Theorem 6.10. Let V € L?(R) be real valued. Then o..(Ty) = [0, 00).
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6.1 Estimates for the discrte spectrum of — d 4y

In the following T is a self adjoint operator which is bounded from below. The discrete
eigenvalues of T" which are below its essential spectrum are denoted by

1 < po < pz <

Moreover, for vectors x1,...,x, € H we define

U(zi,...,2,) = {z €domT : z € span{ay,...,z,} ", ||z] = 1}.
p————————l )

Theorem 6.11 (Min-max-principle). Define the numbers

Ap = sup inf {(Tz,x)}. (

T1,--es Tn_1€EH xEU(Z‘l,.,.,LL‘n_l)

Then, the following is true:

(i) (An) is a non-decreasing sequence and A\, = Ao < 00, as 1 — 0.

(il) Ay = pn, if A, < inf oee ().

(ill) Moo = inf 0ess(T) Or Ao = 00, if 055(T) = 0.
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Example 6.12 (Existence of eigenvalues of Ty/). Let_Ty be defined as in Definition 6.7
such that V' <0, V_# 0. Then, if V is sufficiently negative, then o4(Ty) # 0.
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Theorem 6.13 (Birman-Schwinger principle). Let|V € Cg° (]R’,
as in Definitions 6.3 and 6.7, respectively. Then
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let T" and Ty be defined
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- (*r,,\\ Ih= =V =0 (T&V-A\ln -0

= A € GO(CTV’ U

V<0,V £ Ol Then o4(Ty) is non-empty and

Theorem 6.14. Let V' € C3°(R) such that
finite.
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