3 Symmetric and self-adjoint operators
In this chapter H is always a Hilbert space over the field K = R or K = C with scalar
product (+,-) and induced norm || - ||.

Definition 3.1. Let S be a densely defined operator in H, i.e. dom S = H. Then the
adjoint operator S* of S is defined by

dom S ={geH:3g e H:(Sf.g9)=(f¢)Vf€domS},
S*g =4 Lo (st.8)=(2.%) VP ohonS
In the following H x H is endowed with the inner product

((f:1):(9.9") = (f.9) + (f'.d),  (f.f).(9.9) € H xH,
and we denote by ()* the orthogonal complement in H x H w.r.t. the above inner product.
Lemma 3.2. Define the operator U : H x H — H x H,

U(h,h') = (I, —h), (h,h') € H x H.
Then for any densely defined operator S in H one has G(S*) = (UG(S))L =U(G(S))*.
Proposition 3.3. Let S be a densely defined operator in H. Then the following holds:
(i) S* € C(H).

(ii) S is closable < dom S* is dense in H. In this case one has

(S)*=S5* and S =5

(iii) S C T = T* C S

Lemma 3.4. Let S be a densely defined operator in H. Then one has for any A € K
—_— ——8

(1)( (ran(S — )\)):_: ker(S* — XZ ana

(ii) ran(S — A) = (ker(S* — X))
Definition 3.5. A densely defined operator S isggalled

(i) symmetric, if S C.S*; +-e - dow fCCLO'-—-L-.‘ , S-f=f-( Vfé oQ-..S\
(ii) self adjoint, if S =S85 | p . &MS(‘]*OW\S’ ' J.ﬁ= \(\.(’ Vfé‘&ou-.f

(iii) essentially self adjoint, if S is self adjoint, i.e. if S = S*.

Lemma 3.6. Let S be a densely defined operator in 4. Then the following are equivalent:
(i) S is symmetric.
(ii)l (Sf.g) = (f, Sgé Zor all f,g € domS.

If K=C, then (i) and (ii) are equivalent to

(iii) (Sf,f) € R for all f € domS.




Lemma 3.7. (i) Each symmetric operator S is closable and S is also symmetric.

(ii) Each self adioint operator is closed. .
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Proposition 3.8. Let H be a Hilbert space over K = C and let .S be symmetric and

closed. Then the following holds:

(i) C\R c r(S) and ranjﬁ.— A) is closed for any/\E(C\]R; -1 L(L{{
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Lemma 3.9. Let H be a Hilbert space over K = C and let S C S*. If ran(S — \) = H for
a A€ C\R, then S € C(H).
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Theorem 3.10. zet H be a Hilbert space over K = C,
in H, and let A € C \ R. Then the following are equivalent:

let S be a symmetric operator

(i) S is self adjoint. .
(ii) .S e C(H) and) ker(S* — \) =[{0} |= ker(S* — \).
(iii) ran(S — A) = H =ran(S — \).

————
(iv) S € C(H) and A\, X € p(S).

Remark: If one of the assertions (ii). (iii) or (jv) from Theorem 3.10 hold for one

A € C\ R, then due to their equivalence to (i) these assertions hold for all A € C\ R, see

also the proof.
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Proposition 3.11. Let H be a Hilbert space over K = C and let S be a self adjoint

—operafor in . Then the following holds:
(i) o(S) C R and o,(S) = 0.
e e e————

(i) A € g(S) < there exists a sequence (z,,), C dom .S with ||z, =1 for all n € N such
———————

that ||(S — N)ax,|| — 0 for n — oc. w ] . “
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Example 3.12. Let f : R — R be continuous and define the operator T : LQ!]R) D
domT — L?*(R) by

(Tg)(x) = f(x)g(x) forx €R, g&domT :={ge L*(R): g€ L*(R)}.
e —
Then one has:

,Q_.E;ﬂ*—

(i) o(T) ={f(z) : x € ]R} and T is bounded, if and only if f is bounded.
(iii) 0p(T) ={p e R: [~ ({p})] > 0}.
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