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Interface Formulation by Domain Decomposition (Main Concept)	

Natural parallelization	

Reduction of spacial dimension


 � 

� �

, providing the complexity

� �� � �

	

FEM and BEM reciprocally complement each other nicely

Figure 1: Skin problem (left), multiple Fichera cube (right).
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Features and Applications of the

�

-Matrices����� � ���� ��! " #

, the class of data-sparse

�

-matrices, introduced by Hackbusch ’99.

Further developments and applications: Hackbusch, BNK, Sauter, Grasedyck, Bebendorf ’99 - ’03.

A direct descendant of panel clustering, fast multipole and mosaic-skeleton approximation,

the

�

-matrix technique allows, in addition, data-sparse matrix-matrix operations.

Main features:$

matrix arithmetic of

% �& ')(* + & #

- complexity,

& ,- ./ .

- cardinality$

accurate approximation to general class of nonlocal (integral) operators and operator-valued

functions including the elliptic operator inverse

021 3

and the Poincaré-Steklov operators$

rigorous theoretical analysis

Thm. 1 (complexity of the

�

-matrix arithmetic)

Let

465 7

denote the block-wise rank and

� � �� be an

�
-tree with depth

829 :

.

Then the arithmetic of matrices belonging to

� � � � ��;� �� " #

has the complexity& � � < =>?@ A B CEDF 4 8& & �HG I A J C DF 4 8& & �K � A C DF 4 L & � C 3 8M C L 4 # & �N � A CPO C LDF 4 L 8& Q RS T 4 8 U &
g� V I W� X A & �N � � C DF – sparsity constant

#ZY
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Hierarchical Partitionings:

[�\ ]^ _` a ` b

- standard;

[�c _` a ` b

- Weak admissible

Figure 2: Standard- (left) and Weak-admissible hierarchical partitionings for

dfe g

.
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Numerics I:

h

-Matrix Approximation in 2D BEM

ij kml no ij kp

q r s stvu txw s szys st s szy storage CPU/sec

r s s tu txw s szys s t s sy storage

256 2 2.0l{ -5 0.1 - 5 9.1l{ -6 0.1

512 2 1.5l{ -5 0.3 0.04 5 1.1l{ -5 0.3

1024 2 1.0l{ -5 0.7 0.11 5 1.1l{ -5 0.7

2048 2 7.4l{ -6 1.7 0.25 5 8.8l{ -6 1.5

4096 2 5.3l{ -6 3.8 0.57 5 6.7l{ -6 3.3

8192 2 3.7l{ -6 8.3 1.27 5 5.0l{ -6 7.4

8192 2 3.8l{ -6 8.3 - 5 5.0l{ -6 7.4

16384 2 2.8l{ -6 18.2 - 5 3.7l{ -6 16.1

32768 2 2.0l{ -6 39.5 - 5 2.7l{ -6 34.8

Table 1: Accuracy and storage size in the strongly and weakly admissible case
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|} ~m� �� | } ~�

� � ��� ��� | |� ��� ����� CPU

� ��� �� | |� ��� ����� CPU

256 2 8.0�� -5 0.2 5 1.8� � -5 0.04

512 2 8.1�� -5 0.4 5 3.4� � -5 0.1

1024 2 8.1�� -5 1.1 5 4.6� � -5 0.3

2048 2 8.1�� -5 2.8 5 1.4� � -4 0.7

4096 2 8.1�� -5 6.7 5 1.5� � -4 1.8

8192 2 8.0�� -5 15.9 5 1.5� � -4 4.4

16384 2 8.0�� -5 37.3 5 1.5� � -4 10.5

32768 2 8.1�� -5 86.0 5 1.5� � -4 25.2

Adm� � � Adm�

� �

CPU

�

CPU
� | ��� � � | �� � � � � � | �� � � �

131072 4 1031 12 475

� � � � �

Table 2: Error of the inverse and CPU time needed
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Formulation of the problem

The elliptic operator

��� ��� � �

with

���   ¡�¢ £¤ ¥

and

� � �  ¦ ¡ £¤ ¥

, and associated with

§¨ £v©�ª « ¥ � ¨ £ ¬
­P®¯±° ¡ § ­¯ ² ¯ © ² ­« ³ ¬
¯±° ¡ ´ ¯ ² ¯ © « ³ § ¢© « ¥µ·¶ ª (0.1)

is supposed to be

�

-elliptic, implying the unique solvability of

© ¸ �� §¨ £v©�ª « ¥ � ¹ £ « ¥ º « ¸ �¼»

¤ ¸ ½ ¬

is composed of

¾¿ À

matching, non-overlapping subdomains,
¤ � Á Â ­° ¡ ¤ ­s.t.§¨ £© ª « ¥ � Ã §¨·Ä £© Å ¨·Ä ª « Å ¨ Ä ¥

.

The interface (skeleton) of the decomposition of

¤

:

Æ � Á Æ ­with

Æ ­� � ²¤ ­.

Distinguish three versions of a direct method:

(A) Rather general variable coefficients of

�
( Hackbuch ’02; Hackbuch, BNK, Kriemann ’03 ).

(B) Smooth coefficients in subdomains (boundary concentrated FEM: BNK, Melenk ’02-’03).

(C) Piecewise constant coefficients (FFT based compression: BNK, Wittum ’96-’98, ’03;

BEM representation of PSO: Langer, Steinbach, Wendland, ... ).
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Approximate Direct Solver in the General Case (variable coefficients)

Let

ÇÉÈ Ê Ë ÌÎÍ Ï Ì Í

be the FEM-Galerkin stiffness matrix, solveÐ
Ñ Ç Ì Ì Ç ÌÒÇ Ò Ì Ç Ò Ò

Ó
Ô

Ð
Ñ Õ ÌÕÒ

Ó
Ô Ö

Ð
Ñ × Ì×Ò

Ó
ÔÙØ

where

Ú

is the interface index set and

Û Ö Û�Ü Ý Ú

is the complementary (’interior’) one.

1.

Þ

-matrix approximation to the local inv.

Çß àâá , ã Ö äØå å å Ø æ

, and comp. particular solut.

Çß àÌ Ì × Ì ,
where

Çß àÌ Ì Ö çè·éê ëì ãîíï ð Çß àà Øå å å Ø Çß àòñ óØ Ç Ì Ì is the stiffness matr. of
ô

subject to

õ ö Ò Ö ÷

.

2. Solve the interface equation for

ÕÒ ,ÕÒ Ö ø ß àÒ ù ×Ò ú Ç Ò Ì Çß àÌ Ì × Ì ûØ ÕÒ Ø ×Ò Ê Ë Ìýü

(0.2)

with the FEM Schur complement matrixø Ò þ Ö Ç Ò Ò ú Ç Ò Ì Çß àÌ Ì Ç ÌÒ Ê Ë Ì!ü Ï Ì!üå (0.3)

3. Find

Õ Ì from

Õ Ì Ö Çß àÌ Ì × Ì ú Çß àÌ Ì Ç ÌÒ ÕÒ Ø by fast extension

ÿ È�� � ���� � � � 	 ú Çß àÌ Ì Ç ÌÒ ÕÒ .

Note 1: The “substructure” matrices

Çß à�á , ã Ö äØå å å Ø æ

, can be represented in the

Þ

-matrix format

with cost


 ù� Ü
� û

. Moreover, the implementation of

Çß àÌ Ì can be done in parallel.
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Compose

��� and Compute Its Inverse

In Step

�� �

, let

����� �� � , ��� � �! ! ! � "

, be the local FEM stiffness matrix

����� �� � �
#

$ ��� ����� ��%���% � � ���% ��%
&

'!

By the

(

-matrix arithmetics, compute the local FEM Schur complement matrices

)*��� + ,� ���% ��% - ���% � � �. /� �0��� ��% � (0.4)

where

� � is the stiffness matrix for

12 % �43 � 3 � with

56 �87 �89 :;
< =� > ?
on

@A� .
Note 2:

� . /� can be represented in the

(

-matrix form and then multiplied with simple matrices��B% � � �. /� ����� �B% .

Compute the interface Schur complement in the

(
-matrix format

C ��� D� E FHG�I � �
�KJ /

C )*��� + D� � E� FHGI % � �� L MGI N G�I ! (0.5)

Here

D� � E� L MG�I %

,

�� �� ! ! ! � "
, are the local vector components

D� � O��% D

, where the

connectivity matrix

O� % L MGI % N G�I
restricts onto

P��% .
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Approximate Inverse

QR SUT in the

V

-matrix format

Algorithm AII (approximate interface inverse)

W

Evaluate the local Schur complements

XZY�[ \ ] ^ _�`ba c _�`ba

,

d�e f gh h h g i

, in the

V
-matrix

format.

W

Construct an admissible block partitioning

j Tof the product index set

k T l k Tand fill in the

corresponding blocks of

Q Tby low-rank matrices, using

X*Y�[ \ as the input data.

W

Compute the inverse matrix

QR SUT by using the

V

-matrix arithmetics.

Cost estimates to compute

XY�[ \ (in all cases storage is

m no Ta prqs t o Ta u
):

(i) Rather general variable coefficients of

v

; FEM

w m no xa prqs t o xa u

.

(ii) Smooth coefficients in subdomains; boundary concentrated

y
z
-FEM

w m no Ta prq s t o Ta u

.

(iii) Piecewise constant coefficients; BEM

w m no Ta prqs t o Ta u

.

Cost estimates for

Q T w m no T prqs t o Tu .
Final complexity for

QR SUT w m no Tprqs t o Tu .
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On

{

-Matrix Approximation to Poincaré-Steklov operators in case (B) (p.w. smooth coefficients)

Boundary concentrated

|
}

-FEM (set

~�� ,

~� – analytic) Kh., Melenk ’02-’03 :

– Galerkin approximation by p.w. polynomials of degree

���

,

�Z� � �� ���� � �
– Compute the local

{

-matrix inverse

�� �U� �, ��8� �� � � � |� � �

– Calculate the local Schur complement defined on the “interface” index set

�*���
– Advantage:

� �� � � complexity; handling locally complicated interface (

} � � - preconditioning)

Figure 3: Refinement to the boundary (left, center) and to the corner (right).
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BEM-Galerkin Saddle Point System

Using the FE Galerkin ansatz space of piecewise linear functions

��� �� �� � �� with�� ��  "!#%$ & � #� , we arrive at the BEM-Galerkin saddle-point system of equations:

Given

')( * � +( , find

,� � -/. �	0 1� 2 * �� � �� such that

3( - ,�0 4 2 � 5 ' (60 7 8 ( for all

4 � - 70 9 2 * �� � ��;: (0.9)

Thm. 2 (i) The bilinear form

3( � ��( � ��( < =

is continuous and

� ( -elliptic.

(ii) Let

,� solve (0.9), then

> ,� ? , > @BA	C D 3 E;F GHJILK M NO A	P
Q  

# $ & R #> . # ? S #> @UT V WX H(	Y N Z  
#%$ & R [ & # > 1 # ? R #> @UT]\ V WX H( Y N

^
:

(iii) Let

_ #K � be the local BEM Schur complement given by (0.7). Then the BEM Schur complement

matrix

` ( * = aC b aC

, takes the form

5 ` ( c0 d 8 aC �  
# $ &

5 _ #K � c #0 d #8 aC Y �  
# $ &

5e f(	Y _ #K � e (	Y c0 d 8 aC

which implies the explicit representation
` ( �  hg #%$ & e f(	Y _ #K � e (;Y .
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i

-Matrix Representation to

j�k

Given

l/mon p , how to calculate a low-rank approximation of blocks in

q rsut v st w

?

1. SVD recompression of

xy q r st v st w

obtained as a sum of a fixed number of blocks extracted as rank-

z
sub-matrices in

l mon p .
2. Compute only few entries of

xy { |~} � |~}

and use the adaptive cross approximation (ACA) (cf. Bebendorf,

Rjasanow) or WACA (cf. Hackbusch, BNK, Kriemann ’02) on the target block.

Figure 4: Construction of the cluster tree

� �� k �

.
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Numerics II: FEM-Galerkin Schur complement

���

� �� �

, randomly chosen

� � � �

(almost linear cost).

� �� ��� �� � � �

OSTBEM-2D (O. Steinbach)

6

�

6 domains (

��� �

)��� �� � �� ��� � � � �� � � � � � � � � ��  � � � � � �¡ ¢ � £¤ � ¥ ¥�  §¦ £©¨

16 641 1 245 0.6 s 0.06 s 10.7 s 1.36  ª -2 s 7.7  ª -6

66 049 2 525 12.2 s 0.26 s 30.3 s 3.98  ª -2 s 8.0  ª -6

263 169 5 085 105.1 s 1.4 s 94.2 s 9.43  ª -2 s 4.6  ª -5

1 050 625 10 205 696.2 s 9.8 s 218.1 s 1.85  ª -1 s 7.1  ª -5

8

�

8 domains (

� � �
)�«� �� � �� � � � � � � ��  � � � � � �¡ ¢ � £¤ � ¥ ¥�  §¦ £¬¨

16 641 1 729 0.1 s 13.9 s 2.26   ª -2 s 6.9  ª -6

66 049 3 521 3.8 s 41.2 s 5.38   ª -2 s 2.3  ª -5

263 169 7 105 43.3 s 126.8 s 1.27   ª -1 s 3.9  ª -5

1 050 625 14 273 180.7 s 326.7 s 2.66   ª -1 s 4.4  ª -5
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Adaptive Choice of the Local Rank

Rank

1 3 5 7 9 11 13 15 17 19

1e−11

1e−9

1e−7

1e−5

1e−3

1e−1

1e1
n=66049

n=263169

n=1050625

Figure 5: Preconditioning with low local ranks.

For preconditioning needs the local rank

­
can be chosen adaptively to achieve the required

tolerance

®

.
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Multilevel (recursive) Computation of Local Schur Complements

¯)°²± ³ ´
µ

¶ ¯)· · ¯ · °	¸¯° ¸ · ¯°	¸ ° ¸
¹

º then

» ³± ¼ ½ ´ ¯)°	¸ °	¸ ¾ ¯°	¸ · ¯¿ À· · ¯)· °	¸

Figure 6: Multilevel
ÁÃÂ Á

(left) and

ÄÂ Ä

decompositions.
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The complexity bound satisfies a recursion

Å ÆÇ È ÉËÊ�ÌÍ Î�Ï ÐÑ Å ÆÇ È ÉËÊ�ÌÍ È Ò ÎÃÓ Å ÆÔ È ÉÖÕ ÌÍ È Ò ÎB×

4

Ø

4 domains (

ÙÏ Ú

)ÛÜ Û Õ Ý ÆÞ ÊÎ Ý Æß Ûà Î Ý Æá â Î ã ß ä Ç Ç È É§å ã Ò

16 641 753 3.8 s 3.7 s 3.20 Éæ -3 s 4.2 Éæ -6

66 049 1 521 43.2 s 16.9 s 9.10 Éæ -3 s 7.7 Éæ -6

263 169 3 057 317.4 s 48.3 s 4.18 Éæ -2 s 1.3 Éæ -5

1 050 625 6 129 2 020.1 s 118.8 s 8.92 Éæ -1 s 2.1 Éæ -5

Å çè ÆÇ È ÉUé ÌÍ ÎÏ ÐÑ Æ ÐÑ Ø ê× ÐÓ ê× ë ÎÓ ÐÑ × Úíì ÐJî ï Û

shows that we gain a factor about

ð ð
compared with

ñ ê ñ êJòó ô

depicted in the last line.
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Figure 7: Multilevel parallel algorithm based on

õÃö õ

decomposition.
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Application to FETI/BETI Iterative Methods

FETI: Farhat, ..., Widlund, Brenner; BETI: Langer, Steinbach ’03

FETI/BETI applies to a system that is algebraically equivalent to the Schur complement eq.

÷�ø ùûú üþý ú ÿ
��� �

� �ø�� ü �	� ù � ü�
 � 
�� � (0.10)

where

ü �ú �� � �� ��� �� �� 
��� , and the matrix

÷ ø ú ÿ����� � � �ø�� � ���� �ø � can be derived by

any of the above described approaches.

Now (0.10) is equvalent to the solution of a contraint minimization problem

� � ù  ú ! "$#%'& �( ( ( � %�) * )P� + & ,� %� � -
� �.  � (0.11)

� � .  ý ú ÿ
�� �

/0
1 � � ���� . ��. �� 
��� 2 � ü ��. �� 
���

3
�

where each row of matching matrices
÷ �
 � 
�� 4 
���

is related with a pair of matching nodes in

5ø .

Each row has the entries

0

, 20 for the indices corresponding to the matching nodes and

6

otherwise.
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Preconditioned Iteration for Dual Problem

Introducing the Lagrange multiplier

7

, (0.11) is reduced to a saddle point system

8
9:9:9:9;9:<

=?>�@ A B B B C D E>

.

.

.
. . .

.

.

.
.
.
.C B B B =GF @ A D EFD > B B B D F C

H
I:I:I:I;I:J

8
9:9:9:9;9:<

K>

.

.

.KF
7

H
I:I:I:I;I:J

L
8

9:9:9:9;9:<
M>

.

.

.MF
C

H
I:I:I:I;I:J

B (0.12)

With

=ON P L QRTS U VWX YZ [ =\>�@ A$] B B B ] =OF @ A ^ , D P L [ D > ] B B B ] D F ^
and

M P L [ M> ] B B B ] MF ^

,

we obtain the dual formulation D =_ >N D E 7 L D =_ >N M
which can be solved by the iterative PCG method using spectrally close preconditioner

`

of the form` _ > L a E =N a B Different proposals for

a
can be found in the literature on the FETI methods.

The key point: both

= N and

= _ >N can be computed and stored in the

b

-matrix format with almost

linear cost. Hence, the same is true for the corresponding matrix-by-vector multiplication withD =_ >N D E

and

a E =ON a

provided that

a
can be implemented with the linear expense.
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Conclusions

1. Our geometric direct solver (

c

-matrix based Schur complement/DD) is preferable vs.

its algebraic version (global

c

-matrix inverse):

(a) Sequential computation:

d�e fg h i jk l m d npo k q r d�e fs h i jk l n ; tg u vxw y ts .

(b) Parallel computation:

tg h i jk l m{z o k q n r ts h i j k lo |k l }'~� � k l m{z n
;d�e fg h d�e fs .

2. Depending on the input data (variable, p.w. smooth or p.w. constant coefficients),

one can apply three versions of the direct Schur complement/DD method.

3. In the FEM-version, the computation of

�\��� � in subdomains dominates vs. the interface solver

resulting in

i j k l }'~� � k l n -complexity.

In the BEM- and

�z

-FEM versions, we achieve

i jk q n complexity (with

� h v

in

� ��

)

4. Further developments:

– implement the BEM-version

(promising 2D numerics based on the

c
-matrix arithmetics

o

OST code) ;

– couple with boundary concentrated

�z
-FEM;

– realise the recursive FEM-version (multilevel, well parallelisable direct method).
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