Dirichlet and Neumann traces are defined from both sides of X. Let §*
and v{*' denote the exterior Dirichlet trace operator and the exterior Neumann trace
operator, respectively. Then the jumps on X are defined as

[ou] = ¥ u — vy,
i, (4.16)
] =97 u — 4"

Theorem 4.9. The single layer potential Vw satisfies the jump relations
[’yof/w} =0, {71‘710} =—w, forallwe H_1/2’_1/4(Z).
Proof. Forw € H™'/271/4(2) we have u := Vw € H1 1/Z(BR x (0,T)) and there-

fore ’ymtu = 7§*u. Moreover we have [ad; — AzJu = 0 on Q U Q°. By using Green’s
second formula (3.6) with a test function ¢ € C§°(Bgr x (0,7")) we obtain

—(u, [—ady — A0} 12(g) = (10" u, V™M 0)x — (W, %6 @)z,
—(u, [=ad = Ag]p) r2(0e) = — (6" w, Y P)s + (V7 U, 5 )z

int ext int ext

Adding both equations and using 5" = 75" ¢ as well as "o = 77" ¢ yields
—(u, [~y — A] @) 12 (B o)) = — (o], i™e)x + ([r1ul, 76" e)s.
Since [you] = 0 we conclude
— (u, [~ad; — AJ@) r2(Brx (o)) = (Ul 6" @)s. (4.17)
From the representation (4.14) of the single layer potential V follows that
[ad;, — A JVw = [ad, — A Avhw = ~hw
holds in B x (0,T) in the distributional sense. Hence, we obtain
(u, [0 — Agl) 12(Brx(0.1) = ([0 — Az]u, ©) Brx(o,r)
= ([adh — A]VW, ) (o)
= (10w, ) Bpx(0.r) = (W, 70"z
Combined with we get
(V)20 = —(w,75"¢)s.

The assertion follows since 7"CS°(Bg x (0,T)) is dense in H'/21/4(x). O
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int

The continuity of V and 7y imply, that the single layer boundary integral operator
V=o'V HOVATVA(E) — HY2A(E) (4.18)
is linear and bounded, i.e. there exists a positive constant c;/ > 0 such that

||V’LUHH1/2,1/4(Z) < C¥ ||w||H7|/z,7|/4(2) forall w € H_l/z’_l/4(2). (4.19)

4.5 Adjoint double layer potential
The adjoint double layer potential K’w with density w € H~/2~1/4(X) is defined as

1/ .~ -
K'w:= 3 (’y}me + vati) .

Due to the boundedness of the single layer operator V and the Neumann trace operators
the operator K’ : H~'/2~1/4(£) — H~1/2~1/4(X) is bounded as well. For w regular
enough we have the representation

(K'w)(z,t) = 1/0 /raan*(x—y,t—T)w(y,T)dsydT

(67

for (z,t) € Zand I" smooth in z € T.

4.6 Double layer potential
We introduce the double layer potential with density v € L'(X) as

1
o

t
(Wo)(x,t) := / /GnyU*(x—y,t—T)v(y,T)dsydT for (x,t) € Dr. (4.20)
0Jr

The fundamental solution U*(z — -, ¢ — -) is smooth on X for (x,¢) € Dr and hence
the double layer potential potential is well defined for v € L!(X).

Theorem 4.10. For v € L'(X) the double layer potential Wv satisfies the homoge-
neous heat equation, i.e.

(@8 — Ay | (Wo)(z,t) =0 forall (z,t) € Dr.

Proof. For (x,t) € Dr there exists a compact neighbourhood O of (z,t) such that
O C Dr and hence dist(O, X) > 0. Therefore the restriction of 0, U*(x —y,t — s) to
(x,t) € O and (y, s) € X is bounded and differentiable on O for (y, s) € X. Moreover
On,U* is integrable over X for (2,¢) € O. Hence we can apply the Leibniz integral
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rule and additionally interchange the operators ad; — A, and 0, under the integral
sign to get

1 t
[a@t — A;v] (Wo)(z,t) == / /8ny [a@t — Aac] U(x —y,t — 7)v(y, 7)ds, dr
0 Jr
+ ;l_% 1_3nyU*(30 —y,e)v(y,t —€)dsy.

We then use [ad; — A ]JU*(xz — y,t — 7) = 0 for (x,t) € Dr and (y,7) € X and the
dominated convergence theorem to conclude

[0y — A[(Wv)(x,t) = lim [ 0,,U*(x —y,e)v(y,t —¢)ds, = 0.
e—0 T
i

As in the case of the single layer potential V the representation (.20) is only valid
for v € L'(X), and again, we can extend the domain of the double layer operator W/
by using the properties of convolution operator A. For v € H 1/2.1/ 4(2) we have the
representation Wov = Avjv. Here /v is the distribution defined by

(v, 9) = (v,7"p)s forall p € CF(R" x R).
The proof of the continuity of the operator
W H2V4(s) - H2(Q)

follows the lines of [5, Proposition 3.3]. We conclude, that there exists a positive
constant 02 > 0 such that

”WUHH_‘O"/Z(Q) <V 0]l g1/2.1/4(5)  forallv € H'/214(x).
The double layer potential Wov forv € H 1721/ 4(2) is a solution of the homogeneous
heat equation on Dr, i.e. we have

[0y — Az]Wv =0 onDr.

Hence Wv € H1 1/2(Q L) for v € HY*!/4(L) and therefore the traces are well
defined. Analogously as in the case of the single layer potential, see Section 4.4 we
can define the interior and exterior Dirichlet and Neumann traces of WWov and obtain
the following jump relations.

Theorem 4.11. The double layer potential W satisfies the jump relations

oWo] =v, [mWov]=0, forallve HY/>/4x).
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Proof. For v € HY?V/4(X) we define u := Wv € H1 1/Z(BB x (0,T)), hence
[0y — Azlu = 0 on Q U Q°. By using Green’s second formula (3.6) with ¢ €
C°(Br % [0,T)) we get

—(u, [~a0 — Axl®) 12(Brx (0,1 = —([oul, Me)s + (mul, 26" e)s.
From the definition of the double layer potential W follows that
[@0; — A]Wv = yjv
holds in Bg x (0,T') in the distributional sense. Hence, we obtain
(u, [ady — Aglp >L2(BR><(O T)) = = ([@d — Aglu, ‘P>BR><(0,T)
= ([adr — Ag]Wv, 0) B x(0,1)
= (N0 @) Bax 1) = (01" P)x-

and conclude

(Wl 75" e)z = (oWl — v, 1" e)s. @.21)
Remark then implies, that each side in (.21)) has to be zero, i.e. [y;Wv] = 0 and
[YoWwv] = v. ]

The double layer boundary integral operator K for v € H'/%1/4(%) is defined as
1
Kv:= - 5 (W W + A W) . (4.22)

Due to the boundedness of the double layer potential W and the Dirichlet trace opera-
tors, the operator K : H'/21/4(2) — H'/21/4(%) is bounded as well, i.e. there exists
a positive constant cﬁf > 0 such that

1K 12785y < 5 0llgpiaagy  forall v e HYZVA(T), (4.23)

4.7 Hypersingular operator
The hypersingular operator D defined as

D = 7’)/%mW . H1/271/4(Z) N H71/2,71/4(2)
is linear and bounded satisfying

1DV g-1/2,-174(5) < ey vl g1/2.1/4(x)  forallv e H'/24(3) (4.24)

with some positive constant c? > 0. If the density v is smooth enough, we have the
representation

(Dv)(x,t) / / AU (2 — gyt — Yoy, 7) s, dr
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for (x,t) € £. When assuming that the boundary T, for n = 2, 3, is piecewise smooth
we can derive an alternative representation of the bilinear form which is induced by
the hypersingular boundary integral operator D, i.e.

1 . .
(Du,v)y = —— / v(z, )" / YU (x =y, t — T)u(y, 7) ds, d7 ds, dt.
o Jy T

In this case the bilinear form can be written by means of the single layer boundary
integral operator V', i.e. we have weakly singular representations. For n = 2, see, e.g.
[15) Theorem 6.1], we obtain

1
(Du,w)y = — / curlpv(x, t) / U*(x —y,t — 7)curlp u(y, 7) ds, d7 ds, dt
@ Jx b

1

- /nT(:v) v(z,t) / 0 U (x —y,t — 7)n(y) u(y, 7) ds, d7 ds, dt,
b> x

where
curlpv(z, t) := ny () =—wv(z,t) — na(z)=—wv(z,t) for (z,t) €X
r 9 . 1 9.’E2 9 2 9$] ) ’ N

Whereas for n = 3 we have the representation [27, Theorem 2.1]

1
(Du,v)y = - /ZcurllT-v(x,t) /2 U*(x —y,t — 7)curlp u(y, 7) ds, dr ds, dt

1

- /nT(x) v(x,t) / 0 U (x —y,t — 7)n(y) u(y, 7) ds, d7 ds, dt,
b> x

with curlpv(z,t) := n(x) x Vyvu(z,t) for (z,t) € X.

S Boundary integral equations

In the following section we introduce the Calderén projection operator and deduce
related properties of the boundary integral operators, including the definition of the
Steklov-Poincaré operator in Subsection [5.1] In Subsection [5.2] we discuss the unique
solvability of the model problem by means of analyzing related boundary integral
equations.

The solution u € H"!'/2(Q) of problem (T.I) with initial datum ug € L?(Q) and
source term f € L*(Q) is given by the representation formula

u = (VA™u) — (WAiu) + (Moug) + (Nof) in Q. (5.1)

By applying the Dirichlet trace operator to (5.1)) and recalling the jump relations of the
heat potentials we obtain the first boundary integral equation

. . 1. .
W =(Voitu) + ol — (Koff'u) + (Mowg) + (Nof) onZ.  (52)
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The application of the Neumann trace operator to (5.1) yields the second boundary
integral equation

. 1. . .
I =29+ (K9 P) + (Do) + (Miug) + (Nif) onZ. 53)

Together these equations lead to the so-called Calderén system of boundary integral
equations. We have

Y\ (3 I-K V Tty L (Mouo\ | (Nof
yitu )\ D A+ K \ it Myug Nif) 54

=:C

The operator C is called the Calderén projection operator.

Lemma 5.1. C is a projection, i.e. C = C*.

Proof. Let (¢, p) € H*%’*%(E) X H%’%(E) Then the function
U= ‘~/¢ —Wep

is a solution of the homogeneous heat equation. By applying the trace operators we
get the boundary integral equations

. 1
YW=Vt (21 - K> @,
. (5.5)
My = (21 + K’) ¥+ De.

Additionally « is a solution of the homogeneous heat equation with Cauchy data
¥o'u, v"w and inital condition ug = 0, i.e. we have

W\ _ (i I-K V Yty
'yilmu D %I + K’ ’yilmu .

Inserting (5.3)) yields
II-K V I-K 2
2 - VY _ (21— v LAY
D JI+K')\¢ D JI+K') \¢
Since the functions v, ¢ were arbitrarily chosen we conclude C = C?. O

As a consequence of the projection property of the Calderén operator C we obtain the
following relations.
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Corollary 5.2. The boundary integral operators satisfy
1 1
VD=|-I+K)||Z]I-K
(37+#) (7-%),
DV = lI + K’ lI K’
S \2 2 ’

VK = KV,
K'D = DK.
Proof. Follows from C = C. O

Now we state the main theorem of this section.

Theorem 5.3. The operator

A H1/2’1/4(Z) « H—l/2,—1/4(2) N H1/2’1/4(Z) % H_1/2’_1/4(Z)

A (—K v>
D K

is an isomorphism and there exists a constant c¢; > 0 such that

(G Vi =K\ (¥ 2 2
<<‘P> ’ (K/ D ) (90) >Z><Z =a (||¢||H71/2’71/4(2) - HC'O”HI/Z’W(Z))

forall (¢, ) € H-V/2=1/4(x) x H'/>/4(%).

defined as

Proof. Follows the lines of [5, Corollary 3.10, Theorem 3.11]. O

The ellipticity of the operator in Theorem [5.3|then immediately implies the ellipticity
of the single layer boundary integral operator V' and the hypersingular operator D.

Lemma 5.4. The single layer boundary integral operator V defines an isomorphism
and there exists a positive constant c¢] > 0 such that

<Vw, w>z > CY ||’w||%[71/2,71/4(2) fOV all w € H71/2’71/4(2).
Proof. Follows from Theorem[5.3| with ¢ = 0. |

Lemma 5.5. The hypersingular operator D defines an isomorphism and there exists a
positive constant cf) > 0 such that

(Dv,v)s > cP ||UH%11/2,1/4(2) forallv e HY/>/4(x).

Proof. Follows from Theorem [5.3| with ¢) = 0. |
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5.1 Steklov-Poincaré operator

We consider the system of boundary integral equations with source term f = 0 and
with homogeneous initial conditions, i.e. ug = 0. Hence

’y(i)mu _ %I - K \% fy(i)mu
Wi]mu D %I + K’ ﬂ“tu .

Using the first integral equation we can define the Dirichlet to Neumann map

. 1 .
Wou=v"" <21 + K) 70" - (5.6)
The operator
1
S :=y! (21 + K) cH Y2V (x) g2 A (5.7)

is called Steklov-Poincaré operator for the heat equation. When inserting (5.6) into the
second boundary integral equation we obtain

. 1 1 .
e = [D + <2I—|— K’> v <ZI—|— K)} o .

Hence we get a symmetric representation of the Steklov-Poincaré operator,

S=D-+ GI + K’> v! (;I + K) . (5.8)

Due to the boundedness of the operators K, K/, D and V! the operator S is bounded
as well.

Lemma 5.6. The Steklov-Poincaré operator S is elliptic, i.e. there exists a positive
constant c*l9 > 0 such that

(Sv,0)x > S [oll3000g) forallve HH(Z).

Proof. Forv € H'/>1/4(Z) we define ¢ := V! (3I+K)v € H~'/2=1/4(%) and
get

()G ) C
v (o)) + (ocv () oe )

v, (11 + K/) 7 <11 + K> v+ Dv>
2 2 s

The assertion now follows with Theorem [3.3] O
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5.2 Initial Dirichlet boundary value problem

We consider the initial Dirichlet boundary value problem (I.1) with source term f €
L*(Q), boundary datum g € H'/>!/4(X), and initial datum uo € L?(). The solution
is given by the representation formula

u = (Vy"u) — (Wg) + (Moug) + (Nof) inQ.

It remains to determine the unknown conormal derivative vi"u € H~!/%~1/4(X). This
can be done, e.g., by using the first boundary integral equation in (5.4). We have to
find vy € H~1/2~1/4(%) such that

- 1
VAyitu = <21 + K) g — Myug — Nof onX.
The corresponding variational formulation is to find Vilmu e H-1/2=1 4(2) such that
- 1
<V’y}mu7 T>Z = < <2I + K) g — M()U() - Nof, T> (59)

z

forall T € H-1/2=1/ 4(%). Since the boundary integral operators K, My, Ny and V'
are bounded and V is elliptic, there exists a unique solution ’yilmu e H-'/2=V 4(x)

according to the Lemma of Lax-Milgram. The solution ’yilmu then satisfies

. 1
[ ul| r-1/2-170(5) < &

1
(21+K> g — M()u() — Nof

‘H1/2,1/4(Z)

1 /. M, N,
< & (Cgv 9l g121a05) + & Mluoll o) + €3 ”f|[H;l,2>l/2<Q)]/> :

Another approach is using an indirect formulation with the single layer potential V.A
solution of the heat equation with source term f and initial condition uy is given by

u= (Vw) + (Mouo) + (Nof) inQ (5.10)

with an unknown density w € H~'/2~1/4(L) to be determined. By applying the
Dirichlet trace operator to (5.10) we obtain

g = (Vw) 4+ (Moug) + (Nof) onZ. (5.11)
Thus, we have to find w € H~'/%~1/4(X) such that
Vw =g — Moug — Nof onZX.
The corresponding variational formulation is to find w € H~'/%~1/4(X) such that

(Vw, )z = (g — Myug — Nof,7)y forallT € H~'/>~1/4(x). (5.12)
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As in the case of the direct formulation with the first boundary integral equation the
unique solvability follows with the Lemma of Lax-Milgram.

In this paper we only consider the Dirichlet boundary value problem. The analysis
of the Neumann boundary value problem will be addressed in future work, see, e.g.,
[6]. In this case one can, e.g., use the second boundary integral equation in (5.4)) to
obtain the unknown Dirichlet trace y(i)mu of the solution u. Due to the ellipticity of the
hypersingular operator D, the second boundary integral equation is uniquely solvable
as well. Another approach would be an indirect formulation with the double layer
potential W.

6 Space-time discretization

In this section we discuss two different space-time discretization techniques in order
to compute an approximation of the unknown Neumann datum J,u s and derive re-
lated approximation properties. The first one is the so-called tensor product approach,
where we consider separate decompositions of the spatial boundary I" and the time
interval (0, T') and use space-time tensor product spaces to compute an approximation
of Jpu)x. The second one is using boundary element spaces which are defined with re-
spect to a shape-regular triangulation of the whole space-time boundary £ = I'x (0, T")
into boundary elements, allowing us to apply adaptive refinement in space and time si-
multaneously while maintaining the regularity of the boundary element mesh.

We assume, for n = 2, 3, that the spatial Lipschitz boundary I' = 9Q is piecewise
smooth, thus I’ = szl [. With %, := T x (0,7), j = 1,...,J, we then obtain
r = sz 1 fj. For the Galerkin boundary element discretization of the variational
formulations (5.9) or (5.12), we consider a family {X } ; of decompositions X :=
{Ug}é\[: | of the space—time boundary X into boundary elements oy, i.e. we have

T=|]&. (6.1)

C=

I
—_

4

6.1 One-dimensional problem

In the spatially one-dimensional case we have I' = {a, b} assuming Q = (a,b), in-
ducing that ¥ = X, U X with £, = {a} x (0,7) and X, = {b} x (0,7). Hence
the boundary elements o, are line segments in temporal dimension with fixed spatial
coordinate x; € {a,b} as shown in Figure[l]

Remark 6.1. In the one-dimensional case the spatial component of the space—time
boundary X collapses to the points {a, b}, assuming Q = (a, b), and therefore we can
identify the anisotropic Sobolev spaces H™*(X) with the isotropic version H*(X).
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Let (¢, tg,) and (x4, te,) be the nodes of the boundary element 0. The local mesh size
is then given as hy := |t;, — t,| while h := max,—; _n h is the global mesh size.
The family {Zx} v is said to be globally quasi-uniform, if there exists a constant
cc > 1 independet of X such that

<cg
hmin

T
- & - - — — — — — — — '7
- b Qx(0,T) ® |
- & - - — — — — .7

! \

X

Figure 1: Sample BE mesh. We consider an arbitrary decomposition of the space—time
boundary ¥. Note that there is no time-stepping scheme involved.

For the approximation of the unknown Neumann datum w = ’yilmu e H™/ 4(Z) we

consider the space 52(2) = span {@2}2\;1 of piecewise constant basis functions apg,
which is defined with respect to the decomposition X . According to Remark [6.1] we
can identify H™%(X) with H*(X) and hence we have the same approximation proper-
ties as in the case of standard Sobolev spaces H*(¥), see, e.g., [33l].

Approximation properties. The L? projection Qu € SY(X) of u € L*(X) is de-
fined as the unique solution of the variational problem

<Q2u,vh>Lz(Z) = (u,vp) 2y forallv, € SY(x).
The operator Q) : L*(£) — L?(X) satisfies the trivial stability estimate
HQ?LUHLZ(z) < lullpeyy forallu e L*(2).
Next we summarize some error estimates for the L? projection Q%u.

Theorem 6.2 ([33, Theorem 10.2]). Let u € H*(X) with s € [0, 1] and Q%u € SP(X)
be the L? projection of u. Then there holds the error estimate

[Ju— Q(f)LUHLZ(z) < ch®lul s (z)-
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Lemma 6.3 ([33| Corollary 10.3]). Ler v € H*(X) with s € [0,1]. For o € [—1,0]
there holds the error estimate

[ — Qg“”ﬁa(z) < ch*ulgs ).

Lemma 6.4 (|33 Lemma 10.10]). Assume that the boundary decomposition Xy is
globally quasi-uniform. For o € [—1,0] there holds the inverse inequality

170l ey < b Imnll gy forall mh € Sp(E).

6.2 Two- and three-dimensional problems

We consider two different decomposition approaches. The first one is a separate de-
composition of the spatial boundary I' = JQ and the time interval (0,7’), also dis-
cussed in, e.g., [15, 25/ [29]. In this case we use space-time tensor product spaces to
discretize the variational formulations (53.9) or (5.12). We derive error estimates sim-
ply by combining approximation properties of the spatial and temporal discretizations.
The second approach is considering an arbitrary triangulation of the full space-time
boundary X =T x (0, T) into boundary elements.

Space-time tensor product decompositions

Let {I'n, } y, ey be a family of admissible decompositions I'y, := {m} of the
boundary I" into boundary elements -y, i.e. we have

Ng
r=J7. (6.2)
(=1

We assume that there are no curved elements and that there is no approximation of the
boundary I'. The boundary elements -y, are line segments for n = 2 and plane triangles
for n = 3. For each boundary element -y, there exists j € {1, ..., .J} such that vy, C T';.
The boundary elements -, can be described as vy = x¢(7y), where ~ is some reference
element in R”~!. For each boundary element ~, we define its volume

Ag 22/ de,
Ve

and its local mesh size
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Moreover we define the diameter of the element , as
deg = sup |z —yl.
Y€V
The family {I'w, } 5y of decompositions is said to be globally quasi-uniform, if there
exists a constant cg , > 1 independent of I'yy, such that

We assume that the boundary elements ~, are shape regular, i.e. there exists a constant
cp independent of I' i, such that

doy < cphy, foralll =1,.., N,.

Moreover we consider a family {/y, } v,y of decompositions I, := {7}, of the
time interval I = (0, T") into line segments 7, i.e. we have

Nt
I=00,7]=J7%. (6.3)
k=1

The local mesh size of an element 7, = (t,,tx,) is then given by hy; := ty, — ty,,
whereas the global mesh size is defined as h; := maxg_i . n, hi¢. Again, the family
{In,} N,en Of decompositions is said to be globally quasi-uniform, if there exists a
constant cg; > 1 independent of Iy, such that

ht,max
- < cgp-
t,min

The set By := {oy}1-, of the boundary elements o in (6.1) is then given by
By :={oc=mx7,i€{l,...N},j€{l,...,N}}.

These space-time boundary elements are rectangles for n = 2 and triangular prisms
for n = 3. A sample decomposition of the space-time boundary of Q@ = (0, 1)3 is
shown in Figure 2] (a).

Since the normal derivative of u on X could be discontinuous depending on the spa-
tial boundary I it is reasonable to approximate the conormal derivative w = yilmu by
discontinuous functions. Thus, we use the space of piecewise constant basis functions
for the approximation of w. Let Sg(] ) := span {g@?}f\fl be the space of piecewise
constant basis functions on (0,7") corresponding to the temporal decomposition Iy,

and let 52(1“) := span {Zﬂ?}f\;ll be the space of piecewise constant basis functions
on I, which is defined with respect to the spatial decomposition I'y;,. The boundary

element space is then given as
0,0 .
Spop(E) = 8) () @ Sy, (1). (6.4)

Due to the structure of the decomposition we can combine the approximation proper-
ties in spatial and temporal dimension in order to derive the approximation properties
of the boundary element space 52;0 he (%).
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(a) Tensor product decomposition (b) Triangulation

Figure 2: Sample space-time boundary decompositions of ) = (0, 1)3.

Approximation properties. The L? projection Q;,u € 5'21 (T) of u € L*() is
defined as the unique solution of the variational problem

(Qnyus vn) r2(ry = (W, vp) 2y forall vy € Sy (). (6.5)

Analogously the L? projection Q,u € S,Olt (I) of u € L?(0,T) is defined as the unique
solution of the variational problem

(Qny,vn) r2ery = (u,vp) 2y forall v, € Sp, (1) (6.6)

The L? projection operator Qp,, 5, : L*(X) — 52;0 ne (E) with Qp, p,u € S,(i’zo he (Z)
defined as the unique solution of the variational problem

(Qny hots V) 2(x) = (U, vn) [2x)  forall vy, € S,‘if,ht (%), (6.7)
has the representation Qp, », = Q3 Q7. , where for u € L*(X)
(@5, w)(@,t) = (Qn,u(- 1)) (),
(@Qr,u)(2,1) = (Qnul(z,))(t).

Hence we can use the well known approximation properties of the operators @)y, and
Qp, to derive estimates for the L? projection Qp, p,u, see, e.g. [5,29].

Theorem 6.5. Let u € H™*(X) for some r,s € [0,1] and let Qp, p,u € S, (Z) be
the L? projection of u. Then there hold the error estimates

[ = Qg hetll 2wy < Nlull oy s

ot = Qo 2y < € B+ 1) gy -
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Lemma 6.6. Let v € H™*(X) for some r,s € [0,1]. For o,p € [0, 1] there holds the
error estimate

ot = Qg ooy < € (S A B (1) [l gy

Lemma 6.7 (Global inverse inequality). Assume that the decompositions I, and I,
are globally quasi-uniform. For r € [0, 1) there holds the global inverse inequality

Il < e (B + 0 ) Wl gooney foralim € S50, (2).

Proof. Let 1, € 52’:) n(X)and 0 < r < % By applying the inverse inequality in
spatial and temporal direction we get

T
2
A L C [ A ey (LIS A

T
<ehi” [l oy s+ ek [ Ime 0l d
<e(hy? +0") [nllfam
Applying this estimate yields
17l 72y = (oo ) 128) < W70l rrrzgey 1Tl g vnggy
¢ (B + 1) Imnll ey 17l gy
and we conclude
[17nll 2y < € (h;?” + ht—r/Z) ||Th||f[*7‘x*”‘/2(2) forall 7, € Sh hz( )
It remains to prove the estimate for € [1, 1). For 7, € 52’2 n, (£) we have
17l oy < € (h;r/z " h;r/zt) [ a—— (6.8)
By using interpolation results, see, e.g., [21}22], we get

2
102y < €Ml 2y 170l v =2
— —r/4
< e (0 BN Wl g ossgey Il sy

and together with (6.8) we conclude

— —r/2
Il < e (B + 02 Wil ooiney forall my € S7°), (5).
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For a shape regular boundary element mesh, i.e. hj ; ~ hy ¢, the global mesh size is
given by h := maxy—;,__n hy where hy := |ag|1/" is the local mesh size. We define
2’0 = Qg’% and 52’0(2) = 52’%(2) and we obtain the following estimates.

Corollary 6.8. Assume that X is a shape regular boundary element mesh, and let
u € H"*(X) for some r,s € [0, 1]. For o, ju € [0, 1] there holds the error estimate

0,0
u

- min (r,s)-+min (o,
Hu h <ch

)
[P— )

Proof. Follows by applying Lemma [6.6| with hy ~ hy. ]

Corollary 6.9. Assume that ¥y is a shape regular and globally quasi-uniform bound-
ary element mesh. Forr € [0, 1) there holds the inverse inequality

||7'h||L2(Z) <ch™" ||7'h||§,m,r/2(z> forall T, € 52’0(2).

Proof. Follows by applying Lemma[6.7| with hy ~ hy. ]

Triangulation of 3

Let {Xn} ycn be a family of admissible triangulations of X into boundary elements oy
given by (6.1). Again we assume that there are no curved elements and that there is
no approximation of the space-time boundary X. For each boundary element o, there
exists exactly one j € {1, ..., J} such that 5, C £;. The boundary elements o, can be
described as oy = x¢(o), where o is some reference element in R™. The elements o,
are plane triangles for n = 2 and tetrahedra for n = 3. For each boundary element oy

we define its volume
Ay = / ds, dt
oy

and its local mesh size hy := Aé/ ", The global mesh size is then given by h :=
maxy— . n he. The family {ZN}NGN of decompositions is said to be globally quasi-
uniform, if there exists a constant c; > 1 independent of X such that

hmax

< cg.
hmin

We consider shape regular boundary elements only, i.e. there exists a constant cp
independent of the boundary decomposition X such that

dy <cphy forl=1,...N (6.9)
with diameter d; given by

dii= sup  |(@t) = (w,s)].
(:t,t),(y,s)ew
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A sample triangulation of the boundary X of the space-time domain Q@ = (0, 1)? is
shown in Figure 2] (b).
For the approximation of the conormal derivative w = 'yilmu we consider the space

of piecewise constant basis functions Sg (X) := span {902} +—1» Which is defined with
respect to the decomposition X .

Approximation properties. The L? projection Qnu € SY(X) of u € L*(X) is de-
fined as the unique solution of the variational problem

(Qnu,vn)r2(x) = (U, vp) oz forall vy € SY(x). (6.10)

By using Lemma[2.T|and the well known approximation properties in standard Sobolev
spaces, e.g., [33], we immediately obtain the following results.

Theorem 6.10. Let w € H™*(X) for some 1, s € [0, 1], and let Qu € S)(X) be the L?
projection of u. Then there hold the error estimates

lu = Qnull o) < llull s
lu — Qnull 2z < cpmin(rs) [ull grrs (z) -
Proof. Firstletu € L*(X). By using
(u — Qnu,vp) oy =0 forall vy, € SY(x)
we obtain
lu = Quullfamy = (u— Qnut,u — Quu) () = (u — Quu, u) r2(x)
< lu-— QhUHLZ(z) HUHL2(>:)

and we conclude the first error estimate. For u € H™*(X) for some r, s € [0, 1] and
m = min (r, s) we argue as follows. Analogously to [33] Theorem 10.2] we get

[ = Qnull gy < ¢h™ |ull pm(s) -
According to Lemma 2.1 we have H™*(X) < H™(X) and we therefore conclude
lu = Qnull sy < ch™ |lull grs(x) -
a

Lemma 6.11. Ler w € H™*(X) for some r,s € [0,1] and o, € [0,1]. Then there
holds the error estimate

= Quttll o, gy < ™ OITIE ]| g
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Proof. Letu € H™*(¥). Using (6.10) this yields

<u - Qh'lh ’U>):
|u — QhUHﬁ—a,w(z) = sup
0Ave Hoo1(X) ||U||Ha,u(z)

_ (u— Qpu,v — Qpu)s
= sup .
0AvEHTH(X) H”HHU,M():)

By applying the Cauchy-Schwarz inequality and Theorem[6.10| we obtain

[v = Qnvll 2y

lu — Qnull - ~n(x) < lu— hUHLZ(z) sup
0£veHo -1 (X) [v]] Hown(x)
< Chmm(rs)hmm HuHHfb 5) -

O

Since we consider shape regular boundary elements the following inverse inequality
holds.

Lemma 6.12 (Global inverse inequality). For a globally quasi-uniform boundary de-
composition X and for o, u € [0, 1] there holds

17l 2y < ch™ ™ | o gy Sorall 7 € Sp(E). (6.11)

Proof. Let 7, € S)(X) and o, pu € [0, 1]. Application of the standard inverse inequal-
ity, see, e.g., [33 Section 10.2], yields

Ilzage) < €h™ ™ ) lral oy - 6.12)

Since H™*(@1)(L) — HOH(L), see Lemma we obtain

<Tha >
Il oy = sup R
overrmasto) (5) [0l] s o0 (5) 6.13)
<7_h7 'U>Z _ '
<c sup T =¢C HThHﬁ—a,—u(z) )
0£vEH 1 () ”vHHUaH(Z)

and the assertion follows from combining (6.12)) and (6.13). o

Remark 6.13. For 7 = 1/2 and s = 1/4 we have H~'/271/4(x) = H~1/2-1/4(x)
and therefore we obtain

7all ey < ch™ 2 Imnllgg-1/2-1ysgy  forall m, € SP(Z).
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7 Boundary element methods

In this section we discretize the variational formulation (5.9) by using the previously
introduced boundary element spaces and we derive a priori error estimates for the
Galerkin approximation of the Neumann datum w = *yilmu, see Subsection The
numerical analyis of the discretized indirect formulation (5.12)) follows exactly the
same path. In Subsection [7.2] we prove error estimates for the related approximation
of the solution u in the space-time domain Q).

For the discretization of the variational formulation (5.9) we consider the space of

piecewise constant basis functions X} € {52’0(2), S9 (Z)} defined with respect to a

shape regular boundary element mesh X . The Galerkin-Bubnov variational formula-
tion of (5.9) is to find wy, € X}, such that

1
(Vwp, )y = <(§I + K)g — Moug — Nof, )y forall 7, € Xj. (7.1)

Due to the ellipticity of the single layer boundary integral operator V' and the bound-
edness of the integral operators, problem (7.1)) admits a unique solution.

Note that we only consider shape regular boundary element meshes X, both for
an arbitrary triangulation of X as well as for a tensor product decomposition, since we
want to compare the theoretical and practical results of the two discretization tech-
niques. Hence, for the tensor product approach we choose h; ~ h,. A priori error

estimates and numerical experiments for a different refinement strategy, e.g. hy ~ h2,
can be found in [5, 29].

7.1 Error estimates

Since the operator V is elliptic and bounded we can apply Cea’s lemma to conclude
quasi-optimality of the Galerkin approximation wy € Xy, i.e. we have
<% g

lw = wpll g-1/2-1/a(5) < o lw = Tall 172135
where w € H~'/271/4(%) is the unique solution of the variational problem (5.9).
Hence we can use the approximation properties of the boundary element space X},
to derive error estimates for the solution wy, of (7.I). Recall that I" is assumed to be
piecewise smooth, i.e. we have the representation ¥ = U;-Izl i withZ; =T;x(0,7).
Due to the local definition of the trial space X}, and by applying Lemma[2.6) we obtain

|lw — w| < ! ZJ: inf Hw TjH (7.2)

RIHTATAE) = cof o1 e Xy, o A2 (E) .
Note that all the approximation properties shown in the previous section also hold for
an open part ¥; C X of the space-time boundary X, i.e. we can replace the space
H™5(X) with the larger space Hpy (£) and we still get the same error estimates in the
appropriate norms.
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One-dimensional problem

Recall that in the one-dimensional case we can identify the Sobolev spaces H"*(X)
with H*(X).

Theorem 7.1. Let wy, € 52(2) be the unique solution of the Galerkin variational
problem (.1). For w € Hp, (X) with s € [0, 1] there holds the error estimate

[lw — whHH—1/4(z) < Chs+1/4|w|H;w(z)~
Proof. Follows by applying Lemma[6.3]in (7.2). |

Moreover we can derive an error estimate in the L?(X)-norm, assuming that the family
of boundary decompositions {Xx} v is globally quasi-uniform.

Theorem 7.2. Let wy, € Sg () be the unique solution of the Galerkin variational

problem (T.1). For w € Hp, (X) with s € [0, 1] there holds

[lw— U’h”LZ():) < Chs|w\H;w(>:)'
Proof. The assertion follows by using the triangle inequality
0 0
||’LU - whHLz(Z) < ||w - QthLZ(Z)] + HQhw - whHLz(Z) 5

and by applying Lemma|6.2] Lemma [6.4]and Theorem ]

Two- and three-dimensional problem

Theorem 7.3. Let wy, € X}, be the unique solution of the Galerkin-Bubnov variational
formulation (TJ). For w € Hp,' (X) for some r, s € [0, 1] there holds

lw = w1210y < RPN OI fa| r5y
Proof. The assertion follows by applying Corollary if Xp, = 52’0(2), and Lemma

6.11]if X), = SY(X) in (7-2). o

Theorem 7.4. Assume that the boundary decomposition X is globally quasi-uniform.
Let wy, € X}y, be the unique solution of the Galerkin-Bubnov variational problem (1.1).
Forw € Hpy, (%) for some r,s € [1/4,1] there holds

lw = wil oy < B™ T ] s -
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Proof. By using the triangle inequality, Theorem [6.3] and Corollary for X; =
0,0 0 .
S, (X), and Theorem and Remark for X, = S} (X) respectively. In both

cases we get
lw = whll a5y < llw = Quwll o) + [Qrw — whll 25
< R || sy + BTV Qnw — w121y
Here Qy, is either the L? projection onto 52’0(2), or onto SY(X). The assertion follows
with

[Qrw — wh||H*1/2ﬁl/4():) < [ @Qnw — w||H71/2,71/4(z) + [Jw — wh||H71/2,71/4(>:) )

Theorem Corollary for X, = S%O(E) and Lemma m for X;, = SY(%),

respectively. a

Hence we can prove the same convergence rates for X, = 52’0(2) and X, = S)(X)
of the Galerkin approximation wy, in the energy norm as well as in the L?(Z)-norm,
assuming that the boundary element mesh X is shape regular. However, the numerical
results in Section [8|show that the L?(X)-error estimate is not optimal.

7.2 Domain error estimates

Let wy, € X}, be the unique solution of the Galerkin variational problem (7.I)). We
obtain an approximate solution of the initial Dirichlet boundary value problem (1.1}
in @ by using the representation formula (3.1)) with the approximation wy, i.e for
(z,t) € Q we have

iz, t) = (Vwp)(z,t) — (Wg)(z,t) + (Mouo)(z,t) + (Nof)(x, t). (7.3)
For the related error we obtain for (z,t) € Q
[ue,t) = a, )] = |(V(w = wn))(z,)

1
o

/ZU*(JJ —y,t —7)(w —wy)(y, ) ds, dr|.

Since (z,t) € Q and (y, 7) € X, the fundamental solution U*(x — y, ¢ — 7) is smooth
and we therefore conclude U*(z — -, t — -) € H~%~9/2(%) for any o € R. Hence,

B 1
fuf, ) = (e, ) < |07 =+t = N g-mar |0 = Wl oy T

Thus, in order to derive an error estimate for the pointwise error |u(z,t) — @(z,t)],
(z,t) € Q, we need an error estimate for ||w — wh||ﬁﬂ,(,/2(z) where o € R is minimal.

In the following, Qj, : L?> — X, denotes the L? projection onto the space X,.
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Theorem 7.5 (Aubin-Nitsche Trick). Let w € Hyy, (X) for somer € [—1/2,1] and s €
[—1/4, 1] be the unique solution of (53.9), and let w, € X}, be the unique solution of
the Galerkin variational problem (7.1)). Assume that the adjoint single layer operator

V* . Hom 2Ty 5 HOOTH(Y)
is continuous and bijective for some —2 < o < —1/2 and p = o /2. Then there holds
the error estimate

< ¢ jymin (r,$)+1/24min (—1—0,—1/2—p) HwHH

||w - wh”f[u,U/Z(Z) ;‘YVS(Z) :

Proof. For o < —1/2 and u = o/2 we have
_ <UJ — Wh, U>Z
lw = wnll oy = sup
0£veH—o—H1(X) HUHH—J,—u@)
By assumption, the adjoint single layer operator
VLT T 5 HO (YD)

is continuous and bijective. Hence, for v € H~%7#(X) there exists a unique z €
H-1=o-l/ 2=1(X) such that v = V*z. Therefore, and by applying the Galerkin or-
thogonality
<V(’LU — wh), Th>): =0 forall 7, € Xy,

we obtain
oo — wp - Awn Ve

- h ~o', = *—

A0 ®) 0#£z€H—1-0:=1/2=p(x) HV Z”H*"»*H(E)
Viw— —
= sup < (w *wh)vz th>2‘
0£z€H—1=0.~1/2~p(x) v Z”H*U,*M(Z)

Since V* is bijective, there exists a constant ¢ > 0, such that [11, Lemma A.40]
V2l o) = cllzllg1-o12-nigy forallz € H-'=o71/270(x),

Thus, by using the boundedness of the operator V : H~'/2=1/4(x) — HV/2/4(x)
we conclude

Hw - wth]mu(Z)

12 = Qnzllg-1/2-1/45)

<éllw-— whHH*l/zﬁlM(z) sup
0#z€H~1~o=1/2—p (%) HZHH—l—f”—l/Z—u(Z)
When considering —1 — ¢ < 1, i.e. ¢ > —2, we obtain from the approximation
properties of the operator (), the error estimate

< ¢ jpmin (—1—0o,—1/2—p)+1/4

”wfwthImu(Z) [[w *whHH—l/z,—lM(zp

and the assertion follows by applying the error estimate for the Galerkin approximation
wp, in the energy norm. O
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Now assume, that the solution w of the variational formulation is sufficiently
smooth, i.e. w € ngl (X). From estimate and by choosing o = —2 in Theorem
[7.3) we get, for (z,t) € Q, the pointwise error estimate

u(e,t) — @z, )] <E[U(x =t =)l ga(g) lw — wnll g2y,

. (7.5)
Sch ||UN @ =t = )iy Hw”Hp‘v’v'(Z) '

Let us now consider problem (3.7) with source term f = 0. To estimate the global
error |[u — @l 1,172y we proceed as follows. We first consider the Dirichlet trace of
the discretized representation formula (7.3)), i.e. we have

1
Q::th+§g—Kg.

Moreover, the first boundary integral equation in (5.4) gives

1
g=Vw+ 59— Ky,

and we therefore conclude the relation
g—9=V(w—w). (7.6)

Theorem 7.6 (Domain error estimate). Leru € H ;10’1/ 2 (Q) be the unique solution of the

. . - 1,1/2
Dirichlet boundary value problem (3.7) with source term f = 0, and let i € H;O, / (@)

be the corresponding approximation given by (1.3), where f = 0 and ug = 0. Then
there holds the error estimate

||U — a||H_l(;l/2<Q) S C ||’U} — whHH71/2,71/4(2) .

Proof. The solution u = @ + &yg € H.g’l/ 2(Q) of problem (B.7) with source term

>y

f = 0is given as the unique solution of the variational problem
_ 1,1/2
a(@,v) = —a(&og,v) forallv € Hy 'y (Q).

For the approximation @ we consider the decomposition & = @ + &§ € H ,10’1/ 2(@),
which satisfies

a(t,v) = —a(&g,v) forallv e H&’IO/Z(Q).
By subtracting the last two equations we obtain

a(@ —a,v) = a(&(§ — g),v) forallv € Hyy*(Q).
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Since 4 — 4 € Hé;’é,/ 2(Q), we can apply the stability estimate (3.T1)) to get

sup a(t — a,v)

0#veHy > (Q) ”””Hé;,‘o/ 4@

a E()(g —g),v A
= sup (|U||)> < cll&(g - 9)||H410,1/2(Q) .
orvery* @ Hy @ v

1
— |l — @ <
3 (| UHH(;;(;’/Z(Q) <

Hence, by using the triangle inequality, the Poincaré inequality and the boundedness
of the inverse trace operator £ we obtain

”U’ - aHH;IO’YI/Z(Q) < H’l_L - ﬂHH}O’Yl/Z(Q) + ||€0(§ - g)”H;lo’,l/z(Q)
S ¢ Hﬂ - ﬁHH&’Ol,/Z(Q) + ||50(§ - g)HHi)”l/Z(Q)
S ¢ Hgo(g - g)”H:IO’,'/Z(Q) S c ||g - gHH1/2~1/4(Z) )

and the assertion follows with the relation (7.6). o

Note, that for w € H;{Vl (X) we finally conclude the error estimate

Ju < el fwl o

Hg'*(Q)

8 Numerical results

We consider the model problem @ with source term f = O, final time 7" = 1,
and with the heat capacity constant « = 10. We present examples for the one- and
two-dimensional case, and compare the tensor product decomposition with a triangu-
lation of the space-time boundary X. All of the following examples refer to a shape
regular boundary decomposition. The Galerkin boundary element discretization of
the variational formulation (5.9) is done by using piecewise constant basis functions
X}, = span {4,04}?7: |- The resulting system of linear equations V,w = f with

1
Vall. k] = Vi, po)z, - fUl] = (51 + K)g — Mouo, pe)x for b,k =1,..., N,

is solved by using the GMRES method with a relative accuracy of 10~8 as stopping
criteria.

8.1 One-dimensional problem

Let us start with the simple one-dimensional problem. We consider the spatial domain
Q = (0, 1) and homogeneous Dirichlet conditions g = 0. Recall, that the boundary
elements are line segments in temporal dimension.
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Uniform refinement. The first example corresponds to the initial datum
up(z) =sin 2mz) forz € Q = (0,1)

and a globally uniform boundary element mesh of mesh size h = 2 L. Table shows
the error ||w — wp||1,(x) and the estimated order of convergence (eoc), which is linear
as expected according to Theorem([7.2] Moreover, the iteration numbers of the GMRES
method are given.

L ‘ N ‘ Hw_wh||L2(z) ‘ eoc ‘ It. ‘
5 64 7.950- 102 | 1.01 | 31
6| 128 3.959-1072 | 1.01 | 41
7
8
9

256 1.976 - 102 | 1.00 | 50
512 9.872-1073 | 1.00 | 59
1024 4.929-1073 | 1.00 | 70
10 | 2048 2.468-1073 | 1.00 | 82
11 | 4096 1.233-1073 | 1.00 | 96

Table 1: L?(X)-error and convergence rate of the Galerkin approximation wy,, and
iteration numbers of the GMRES method in the case of uniform refinement.

Adaptive refinement. For the second example we consider the initial datum
uo(x) = Sexp (—10z) sin (mx) forz € Q= (0,1)

which motivates the use of a locally quasi-uniform boundary element mesh resulting
from some adaptive refinement strategy. The Galerkin approximation wy, is shown in
Figure 3] In Figure [] the convergence history of the approximation for uniform and
adaptive refinement is given.

8.2 Two-dimensional problem

For the following numerical examples we choose Q = (0, 1)?,i.e. Q = (0, 1)3.
Uniform refinement. We consider the exact solution
t\ . ™ .
u(x,t) = exp <—> sin (ml cos o + x; sin §> for (z,t) = (x5, 12,t) € Q,
@

and determine the Dirichlet datum g and the initial datum ug accordingly. We use a
globally quasi-uniform boundary element mesh with mesh size h = ©(27%), both for
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Figure 3: Galerkin approximation wy, in the case of adaptive refinement in 1D.

the tensor product approach as well as for a triangulation of the space-time boundary
Y. Table [2| and Table [3|show the error ||w — wp| 12(x) of the Galerkin approximation
wy, as well as the pointwise error |(u — @)(z,t)| in z = (0.5,0.5), t = 0.5, and the
corresponding convergence rates (eoc). Additionally, the iteration numbers of the GM-
RES method are listed. While the convergence rate of the pointwise error is quadratic
and therefore in line with the theoretical findings (7.5)), we obtain linear convergence
of the Galerkin approximation wy, in the L?(X)-norm, which is, according to Theorem
[7.4] better than expected.

As already mentioned before, we consider shape-regular boundary elements only,
i.e. in case of the tensor product approach we choose h, ~ h;. Although the rela-
tion hy ~ h2 is recommended in order to obtain optimal convergence results of the
Galerkin approximation wy, in the energy norm [5) 29]], we get linear convergence of
the approximation in the L?(X)-norm in our experiments. Note that numerical results
in [5, Section 6] indicate that the relation h; ~ hi is not necessary for an optimal
convergence rate in the L?(X)-norm.

Adaptive refinement. As a second example we consider the initial datum
wo(x1, 3) = 40exp (—10(xz1 + x2)) sin (7wx1) sin (wxy)  for (1, x2) € Q,

see Figure[5] and we use a globally quasi-uniform as well as a locally quasi-uniform tri-
angulation of the space-time boundary resulting from some adaptive refinement strat-
egy. In Figure[7|the convergence history of the approximation for uniform and adaptive
refinement is given, while the resulting boundary element mesh is shown in Figure 6]
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Figure 4: Convergence of the Galerkin approximation wy, for uniform and adaptive
refinement in 1D.

9 Conclusion and outlook

In this work we have described space-time boundary element discretizations for the
initial Dirichlet boundary value problem for the heat equation. After the derivation of
the representation formula for the solution of the model problem we summarised
the mapping properties of the heat potentials and of the resulting boundary integral
operators as well as we discussed the unique solvability of related boundary integral
equations in the setting of anisotropic Sobolev spaces. The unknown Neumann datum
Onuyy can be determined by solving a weakly singular boundary integral equation.
The ellipticity of the single layer operator ensures unique solvability of the problem.
We compared two different space-time discretization techniques in order to compute
an approximation of the Neumann datum d,us, namely a tensor-product decomposi-
tion, and an arbitrary triangulation of the space-time boundary . Both methods allow
us to parallelize the computation of the global solution of the whole space-time sys-
tem, which leads to improved parallel scalability in distributed memory systems in
contrast to, e.g., time-stepping schemes. A parallel solver for space-time boundary
element methods for the heat equation was introduced in [10]. One possible draw-
back of the tensor product approach is, that we can only apply adaptive refinement in
space and time separately. This can be resolved, e.g., by allowing hanging nodes in
the mesh, which is reasonable if the discretization of the integral equation is done by
using piecewise constant basis functions, as we did. However, an arbitrary triangula-
tion of the space-time boundary ¥ allows for adaptive refinement in space and time
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N ‘ |w—whll 1, ‘ eoc ‘ [(u — @) (x,t)] ‘ eoc ‘ It. ‘

4 2.795 - 107! - | 2.5967-1072 -2

16 1.413-107" | 098 | 5.544-1073 | 223 | 9

64 6.882-1072 | 1.04 | 9.146-107* | 2.60 | 14
256 3.353-1072 | 1.04 | 2.485-107% | 1.88 | 18
1024 1.650-1072 | 1.02 | 6.315-107 | 1.98 | 24
4096 8.172-1073 | 1.01 1.563-107° | 2.01 | 35
16384 4.066 - 1073 | 1.01 3.748 - 1076 | 2.06 | 50
65536 2.030-1073 | 1.00 | 8.468-1077 | 2.15 | 67

N 0N LR W = Ol

Table 2: Error and convergence rates of the Galerkin approximation wy, and the ap-
proximated solution 4 in the interior, and iteration numbers of the GMRES method in
the case of uniform refinement for a tensor product decomposition of X.

N | w—wyll 5 | eoe | |(w—m)(.t) | eoc| It |
16 1.588 - 10! - | 2.046-1072 -1 9
64 6.326-1072 | 1.33 | 5.395-1073 | 1.92 | 16
256 2.502-1072 | 1.34 1.337-1073 | 2.01 | 23
1024 1.084-1072 | 1.21 | 3.336-107* | 2.00 | 32
4096 5.040-1073 | 1.11 | 8.348-107° | 2.00 | 44
16384 2.447-1073 | 1.04 | 2.093-107° | 2.00 | 62
65536 1.233-1072 [ 099 | 5265-107¢| 1.99 | 85

A AW = O

Table 3: Error and convergence rates of the Galerkin approximation wy, and the ap-
proximated solution 7 in the interior, and iteration numbers of the GMRES method in
the case of uniform refinement for a triangulation of X.

simultaneously while maintaining the admissibility of the mesh. We derived a priori
error estimates for both discretization techniques and provided numerical experiments
in order to confirm the theoretical findings.

In the numerical experiments we used the exact solution in order to compute the
errors of the Galerkin approximation and for the application of adaptive refinement.
Of course, in general we do not know the exact solution. Thus, we have to establish a
posteriori error estimators for space-time boundary element methods in order to define
suitable adaptive refinement strategies. One possible approach is the method described
in [32] in case of the Laplace equation, which is based on an approximation of a second
kind Fredholm integral equation by a Neumann series in order to compute the error.
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Figure 5: Initial datum wg for the 2D problem.

Figure 6: Triangular boundary element mesh in the case of adaptive refinement in 2D.

However, this method utilizes the contraction property of the double layer potential,
which is, in the case of the heat equation, not yet proven for a general Lipschitz domain
Q. The development of a posteriori error estimators for space-time boundary element
methods for the heat equation is left for future work.

As already mentioned before, one advantage of space-time discretization methods is
the ability to use parallel iterative solution strategies for time-dependent problems. But
in order to get a competitive space-time solver, an efficient iterative solution technique
for the global space-time system is necessary, i.e. the solution requires an applica-
tion of space-time preconditioners. A popular preconditioning strategy in boundary
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Figure 7: Convergence of the Galerkin approximation wy, for uniform and adaptive
refinement in 2D.

element methods is operator preconditioning [[17, [35]], which is based on boundary
integral operators of opposite order, such as the single layer operator V' and the hyper-
singular operator D, but which requires a related stability condition for the boundary
element spaces used for the discretization to be satisfied. In [8]] we analyzed this robust
preconditioning strategy for space-time boundary element methods for the heat equa-
tion and discussed suitable choices of boundary element spaces. The parallel solver
introduced in [10] is also applicable to the preconditioned space-time system, see [[7]].

The matrices related to the discretized space-time integral equations are dense and
thus, fast methods are necessary in order to tackle large scale problems, especially for
space-time systems. Fast methods for solving boundary integral equations for the heat
equations were introduced in [37, 39]. The parabolic fast multipole method applied
to a space-time Galerkin discretization is discussed in [26], where the discretization
is done with respect to a tensor product decomposition of the space-time boundary.
The extension of fast methods, e.g. adaptive cross approximation and the parabolic
fast multipole method, to an arbitrary triangulation of ¥ is still open and left for future
work.

An advantage of boundary element methods is the natural handling of problems in
exterior, unbounded domains. Thus, boundary element methods are a popular choice
when solving transmission problems. The introduced domain variational formulation
(3:10)) in the setting of anisotropic Sobolev spaces allows us to establish symmetric and
non-symmetric FEM-BEM coupling methods in an appropriate functional framework.
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