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Abstract

In this paper second order elliptic boundary value problems on bounded domains
Q C R™ with boundary conditions on 92 depending nonlinearly on the spectral pa-
rameter are investigated in an operator theoretic framework. For a general class of
locally meromorphic functions in the boundary condition a solution operator of the
boundary value problem is constructed with the help of a linearization procedure.
In the special case of rational Nevanlinna or Riesz-Herglotz functions on the bound-
ary the solution operator is obtained in an explicit form in the product Hilbert
space L2(Q) @ (L?(0N))™, which is a natural generalization of known results on
M-linear elliptic boundary value problems and A-rational boundary value problems
for ordinary second order differential equations.
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1 Introduction

Let 2 be a bounded domain in R™, n > 1, with smooth boundary 02 and
consider a uniformly elliptic differential expression

(= — Z Gjajkﬁk +a (1.1)

7,k=1

on Q with coeflicients a;, a € C*(2) such that a;, = ay; forall j,k=1,...,n
and a is real-valued. The main objective of this paper is to solve the following
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eigenparameter dependent boundary value problem: For a given function g €
L*(Q2) and X in some open set D C C find f € L*(Q2) such that

0
C-Nf=g and o= 22, (1.2

holds. Here 7 is assumed to be a meromorphic function on D with values in the
space of bounded linear operators on L?(9), A is a point of holomorphy of 7,
f is a function in the maximal domain Dy, = {h € L*(Q) : th € L*(2)} and
fp is the component of f which lies in the domain of the Dirichlet operator.

For the special case of a selfadjoint constant 7 in the boundary condition in
(1.2) the boundary value problem is uniquely solvable for all A which belong
to the resolvent set of the selfadjoint partial differential operator

)
T.f = (f, domTTz{feDmaX:TﬂaQ:ajzaﬂ}, (1.3)

in L?(Q) and the unique solution of (1.2) is given by f = (T, —\)"!g. Similarly,
the nontrivial solutions of the associated homogeneous problem, i.e., g = 0 in

(1.2), are given by the eigenvectors corresponding to the (real) eigenvalues A
of T,.

Elliptic problems with A-linear boundary conditions were already considered
by J. Ercolano and M. Schechter in [35,36] and a solution operator A in the
larger space L*(Q) & L?(09) was constructed and its spectral properties were
studied. Again the resolvent of A, or, more precisely, the compression of the
resolvent onto the basic space L*(f),

f=Praoy(A=X) "2 9,

yields the unique solution f of (1.2), and the eigenvalues and the (components
in L2(Q) of the) eigenvectors of A are the nontrivial solutions of the homo-
geneous problem. We emphasize that the solution operator A in the A-linear
case is selfadjoint with respect to the Hilbert scalar product in L?(2) @ L?(99)
if 7(A\) = A and selfadjoint with respect to an indefinite (Krein space) inner
product if 7(A) = —A. The spectral properties of selfadjoint operators in Krein
spaces differ essentially from the spectral properties of selfadjoint operators
in Hilbert spaces and this affects the solvability of (1.2). E.g., if 7(\) = —A
in (1.2), then the solution operator A and the homogeneous boundary value

problem may have non-real eigenvalues, see [15].

The main objective of this paper is to go far beyond the A-linear case and
to investigate the solvability of the boundary value problem (1.2) for a large
class of operator-valued functions in the boundary condition. Here it will be
assumed that 7 is a meromorphic function on some simply connected open set



D C C* with values in the space £(L*(9€)) of bounded linear operators on
L*(09) and that 7 admits a minimal representation

7(A) = Rer(A) +77 (A= Redo) + (A = A)(A = Xo)(Ag — N) 1)y (1.4)

with the help of the resolvent of a selfadjoint operator or relation Ay in a
Krein or Hilbert space H and a mapping v € L(L*(052), H). We mention that,
e.g., locally holomorphic functions, Nevanlinna and generalized Nevanlinna
functions, and so-called definitizable and locally definitizable functions can be
represented in the form (1.4), see [2,28,45-48,50,54].

For the construction of a solution operator A of the boundary value prob-
lem (1.2) we make use of the notion of (generalized) boundary triples, and
associated Weyl or M-functions, a convenient and useful tool for the spectral
analysis of the selfadjoint extensions of an arbitrary symmetric operator with
equal deficiency indices, see, e.g., [17,19,20,25,26,40]. Boundary triples for the
maximal operator Ty.f = £f, f € Duax, generated by the elliptic differential
expression in L?(Q) were used (also in the non-symmetric case) in [16,39,43]
and appear in a slightly different form already in the fundamental paper [41]
of G. Grubb. One of the main ingredients in the construction of a solution
operator A of (1.2) is to realize the function 7 in the boundary condition as
the Weyl function corresponding to some boundary triple, cf. [21] and, e.g.,
6,8,10], and [3,9,18,27,29-31,53| for other approaches. So far this is possible
only under rather restrictive assumptions on the function 7, e.g., in the spe-
cial case of an L£(L?*(9f2))-valued Nevanlinna function one has to assume that
Im 7(\) is boundedly invertible, see [25,54], or one has to apply the concept
of boundary relations and Weyl families from [22,23]. Therefore, in order to
treat the problem (1.2) in a general setting, we extend the existing results on
realizations of operator functions as Weyl functions in Section 3. Here a new
method is proposed in which an arbitrary operator function 7 of the form (1.4)
can be realized as the Weyl function corresponding to a generalized boundary
triplet associated to a restriction of the selfadjoint operator or relation Ay.
The idea is based on a decomposition of 7 in a constant part and a “smaller”
part which satisfies a special strictness condition, see Definition 3.4 and [7]
for the special case of matrix Nevanlinna functions. Although the realization
obtained in Theorem 3.1 is in general not minimal it turns out that the con-
nections between the solvability of the boundary value problem (1.2) and the
spectral properties of the solution operator A are not affected at all.

The heart of the paper is Section 4, where the eigenvalue dependent bound-
ary value problem (1.2) is discussed. After recalling some basic properties on
elliptic operators associated to (1.1) and a corresponding ordinary boundary
triple for Tinax in Section 4.1 we construct a solution operator A of the elliptic
boundary value problem (1.2) in a larger Krein or Hilbert space L*(Q) x K
with the help of the realization result from Section 3. The unique solution



f € L*(Q) of (1.2) and the compression of the resolvent of A onto the basic
space L%(§)) are then expressed in the form

f=ProA-N"eg 9= T —-N"g—7) (M()\) + TQ\)) Y(A)*g,

where Tp is the Dirichlet operator asssociated to ¢ in L?(Q), M denotes the
Weyl or M-function corresponding to an ordinary boundary triple for 7}, and
7(+) is the associated ~-field, cf. Proposition 4.1. We point out that for a con-
stant selfadjoint boundary condition 7 the solution operator A coincides with
T, in (1.3) and the above formula reduces to the well-known Krein formula for
canonical selfadjoint extensions in L?(Q2) of the minimal operator associated
to ¢, cf. [1,8,16,37-39,44,56-60]. The proof of our main result Theorem 4.2 is
based on a coupling technique of ordinary and generalized boundary triples
which differs from the methods applied in earlier papers.

We illustrate our general approach in Section 4.3 in an example where 7 is cho-
sen to be a rational £(L?(992))-valued Nevanlinna (or Riesz-Herglotz) function
of the form

T(\) = a1 + A6 + iﬁjﬂ(ai —N)7B2 ae ﬁ plas).  (1.5)
=2

1=2

Here «;, 3; are bounded selfadjoint operators on L?(992) and 3; > 0. In this
special case the solution operator from Theorem 4.2 acts in the product space
L*(Q2) & (L*(09))™ and can be constructed in a more explicit form, cf. The-
orem 4.6 and Corollary 4.7 for the A-linear problem. We point out that an
analogous selfadjoint solution operator in L?(I) & C™ of a Sturm-Liouville
problem on a bounded interval / C R with a scalar variant of (1.5) in the
boundary condition was constructed in [12].

The paper is organized as follows. In Section 2 we give a brief introduction
into the theory of ordinary boundary triples and generalized boundary triples
associated to symmetric operators and relations in Krein spaces. The corre-
sponding vy-field and Weyl function are defined and some of their basic proper-
ties are recalled. In Section 3 it is shown how an arbitrary operator function 7
of the form (1.4) can be interpreted as the Weyl function of some generalized
boundary triple and some special classes of operator functions are discussed in
Section 3.3. Section 4 treats the elliptic boundary value problem (1.2), in par-
ticular, a solution operator A is constructed, it is shown that the compressed
resolvent of A onto the basic space L2() yields the unique nontrivial solution
of the inhomogeneous problem (1.2) and that the eigenvalues and eigenvectors
of A solve the homogenous boundary value problem.



2 Generalized boundary triples and Weyl functions of symmetric
relations in Krein spaces

Let (H,[-,:]) be a Krein space and let J be a corresponding fundamental
symmetry. We study linear relations in H, that is, linear subspaces of H x H.
The elements in a linear relation will be denoted by f = {f, f'}, f, f' € H. For
the set of all closed linear relations in H we write C(H). Linear operators in
'H are viewed as linear relations via their graphs. The linear space of bounded
linear operators defined on a Krein space H with values in a Krein space K is
denoted by L(H,K). If H = K we simply write L(H). We refer the reader to
[4,11,32,33] for more details on Krein spaces and linear operators and relations
acting therein.

We equip H x ‘H with the Krein space inner product [, -] defined by
|F.a] =i(lrd1=119l),  F={rYa={ogterHxH (21

Then (2?, a7 ) € L(H?) is a corresponding fundamental symmetry. Observe
that also in the special case when (H,[-,-]) is a Hilbert space, [-,-] is an
indefinite metric. In the following we shall often use at the same time inner
products [-, -] arising from different Krein and Hilbert spaces as in (2.1). Then

we shall indicate these forms by subscripts, for example, [-, ]2, [, -]g2-

For a linear relation A in the Krein space H the adjoint relation A* € C(H)
is defined as the orthogonal companion of A in (H?,[-,-]), i.e.,

At = A = {fen?: [f.9] = 0forall g € A},

A linear relation A in H is said to be symmetric (selfadjoint) if A C A*
(A = A*, respectively). We say that a closed symmetric relation A € C(H) is
of defect m € Ny U {oo}, if the deficiency indices

ny(JA) = dim ker((JA)* F Z)

of the closed symmetric relation JA in the Hilbert space (H,[J-,]) are both
equal to m. Here * denotes the adjoint with respect to the Hilbert scalar
product [J-,-]. Note that a symmetric relation A € C(H) is of defect m if
and only if there exists a selfadjoint extension of A in H and each selfadjoint
extension A" of A in H satisfies dim(A’'/A) = m.

For symmetric operators in Hilbert spaces the concept of generalized boundary
triples or generalized boundary value spaces was introduced by V.A. Derkach
and M.M. Malamud in [26], see also [22, §5.2]. We use the same definition in
the Krein space case.



Definition 2.1 Let A be a closed symmetric relation in the Krein space H
and let T be a linear relation in H such that T = A*. A triple {G,To,T1} is
said to be a generalized boundary triple for AY, if G is a Hilbert space and
['=(To,I1)" : T — G x G is a linear mapping such that

f.4],, = [tf.r4],, (2:2)

holds for all f, ge T, ranl'g =G and Ay := ker 'y is a selfadjoint relation in
H.

Let A € C(H) be a closed symmetric relation in H. Then a generalized bound-
ary triple {G, Ty, 1} for A exists if and only if A admits a selfadjoint exten-
sion in H. In this case the defect of A coincides with dim G. Assume now that
{G,Ty,T'1} is a generalized boundary triple for AT. Note that (2.2) can also
be written in the form

[f,7g] - [f?g/] = (F1f7 Fofl)g - (FOfa Pl_@)Q, f: {f7 f/}’ g = {gagl} E(T )
2.3

and that by (2.2) the operator I' : T'— G? T = dom T\, is an isometry from the
Krein space (H?, [+, ],,2) to the Krein space (G2, [, -]52), i.e. I=' € T where
[+] denotes the adjoint with respect to the Krein space inner products [-, -],
in H? and [, ] g> In G?, respectively. From ranT'y = G and the selfadjointness
of Ay = ker'y one concludes that also the inclusion Tt ¢ T'! is true (cf.
22, Lemma 5.5]) and therefore I' is a unitary operator from (H?2, [-,-],2) to
(G*,[-]g2)- This implies that I' is closed and from [22, Proposition 2.3] we
conclude A = kerI" and that ranT is dense in G2. Moreover, I is surjective if
and only if domI' = A* holds.

Generalized boundary triples are a generalization of the well-known concept
of (ordinary) boundary triples, see, e.g., [17,19,20,25,26,40], and both notions
coincide if the defect of the symmetric relation is finite. In short, a general-
ized boundary triple with a surjective I' is an ordinary boundary triple. The
following definition from [20] reads slightly different.

Definition 2.2 Let A be a closed symmetric relation in the Krein space H.
A triple {G, Ty, 1} is said to be an ordinary boundary triple for A™, if G is a
Hilbert space and T' = (T'g,T'1)" : AT — G x G is a surjective linear mapping
such that

f.4],,. = [rf.14],, (2.4)
holds for all f,§ € AY.

Let again A € C(H) be symmetric and let {G, T, T;} be a generalized bound-
ary triple for AT, T = domT. If the resolvent set p(Ag) of the selfadjoint



relation Ag = ker I'g is nonempty, then it is not difficult to see that

A+ = Ao —T—ﬁ)\7A+, ﬁ&;ﬁ == {{f)\,)\f/\} . f)\ S N,\,A-F = ker(A+ — /\)},

holds for all A € p(4p). Here + denotes the direct sum of subspaces. Since
T = A" and Ay C T it follows that

Nar = {{f)\a)\f)\} : fr € Nop = ker(T — )\)}
is dense in N> v A+ and T' can be decomposed as

T =AyFNar =kerTo T Nar, e p(A). (2.5)

Associated to a generalized boundary triple are the so-called y-field and Weyl
function. For symmetric operators in Hilbert spaces the following definition
can be found in [26].

Definition 2.3 Let A be a closed symmetric relation in the Krein space H and
let {G,T, 1}, Ag = ker Ty, be a generalized boundary triple for AT. Assume
p(Ag) # 0 and denote the projection in H x H onto the first component by .
The ~-field v and Weyl function M corresponding to {G,To,T'1} are defined

by

YN = (TolNag) and M) =Ty(TolNar) ', A€ p(A).

In the following proposition we collect some properties of the y-field and the
Weyl function associated to a generalized boundary triple. For ~v-fields and
Weyl functions of ordinary boundary triples the statements in Proposition 2.4
are well known (see, e.g., [20]) and in our slightly more general situation the
proofs are similar and in essence included in [8, § 2.3].

Proposition 2.4 Let A € 5(7—{) be symmetric, let {G,To,T'1} be a generalized
boundary triple for A* and assume p(Ag) # 0, Ag = ker'g. Then the ~y-field
A= v(A) € L(G, H) and Weyl function X — M(X\) € L(G) of {G,Tg,T'1} are
holomorphic on p(Ap) and the identities

YO = (T+ (A = w)(Ao = N )y (w) (2.6)
and
Y =T {(A4 =N T+ MA - N, hen,  (27)
as well as
M) = M) = (A= @)y(p) (N (2.8)



and
M(X) = Re M(o) +7(h) " (A = Re o) + (A = do)(A = Xo)(Ap — M) ™) 7(No)

hold for all A\, i € p(Ap) and any fized Ao € p(Ap).

3 Realization of operator functions as Weyl functions

Let D C C* be a simply connected open set, let G be a Hilbert space and let
7 be a piecewise meromorphic £(G)-valued function on DU D*, D* = {\ €
C : XA € D}, which admits the representation

7(A) = Re7(Ao) + 7" (A =ReXo) + (A = X)(A = Xo)(Ao — N) ')y,  (3.1)

with some selfadjoint relation Ay in a Krein space H and a mapping v €
L(G,H). It is assumed that p(Ap) is nonempty, that (3.1) holds for a fixed
Ao € OUO* and all A € O U O*, where O is an open subset of p(Ay) N D,
O* = {A € C: )\ € O}, and that the minimality condition

H=clsp{(I+ (A= X)(Ao—N))yz: A€ OLO", z €7} (3.2)
is satisfied. It is clear that 7 is holomorphic on @ U O* and that 7(A)* = 7())
holds for all A € O U O*. The set of points of holomorphy of 7 will be denoted

by b(7).

The following theorem is the main result of this section. The proof of Theo-
rem 3.1 will be given after some preparations at the end of in Section 3.2.

Theorem 3.1 Let 7 : DUD* — L(G) be a piecewise meromorphic operator
function which is represented in the form (3.1)-(3.2). Then there exists a Krein
space IC, a closed symmetric operator S in IC and a generalized boundary triple
{G, T, 1} for ST such that the corresponding Weyl function coincides with T
on O U O*.

Since generalized boundary triples reduce to ordinary boundary triples if dim G
is finite we obtain the following corollary.

Corollary 3.2 Let 7: DUD* — L(G) be a piecewise meromorphic operator
function which is represented in the form (3.1)-(3.2) and assume, in addition,
that dim G is finite. Then there exists a Krein space K, a closed symmetric
operator S in K and an ordinary boundary triple {G,To, 1} for ST such that
the corresponding Weyl function coincides with 7 on O U O*.



Remark 3.3 Many important classes of L(G)-valued functions satisfy the
above assumptions, cf. Section 3.3. FE.qg., for Nevanlinna functions or gen-
eralized Nevanlinna functions one chooses D = C*, Ay becomes a selfadjoint
relation in a Hilbert or Pontryagin space, respectively, and (3.1) holds for all
A € p(Ag), cf. [45,50]. So-called definitizable and locally definitizable functions
can be represented in the form (3.1)-(3.2) with the help of definitizable and lo-
cally definitizable selfadjoint relations Ao in Krein spaces, see [46—48]. For
operator functions piecewise holomorphic in D U D* and a given open subset
O, O C D, a Krein space H and a selfadjoint relation Ay with OUO* C p(Ay)
such that (3.1)-(3.2) holds for all A € O U O* was constructed in [2,28,48].

Fix some pg € h(7) and define the closed subspace G of G by

A T(A) = 7(po)”
= ker ——————. 3.3
/ )\EQT) T Ho &

It is not difficult to see that G does not depend on the choice of iy € h(7) and
that the set h(7) in the intersection in (3.3) can be replaced by the union of
an open subset in D and an open subset in D*, e.g., O U O*.

Definition 3.4 A piecewise meromorphic function 7 : DU D* — L(G) is
called strict if the space G in (3.3) is trivial.

3.1 Realization of strict operator functions

In this subsection we prove that every strict £(G)-valued operator function 7
of the form (3.1)-(3.2) can be realized as the Weyl function of a generalized
boundary triple. We start with a simple observation.

Lemma 3.5 Let 7: DUD* — L(G) be a meromorphic function represented
in the form (3.1)-(3.2) with some v € L(G,H) and let G be as in (3.3). Then

G = ker~ and, in particular, T is strict if and only if v is injective.

Proof. For z € kervy we conclude from (3.1) 7(A)z = Re7(\g)x for all A €
O U O* and therefore x belongs to

G= ) ker JNZTU0)", (3.4)
Aeh(r)



Conversely, if x € C;, then x belongs also to the right hand side of (3.4) with
o replaced by Ag. Making use of (3.1) for A € O U O* we obtain

0= (T(/\;:;(()/\O) x,y) = (»y+([+ (A= o) (A — )\)—1)7%@

= [y, (1 4+ (3= 20)(As = ) )]

for all y € G and all A € O U O*. The minimality condition (3.2) implies
vy = 0. U

The following theorem is a generalization of [6, Theorem 3.3|, [24, Proposi-
tion 3.1] and [26, §3].

Theorem 3.6 Let 7 be a strict L(G)-valued function represented in the form
(3.1)-(3.2). Then there exists a closed symmetric operator A in the Krein space
H and a generalized boundary triple {G,To,T'1} for AT such that T is the cor-
responding Weyl function on O U O*. Furthermore, {G,To,T1} is an ordinary
boundary triple if and only if ran~y is closed.

Proof. Let 7 be represented by the selfadjoint relation Ay in H as in (3.1).
For all A € O U O* and the fixed A\g € O U O* we define the mapping

V() = (T+ (A= Xo) (Ao = N)")y € L(G,H). (3.5)
Then we have y(Ao) =7, ¥(¢) = (1 + (¢ = 1) (Ao — ()")v(n) and
7(¢) —7(n)" = (C—)v(n) (C) (3.6)

for all (,n € O U O*. For some £ € O U O* we define the closed symmetric
relation

A= {{fo. 3} € Ao s [fg = Efo,v(€a] =0 forall s G} (37)

in H. Note that the definition of A does not depend on the choice of £ € OUO*
and that ran (A — ) = (ran~(A)) holds for all A € O U O*. Hence N 4+ =
rany(A) or, if rany(\) is closed, then N, 4+ = ran~(A). Since 7 is assumed to
be strict it follows from Lemma 3.5 that ~ is injective. Furthermore, the fact
that the operator I + (A — X\o)(Ag — A\)™', A € O U O, is an isomorphism of
Nyp.a+ onto Ny 4+ implies that y(\), regarded as a mapping from G into Ny 4+
is injective and has dense range. Note also that the minimality condition (3.2)
together with (3.5) implies that A is an operator.

We fix a point p € O U O*. Then AT = A, —T—ﬁ#,/ﬁ holds and the linear
relation

To=A+Nur,  Nur = {7z, my(w)z} : x € G},

10



is dense in A*. The elements f € T will be written in the form

=1t £y + {v(wa, py(w)a},  {fo. fi} € Ao,z €G.

Let I'g,I'y : T'— G be the linear mappings defined by
Tof = and Tyf :=~(u)*(f5— pfo) + ().

Then obviously ran Ty = G and Ay = ker I'y is selfadjoint. Moreover, for f € T
and

=190, 90} + {v(w)y, my(w)y} €T, {90, 90} € Ao,y €G,

we compute

—i[f.4] = bz, gy — go) = [fs = ifo, v (1)y) — (= W)z, Y(1)y)
= (=, ()" (90 — igo)) — (v (fo — o) y) = ((7() = 7(w)")a, y)
—i[rf,r4],

+

where we have used Ag = A$ and 7(u) —7(u)* = (u— @)y(p) Ty (). Therefore

{G,T,T'1} is a generalized boundary triple for A™.

Let us check that the Weyl function corresponding to {G,T'y,I'1} coincides
with 7 on OUO*. Note first that by the definition of/F o and I'y it is clear that

T(u )Fofu =T, f, holds for f, = {v(wz, py(p)zt € Ny Now let n € OUO"
and fT7 e NnT Since T' = A, +NMT there exist {fo, fi} € Ao and = € G such
that

Fo = {fwnta} = {fos £} + Dy, py(p) ). (3.8)

It follows from (3.6) and v(n) = (I + (n — u)(Ao — 1)~ ')vy(1) that

T(n) = 7(w)" + (n — @)y () "y (n)
= 7(u) + () (2= wr(u) + (0 = w)y(n))
= 7(1) + () = ) (T + (0= 1)(Ao — )" ) (n)

Hence we have
T(MTofy = Tz +v(w) " (1= ) (I + (0= @)(Ao —n) " )v(wa  (3.9)
and from (3.8) it follows that

fo=nfo=m—wy(wz and fo—afo=mn— vz +(n— ) fo

11



hold. The first identity yields fo = (1 — u)(Ao —n)~'y(u)x and therefore (3.9)
becomes

T(U)Fofn = 7(p)x + ()" (fo — ifo) = Flfna

i.e., 7 coincides with the Weyl function of {G,Tg,T'1} on O U O*.

It remains to show that the triple {G, g, I'1 } is an ordinary boundary triple for
AT if and only if rany = tany. Clearly, if {G,Ty,T'1} is an ordinary boundary
triple, then the range of the ~-field is closed and hence ran~y = ranvy(\g) is
closed. Conversely, if ran~ is closed it is sufficient to check that (I'g, ;)" is
surjective, cf. Section 2. Observe first that {0} = kery(u) = (ran~y(u)™)* and
that ran~y(A) is closed for every A € O U O*. Hence ranvy(pu)™ = G and for
given elements x,y € G there exist { fo, fo} € Ao such that v(u)"(f; — fifo) =

y — 7(u)x. Now it easy to see that f = {fo, fo} + {v(n)z, py(p)z} satisfies
Ioyf =xand Iy f = v. O

Remark 3.7 If 7 is a strict £(G)-valued function which admits a represen-
tation as in (3.1)-(3.2) and {G,T,I'1} is a generalized boundary triple as in
Theorem 3.6 with T = domT, then the span of the subspaces of Ny r is dense
inH, i.e., H=clsp{Nyr: A € OUO*}, and the closed symmetric operator
A =ker' has no eigenvalues.

If 7 is a matrix-valued function, that is, dim G < oo, then of course the range
of the mapping v € £(G,H) in (3.1) is closed. Hence Theorem 3.6 implies the
following corollary.

Corollary 3.8 Let T be a strict L(G)-valued function represented in the form
(3.1)-(3.2) and assume, in addition, that dim G is finite. Then there exists a
closed symmetric operator A in the Krein space H and an ordinary boundary
triple {G,To,T1} for At such that 7 is the corresponding Weyl function on
OuO~.

3.2 Realization of non-strict operator functions

Let again 7 : DU D* — L(G) be a piecewise meromorphic operator function
which is represented in the form (3.1)-(3.2). We are now interested in the case
where 7 is not strict, i.e., the space G in (3.3) is not trivial. Roughly speaking
the next lemma states that 7 can always be written as a selfadjoint constant
and a smaller strict operator function. For special classes of matrix-valued
functions Lemma 3.9 can be found in [6].

Lemma 3.9 Let 7 be a piecewise_meromorphic L(G)-valued function repre-
sented in the form (3.1)-(3.2), let G be as in (3.3) and set G' := G&G. Denote
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the corresponding orthogonal projections and canonical embeddings by 7, @', T
and U, respectively, and fiz some pg € (7). Then

/ A / 0 O / -~ !/ /
) = mTNE0 7 (Ho)T) gA . QA (3.10)
0 0 AT (o) 77 (o)t g g

for all X € h(7) and the L(G')-valued function X\ — 7'T(\) is strict.

Proof. It follows from the definition of G in (3.3) that for Z € G and all
A € h(7) the relation 7(A\)iZ = 7(jio)iZ = T(4o)7Z holds. Therefore

oy [T Y L9 v e b,

~

- AT (po)T g g
and the symmetry property 7(A) = 7(\)* implies

7T\ = (7'7(N0D)* = (7'7(fio)0)* = 77 (o)t

which yields the representation (3.10). Let us show that A — 7'7(\)/ is a
strict function. Assume that 2’ € G’ belongs to

N ker TN =TT

AEh(r) A — fo

Then 7'7(A)2" = ' (fig)/'z" and also 77(A)'2" = 77 (fip)'z" by (3.10) for all
A € h(7), and this implies /2’ € G. This is possible only for 2’ = 0, i.e., the
function A\ — 7’7 (\)/ is strict. O

Next we construct a nondensely defined closed symmetric operator B in a
Krein space and an ordinary boundary triple for B* such that the corre-
sponding Weyl function is a selfadjoint constant.

Lemma 3.10 Let QA be a Hilbert space, let © = ©* € E(QA) and fix some
¥ e C. Then H = (QAQ, (J-,-)), where J = (9 6), is a Krein space and there
exists a_closed symmetric operator B in H and an ordinary boundary triple
16,00, 1}, By = ker [y, for B* such that the corresponding Weyl function is
the selfadjoint constant © and o(By) = {J,9}.

Proof. We equip G x G with the indefinite inner product [-,-] := (J-,-), where
J = (? 6) and (-,-) is the Hilbert scalar product on G2. Then

91 .
BO = _ GE(Q)
0
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is selfadjoint in the Krein space H = (G2, [-,-]) and for every A € C\ {0, 9} we
have

(Bo— M) = ((19 “AT - 19}_1(15 - Ml) € L(H).
0 (5 — \)!

Let Ao € C\{0,9}, A, : G — H, = — (,0)7, and define for A € C\{v), 9}

NG —H,  ae (T+ (= 2)(Bo— N = (1199__10 7, 0>T.

Then obviously ran3()\) = G x {0}. From

. 9 — A _
TR =G @y = 5y ne O\ ), (3.11)

we obtain 7(n)T4(\) = 0 for all \,n € C\{¥,¥}. Consider the closed symmet-
ric operator

B:=B, | (G x {0}) (3.12)

in H. Then we have N3 g+ = Gx{0} = ranF(\) for all A € C\{", 9}, the defect
of B coincides with dim G and N, p+[ LA, g+ holds for all A,n € C\{¥,9}.
For a fixed u € C\{0,J} we write the elements § € BT = By + N, g+ in the
form

9 =190, Bogo} + {71z, 3 (1)}, weEH, z€d.
Then it follows as in the proof of Theorem 3.6 that {QA T, fl}, where
Tog:=2 and T1§:=73(u)"(By — ji)go + O, (3.13)

is a boundary triple for BT and the corresponding Weyl function is the self-

-~

adjoint constant © € L(G). O
Remark 3.11 Note that the negative and the positive index of the Krein space
H = (G2, (J-,*)) in Proposition 3.10 coincides with dim G, that is,

dim(ker(J — I)) = dim(ker(.J + I)) = dim G.
Proof of Theorem 3.1. Let 7 : DUD* — L(G) be a (in general non-strict)
piecewise meromorphic function which is represented in the form (3.1)-(3.2)

for a fixed \y € OUO* and all A € OUO*. Let G be as in (3.3),set G =Gog

and decompose T as in (3.10).
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Then by Lemma 3.9 the piecewise meromorphic function
=71/ :DUD" — L(G)
is strict. Setting 7' := v/ € L(G', H) it follows directly from (3.1) that
7s(A) = Re7y(Xo) + 7/+<()\ —ReXg) + (A = Ao)(A = Ao)(Ag — /\)71)7/

holds for a fixed A\g € OUO" and all A € OU O*. Furthermore, (3.2) together
with the fact G = ker v, cf. Lemma 3.5, implies that the minimality condition

H = clsp {(1 + (A= Xo)(Ag — )\)_1)7’33’ AeQUO 2 € g'}

is satisfied. Therefore we can apply Theorem 3.6 to the function 7y, i.e., 7y
coincides on O U O* with the Weyl function corresponding to some closed
symmetric operator A C Ap in the Krein space H and a generalized boundary
triple {G’, T'y, T} } for the adjoint A™. Note that Ay = ker I'j and that dom T,
[" = (I, Th)7, is dense in AT.

According to Lemma 3.10 there exists a Krein space]i a closed symmetric
operator B in ‘H and an ordinary boundary triple {G, s, ['1} such that the
corresponding Weyl function is the selfadjoint constant

71(uo)T € L(G).

Moreover, the spectrum of the selfadjoint relation By = ker T, consists of a
pair of eigenvalues {1, ¥} and it is no restriction to assume that ¢,9 ¢ OUO*
holds.

In the following we consider the closed symmetric operator S := A x B in the
Krein space K := H x 'H and its adjoint ST = AT x BT. Note that dom I x Bt

is dense in S*. The elements in dom I x B* will be denoted in the form { 7, g},
f €domI”, g € BT. We claim that {G,Tg,T";}, where

5 Ty f P Ty f + 77 (1) Tog
Lo{f.g} =" and I'i{f,gt:=|_" o
Log g+ 77(po)' To f

{f,9} € domI” x B*, is a generalized boundary triple for ST such that
the corresponding Weyl function coincides with 7 on O U O*. In fact, since
{G", T, "} and {G, [y, I'1} are generalized and ordinary boundary triples for

15



At and BT, respectively, it follows that for {f, g}, {fz, l%} € domI” x B*

[P{f, g}, 1¢h, k}]

(G'®G)?
iy Féf Fih +m T(No)ffoiﬁ . Fllf + 7T/T(,Uo)ffof] Ff)ﬁ
fog 7 flfc + 7?'7'(,&0)L/ FE)iL flg -+ ﬁT(Mo)L, F6f 7 foiﬂ
J— / ¢ /A AA ) p— ¢ 7 pa—
= [F.0h g+ [Pa. Tk, = [£0] o + [0 ] = [7. 90 40 B3]
holds. Here we also have used (7'7(10)7)* = 77(p10)¢'. Moreover, since Ay =

kerI'y and By = ker['y are selfadjoint in H and H, respectively, it is clear
that ker [y = Ap X By is a selfadjoint relation in K =H x H. As ran I'y=¢
and ran TO = g we also have that ranI'y coincides with G = G’ @ g Hence
{G,Ty,T'1} is a generalized boundary triple for ST = AT x B*. It remains to
show that the corresponding Weyl function coincides with 7. For this, note
that

//\/\A,domf = ﬁx,domr'xm = N\A,domF’ X N\A,B+7 AeOuU0O,
and let {f)”f],\} € domI” x B*, where fA € ﬁ)\7domf‘/ and gy € N\Mw. Since
N0 f =T fx and  77(uo)ilogn = Tign, A€ OU O,
we conclude
7(\) ©7(no)T\ (Tofx
7T (po)t" 7T (po)T f‘o@x
T fr + 77 (10)7 Togia

=1 e =D o}
77 (ko) Tofa + Tiga

T(MTo{fr, 0a} =

for all A € O U O, that is, 7 coincides with the Weyl function corresponding
to {Q,FO,Fl} on O U O*. O

Remark 3.12 Let 7 be as in (3.1)-(3.2) and let K = HxH, S = Ax B
and {G,Ty,T'1} be as in the proof of Theorem 3.1. If T is non-strict, then
G + {0} and in contrast to Theorem 3.6 and Remark 3.7 here the defect
subspaces Ny aomr, N € O U O*, are not dense in K. Indeed, it follows from
the construction in the proof of Lemma 3.10 that

clsp{./\&,m tAE OUO*} —Gx{0}A#H=GxG
holds. Therefore

clsp {Nyaomr 1 A € O x 0"} =H x G x {0} # K.
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This implies that the analytic properties of T are in general not completely
reflected by the spectral properties of the selfadjoint operator or relation
Sy = ker Ty in KC, but this disadvantage arises only at the points 9,9 which
can be chosen arbitrary, e.g. in C\(D U D*). In Section 4 we shall see that
the non-minimality does not affect solvability properties of a certain class of
elliptic boundary value problems investigated here. Note also, that ¥ is the
only eigenvalue of the symmetric operator S = A x B, since o,(A) = 0 by
Remark 3.7 and 0,(B) = {0}; cf. (3.12).

3.3 Some special classes of operator functions

Many classes of R-symmetric operator functions satisfy the general assump-
tions in the beginning of Section 3, cf. Remark 3.3. In this subsection we
briefly recall some necessary definitions and we formulate some corollaries of
Theorem 3.1.

The first corollary concerns the case of a locally holomorphic operator function.
We refer to [2,28,48] for the existence of the representation (3.1)-(3.2).

Corollary 3.13 Let 7 : DUD* — L(G) be a piecewise holomorphic function
which satisfies T(\) = 7(\)*, A € DUD*, and let O be a simply connected
open set with O C D. Then there exists a Krein space K, a closed symmetric
operator S in K and a generalized boundary triple {G,To,T1} for ST such that
the corresponding Weyl function coincides with T on O U O*. If, in addition,

dim G < oo holds, then {G,Ty,'1} is an ordinary boundary triple.

The classes of generalized Nevanlinna functions were introduced and studied
by M.G. Krein and H. Langer, see, e.g., [49-51]. Recall that an £(G)-valued
function 7 belongs to the generalized Nevanlinna class N, (L£(G)), k € Ny, if 7

is piecewise meromorphic in C\R and R-symmetric, i.e., 7(A) = 7(\)* for all
A belonging to the set of points of holomorphy h(7) of 7, and the kernel

A o *
(o) = T Ty e et i),
A—[
has k negative squares, that is, for all n € N, A,...,;\, € C" N h(7) and all
x1,...,%, € G the selfadjoint matrix
(R (s Ag)es, ) )

1,j=1

has at most x negative eigenvalues, and x is minimal with this property. The
functions in the class No(L£(G)) are called Nevanlinna functions. A function 7 €
No(L(G)) is holomorphic on C\R and Im7()) is nonnegative for all A € C*.
It is well-known that Nevanlinna functions can equivalently be characterized
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by integral representations. More precisely, 7 is a £(G)-valued Nevanlinna
function if and only if there exist selfadjoint operators a, 3 € L(G), § > 0,
and a nondecreasing selfadjoint operator function t — 3(t) € £(G) on R such

that [ —zd%(t) € £(G) and

1+

oo 1 t
N=atas+ [ (o5 - 1) du 14
=02+ [T (7 - i) 80 (3.14)
holds for all A € h(7). It is worth to note that a Nevanlinna function 7 is
strict if and only if Im 7()\) is uniformly positive for some (and hence for all)

A e CT.

It was shown in [45,50] that every function 7 € N,(£(G)) can be represented
in the form (3.1)-(3.2) with D = C*, O = h(7) NC* and H is a Pontryagin
space with negative index k. For generalized Nevanlinna functions our main
result reads as follows, cf. Remark 3.11 and [7, Theorem 3.2] for the special
case of £L(C")-valued Nevanlinna functions.

Corollary 3.14 Let 7 € No(£(G)), k € Ny, and let G be as in (3.3). Then
there exists a Krein space IC with negative index k+dim G, a closed symmetric
operator S in K and a generalized boundary triple {G,To,T'1} for ST such that
the corresponding Weyl function coincides with T on b(7). If, in addition,
dim G < oo, then K is a Pontryagin space with negative index Kk + dim G and
{G,T0,T'1} is an ordinary boundary triple.

Next we briefly recall the definitions of definitizable and locally definitizable
operator functions introduced by P. Jonas in [46-48]|. An R-symmetric piece-
wise meromorphic £(G)-valued function 7 in C\R is called definitizable if there
exists an R-symmetric scalar rational function r such that r7 is the sum of a
Nevanlinna function G € Ny(L£(G)) and an £(G)-valued rational function P
with the poles of P belonging to h(7),

r(A)T(A) = G(A) + P()N), A€ b(rr).

The classes N, (L£(G)), & € Ny, are contained in the set of definitizable func-
tions, see [46,47]. Let © be a domain in C which is symmetric with respect
to R, such that QN R # @ and QN C* and QN C~ are simply connected. A
L(G)-valued function 7 is said to be definitizable in ) if for every domain €/
with the same properties as Q, ¥ C €, the restriction of 7 to Q' can be writ-
ten as the sum of a definitizable function 7, and an R-symmetric £(G)-valued
function 73, holomorphic in ', 7(A) = 74(\) + 7,(A) for all XA € h(7) N QY.

Operator representations of the form (3.1)-(3.2) for definitizable and locally
definitizable functions can be found in [47,48]. If 7 is definitizable in © and €’
is a domain as Q, ' C Q, one can choose D = QNCT and O = Q'Nh(1)NCT.
This yields the following corollary.

18



Corollary 3.15 Let 7 be a L(G)-valued function definitizable in Q and let €
be a domain with the same properties as Q, ¥ C §). Then there exists a Krein
space IC, a closed symmetric operator S in IC and a generalized boundary triple
{G, T, 1} for ST such that the corresponding Weyl function coincides with T
on ' Nh(r) NC\R. If, in addition, dim G < oo holds, then {G,T,I'1} is an
ordinary boundary triple.

4 Elliptic PDEs with A-dependent boundary conditions

Let €2 be a smooth bounded domain in R™, n > 1, with C"*°-boundary 02 and
consider the second order differential expression

(= — Z ajajk('?k +a (4.1)
k=1
on  with coefficients a;i, a € C=(Q) such that a;, = ax; forall j,k=1,...,n
and a is real-valued. In addition, it is assumed that the ellipticity condition

ajp(x)€r > Czn:f;%, E=(&,...,6) eR, z€Q,
k=1

n
J,k=1

holds for some constant C' > 0. In this section we investigate the following
A-dependent elliptic boundary value problem: For a given function g € L?(Q)
and A € h(7) find f € L*(Q) such that

ofp

(—=Nf=g and T(N) floa = Bus 09

(4.2)

holds. Here 7 is assumed to be a piecewise meromorphic £(L?(9))-valued
function and fp denotes the component of f in the domain of the Dirichlet
operator. The precise formulation of the problem will be given in Section 4.2.

4.1  Preliminaries and ordinary boundary triples for elliptic PDEs

The Sobolev space of kth order on €2 is denoted by H*(2) and the closure
of C&°(Q2) in H*(Q) is denoted by HE(€). Sobolev spaces on the bound-
ary are denoted by H*(09)), s € R. Let (-,-)_1/2x1/2 and (-,-)_3/2x3/2 be
the extensions of the L?(9) inner product to H1/2(9Q) x HY?(0Q) and
H73/2(000) x H3?(0R), respectively, and let 1 : H¥Y/2(9Q) — L*(09Q) be iso-
morphisms such that (x,y)_1/2x1/2 = (¢—2,t4y) holds for all x € H=12(00)
and y € HY2(09).
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Recall that the Dirichlet operator
TDfD = éfD, dom TD = H2(Q) N HS(Q),

associated to the elliptic differential expression £ in (4.1) is selfadjoint in L*(£2)
and the resolvent of Tp is compact, cf. [34, VI. Theorem 1.4] and [52,55,61].
Furthermore, the minimal operator

Tf=1f, domT = HZ(9),

is a densely defined closed symmetric operator in L?(Q2) and the adjoint oper-
ator T f = (f is defined on the maximal domain

dom T = Dy = {f € L*(Q) : £f € L (Q)}.

Let us fix some n € RN p(Tp). Then for each function f € Dy.x there is a
unique decomposition f = fp + f,, where fp € domTp and f, € N, =
ker(T* — n). In fact, as Tp — 7 is surjective for a given f € Dy, there exists
fp € domTp such that (T* —n)f = (Ip — n)fp holds. It follows that f, :=
f— fp € N,r- and hence f = fp + f, is the desired decomposition. The
uniqueness follows from ker(Tp — n) = {0}.

Let n = (ny,...,n,)" be the unit outward normal of . It is well-known that
the map

Coo(g) S5 fr {f|3g, 87']( }, where 87]0 = ; ajknjakf,
1

Ovglaa o 4=

can be extended to a linear operator from Dy, into H~/2(9Q) x H=3/2(09)
and that for f € Dyay and g € H?(Q) Green’s identity

0
- (aﬂag?gyaﬂ) 3 (4.3)

X

0
(T*f7 g) - (f7 T*g) = <f‘89’ ai‘m)

X

Njw

1ol
2772

holds, see [41,55,61].

The A-dependent boundary condition in (4.2) will be rewritten with the help
of an ordinary boundary triple for the maximal realization of ¢ in L?(2).
The ordinary boundary triple in the next proposition can also be found in
[16,39,43,44]. For the convenience of the reader we include a short proof based
on the general observations in [41,42].

Proposition 4.1 The triple {L?(0N2), Yo, Y1}, where

. 5 0
Yof =i filon  and Tif == G2
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F={fTF}, f = fp+ fn € Duax, s an ordinary boundary triple for the
maximal operator T*f = (f, domT* = Dy, such that Tp = ker Ty. The
corresponding y-field and Weyl function are given by

YNy =T+ N=0)(Tp—=N"Nfy), A€ p(Tp),
and

O(Tp — A" fay)

2, Ly Aen(Tn),

M)y = (n— Ay

respectively, where f,(y) is the unique function in ker(T* — n) satisfying
L—j%(yNBQ =Y.

Proof. Let f, g € Dyax be decomposed in the form f = fp+f, and g = gp+g,.
As T is selfadjoint and n € R we find

(T f,9) = (£, T°9) = (Tnfp,97) — (fp, T"95) + (T" f4.90) — (f4: Tpgp)
and then fpl|aq = gploa = 0 together with Green’s identity (4.3) implies

dgp

Ve 8Q> _

0
(T"f,9) = (f,T"g) = — <$’m,gnlaa>l o (fn|8§z, B

= (T1f, Yod) — (Yof, T19).

Hence (2.4) in Definition 2.2 holds, cf. (2.3). Furthermore, by the classical
trace theorem the map H?(Q) N HY(Q) 5 fp — %%\39 € H'Y%(09) is onto
and the same holds for the map ker(T* —n) 3 f, — fnloo € H Y/2(0Q), which
is an isomorphism according to [42, Theorem 2.1]. Hence (Yo, T1)" maps T*
onto L*(92) x L*(99Q) and therefore { L?(92), Yo, T1} is an ordinary boundary
triple for T with Tp = ker Y.

1,1
X — 5X5

It remains to show that the corresponding v-field and Weyl function have the
asserted form. For this let y € L?(9Q), choose the unique function f,(y) in
ker(T* — n) such that y = ¢_ f,,(y)|sq holds and set

= A=) (Tp = N7 fy(y) + foly) (4.4)

for A\ € p(Tp). It is easy to see that (1T — A)fy = 0 holds and since (Tp —
N7, (y) € domTp and f,(y) € ker(T* — 1) we obtain

Tofr = Dol Ao = e fo(y)]on = ¥,

Le. YNy = fa=T+N=n)(Tp — A1) f,(y). Finally, by the definition of
the Weyl function and (4.4) we have

A(Tp — A)_lfn(?/)‘
8y€ o0’

My =Tify = (7= A
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4.2 Elliptic boundary wvalue problems with eigenvalue depending boundary
conditions

Let D C C* be a simply connected open set and let 7 be a piecewise mero-
morphic £(L?(92))-valued function on DU D* which admits a representation
of the form (3.1)-(3.2) via the resolvent of some selfadjoint relation on an open
subset O U O* of DUD*. Note that 7 is holomorphic on O U O*. We study the
following A-dependent elliptic boundary value problem: For a given function
g€ L*(Q) and A € OUO* find f € Dpay such that

9fp

(t-=Nf=g and r(A)ufrm:ua—w]m

(4.5)

holds. According to Theorem 3.1 there exists a Krein space I, a closed sym-
metric operator S in K and a generalized boundary triple {L?*(092),To, T}
for ST = dom I such that the corresponding Weyl function coincides with 7
on O U O*. In particular, the set O U O* is a subset of the resolvent set of
the selfadjoint relation Sy = ker I'y in IC. With the help of the operator S, the
generalized boundary triple {L?(992), Ty, I'; } and the ordinary boundary triple
{L*(09Q), Yy, Y1} for the elliptic operator from Proposition 4.1 we construct a
linearization of the boundary value problem (4.5) in the next theorem.

Theorem 4.2 Let {L?(09Q), Yo, Y1} be the ordinary boundary triple for the
mazimal differential operator T associated to £ from Proposition 4.1 with cor-

responding y-field v and Weyl function M, and assume that (M (p)+7(p)) ™! €
L(L*(09Q)) holds for some u € O.

Then the operator

0)-1)

- Tof — Lok
dOInA: f eDmaXXIC: OJi OA
k T f+ Dk =

N o f={rTr}
0 k= {k,k'} € domT

is a selfadjoint extension of the minimal differential operator T in the Krein
space L*(Q)) x K, the set

U:={AeOUO": (M) +7(N) " € L(L*(00)}
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is a subset of p(A ) Np(Tp) NH(T) and for every X € U the unique solution of
the boundary value problem (4.5) is given by

f=Pra(A= X" g = To— N 7g =N (M) +7(0) vV’
(4.6)

Proof. The proof of Theorem 4.2 is divided into two parts. In the first part
it will be shown that A is a selfadjoint operator in the Krein space L*(Q) x K
and in the second part it is verified that the unique solution of (4.5) is given
by the function f in the theorem.

Step 1. Let us check first that A is an operator. In fact, if

(f) edomA and f=k=0,
k

then obviously 7" f = 0 and hence f = 0. This yields Ty f = 0 = ok and

T,f = 0 = I'tk. Therefore k = {0,k'} € S and as S is an operator k£’ = 0
follows. The fact that A is symmetric in the Krein space L*(9Q) x K fol-
lows from the special form of dom A and the identities (2.4) and (2.2) for
the ordinary boundary triple {L*(992), Yo, T1} and the generalized boundary
triple {L?(092),T,'1}. Indeed, for ( ), (z) € dom A we have Yof = Tk,

Tog = Foh, Tlf = —Flk:, T,g=-I h and hence

() C)

= (T1f,Tod) — (Tof, Y1g) + (T1k,Toh) — (Tok, T1h) = 0.

In order to prove that A is selfadjoint in L?(Q) x K it is sufficient to verify that
the operators A — 1 and A — i are surjective for some p € U. We show only
ran (ﬁ— w) = L*(Q) x K, the same reasoning applies for A— [i. By assumption
p € O is such that (M(u)+7(un))~! € L(L*(0N2)) and moreover, i belongs to

p(Tp) N p(So) as o(Tp) C R and 7 is holomorphic on O U O*. Let g € L*(Q),
h e K and define f = {f, uf + g} and k = {k, uk + h} by

-1

fi=(To =) g =y (M) +7(1)) (Y (@)"g +7-(1) ") € L*(Q) (4.7)

and

= (S0 = )" h =5 () (M () +7()) ((1)"9 + (1) h) € K.
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Here 7 is the y-field of the ordinary boundary triple { L?(99), To, Y1} and , is
the y-field corresponding to the generalized boundary triple {L*(99), T'o, ' }.
Note that f € T* since y(u)(M(p) +7(1)) " (v(2)*g + 7 () *h) € N1 and

{(Tp = )19, (I + (T — p)~)g} € Tp. (4.8)

An analogous argument shows k € dom I’ € S*. We claim that {f, k} satisfies
the boundary conditions Tof =Tgk and T f = —T'1k, so that (i) belongs
to dom A. In fact, as Tp = ker Ty it follows from (4.7), (4.8) and (2.7) that

Tof = — (M) + (1) (1(w)"g + ()
Tof = (m)g — M) (M) + 7)) (4(8)"g + (7)),

and analogously,

Lok = —(M(u) +7(1)) (4(B)"g + (7)),
Dok = 7, (1) h — () (M) + (1) (1) g + () 1),

Hence we have T f = Fol% and

Yif =v(n)g — (v(1)"g + (1) *h)
() (M) + () ((8)"g + 7 (1) Th) = Tk,

ie., {f,k} € A and it follows that
k uk + h k h

holds. As the elements g € L*(Q2) and h € K were chosen arbitrary we conclude
ran (A — p) = L*(Q) x K.

Step 2. Next it will be verified that for A € ¢ the unique solution of (4.5) is
given by

f=Pp(A—N)" (g) . (4.9)
0

We note first that the set ¢ is a subset of p(A). In fact, for every A € U the
same argument as in Step 1 of the proof shows that A A and A — ) are
surjective and hence ker(A — X) = {0} = ker(A — \), i.e. A, A € p(A). For f in
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(4.9) we have

(A—-XN7"! (g) = (f> , where k:= Pc(A— )" (g) :
0 k 0

and from A C T* x dom T and

LIRIEAR N

we conclude that T*f = g + Af and k € N,g+ = ker(ST — A) holds.
As 7 is the Weyl function corresponding to the generalized boundary triple
{L*(09),T,T;} and S it follows that k = {k, \k} € Ny g+ Ndom T satisfies
7(MTok = T'1k. Therefore, making use of the specific form of dom A and the
ordinary boundary triple in Proposition 4.1 we obtain

9fp

T\ floa = T\ Tof = T(\Dok = Tk = =T f = 1, —2| .
vy log

Hence (4.9) is a solution of the boundary value problem (4.5). The fact that
the compression of the resolvent of A onto L?(2) has the asserted form follows
from Step 1 of the proof by setting f = {f, Af + ¢} and k = {k, \k}. In this
case (4.7) reduces to

-1
f=(Tp =N "g =y (MN) +7() +(V)g
and coincides with Pr2(A — X)7! 2 by (4.9).
Finally, we check that for A € U the solution f of (4.5) in (4.9) is unique.

Assume that f; € Dpay is also a solution of (4.5). Then f — fi; € Ny~ and
as M is the Weyl function of {L?*(992), Yo, T1} we have

MWNYo(f = f)="T(f - f),  F={LTf} h={fTH}

On the other hand, since f and f; both satisfy the boundary condition in (4.5)
it is clear that 7(A\)Yo(f — f1) = =Y1(f — f1) holds and this implies

(M(X) +7(\)Yo(f — f1) =0.
Since A € U we conclude ”I:o(f - fl) =0, ie, f— fi € Tp = ker Yy. ;From

A € p(Tp) we then obtain f = f; and hence the solution f in (4.9) is unique.
This completes the proof of Theorem 4.2. O
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Remark 4.3 The method applied in the proof of Theorem 4.2 differs from
the coupling techniques in [6, Theorem 4.3] and [21, § 5.2/, where only or-
dinary boundary triples were used. The principal difficulty here is to ensure

selfadjointness of A, a fact that follows immediately via the abstract boundary
condition in [6,21].

In the special case that 7 in (4.5) is a (in general non-strict) L£(L?(9))-
valued Nevanlinna function the condition 0 € p(M (u) +7(u)) in Theorem 4.2
is automatically satisfied for every nonreal p, because the imaginary part of
the Weyl function M of the ordinary boundary triple {L*(99), Yo, Y} for T*
is uniformly positive (uniformly negative) for A € C* (A € C™, respectively).
This proves the following corollary.

Corollary 4.4 Assume that the function T in the boundary condition in (4.5)
belongs to the class No(L(L*(0R))) and let {L*(09Q), To, Y1} be the ordinary
boundary triple for T* from Proposition 4.1 with corresponding v-field ~v and
Weyl function M. Then the operator A in Theorem 4.2 1s a selfadjoint ex-
tension of T in L*(2) x K and for every A € C\R the unique solution of the
boundary value problem (4.5) is given by (4.6).

Observe that for g = 0 in (4.5) and A € U the unique solution of the homoge-
neous boundary value problem

@fp ‘
o0

(=XNf=0 and  T(A\)i_floa = (4.10)

is given by f = Pr2(A—\)""|20 = 0, cf. Theorem 4.2. The following proposi-
tion shows, roughly speaking, that the nontrivial solutions of the homogeneous

problem (4.10) are given by the eigenvalues and eigenvectors of the operator
A.

Proposition 4.5 Let the assumptions be as in Theorem 4.2 and let A be the
selfadjoint operator in L?(Q) x KC from the same theorem. Then the following
holds.

(i) If A € OUO* is an eigenvalue of A and (£> € ker(A — \) is a corre-
sponding eigenvector, then f € Dpyax is a nontrivial solution of (4.10).
(ii) If N € OUO* and f € Duax is a nontrivial solution of (4.10), then X is

an eigenvalue of A and (}:) € ker(ﬁ — A) for some k € K.

Proof. (i) Suppose that ( ) € dom A is an eigenvector corresponding to the

eigenvalue A € OU O* of A. Then we have (f = \f and since k= {k,\k} €
N rs+ NdomI' it follows from the specific form of dom A and the fact that 7
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is the Weyl function of the generalized boundary triple {L?*(92),T,T'1} that
9fp

TN floo = TN Yof = T(NTok =Tk = =11 f =1, 22 B o

holds. Therefore f € Dyax is a solution of the homogeneous boundary value
problem (4.10). It remains to show f # 0. Assume the contrary. Then f =
{f,T*f} = 0 and it follows from 0 = Yof = Lok that k = {k, Ak} belongs
to Sy = kerI'y. Since (O U O*) C p(Sp) (cf. the beginning of Section 4.2,
Theorem 3.1 and Remark 3.12) we conclude & = 0, a contradiction to (i)
being an eigenvector.

(ii) Let f € Diax be a nontrivial solution of (4.10). Then the boundary condi-
tion 7\ Yof = =Y. f, f = {f, Af}, is fulfilled and as X € (O U O*) C p(So),
So = kerI'y, we can decompose dom I in the form domI' = S, +./\/>\ domT cf.
(2.5). Since {L?(09),T',T1} is a generalized boundary triple for S* = domT
the map Ty : domT" — L*(99) is onto and hence there exists k= {k Ak} €
./\/} domT = M s+ N domT such that Tok = t_f]se holds. Hence we have

Dok = Tof, T(A )I‘ok = Flk, and therefore

~

Yif = —1(N)Yof = —1(Mok = Tk,

ie., ({:) € dom 4 is an eigenvector corresponding to the eigenvalue A of A.O

4.8  An example: A rational Nevanlinna function T

Let oy, 3; € L(L*(0R)), i = 1,...,m, be bounded selfadjoint operators in
L?(99) and assume that 3; > 0 holds for all i = 1,...,m and 0 € p(3;). We
consider the boundary value problem (4.5) with a function 7 of the form

PN = a1 MG+ S 8 (0 - NTBY Ae (plar).  (41D)
=2

=2

Observe that 7 is an £(L?*(992))-valued Nevanlinna function with the property
0 € p(Im7(X)) for all A € C\R and hence 7 is (uniformly) strict. The next
theorem, in which a solution operator A of the boundary value problem (4.5),
(4.11) is explicitely constructed, is essentially a consequence of Theorem 4.2
and an explicit realization of the function (4.11) as the Weyl function of an
ordinary boundary triple in the product space

L2(00)™ = L*(09) x ... x L*(0Q) (m copies).

A special case of Theorem 4.6 below was announced in [5]. For ordinary second
order differential operators in L?*(I), I C R, and scalar rational Nevanlinna
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functions in the boundary condition a solution operator of similar form in
L*(I) & C™ as in the next result can be found in [12], see also [13,14].

Theorem 4.6 Let 7 be a rational L(L*(0N))-valued Nevanlinna function of
the form (4.11) and let v and M be as in Proposition 4.1. Then

f Lf
kl kll f:fD+fn€DmaX7
Alky | = | 8700k + asky |

: : ki, .. km, k] € L2(0Q),

km 6%251_1/2]{:1 + amkm
f

~ ky L fn|89 = 5_1 2 ky
dom A = C o 12, 1/2k’ m g2 [
R P = Tk + By >ite B3 ki

o,

is a selfadjoint operator in the Hilbert space L3(Q) x L*(0Q)™ and for every
A in p(A) N p(Tp) N H(7) the unique solution of the boundary value problem
(4.5) is given by (4.6).

Proof. The statements in Theorem 4.6 will follow by applying Theorem 4.2
to an explicit realization of the function 7 in (4.11) as the Weyl function of an
ordinary boundary triple { L?(992), T, T'1 } for some closed symmetric operator
in L?(0Q)™.

Denote the functions k € L?(0Q)™ in the form k = (ky, ..., k)", k; € L?(09),

1 =1,...,m, and consider the non-densely defined operator

i 2312 T
S(k)b..., m Zﬁl kl,OCQkQ?...,amk‘m y

dom S = {(kl, k)T € LP(OQ)™  hy = 0},

in L?(9Q)™. The scalar products in L*(9€2) and L*(992)™ will both be denoted

*

by (-,-). We hope that this does not lead to any confusion. As «o; = «f,
i=1,...,m, it follows that (Sk,k) is real for all k£ € dom S and hence S is
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symmetric. We claim that the adjoint of S is given by

by K

k V237 2k 4 ok
S* ‘1, e ST ke K € LP(09)

km ﬁ}n/zﬁl_l/le + O-/mk:m
(4.12)

In fact, for [ € dom S and an element k = {k, ¥’} belonging to the right hand
side of (4.12) we compute

(SLk) —(I,K) = i(ﬁfl/zﬁgmlm ki) + i(%’lu ki)
=2 =2

— S0 8268, Pk + ki) = 0
1=2

and hence the right hand side of (4.12) is a subset of S*. Furthermore, for
each [ € dom S and k = {k,k'} € S* we have

0 = (SLK) — (LK) = 357281 o) + 3wl ) — S (0is K.

=2 =2 =2

Therefore, by inserting [ = (0,...,0,1;,0,...,0)", [; € L*(0Q), j = 2,...,m,
we obtain

K= 600k +agky,  j=2,...,m,

i.e., S* is a subset of the right hand side of (4.12) and hence S* is given by
(4.12).

Let us check that {L?(99),T,T'1}, where

Tok = 5;1/%1 and Tk = 0415171/2]?1 + ﬁ11/2k1 - Zﬁil/Qkia ke s,
i=2

is an ordinary boundary triple for S* with 7 in (4.11) as corresponding Weyl
function. Since for an element k = {k,k'} € S* the entries k; and k| are
arbitrary elements in L?(9Q) it follows immediately from 0 € p(3;) that the
mapping (Fo,T'1) " : S* — L2(09Q) x L?(99) is onto. Next we verify the identity
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(2.3). For I = {I,I'} and k = {k, k'} € S* astraightforward computation shows

(I k) — (LK) = (3720, 87 k) — (8720, 51K

30800 + il k) = S B2 87 PRy + k)
1=2 1=2

= ( VAL =SB By 1%) - (ﬂl 2 Pk - Zﬁ?%)
=2 =2
= ([41,Tok) — (Tol, Ty k),

where we have used ay = af in the last step. Observe that the selfadjoint
relation Sy = ker Iy is given by

S = {0, k)T (R gk cmbn) T K K € L2(00))

and that for A € p(Sy) = N, p(a;) the resolvent of Sy is a diagonal block
operator matrix in L*(9Q)™ with entries 0, (e — A) ™', (o, — A) 7" on the
diagonal. Let now k = {k, Ak} € N, g- and X € p(Sp). Then we have

K, =Xy and B8k = (A —ai)ki, i=2,...,m,

7

and this implies

(al TG+ 0 (s = )T ) Pl
=2
= a7 P A+ 3 01 0= )0y
=2

= 04151_1/2]4?1 + 511/2]{?3 — Zﬁ;ﬂki =Tk
i=2

for A € p(Sp). Hence 7 is the Weyl function of the ordinary boundary triple
{L*(09Q),Ty,T1}.

Now we apply Theorem 4.2 to the present situation. It follows directly from
(4.12) and the definition of the boundary triples {L?(92), Yo, Y1} in Propo-
sition 4.1 and {L2(99),T,I'1} above that the solution operator A in Theo-
rem 4.2 has the asserted form. As 7 is a Nevanlinna function C\R is subset
of U, cf. the consideration before Corollary 4.4, and hence for every A € C\R
the unique solution f € Dyax of (4.5) is given by (4.6). It can be shown with
similar arguments as in step 1 of the proof of Theorem 4.2 that this is also

true on the larger set p(A) N p(TpH) N h(7). O
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In the next corollary we consider the special case of a linear £(L?*(992))-valued
Nevanlinna function 7 in the boundary condition of (4.5). Similar A-linear
elliptic boundary value problems were investigated in, e.g., [15,35,36].

Corollary 4.7 Let o, 3 be bounded selfadjoint operators in L*(0) and as-
sume that 3 is uniformly positive. Then

i f_ tf
k) \B P GRloa — B PaB 2k
dom A = / € Duax X LX(0Q) = 1_fyloa = 87k

k

is a selfadjoint operator in L*(Q) x L*(99) and for g € L*(Q) and X € p(A)N
p(Tp) the unique solution f € Dpax of the boundary value problem

0
=N =g @+A0)-flon = 1n 2] .

is given by (4.6).
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