6 Schrodinger operators in 1D

In this section we apply the theory developped in Section 5 to Schrodinger operators
— & 4V in L2(R).

We say that a function f : R — C is absolutely continuous, if f[j,; is absolutely
continuous for all [a,b] C R (cf. Example 1.7) and set

H*(R) := {f € L*(R) : f, /" are absolutely continuous, f” € L*(R)}.

The space H2(R) is called Sobolev space of second order. This space can also be defined
via weak derivatives.

Recall: each absolutely continuous function f : [a,b] — R is differentiable almost
everywhere and the main theorem of calculus holds true. Moreover, for any interval (o, ) C
la, b] integration by parts in the form

holds. Eventually, if f is absolutely continuous and f’ is continuous, then f is continuously
differentiable. Hence, R) C C*(R).

Lemma 6.1. For any £ > 0 there exists C. > 0 such that

{ [lrwpacse [1ropac. [ o

holds for all f € H?(R). In particular, one has f’ € L*(R) for all f € H*(R).
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Lemma 6.2. For each f € H*(R) one has

im f(r) =0=lim f(z) and lim f(z)=0= lim f(z)
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Definition 6.3. The operator T, : L*(R) D dom Ty — L?(R) defined by \

Tof = —f", | domTy = C(R E?%éc (Q\ ""‘1’[’{“1?

is called manimal operator associated to —T Moreover, the operator T : L?*(R
dom T — L?*(R) defined by

In the following we consider —% as differential operator in L?(R). v L\"

Tf=—f", l domT = H*(R),
\'

. . . 2
is called mazimal operator associated to —;;—2.

First goal: show that T} is essentially self adjoint and that T, = T is self adjoint.

Proposition 6.4. The operator Tj is symmetric and

tanTo = {g € CP(R) : /R g(x)dx = /R xg(x)dﬂ
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Lemma 6.5. Let X be a complex vector space_and let F, Fy, Fy : X — C be linear (or

@@Wsueh that{ker Fy Nker /1y C ker F) Then there exist ¢y, c; € C such
that —

|F$ = colox + 1 Fix !

holds for all x € X.
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