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Theorem 4.15 (Inversion of the spectral theorem). Let E : ¥ — L(#H) be a spectral
measure with compact support. Then

Am /R tdE(t)

defines a self adjoint operator in £(#) and the measurable functional calculus P associated

to A satisfies
\if) -/ de] vf € B(R).

Without proof. E-? = 4‘30‘(‘| (A)

Theorem 4.16. Let A = A* € L(H) and let E : ¥ — L(H) be the spectral measure
associated to A. Then the following holds for any \ € R:

N
7) 0\

(i) A € p(A) & 3 an open neighborhood B C R of A with Ep = 0.
(ii) ran Fyy = ker(A — X). In particular, A € 0,(A) & Egy # 0.

(iii) If X is an isolated point in o(A), i.e. there exists an open neighborhood B C R of A
with BN o(A4) = {A}, then A is an eigenvalue of A.
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Theorem 4.17. Let A = A* € L(H) and let E : ¥ — L(H) be the spectral measure
associated to A. Moreover, let ‘igand set Hp :=ran EFg. Then the following holds: ‘)
P ————

E~=
(i) AHp C Hp, "Hﬁ = ran Fy\p and A’Hﬁ C Hé. 8 43!!"(,.!

= A | Hp is bounded and self-adjoint in Hp. \

(i) (o(4) N B*) C o(As) C (0(4) N B). e 4y M- ore nrara ¥
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4.6 Spectral theorem for unbounded self-adjoint operators

First, we discuss, how f(A) can be constructed, if A = A* € L(H) and [ : R — C is
e
measurable, but unbounded.

'
Proposition 4.18. Let A = A* € L(H) and let f: R — C be measurable. Define

FQ),AE[FV] <
0, if [£(N)] >

Jn(A) = (M jp<n(N) = {

Then f is measurable and bounded for all n € N. Morcover, lim,,_,~, f,(A)z exists, if and
only if x € Dy :={x e H: [ |f(N)[Pd(E(\)z,z) < co}. In particular,

f(A)zx = nh_}rgo fo(A)z, 2z €dom f(A) := Dy,

is a well-defined linear operator in H. If f is real-valued, then f(A) is self adjoint.

Notation: We set

/dex = hm fn(A)z = lim /fndEx
n—0o0

A ——

where the limit is w.r.t. the norm in ‘7—[‘ so that fR fdEx = f(A)x for all z € Dy.
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