Theorem 4.8. For A = A* € L(H) there exists a unique linear and bounded mapping

~ —
O B(o(A) — q?—[} with the following properties:

(a) ®(p) = p(A) for all p € P(c(A)).

(b) @ is multiplicative and an involution. j (fﬂ) I (f) E@‘ 5 (:ﬁ’ (j’(’ f‘\

(c) For any sequence (f,) C B(o(A)) the conditions sup,y || fnllc < 00 and f(t) :=
lim t) exist for all £ € o(A) imply that —

(&)(fn)x,y) — (:Is(f)x,y) Vo,y € H.

Moreover, for all f € C(o(A)) one has ®(f) = ®(f).

As for the continuous functional calculus we set for} f € B(o(A)
7y = a(p). |

The map  is called measurable functional calculus.
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Remark 4.9. Condition (c) in Theorem 4.8 can be improved in the following way:

(¢’) For any sequence (f§! C B(o(A)) the conditions sup,ey || falloo < 00 and f(2) :
———

lim,, 00 [ (1) exist for all ¢ € 0(A) imply that

O(f )z — (f)z  VreH.

/4(.‘4,\,\1-00»\ . does wot  w~taa~ J-'Q»@J'
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Recall: P £1’H) is called orthogonal projection, if P = P* = P2, This is equivalent
to the fact that ran P is closed and that P is the orthogonal projection in H onto ran p¥

Lemma 4.10. Let A = A* € £L(#). Then the following is true: ,ﬂ_g(d:;‘ *xe€d
(4)

9,4 ¢1

-~

(i) 15(A)(:= ®(1p)) is an orthogonal projection for any Borel set B C o(A).
(ii) 1g(A) =0 and L,4)(A4) = 1.

(iii) For any family of pairwise disjoint Borel sets By, By,--- C 0(A) and all 2 € H one
has

:. . Swmn COWU‘J% M:\ M Z ]lBk (A):C - ]lU,;";lBk(A)x'
k=1

(iv) For any two Borel sets By, By C g(A) one has 15, (A)15,(A) = 1p,05,(A).
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4.4 Spectral measures and integration

Throughout this section 3 is the Borel o-algebra on R.

Definition 4.11. A map F : ¥ — L’!HZZ B — FEg, is called spectral measure, if Eg is an
orthogonal Bro]ection for all B € X and if the following holds:

(i) By =0and Eg = I.

(ii) For all pairwise disjoint sets By, Bo,--- € ¥ and all x € H one has the following
g-additivity:

ZEBkCC = EugolekQT.
k=1

A spectral measure E has compact support, if there exists a compact set K C R such that
Ex=1
K — .

—_—

Properties of spectral measures:
(a) Finite additivity: Ep, + Ep, = Eg,us, for all disjoint By, By € X.

(b) Ep,Ep, = Ep,np, for all Borel sets By, Bs.

(Jw»f(l e,urc,.,_,@J
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Corollary 4.12. Let A = A* € L(H) and let ® be the associated measurable calculus.
Then the map

E:X = L(H), B Ep:=1lpn.w(4)= ® (1 5o )

is a spectral measure with compact support. The above map F is called spectral measure
associated to A. (= (""?P‘d S ()
Integration with respect to spectral measures

In the following let E be a fixed spectral measure.
Step 1: integration of simple functions: Let f = >}, oy 1p, for a € C and
pairwise disjoint sets By, € X, k € {1,...,n}. Then we define

/ fdE =Y " axEp,.
_R— k=1

One verifes that the above definition of the integral is independent of the representation

of f.

Step 2: bounded and measurable functions

Lemma 4.13. Let E be a spectral measure. Then one has

/ deH < 1l
R

for all simgle functions é Inparticular, the map f — fR fdE, defined on the set of all
simple functions, is a bounded, densely defined, and linear operator from B(R) to L(H).
Consequence: There exists a unique continuation of the integral with respect to E

to the space B(R), which is again a bounded linear map. For an arbitrarx [ BS]RZ we
denote this extension applied to f by [, fdE € L(H) (or sometimes [, f(t)dE(t)) and this
operator is defined by —_—

/ fdE = lim fndE

n—00

where (f) is any sequence of simple functions Wlth | fr — [lleos a8 1 — 0.
If f is defined on o(A), then we identify this function with 1ts zero continuation.
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4.5 Spectral theorem for bounded self adjoint operators

Theorem 4.14 (Spectral theorem for bounded self-adjoint operators). Let A = A* €
L(H). let ® be the measurable functional calculus, and let £ : X — L(H) be the spectral
measure associated to A. Then —

8(1) = [ i
holds for all f € B(c(A)). In particular, one has ! (q =t

A:/thE( ).
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Them%m 4.15 (Inversion of the spectral theorem). Let £ : ¥ — L(H) be a spectral
measure with compact support. Then S ——

/A - /R tAE(t)

defines a self adjoint operator in £(#) and the measurable functional calculus d associated
————
to A satisfies

o(f)= | fdE  Vf € B(R).

Without proof.

Theorem 4.16. Let A = A* € L(H) and let E : ¥ — L(H) be the spectral measure
associated to A. Then the following holds for any A € R:

(i) A € p(A) & 3 an open neighborhood B C R of A with Ep = 0.
(ii) ran Fyy = ker(A — X). In particular, A € 0,(A) & Egy # 0.

(iii) If A is an isolated point in o(A), i.e. there exists an open neighborhood B C R of A
with BN o(A) = {\}, then A is an cigenvalue of A.
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