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Exercise 23: Derive the variational problem (5.1.1) of the Dirichlet boundary value problem
(5.0.1) of the Stokes equations for sufficiently smooth functions in detail.

Exercise 24: Consider the instable pair [Q1]2 × P0 of finite elements for the quadrilaterals of a
Cartesian grid of the square (0, 1) × (0, 1). Show that∫

phdiv u⃗hdx = h
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∑

i,j=1,...,N−1
vi,j

(
−pi+1/2,j+1/2 + pi−1/2,j−1/2 + pi−1/2,j+1/2 − pi+1/2,j−1/2

)
+ h

2
∑

i,j=1,...,N−1
wi,j

(
−pi+1/2,j+1/2 + pi−1/2,j−1/2 − pi−1/2,j+1/2 + pi+1/2,j−1/2
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for u⃗h =
(

vh

wh

)
∈ [H1

0 (Ω)]2 using the notation of the lecture.

Exercise 25: Consider the Dirichlet boundary value problem of Poisson equation

−∆u = f in Ω, u = g on Γ.

Investigate the unique solvability of the mixed problem (1.10).

Exercise 26: Consider the L2(T ) projection QT : L2(T ) → P0(T ) for every element T ∈ Th.
Prove

∥QT v∥L2(T ) ≤ ∥v∥L2(T )

∥v − QT v∥L2(T ) ≤ chT |v|H1(T )

for every v ∈ H1(T ) by means of scaling arguments and the Bramble Hilbert Lemma.
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