4.3 The measurable functional calculus

Again, we assume throughout this section that A = A* € L(H). The goal in this section
is to extend the continuous functional calculus from the last section for bounded and
measurable functions, i.e. to define_f(A) for any bounded and measurable function f :

— —
o(A) — C. We set for any compact set K C C

—

\ B(K):={f: K — C: f is measurable and bounded}, -\-
which is endowed with the norm || - a Banach space. The following elementary lemma,
which can be found e.g. in [Werner, Lemma VII.1.5], will be very useful in our constructions:

Lemma 4.6. Let V. C B(K) such that the following holds:

(i) C(K) c V.
L
(ii) For any sequence (f,,) C V the conditions sup,,cy || |l < 00 and f(t) := lim, o0 fu(?)
exist for all t € K 1mply that f € V. _ e ————

Then V = B(K).
—_———

The previous lemma means, roughly speaking, that B(K) is the smallest set of functi-
ons, which contains all continuous functions and which is closed with respect to pointwise
limits of uniformyl bounded sequences.

In order to formulate the next result, recall that a complexr Borel measure over o(A

is a map p: 2(0(A)) — C, which is g-additive (here %(o(A)) is the Borel-o-algebra over
a(A)).

Lemma 4.7. Let A = A* € Et?—l) and let x,y € H. Then there exists a complex Borel

measure [, , such that

(f(A)x,y) = /U(A) fdpsy Vf e C(a(A)).

For any f EB(O’(A)) one has

/ Fdbtay| < I lclizl - Iyl
o(A) .
e
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Theorem 4.8. For A = A* € £E7—[) there exists a unique linear and bounded mapping
P : B(o(A)) — L(H) with the following properties:

(a) ®(p) = p(A) for all p € P(c(A)).

(b) ® is multiplicative and an involution. ‘. -€. i (fj\’ i(’\ Ié\ / I&) :(i(f{

=—

(c) For any sequence (f,) C B(c(A)) the conditions sup,y || fnllcc < 00 and f(t) :=

lim,, o0 fr ﬂexisﬁf?ﬂ‘lmply that
Cﬂwv\-rw of (i@(fn)x,y) — (&)(f)x,y) va’y € H.

Moreover, for all f € C(o(A)) one has O(f) = D(f). (\C Mg«b({ w @ é‘tk‘%

As for the continuous functional calculus we set for ﬁ € B(o 2 c

ﬁA) = (). /

The map ® is called measurable functional calculus.
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Remark 4.9. Condition (c¢) in Theorem 4.8 can be improved in the following way:
(¢’) For any sequence (f,) C B(c(A)) the conditions sup,cy || fnllco < 00 and f(t) :=
limy, oo [0 (t) exist for all ¢ € o(A) imply that

(/I;(fn)x — EI;(f)fE Vo € H. S J'ro“ﬂ Cobw‘,:rw
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