TU Advanced functional analysis Winter term 2020

3. Exercise sheet Dﬁiﬁfe?fzgggg
Grazm (Functional calculus for bounded, ’
self adjoint operators)

Exercise 19
Let A = A* be a bounded operator in a Hilbert space H and f,g € C(c(A)). Prove the following
statements.

A =11 loo-
2. f >0 implies f(A4) > 0.1

—_

3. Az = Az implies f(A)x = f(A)z for each X\ € o(A).

f(A)g(A) = g(A)f(A), f(A) is a normal operator,? and f(A) is self adjoint if and only if f
is real-valued.

L

Exercise 20
Let a : H x H — C be a bounded sesquilinear form, i.e. a map satisfying

alax+Py, 2] = aalz, 2]+ Baly. 2], alz,ay+Bz] = Aalr,y]+Ba[r,2], and |alz,y)| < M|z]-[ly]

for all z,y,z € H, o, € C and a constant M > 0. Prove that there exists a unique operator
A € L(H) such that

(Az,y) = alz, y]
holds for all z,y € H.
Exercise 21
Let A = A* be a bounded operator in a Hilbert space H and let B € L(H) satisfy AB = BA.

Prove that
f(A)B = Bf(A)

remains valid for each f € B(c(A)).

Exercise 22
Show that the operator

A:L*0,1) = L*0,1), (Af)(z) =¢e"f(z), z€(0,1),f¢c L*0,1),

is self adjoint and compute g(A) for each g € B(o(A)). (HINT: Make use of the uniqueness of the
measurable functional calculus!)
Moreover, prove or disprove that the spectral mapping theorem

9(o(A)) = a(g(4)), g € B(a(A)), (1)

is true for each self adjoint operator A.3

IThat is, (f(A)z,z) > 0 holds for all z € H.
2B € L(H) is called normal, if B*B = BB* holds.
3Recall that (1) is true for all g € C(0(A)), cf. the lecture.



Exercise 23
Let A be a self adjoint operator in the Hilbert space C™ having mutually distinct eigenvalues

A1y o3 Am, m < n, and let P; denote the orthogonal projection onto the eigenspace corresponding
to the eigenvalue Aj;, j =1,...,m. For each Borel set B C R we define
Ep:= Y Pj
)\j eB

Show that the mapping B — Ep provides a spectral measure and that A can be represented as

A= / AE =Y \P;.
R =1

Moreover, find polynomials p and ¢ such that p(A) = 0 and ¢(A) = arctan(e?) hold.

Exercise 24
Let ‘H be a Hilbert space and A = A* € L(H). Denote by ¥ > B — Ep the spectral measure of
A. The set

Oess(A) = {X € 0(A) : A is an accumulation point of o(A) or dimker(A — ) = oo}

is called the essential spectrum of A. Show that A belongs to cess(A) if and only if dimran Fp = oo
holds for each open neighborhood B of .



