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4.6 Spectral theorem for unbounded self-adjoint operators

First, we discuss, how f(A) can be constructed, if A = A* € L(H) and [ : R — C is
measurable, but unbounded. # d c

Proposition 4.18. Let A = A* € L(H) and let f: R — C be measurable. Define
—_——

), A fN < n,
0, if |f(\)| > n.

Then f is measurable and bounded for all n € N. Moreover Ihmn_>C>o fn!AZxIemsts if and
only if x € D Fi= ={zeMN: [ |fWPd(E\N)z,2) < co}. In particular,
————————

f(A)z = lim f,(A)z, =€ dom f(A Dy,
*

70—

FaN) = TN g1<n(V) = {
—_———

is a well-defined linear operator in H. If f is real-valued, then f(A) is self adjoint.
—_— —_—

Notation: We set

n—0o0

/dex hm fu(A)x = hm/fndEx

where the limit is w.r.t. the norm in £(#), so that [, fdExz = f(A)x for all z € Dy.
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Theorem 4.19.(Spectral theorem for self adjoint operatoré Let A:H D domA — H be
self adjoint. Then there exists a spectral measure such that —

Az = / tdE(t)x Va € dom A.
R

If h: R — R is measurable, then

h(A)z := ﬂ hdEz,  |domh(A) = {x__e__’}i: £ \h|2d(Ez, z) <oo}—,]

—_——

defines a self adjoint operator in H.

The integral in the definition of h(A) has to be understood as in Proposition 4.18, so
Jg hWdEx = lim, o [ hndEx.

We remark that versions of Theorem 4.16 and Theorem 4.17 hold for unbounded A as
well.

—_— - u.ﬂa
_(&.c.'-oL oc LQ__'.PPOO( of [ Lo . )
Ve ore .POVj lo dvweino e, ‘waof wder H QJJ«-L-O‘-O.(

s o b et 'f" el /~é$(ﬂln2. |
. Krela N o bedd ad celf adjort
T or;ﬂ"’"“'(' °P""’L°r A »celald o A by

\A= 43(2\2 LU (- {"{of/«, £+0

€ =0

Lld ao o Teop-Gt8) | .~
%AJ e(K) w He wegue sc([ O..J‘iow»‘ ofern.lo

solnby—3 A"(,@(,’(‘\-ft\ x= X v o ¢ do4
@ (4 N(BRNp) =X
g A
—> ¢ (A)= €l(rA | - e te ca.)} | |
,\6 (Z'\ d=) ?-4\ ‘o Lg‘ae‘Lwc & (,A-/'v\ -A “w L:]‘Jﬂ-\e

¢ : - AT S b ecle -
60 (I-.L(A-/’-\\ (A'/"\ < bglekwe @ T-AA+lpa by
(= \=O ofe A=/~ g - L;a'ul—v‘:e & 120 or ’jb\-‘% g(ﬂ




Defote —o E: T L4 R Eg:=dy(A)

w lare l~:- /L- : .gf'gn g{A\Z’- :f-‘(R\

Re= (&
'1"&% EE= g—ﬁA 'ch e;‘_o /-L_, Srw[l‘a.«( gy e
woC—aM Lo ;4\—.

E o a .cf)eo[fa,( byt e.

- 5w-bL g@? Eﬁx O—J Eg v O orl&pgo«..n.( p“o\i@lvow,
0o Er_é on .sr,eolr-al —tgste, By w aw orﬂogou-a(
*roJC(,L-Oh ﬁ_m.. M 4‘2 é‘i-

..E:ﬁ__,

-—)

Ep = (:_:2—= (;6";‘;\= A g9 (A""I (

‘l R . S e -~
Aoy : b s e J«Uowl.
- €= OAJ.JW.,Q. et BaBz - “ T bep
= R, e parvie dojount
A | 20 — Fr-rf.‘d oo X % E
= EJ“* ol E..Uue“ o kZ,, & = \/

L\(ﬁ\ be &M

L+ h:R- be tao Ls bl od Gf c

vea, He u;»l-\t.f“a-'( w.r-€

O w e Heore— )
Ve ‘.\'ove‘;j‘l\(ﬁ:‘:-——( h(al= (Lw'ﬂ (’T] E (v

] ) . _ h\'(.('.‘.
T—J’ql, LZ LW =« <« ‘L‘P Wlﬂo / % ~.<Z,¢ B

. —A
=) \/\(A\‘ _(\,\ AE = Eﬁo(\c En\( - E_:(‘(.\.Cé.fmu\

v - ~

— _Z‘: A A oo ‘u\ (T) 34:2 ‘(w@'g\fﬁ)("*)

e "N &)= (feddET
_(et) &) 4( >

— iy o




For L\_MMQ (v) foWsvs Mav by
M,(,roxML,;a of W by JW'P("' M"“’
od B "“JWM[’A: bt v%wo.‘;(c L' ->R
'—J.zv\,(vlj (‘F‘) @oa-ou_g el‘m-- VmPonL:ot,. U A®. Ao a

s lor wany O oo ge,‘-o o Qr?
for A= ot o8 (R]= [cne [t d (€l
R

, = [lL(*d(Exa)
By Proposchan (4P W(A) < sel- Yot <

T_,,..Q_%’ C.OMqLU'wS (P' ﬁsr‘ 3(1‘:\:‘62

1

Sede@:\x

[Q .

'1’&-:0 .‘Q‘MQAQ I*L( ().-ao/ o£ PL( "‘LLB"'&M

35



Mo et w : A-AY M od Veu?
Querlon: As A4V sell odjon? E A*SWQ(‘UO

Co— we \C-—-A Qo—eaw——‘,l-—o'—o f_’_a—-—ALAV e.t. AV o
sclﬂ o._djo«.\..-l ao—d wlal co owe Sav about ('fAGV)

5 Perturbation theory for self adjoint operators

Throughout this section A is a complex Hilbert space with inner product (-, -) and induced
norm || - ||.

5.1 Relatively bounded perturbations
Definition 5.1. Let A and V' be lincar operators in H. Then V' is called A-bounded (or

relatively bo th_respect to A), if dom A C domV and if there exist a,b > 0 such
that e ee———

V|| < aflz]| +b]| Ax||

holds for all x € dom A. The infimum over all b, such that there exists an g so that the V
above inequality holds, is called A-bound of V. mACi=0o~—
Remark: As: ‘V_\,“ 4 llVl( . ”k ”
o If V € L(H), then V is A-bounded with A-bound zero. = ‘Vu“)(w + Ole”
—_—

o If Vis a,%ounded with A-bound b, then there exists for all € > 0 a number a. > 0

such that Ja: l%b{(ﬂﬂ

V|l < aclzll + (b + &) | Az|

holds for all x € dom A. For ¢ = 0 this does not have to be the case!

e V is A-bounded if and only if dom A C dom V" and there exist_a, 8 > 0 such that

IVa|? < aflz|* + 8] Az|?
—_——
holds for all z € dom A. The infimum over all v/, such that there exists an « so that

the above inequality holds, coincides with the A-bound of V' (see exercises).

Proposition 5.2. Let A = A* in H and let V be a linear operator in H such that
dom A C dom V. Set
cr = limsup ||V(A —in)~!|

n—=+oo
with cx = oo, if V(A —in)~! is unbounded. Then
V' is A-bounded & cy <00 & c_ < 0.

In this case one has ¢, = c_ is the A-bound of V' and the limit superior is a limit.
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