
5 Perturbation theory for self adjoint operators
Throughout this section H is a complex Hilbert space with inner product (·, ·) and induced
norm � · �.

5.1 Relatively bounded perturbations

Definition 5.1. Let A and V be linear operators in H. Then V is called A-bounded (or
relatively bounded with respect to A), if domA ⊂ domV and if there exist a, b ≥ 0 such
that

�V x� ≤ a�x�+ b�Ax�
holds for all x ∈ domA. The infimum over all b, such that there exists an a so that the
above inequality holds, is called A-bound of V .

Remark:

• If V ∈ L(H), then V is A bounded with A-bound zero.

• If V is a bounded with A-bound b, then there exists for all ε > 0 a number aε ≥ 0
such that

�V x� ≤ aε�x�+ (b+ ε)�Ax�
holds for all x ∈ domA. For ε = 0 this does not have to be the case!

• V is A-bounded if and only if domA ⊂ domV and there exist α, β ≥ 0 such that

�V x�2 ≤ α�x�2 + β�Ax�2

holds for all x ∈ domA. The infimum over all
√
β, such that there exists an α so that

the above inequality holds, coincides with the A-bound of V (see exercises).

Proposition 5.2. Let A = A∗ in H and let V be a linear operator in H such that
domA ⊂ domV . Set

c± := lim sup
η→±∞

��V (A− iη)−1
��

with c± = ∞, if V (A− iη)−1 is unbounded. Then

V is A-bounded ⇔ c+ < ∞ ⇔ c− < ∞.

In this case one has c+ = c− is the A-bound of V and the limit superior is a limit.
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Lemma 5.3. Let A = A∗ in H and let V be a linear operator in H with domA ⊂ domV
such that A+ V is closed. If �V (A− λ)−1� < 1 for some λ ∈ ρ(A), then λ ∈ ρ(A+ V ).

38





Theorem 5.4 (Kato-Rellich). Let A be a linear operator in H and let V be a symmetric
operator in H that is A-bounded with A-bound less than one. Then, the following is true:

(i) If A = A∗, then (A+ V )∗ = A+ V , i.e. A+ V is self adjoint.

(ii) If A = A∗, then (A+ V )∗ = A+ V , i.e. A+ V is essentially self adjoint.
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Theorem 5.5 (Wüst). Let A = A∗ in H and let V be a symmetric operator in H such
that domA ⊂ domV . If there exists an a ≥ 0 such that �V x� ≤ a�x�+ �Ax� holds for all
x ∈ domA, then A+ V is essentially self adjoint.

Caution: The condition in Wüst’s theorem is not equivalent to

”V is A-bounded with A-bound 1.”

Under the last condition, the statement of the theorem is not true in general!

Definition 5.6. A self adjoint operator A in H is called semibounded from below, if there
exists a γ ∈ R such that

(Ax, x) ≥ γ�x�2

holds for all x ∈ domA. Each such γ is called lower bound of A and we write A ≥ γ in this
case.

Lemma 5.7. Let A be a self adjoint operator in H. Then A ≥ γ if and only if σ(A) ⊂
[γ,∞).
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