4 Spectral theorem for self adjoint operators

Throughout the following section H is always a Hilbert space over K = C.
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be a self adjoint matrix with eigenvalues A\; < A5 --- < \,. The orthogonal projections onto
the corresponding eigenspaces are given by
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With these projections one can write
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Where the integral is with respect to the measure E which has point masses at Ay, ..., \,.
With the help of this measure one gets for any open interval A C R
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Goal: We want to show that for any A = A* € L(H) there exists a spectral measure E
(which will be an ¢ onal projection for each Borel set) such that —0
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Idea: Set E(A) = 1o(A) for any interval A C R. But how can 15(A) be understood
and introduced? A functlon of an operator can be defined, if the function is a polynomial:

Definition 4.1. Let A = A* € L(H) and p(t) = >_,_, axt” be a polynomial on R with
complex coefficients ag, . - ., a,. Then p(A) is defined by

\p(A) = Zn:akAk. g
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Lemma 4.2. Let A= A* € ESH! and let p : R — C be a polynomial. Then one has
————

o(p(A)) = p(a(A)) = {p(A) : A € a(A)}.
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4.2 The continuous functional calculus for self adjoint operators

Throughout this section we assume that A is a bounded and self-adjoint operator, i.e.

A = A* € L(H). The goal is to define the operator f(A) for any continuous function f.

Denote by C(o(A)) the set of all continuous functions f : 0(A) — C equipped with the
———————

norm

[flloo := sup |f(z)],  feCla(A)).
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By P(O‘(A” we denote the space of all polynomials defined on o(A). By the Weierstrass
approximation theorem (see e.g. [Werner, Satz VII.4.7]) we have that P(c(A)) is dense in

Cla(4)).
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Theorem 4.3. Let A = A* € L(H). Then the map

P(o(A4)) 3 p p(A) € L(H)

is_linear and isometric, i.e. ||p(A)|| = ||p|l« for all p € P(c(A)), and hence it has a unij-
que isometric (and thus bounded) linear extension ® : C(ag(A)) — L(H), which has the
following properties:

(a) ® is multiplicative, i.e. ®(fg) = ®(f)P(g) for all f,g € C(a(A)).

(b) @ is an involution, i.e. ®(f) = ®(f)* for all f € C(a(A)).

Of course, the map ® depends on the initially given operator A. We write

[(A)=&(f),  [eClo(A)).

Due to the previous theorem we have || f@)|| = ||f|ls for all f € C(o(A)). The map_® _is
called continuous functional calculus for A (the word continuous is associated to the fact
that it applies to continuous functions).
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Proposition 4.4. Let A = A* € L(#H). Then the following holds for all f,g € C(a(A)).
(i) f(A)g(A) = g(A)fA).
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(ii) If f(¢t) > 0 for all t € o(A), then f(A) > 0 in the sense of self adjoint operators (i.e.
(f(A)z,z) >0 for all z € H).

(iii) f(A) is a normal operator and f(A) = f(A)* if and only if f is real-valued.

(iv) Az = Az implies f(A)z = f())x.

Beweis. See exercises. ]

Theorem 4.5 (Spectral mapping theorem). Let A = A* € L(H). Then one has for all
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