Graz
April 24th 2017

A regular analogue of the Smilansky model

(and related models)

Diana Barseghyan

Nuclear Physics Institute of the ASCR, Re? near Prague & University of Ostrava

joint work with Pavel Exner, Milos Tater, Andrii Khrabustovskyi, Olga Rossi

Diana Barseghyan A regular analogue of the Smilansky modell/43



Operators with discrete spectrum

We consider the spectral properties of Schrodinger operators
—A+V

(iV+A?+V

with the potentials unbounded from below.

One of the most celebrated elementary results on Schrodinger
operators is that their spectrums are purely discrete if

lim V(x) = oc.
[x]—00

But it is not necessary condition.
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Operators with discrete spectrum

Various examples of systems which have purely discrete spectrum
despite the fact the volume of the region where the potential is
bounded is infinite were constructed in the last three decades. A
classical one belongs to [Simon, 83] and describes a
two-dimensional Schrodinger operator

~A+|xy[P on L*(R?).
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Various examples of systems which have purely discrete spectrum
despite the fact the volume of the region where the potential is
bounded is infinite were constructed in the last three decades. A
classical one belongs to [Simon, 83] and describes a
two-dimensional Schrodinger operator

~A+|xy[P on L*(R?).

Similar behavior one can observe for Dirichlet Laplacians in regions
with hyperbolic cusps, see [Geisinger-Weidl, 11] for recent results
and a survey.
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Operators with discrete spectrum

Various examples of systems which have purely discrete spectrum
despite the fact the volume of the region where the potential is
bounded is infinite were constructed in the last three decades. A
classical one belongs to [Simon, 83] and describes a
two-dimensional Schrodinger operator

~A+|xy[P on L*(R?).

Similar behavior one can observe for Dirichlet Laplacians in regions
with hyperbolic cusps, see [Geisinger-Weidl, 11] for recent results
and a survey.

We want to demonstrate that similar spectral behaviour can occur
also for Schrodinger operators with potentials unbounded from
below.
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r version of Smilansky model

Smilansky model

In the model suggested by Uzy Smilansky one studies an operator
describing by the following self-adjoint two dimensional operator

0?2 1 0?2
+ = ( +y2) + Ayd(x).

Hm:—i S
S ox2 2\ 0y?
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R:hu\ ar version of Smilansky model
for operator H

Smilansky model

rator H
Supercritical case for operator H

In the model suggested by Uzy Smilansky one studies an operator
describing by the following self-adjoint two dimensional operator

HSm:_

PR
ox2 2

+ 82+y)+/\y(5(x).

Homu = 2 L (L2
SmU = Ox2 5 82 yU

s, du
au(—i—Oy)—&( 0,y) =Ayu(0,y) forevery yeR.
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Regular version of Smilansky model
Critical case for operator H

Subcri | case for operator H
Supercritical case for operator H

Smilansky model

In the model suggested by Uzy Smilansky one studies an operator
describing by the following self-adjoint two dimensional operator

HSm:_

PR
ox2 2

+ 82+y)+/\y5(x).

Homu = 2 L (L2
SmU = Ox2 5 82 yU

s, du
au(—i—Oy)—&( 0,y) =Ayu(0,y) forevery yeR.

The substitution A — — X\ corresponds to the substitution y — —y which
does not affect the spectrum. For this reason, we discuss only A > 0.

Diana Barseghyan A regular analogue of the Smilansky model4/43



r version of Smilansky model

Smilansky model

It was shown by Solomyak and Evans [Evans, Solomyak, 05] that
the behavior of the spectrum of Hgy,, depends on the coupling
parameter:

if A < /2 then
Uess(HSm) = [1/27 OO)
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Smilansky model

perator H
or operator H

The spectrum of Hgy, below the threshold \g = 1/2 belongs to
interval (0,1/2), always non empty and consists of finite number
of eigenvalues.

It was proved by Solomyak [Solomyak, 04] that
1 g2
4,/2(s(\) — 1)’ A

N_(1/2, Hsm) ~
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Smilansky model

Theorem (Evans-Solomyak 05)
If \ = /2 then

o(Hsm) = [0, 00)

and if \ > \/2 then
U(Hsm) =R.
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Smilansky model

We are going to investigate a model in which the potential with ¢
function multiplied by y is replaced by a smooth potential
unbounded from below, and to show that it exhibits the analogous
spectral transition as the coupling parameter exceeds a critical
value.
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Regular version of Smilansky model
Critical case for operator H

Subcri r operator H
Supercritical case for operator H

Smilansky model

We are going to investigate a model in which the potential with ¢
function multiplied by y is replaced by a smooth potential
unbounded from below, and to show that it exhibits the analogous
spectral transition as the coupling parameter exceeds a critical
value.

We replace the ¢ by a family of shrinking potentials whose
mean matches the § coupling constant, [, U(x,y)dx ~ y.

This can be achieved, e.g., by choosing U(x, y) = A\y?V/(xy) for a
fixed function V.
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Regular version of Smilansky model

Smilansky model

We investigate the model described by the partial differential
operator on L%(R?) acting as

82 82 2.2 2

where w, a are positive constants and the potential V' with
supp V C [—c¢,c], ¢ > 0, is a nonnegative function with bounded
first derivative.
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Smilansky model

By Faris-Lavine theorem the above operator is essentially
self-adjoint on C§°(RR?).
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Smilansky model

By Faris-Lavine theorem the above operator is essentially
self-adjoint on C§°(RR?).

Our aim in work is to demonstrate existence of a critical coupling
separating two different situations: below it the spectrum is
bounded from below while above it covers the whole real line.
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Regular version of Smilansky model
Criti
Sub

Smilansky model

To state the result we will employ a one-dimensional comparison

operator
2

S dx2
on L2(R) with the domain H?(R).

L= +w? = A\V(x)
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Smilansky model Regular version of Smllansky model

g
Supercritical case for operator H

To state the result we will employ a one-dimensional comparison

operator
2

d 2
L:—@+w — AV(x)

on L2(R) with the domain H?(R).

The important property will be the sign of its spectral threshold;
since V is supposed to be nonnegative, the latter is a monotonous
function of A and there is a At > 0 at which the sign changes.
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ar version of Smilans

Smilansky model 5
y ical case for operat:

Theorem (B.-Exner 16)
Under the stated assumptions if inf o(L) = 0

O-(H) = Uess(H) = [0,00)
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Smilansky model for operator H

Subcritical case for operator H
S cal c for operator H

Theorem (B.-Exner 1
Let inf o(L) > O then

Oess(H) = [w, 00).
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ky model
rator H
Subcritical case for operator H
Supercritical case for operator H

Smilansky model

Theorem (B.-Exner 16)
Let inf o(L) > O then

Oess(H) = [w, 00).

Theorem (B.-Exner 16)

Let info(L) > 0, then the spectrum of operator H below w is
discrete, non-empty and is contained in the interval [0, w).
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. Regular version of Smilansky model
Smilansky model o g
y Critical case for operator H
Subcritical case for operator H
Supercritical case for operator H

Theorem (B.-Exner 16)
Let info(L) = ~o > O then for any o > 5 the inequality

> 1

trlw — M) < 2027V S

20
=1 a2e (,/AH V[looc + (n — 1)7r>

2
2a1\/w+)\a%“V||oo
+1 (w—i—)\oz%HVHoo)a

s

_l’_

holds, where ... J
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version of Smilansky model
ase for operator H
cal case for operator H
Supercritical case for operator H

Smilansky model

Theorem (continued)

Let I, be the Neumann restriction of L to the interval
[—k, k], k > 0. We denote

k:=min{k : info(lk) > v/2} .

2 AV ]|so
/e 20 VAVIe
Y0 V2w

Q1 = max

The existence of k is guaranteed by the result of P.B. Bailey, W.N. Everitt, J. Weidmann, A. Zettl, Regular
approximations of singular Sturm-Liouville problems, Results in Mathematics 22 (1993), 3-22.
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Smilansky model

to
Supercritical case for operator H

Theorem (Exner-B. 14)

Under our hypotheses, o(H) = R holds if inf o(L) < 0.

Diana Barseghyan A regular analogue of the Smilansky model16/43



Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

We consider a regular analogue of the Smilanksy model with the
presence of a constant magnetic field given as follows

H(A) = (iV + A)? + w?y? — \y?V(xy),

where V is a nonnegative smooth enough function with
supp(V) C [—c,c], ¢ >0, w > 0, and the magnetic potential A
corresponds to a constant magnetic field B > 0.
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Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

To show the essentially self-adjointness one needs to construct a
sequence of non-overlapping annular regions

An={z€R?:a, < |z| < by}
and a sequence of positive numbers v, such that

(bm — am)?vm > K, V(2) > —kv?(bm —am)? for z€ A,
and Z v1=oco,
m=1

where K and k are positive constants independent of m.
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Regular version of Smilansky model with constant magnetic field

Smilansky model with constant magnetic field Smilansky model with constant magnetic field

To show the essentially self-adjointness one needs to construct a
sequence of non-overlapping annular regions

An={z€R?:a, < |z| < by}
and a sequence of positive numbers v, such that

(bm — am)?vm > K, V(2) > —kv?(bm —am)? for z€ A,

oo
-1
and g v, = 00,
m=1

where K and k are positive constants independent of m.

It can be easily checked that for a,, = m, b,, = m+ 1 and
fm=m+1, m=0,1,2,... the requirement is satisfied with K = 1 and

k= Al V]|oo-

A. Iwatzuka, Essential Self-Adjointness of the Schrédinger Operators with Magnetic Fields Diverging at Infinity,
Publications of the Research Institute for Mathematical Sciences, 26 (1990), 841-860.
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Regular version of Smilansky model with constant magnetic field

Smilansky model with constant magnetic field Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let inf o(L) > O then

Tess(H(A)) = [m, oo) .
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Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let inf o(L) > O then

Tess(H(A)) = [ 2t B2,oo) .

Theorem (B.-Exner 17)

Let inf o(L) > 0, then the discrete spectrum of H(A) is non-empty
and belongs to the interval (0, vVw? + B?).
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Regular version of Smilansky model with constant magnetic field

Smilansky model with constant magnetic field Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let info(L) = 0 then

o(H(A)) = [\/wz + 32700).
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Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let info(L) = 0 then

Theorem (B.-Exner 17)

Under our hypotheses, assuming that the potential V' is symmetric
with respect to the origin,

s(H(A)) = R

holds if inf o(L) < 0.
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. . e Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field & v &

Smilansky model with constant magnetic field

We consider the Smilanksy model with the presence of a constant
magnetic field given as follows

Hsm(A) = (iV + AP +w2y? + Ayd(x),

where A € R, w > 0 and the magnetic potential A corresponds to
a constant magpnetic field B > 0.
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. . e Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field & v &

Smilansky model with constant magnetic field

We consider the Smilanksy model with the presence of a constant
magnetic field given as follows

Hsm(A) = (iV + AP +w2y? + Ayd(x),

where A € R, w > 0 and the magnetic potential A corresponds to
a constant magpnetic field B > 0.

Hsmu = — (iV + A)? u + y2u

du @

7(+07y)_ Ox

o (=0,y) =Ayu(0,y) forevery yeR.
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. . e Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field & v g

Smilansky model with constant magnetic field

We consider the Smilanksy model with the presence of a constant
magnetic field given as follows

Hsm(A) = (iV + AP +w2y? + Ayd(x),

where A € R, w > 0 and the magnetic potential A corresponds to
a constant magpnetic field B > 0.

Hsmu = — (iV + A)? u + y2u

Ou (+0,y) — gu (=0,y) =Ayu(0,y) forevery yecR.
X X

As before we assume that A > 0. )




i ;i — Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field <6 ) g

Smilansky model with constant magnetic field

This time our comparison operator is

d2

[
dx2

+ w? — Ao(x)

on its domain.
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rsion of Smilansky model with constant magnetic field

. . . 3 L r
Smilansky model with constant magnetic field Smllansky ieclal witdh @enEia: memEede Gl

Theorem (B.-Exner 17)
Let X < 2w then

Tess(Hom(A)) = [m, oo) .
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Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let X < 2w then

Tess(Hom(A)) = [m, oo) .

Theorem (B.-Exner 17)

Let \ < 2w, then the discrete spectrum of H(A) is non empty and
belongs to the interval (0, Vw? + 82>.
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rsion of Smilansky model with constant magnetic field

. . . 3 L r
Smilansky model with constant magnetic field Smllansky ieclal witdh @enEia: memEede Gl

Theorem (B.-Exner 17)
Let A = 2w, then

o(Hsm(A)) = [m, oo) .
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Regular version of Smilansky model with constant magnetic field
Smilansky model with constant magnetic field

Smilansky model with constant magnetic field

Theorem (B.-Exner 17)
Let A = 2w, then

o(Hsm(A)) = [m, oo) .

Theorem (B.-Exner17)

Under our hypotheses if A\ > 2w then

o(Hsm(A)) = R.
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ition of operator L,

estimates

Operator L,

Lo(A) : Lo(A = =0 + (xy[P = A2 + y2)P/ P2 g p>1,

on L?(IR?); where A > 0.
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Operator L,

Lo(A) : Lo(A = =0 + (xy[P = A2 + y2)P/ P2 g p>1,

on L?(IR?); where A > 0.

Note that % < 2 so the operator is essentially self-adjoint on C§°(R?)

by Faris-Lavine theorem; the symbol L, or L,()) will always mean its
closure.
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Spectral transition of operator L,
Subcri en\ e estimates

Operator L,

The spectral properties of L,(\) depend crucially on the value of .
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Spectral transition of operator L,
Subcritical cas value estimates
Critical case fo tor Lp

p = oo

Operator L,

The spectral properties of L,(\) depend crucially on the value of .

Let us start with the case of small values of \.

To characterize the smallness quantitatively we need an auxiliary
operator on line

Hp : Hpu = —u" + |t|Pu

with the standard domain.

vp = inf o(Hp).
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Spectral transition of operator L,
Subcritical c lue estimates

0 tor L,
Operator L, P

7I'2

4
minimum value v, ~ 0.998995 at p ~ 1.788.

=1 9= as p— o0

Diana Barseghyan A regular analogue of the Smilansky model27/43



Spectral transi of operator L,
S itical e estimates

Operator L,

Theorem (B-Exner 12)

For any A < Acrit, where Aeiit = 7yp, the operator L,(\) is bounded
from below for any p > 1; and its spectrum is purely discrete.
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Spectral transition of operator L,
Subcrit e, estimates

Operator L,

Theorem (B-Exner 12)

For any A < Acrit, where Aeiit = 7yp, the operator L,(\) is bounded
from below for any p > 1; and its spectrum is purely discrete.

The situation is different for large values of A.

Theorem (B-Exner-Khrabustovskyi-Tater 16)

For any A\ > 7, we have o(L,()\)) = R.
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Spectral transition of operator L,
Subcritical case, eigenvalue estimates

Critical case for operator L,

Operator L, P= s

Let us now pass to the subcritical case A < 7.

Theorem (B-Exner-Khrabustovskyi-Tater 16)

Let X < ~yp, then for any N > 0 and o > 3/2 the following trace
inequality holds,
" 1)

o+(p+1)/p
A
o+1

(75 — AP/ -

+Cp,0' C>2\ (/\ + C)%P/(PJFz)) ,

where the constant C, , depends on p and o only and

1 1
C) = max { (p — NP/ (7, — \)(P+2?/(4p(p+D)) } '
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Spectral transition of
Subcritical case

Critical case for operator L,
p = o0

Operator L,

Let us now pass to the case when the parameter value is critical

Lo(1p) = =B+ (pylP =P +y?)P/P2)), p > 1, on LA(R?).

Theorem (B-Exner-Khrabustovskyi-Tater 16)

The essential spectrum of L,(~yp) equals to the interval [0, c0).

Theorem (B-Exner-Khrabustovskyi-Tater 16)

The negative spectrum of Ly(~yp), p > 1, is discrete.
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estimates
Critical case for operator L,
p = o0

Operator L,

The question of existence of a negative discrete spectrum is
addressed numerically. We show that there a range of values of p
for which the critical operator L,(7,) has at least one negative
eigenvalue.
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Critical case for o
p = o0

Operator L,

The question of existence of a negative discrete spectrum is
addressed numerically. We show that there a range of values of p
for which the critical operator L,(7,) has at least one negative
eigenvalue.

We consider first the operator Ly(72), 72 = 1 defined on a circle of
radius R circled at the origin with Dirichlet boundary condition,
and find the corresponding first eigenvalue using the Finite
Element Method.
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Sub as g
Critical case for operator L,
p = o0

Operator L,
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estimates
Critical case for operator L,
p = o0

Operator L,

The lowest Dirichlet eigenvalue is negative starting from some Ry
which by an elementary bracketing argument indicates that L(72)
has a negative eigenvalue.
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Critical case for o
p = o0

Operator L,

The lowest Dirichlet eigenvalue is negative starting from some Ry
which by an elementary bracketing argument indicates that L(72)
has a negative eigenvalue.

By continuity, the negative ground-state eigenvalue of L,(\) exists
in the vicinity of the point p = 2; one is naturally interested what
one can say about a broader range of the parameter.
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Operator L,

Lo(N) ¢ LpN = =B+ (| = A6 + )P40 ) g, p>1,

it is natural to ask about the limit p — oc.
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tor _Lp
estimates

Operator L,

Let D = {|xy| < 1}. We shall consider the operator
Hp(A) : Hp(A\)¢ = —A¢ — A(x* + y*)y

with a non-negative parameter A initially defined on the set
C3(D) = {u e C*(D): u=0ondD, supp(u) is a compact set}.
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Spectral transition of operator L,
Subcritical case, eigenvalue estimates
Critical case for operator L,

p = oo

Operator L,

Let D = {|xy| < 1}. We shall consider the operator
Hp(X) : Hp(A) = —Ag) — A(x* + y?)y

with a non-negative parameter A initially defined on the set
C3(D) = {u e C*(D): u=0ondD, supp(u) is a compact set}.

We show that for A < %2 the operator Hp(\) is non-negative and
therefore one can construct its self-adjoint extension using the
Friedrichs method.

Using the fact that densily defin2ed and symmetric operator is
always closable, in case if A > 7~ we deal with its closure Hp(\).
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Operator L,

The first important observation is that spectral properties of the
operator Hp(\) depend crucially on the value of the parameter \.

Theorem (B-Rossi 16)

For any \ € [0, ”72] the operator Hp(\) initially defined on (,~"02(5)
is non-negative.
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Spc(tn\ transition of opernol Ly

Operator L, p= s

Theorem (B-Rossi 16)

If< %2 the spectrum of Hp(\) is purely discrete. /\/Ioreover for

the corresponding eigenvalues, denoted by {B;(A\)}22;, A < 7, the
following expression holds

BiA) =N,  i=12,...,

where ( - %‘) < ¢(A) <1landpj, j=1,2,... are the
eigenvalues of the Dirichlet Laplacian —Ap arranged in the

ascending order and pj ~ %
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Spectral transition of operator L,
Subcritical cas nvalue estimates
Critical case for operator L,

Operator L, p= s

Theorem (B-Rossi 16)

Let A < %2. Then for any € > 0 there exists a natural number
M(e) such that for the eigenvalue sum of operator Hp(\) the
following lower bound holds true:

N a2 _ 0)2
Zﬁj()\) > (1- e)( 47r4/\) (I\1n I\?) , N > M(e).
j=1

On the other hand, the following upper bound is valid

2

Zﬁj (1+em IrI1VN’ N> M(e).
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Operator L,

. .. 2 .
Now we consider the critical case A = A¢;it = 7. The following
theorem holds true.

Theorem (B-Rossi 16)

The spectrum of Hp(Aerit) coincides with the half line [0, 00).
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Operator L,

Let A > %2 and let Hp()) denote the closure of the operator
Hp(A) initially defined on 58(5) Our next result is the following.

Theorem (B-Rossi 16)

For any A > %2 the spectrum of Hp(\) contains the real line R.
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Thank you for your attention
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