FUNCTIONAL MODELS FOR NEVANLINNA FAMILIES

JUSSI BEHRNDT, SEPPO HASSI, AND HENK DE SNOO

ABSTRACT. The class of Nevanlinna families consists of R-symmetric holo-
morphic multivalued functions on C\ R with maximal dissipative (maximal
accumulative) values on C4 (C_, respectively) and is a generalization of the
class of operator-valued Nevanlinna functions. In this note Nevanlinna families
are realized as Weyl families of boundary relations induced by multiplication
operators with the independent variable in reproducing kernel Hilbert spaces.

1. INTRODUCTION

Let H be a Hilbert space and let M be a Nevanlinna function whose values are
bounded linear operators in H, i.e., M is holomorphic on C\ R, M()\) = M()\)*
holds for all A € C\ R, and Im M(\) is a nonnegative operator for all A € Cj.
If, in addition, Im M(A), A € C,, is uniformly positive, then M will be called
uniformly strict. It is well known that a uniformly strict Nevanlinna function M
can be realized as a so-called @-function of a closed simple symmetric operator .S in
a Hilbert space $) and a selfadjoint extension of S in $, cf. [9] and [10]. The notion
of Q-function ’coincides’ with the modern concept of Weyl function associated with
an ordinary boundary triplet for symmetric operators or relations.

Recall that an ordinary boundary triplet {H,To,T'1} for a closed symmetric
operator or relation S with equal deficiency indices in a Hilbert space $ con-
sists of a Hilbert space H and two linear mappings I'g,I'; : S* — H such that
[':=(Ty,T1)" : S* — H x H is surjective and the abstract Green’s identity

(f',9) = (f,¢") = (T1F,Tog) — (Tof,T19)

holds for all f ={f,f'},g ={9,9'} € S*. V.A. Derkach and M.M. Malamud
have supplemented this notion by defining the concept of a Weyl function as an ab-
stract analogon of the classical Titchmarsh-Weyl coefficient in the theory of singular
Sturm-Liouville operators:

(1.1) M) =T(M(S) = {{To/n, Tifa} - fr€M(S)}, AeC\R,

where M, (S*) = {{f, f'} € S*:+ f' = Af}. It follows that M is a uniformly strict
Nevanlinna function and that conversely every uniformly strict Nevanlinna function
can be realized as the Weyl function of a closed simple symmetric operator S in a
Hilbert space $) and an ordinary boundary triplet {H,T'y,T'1} for S*.

In [5] the notions of boundary relations and associated Weyl families were in-
troduced as generalizations of the concepts of (ordinary and generalized) boundary
triplets and their Weyl functions. In contrast to ordinary boundary triplets a
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boundary relation I' for a symmetric relation S (whose defect numbers may be un-
equal and infinite) is in general only defined on a core 7 of the adjoint S* and the
mapping I' can be multivalued, see Definition 3.1. The Weyl family M associated
to a boundary relation I' is defined in a similar way as the Weyl function in (1.1)
and it follows that the Weyl family is a so-called Nevanlinna family, i.e., M is a
holomorphic family of maximal dissipative (in the upper open half plane C ) linear
relations in H, cf. Definition 2.1 below. In [5] it was shown that conversely every
Nevanlinna family can be realized as the Weyl family of a boundary relation in an
abstract model space.

This note concerns an explicit functional model for a Nevanlinna family M. In
this functional model there is a “natural” boundary relation I" whose Weyl family
is given by M. Here the model space is a reproducing kernel Hilbert space in which
multiplication by the independent variable is a closed simple symmetric operator
S which gives rise to the boundary relation. The operator of multiplication by the
independent variable in the context of reproducing kernel Hilbert spaces of scalar
entire functions was already considered in [3]. For uniformly strict Nevanlinna
functions the model in the present note reduces to the model constructed in [7] (see
also [11]).

The purpose of the present note is to provide a brief introduction to the notions
of boundary relations and corresponding Weyl families and to outline the func-
tional models associated with them. Very recently a similar functional model has
been also obtained with different methods by Derkach in [4]. An essentially wider
analysis involving connections to the reproducing kernel space models for operator-
valued Schur functions and transfer functions of unitary colligations is carried by
the authors in [2]. In that paper also classes of generalizations of boundary triplets
corresponding to special classes of Nevanlinna families (or Nevanlinna functions)
are treated in detail.

2. PRELIMINARIES

2.1. Linear relations in Hilbert spaces. Let $ be a Hilbert space with scalar
product (-,-). In this note (closed) linear relations in $, that is, (closed) linear
subspaces of the Cartesian product $ x § are studied. The elements of a linear
relation T' will be denoted by f ={f,f'} €T, f,f € H. For a linear relation
T in § the symbols dom T, ker T, ran T, and mulT" stand for the domain, kernel,
range, and the multi-valued part, respectively. The inverse relation is defined by
TV ={{f",f}: {f,f'} € T}. Closed linear operators in $ will be identified with
closed linear relations via their graphs. The linear space of everywhere defined
bounded linear operators in §) will be denoted by B($)).

Let S be a linear relation in $. The adjoint S* of S is a closed linear relation in
$ defined by

5" = {{g.4'} : (f'.9) = (f.9') for all {f.f'} € S}.

A linear relation S is called symmetric (selfadjoint) if S C S* (S = S*, respectively).
For a closed symmetric relation S in the Hilbert space $) the defect space corre-
sponding to A € C will be denoted by 9y (S*), M\ (S*) = { {f, f'} € S*: f' = Af},
so that dom ‘fiA(S*) = ker (S* — ), which will be denoted by 91, (S*).
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For a fixed p € C4 the Cayley transform C,(T) of a linear relation T in § is
defined by

CulT) == {{f' — uf. I' — f} {f.F'} € T}.

Clearly C,,(T') maps ran (T'—p) onto ran (I'—f). Furthermore, C,,(7') is an isometric
(unitary) operator if and only if T" is a symmetric (selfadjoint, respectively) relation.
The inverse Cayley transform of a linear relation V is given by

(2.1) CUVW) == {I —h,uh' —h} : {h, W'} € V}.

If V is a unitary operator, then the selfadjoint relation A := C’,(fl)(V) in (2.1) is
given by

A={(V—=1)h,(uV — p)h} : h € H}.

2.2. Nevanlinna families, Nevanlinna pairs, and associated reproducing
kernel Hilbert spaces. Nevanlinna families are a natural generalization of the
class of Nevanlinna functions.

Definition 2.1. A family M = {M()) : A € C\ R} of linear relations in H is said
to be a Nevanlinna family in H if

(i) Im(f', f) = 0 for all {f,f'} € M(\), A € Cy, and Im(f’, f) < 0 for all
{f, /'y e M(A), A e C_;
(ii) M(\) = M(\)* for all A € C\ R;
(iii) for some, and hence for all, v € C, (v € C_), the operator function A —
(M(X) +v)~! is B(H)-valued and holomorphic on C; (C_, respectively).

The multivalued part mul M (\) of a Nevanlinna family M does not dependent on
A € C\ R and M can be decomposed into the direct orthogonal sum of a Nevanlinna
family My of densely defined operators in Hg := H © mul M (\) and the selfadjoint
relation Mo, = {0} x mul M (\),

M) = Mo(\) & Mso,  AEC\R.

In particular, M is an operator function if and only if dom M ()) is dense for some,
and hence for all, A € C\ R. A Nevanlinna family M = {M(\) : A € C\R} in H
is said to be uniformly strict if M(\) F M(\)* = H? for some, and hence for all,
A € C\R. Here T denotes the componentwise direct sum of linear subspaces in
H2. It turns out that a uniformly strict Nevanlinna family M is automatically a
B(H)-valued Nevanlinna function with 0 € p(Im M ()\)) for all A € C\ R, cf. [5].

Definition 2.2. A pair {®, U} of B(H)-valued functions is said to be a Nevanlinna
pair in ‘H if
(i) (ImA)Im (U(A)@(A)*) >0 for all A € C\R;
(i) T(NB(N)* = (A T(A)* for all A € C\ R;
(iii) (¥(\) +v®(N\)"' € B(H) forall A € Cy, v € Cy.
Let {®, U} be a Nevanlinna pair. Then

(22) M) = {{f.F}: 2N + TN =0} = {{T(\)'g, ~®(N)"g} : g € H}
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is a Nevanlinna family in H. Conversely, if M is a Nevanlinna family in H, then
the pair {A, B} defined by

_ M)+t AeCy, )T =M+ @)t AeCy,
A = {(M()\)+M)1, AeC_, BV = {I—/.L(M(/\)-FM)l, AeC_,

is a Nevanlinna pair in H which is symmetric, that is,
A\ = A(N)* and B(A) =B(\)*, MeC\R.

Moreover, the pair {®, U} defined by ®(\) := —B(A) and ¥(A) := A(N), is a
Nevanlinna pair such that (2.2) holds. In other words
M) = {{A(N)g, B(\)g} : g € H}.
In the special case that the Nevanlinna family M is a B(H)-valued Nevanlinna
function it is clear that {I, M} is a symmetric Nevanlinna pair.
Let {A, B} be a Nevanlinna pair in H. The corresponding Nevanlinna kernel on
(CLUC_) x (CLUC.) is defined by
BOVA(E)* — AN B(€)* -
Ka(e ) = DA Z CF seec,uc, e£4
and K4 g(\,A) = 0. The kernel K4 5(,-) is nonnegative, hermitian and holo-
morphic. The corresponding reproducing kernel Hilbert space will be denoted by
$H(A, B). Tt consists of vector functions which are holomorphic on C\ R, see, e.g.
[1]. If M is a B(H)-valued Nevanlinna function the notation (M) will be used
instead of H(I, M).

3. BOUNDARY RELATIONS AND WEYL FAMILIES

3.1. General definitions and basic properties. The concepts of boundary re-
lations and associated Weyl families were introduced in [5] as a generalization of
the notions of (generalized) boundary triplets and their Weyl functions. In the
following the definitions and some elementary properties of boundary relations and
Weyl families are briefly recalled.

Definition 3.1. Let S be a closed symmetric relation in a Hilbert space $ and let
H be an auxiliary Hilbert space. A linear relation I' C $?2 x H? is called a boundary
relation for S* if:

(i) 7 := domT is dense in S* and the abstract Green’s identity
(g/’l)ﬁ - (gvl/)ﬁ = (klvm)'H - (kam/)H
holds for every {7, 7(3\}, {T, m} eI
(ii) if {I,m} € H2 x H? satisfies the abstract Green’s identity for every {g, k} € T,
then {l,m} € T,
where § = {g,¢'}, 1= {l,I'} € 9% and k = {k, k'}, m = {m,m'} € H2.
Let S be a closed symmetric relation in . If I' C $2 x H? is a boundary relation

for S*, then I' is necessarily closed and S = ker I" holds. Moreover, it is not difficult
to see that I' C $? x H? with ker I' = S is a boundary relation for S* if and only if

s - (DO ) ) commmoon
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is a selfadjoint relation in $ @ H. Therefore every selfadjoint relation AinHoH
with § = AN $?2 yields a boundary relation for S* and vice versa, and hence for a
given S there always exists a Hilbert space H and a boundary relation I' C $2 x H?
for S*. Note that I' is not unique.

Let MA(7) = ker (7 — A), A € C\ R, be the defect space and set

M(T) = {{gn, M2} : 9r €M(T)}, Ae€C\R.

Definition 3.2. The Weyl family M = {M(\) : A € C\ R} of S corresponding to
the boundary relation I' C $? x H? is defined by

M) =T(M\(T)) = {k : {Gx.k} €T, 5x = {gr, An} € M(T)}, AeC\R.
If the values M (), A € C\ R, are operators, then M is called a Weyl function.

It is easy to see that the Weyl family M and the selfadjoint relation A in (3.1)
are connected via

(3.2) Pu(A=N)""Iu==(M(N)+X1) ",  AeC\R

This also implies that M is a Nevanlinna family in H, cf. [5]. Conversely every
Nevanlinna family can be interpreted as the Weyl family of a boundary relation,
cf. [5, Theorem 3.9].

Boundary relations extend the concepts of ordinary and generalized boundary
triplets. More precisely, if S is a closed symmetric relation in $ and I' C $2 x H? is
a boundary relation for S* such that ranT' = H?, or, equivalently, domT' = T = S*,
then {H,To,I'1} is said to be an ordinary boundary triplet for S*, see [6, 7] and
[8]. In this case the Weyl family M is a uniformly strict B(H)-valued Nevanlinna
function, see [5, Proposition 5.3].

3.2. Boundary relations, unitary colligations, Weyl families, and transfer
functions. Let $ and H be Hilbert spaces, and let A be a selfadjoint relation in
$ @ H. Then, according to (3.1), A gives rise to a boundary relation I" for the
adjoint of the closed symmetric relation S := AN $2 in . On the other hand, for
a fixed p € C4, the selfadjoint relation A in $ @ H is the inverse Cayley transform

Cl(fl)(U ) of a unitary operator, more precisely, of a so-called unitary colligation
UeB(HDH),

(3.3) U= (g 2) - (2) - (2) ’

that is, A admits the representation

oo 3= ({8 0) (S} nen s en)
with T € B($), F' € B(H,$), G € B($,H), and H € B(H) having the properties
"+ G*G=1, F'IT'+H'G=0, F*F+H'H=1,

(3:5) TT*+ FF* =1, GIT*+HF*=0, GG*+HH"=1.
The transfer function © of the unitary colligation U is defined by

(3.6) O(2):=H+:G(I—2T)"'F, zeD={weC:|uw <1},
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and O(z) := O(1/2)* for z € D* = {w € CU {oo} : Jw| > 1}. It is clear that © is a
B(H)-valued holomorphic function on D U D* and a straightforward computation
using (3.5) shows that

I-0(2)0(2)" =G —2T)" (1 —22)(I — 2T*)"'G* >0, z €D,

and therefore ||O(2)|| < 1, z € DUD*, ie., © is a B(H)-valued Schur function. .

In the next theorem the closed symmetric relation .S, the domain 7 of the bound-
ary relation ' corresponding to A in (3.4), and the Weyl family M associated to T’
are specified.

Theorem 3.3. Let A be a selfadjoint relation in $ ® H of the form (3.4). Then
the following statements hold:

(i) S:={{(T = Dh,(uT — E)h} : h € ker G} is a closed symmetric relation in
9 and the linear relation

T = {{(T—~ Dh+ Ff.(uT ~ ph+ pFf}: he $, f €M}

is dense in S*, so that S* =T, and S = T*.
(ii) The defect space Mx(T) =ker (T — X), A € C\ R, is given by

span{(1 — 2T)"1Ff : f € H}, AeCy,

81,\(7') = {Span{(l o ZflT*)flG*f . f c ’}-[}7 reC_,

where z= (A —p)/(A— R).
(iii) A boundary relation T' for S* is defined by

(T—I)h+Ff) ( Gh+ (H — I)f )} }

I:= _ , o che$H, feH,.

{{((MT—M)h+#Ff —pGh — (pH — p) f 9 f

(iv) If © is the transfer function of the unitary colligation U = C’M(Z) in (3.3),
then the Weyl family M corresponding to the boundary relation I is

M(\) = {{{ ()f, (uO(2) = @) f}: feM}, AeCy,
{{UI-0)f, (10(z) —p)f}: f€H}, AeC_.

Proof. ( ) It is not difficult to see that S and 7 coincide with AN H%and PgA
where P;j is the projection of the entries in A onto $2. Now [5, Proposition 2.12]
implies (i)

(ii) An element (T — I)h 4+ Ff belongs to ker (7 — \) if and only if

(WT —p)h+ pFf =XNT —I)h+ AFf.

For A € C, this is equivalent to h = z(I — 2T)"'Ff and hence M\ (7) is of the
asserted form for A € C;. Making use of the unitarity of U in (3.3) the relation 7
can equivalently be written in the form

T={{I-TYh—G*f,(un—pT*)h—aG*f}: heH, feH}

and a similar argument as above implies My (7)) = span {(1—2z71T*)"1G*f : f € H}
for A € C_.

(iii) Clearly ker I' = S, where S is as in part (i). Now the fact that I is a
boundary relation for S* follows immediately from the selfadjointness of A.
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(iv) The definition of the Weyl family and the transfer function in (3.6) together
with the form of the boundary relation I' in (iii) lead to

M(N) = {{(I - ©(2))f.(uO(z) ~ )f} : f €M} for AeCy.

For A € C_ the statement follows from the symmetry property M(\) = M(\)*. O

If S, 7, and I" are as in Theorem 3.3 then the relations I'y and I'y are given by
T Dh+Ff ) } }
Iy = ( _ ,Gh+ (H -1 che®, feH
0 {{((uT—u)h+uFf ( f f
and

Po= 4 (S T T ) uGh — (uH ) f i hEe s, feH,
{0k J |

respectively, and their kernels are symmetric extensions of S given by

Ao={{{T - D)h+ Ff,(uT — p)h+ pFf}: Gh+ (H—-1)f =0},

Ay ={{(T - Dh+Ff,(uT — ph+pFf}: pGh+ (pH — ) f =0 }.

The special case that the Weyl family M in Theorem 3.3 is a uniformly strict
Nevanlinna function can be characterized in terms of the operators H, F', and G.

Proposition 3.4. Let S C T and T be as in Theorem 3.3 and let M be the Weyl
family corresponding to'. Then M is uniformly strict if and only if —HH* = GG*
is uniformly positive, or equivalently, I — H*H = F*F is uniformly positive. In
this case M(X) € B(H), A € C\ R, and Im M (X) is uniformly positive (uniformly
negative) for all A € C4 (A € C_, respectively). Furthermore, {H,To,T'1} is an
ordinary boundary triplet for S*.

4. A REPRODUCING KERNEL HILBERT SPACE MODEL FOR NEVANLINNA FAMILIES

The following theorem states that each Nevanlinna family can be realized as the
Weyl family of a boundary relation associated with the operator of multiplication
by the independent variable in the reproducing kernel Hilbert space $(A, B); see
also [2], [4].

Theorem 4.1. Let M be a Nevanlinna family in H, let {A, B} be a symmelric
Nevanlinna pair such that M(\) = {{A(N)g,B(AN)g} : g € H}, A € C\ R, and let
(A, B) be the corresponding reproducing kernel Hilbert space. Then:

(i) the multiplication by the independent variable in $H(A, B), that is,
S={{p. ¥} € H(A,B)*: Y(A) = Ap(N) },

defines a closed simple symmetric operator in $H(A, B);
(ii) the linear relation

T = {{p. ¥} € H(A,B)* : b(A) = Ap(A) = AN)er + B(N)ea, cr,e2 € H |

is dense in S*;
(iii) the linear relation

{0 (5 o)

is a boundary relation for S* whose Weyl family is M.
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Proof. To the Nevanlinna family M (\), A € C\ R, associate the Schur function

T mMN) 7 AeCy A
(4.1) 6(2)_{1—(ﬂ—u)(M(>\)+ﬂ)_l’ AeC_, S

and define the corresponding Schur kernel Sg(w, z) on (D UD*) x (D

w, web,zeD,
%e(f“)* weD, zeD*
4.2 So(w,2) =3 ox{ 6w ’ |
(4.2) o(w, z) %7 weD* zeD,
1-9(2)0(w)” * *
T1/Ge) o weDh 2e D

The kernel Sg(+, ) is hermitian, holomorphic, and nonnegative, see [12]. Let &(0)
be the reproducing kernel Hilbert space associated with the Schur kernel in (4.2).
It follows from [1, Theorem 2.3.1] that

0~ 1) (49)- ()

where T, F', G, and H are defined by

3= =h(),  2€D,
(Th)(z) == {%h(z) —0(2)h(0), ze€D*,
.- {:(0() =8(0)f, zeD,
(Ff):= {(I - 6(2)0(0)f, z€D",
Gh := h(0),

is a unitary colligation such that the transfer function of U coincides with ©(z).
The linear relations in Theorem 3.3 (i) in the Hilbert space &(©) will now be
denoted by Sg(e) and 7 (e) instead of S and 7', respectively, and denote by I's(e)
the boundary relation for Sg g, in Theorem 3.3 (iii).

Observe that M can be recovered from (4.1) by
)= H{T =8NS, (we(2) —p)ft:fer}, AeCy,
{{I =01 (10(:) - )f}: f €M}, AeC.,
and that this representation of M induces the Nevanlinna pair {A(X), B(\)},

M(X

— ] — 2 o :U/G(Z) - A, NS CJm
43) AN :=I-0(2), A€C\R, B(\) == {,u@(z) R

To prove the theorem it is sufficient to consider the reproducing kernel Hilbert space
$H(A, B) associated with this special Nevanlinna pair in (4.3). Then the Schur kernel
Se(w, z) and the Nevanlinna kernel K4 p(€, \) are connected via

S@(w7 Z) = T(A)KA,B(& /\)T(f)*7 AEeCLUC, ¢+ 5‘7
where z = (A — p)/(A = i), w = (§ = p)/(§ — 1), and

’I"()\): ()‘_ﬂ)/(:u’_ﬁ)v )\E(C+7
(A= m/(i—p), AeC_.
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The multiplication by r is a unitary mapping from the reproducing kernel Hilbert
space (A, B) onto the reproducing kernel Hilbert space &(©). Furthermore,
straightforward calculations show that S and 7 in (i) and (ii) are connected to
Sg(@) and Tg(@) via

TS:SGQ and T‘T:T6@

respectively. Now, the fact that I'g(e) is a boundary relation for S . ylelds that

I in (iii) is a boundary relation for S*.

It remains to show that the Weyl family Mp(\) corresponding to I' coincides
with the Nevanlinna pair {A(X\), B(A)} in (4.3). Let w € C\ R and assume that
{o, 1} € Ny(T). Then ¥(N) = wp(N), A € C\ R. In view of (i) this means that

(w—=XN)pA) =A(N)c1 + B(X)ca, c1,¢c2 € H.

In particular, A(w)c;+B(w)ea = 0. Now the form of I in (iii) implies that Mp(w) C
{{cz,—cl} A(w)e; + B(w)ea = 0} By the symmetry property A(w)* = A(w),
B(w)* = ( ) of the Nevanlinna pair {A(\), B(A)} in (4.3) one has

= {{A(w (w)g} : g € H} = {{ca, —e1} : A(w)er + B(w)ey = 0}
Therefore, Mp(w) cM (w) holds. Since both families are Nevanlinna families, their
maximality property implies the claim Mp(w) = M(w), w € C\ R. O

If the Nevanlinna family M is an B(H)-valued Nevanlinna function, then the
Nevanlinna pair {I, M} can be chosen and the reproducing kernel Hilbert space is
H(M). Tt is left to the reader to formulate a corollary in this special situation. Fur-
thermore, it is well known that uniformly strict B(H)-valued Nevanlinna functions
can be realized as Weyl functions of ordinary boundary triplets, cf. [6, 7] and [5].
For these classes of Nevanlinna functions Theorem 4.1 yields the following result,
see [7, Proposition 5.3].

Corollary 4.2. Let M be a uniformly strict B(H)-valued Nevanlinna function.
Then S = {{p, ¥} € H(M)? : (X)) = Ap(N\)} is a closed simple symmetric operator
in H(M), the linear relation

T = {{o ¥} € HM)?: p(AN) = Ap(\) = c1 + M(N)ea, c1,¢2 € H }
coincides with S*, T = S*, and {H,To,T'1}, where
Lo{p,} =co and Ti{p, 9} =—c1,  {p.9} €57,
is an ordinary boundary triplet for S*.

The following example formally illustrates Theorem 4.1 and Corollary 4.2 for the
uniformly strict scalar Nevanlinna function M (X) = tanaX, where a > 0.

Example 4.3. Let (—a,a), a > 0, be a finite interval and consider in L?((—a,a))
the densely defined maximal first order differential operator (in graph notation)

Tmax = {{f.if'} : f absolutely continuous, f, f’ € L*((—a,a))}
generated by z . The corresponding minimal operator
Tin = {{fa'ﬂf } € Tinax * f(—a) = f(a) = 0}

is a closed symmetric operator with defect numbers (1,1) and T, = Tiax -
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Let £, be the reproducing kernel Hilbert space generated by the kernel
sina) cosal — cosal sinal  sina(\ — &)
A=¢ A-€
M\, & € C\R. The space £, consists of all entire functions of type < a, which are
square integrable on R, cf. [3]. By the Paley-Wiener theorem the mapping

(4.5) waQ):/ﬂé”ﬂwﬁ, \eC,

—a

(4.4) K(E ) =

provides an isometric isomorphism from L*((—a,a)) onto L,.
Note that the images of Tynin and Thax under the Fourier transform (4.5) are
given (in graph notation) by
S={{e. v} € L3N = (N},
5% ={{p, v} € L2 :p(A) — Ap(A) = c1 cosad + ez sinal, ¢1, ¢ € C}.

In terms of the preimage f of ¢ the values ¢; and ¢y are given by

a =i(f(a) = f(=a)) and ¢ =—(f(a)+ f(-a)).
An interpretation of ¢; and cp in S* is that they represent boundary values of the
element {p, 9} € S*.
Note that the Nevanlinna pair {cosal,sinaA} is equivalent to the Nevanlinna
function tanaX. The Nevanlinna kernel in (4.4) transforms accordingly into the

Nevanlinna kernel
tana\ — tan a&

N(EY) = ==

Denote the corresponding reproducing kernel Hilbert space by C,. Then the func-
tion () belongs to L, if and only if the function (cosaX)~'¢(A) belongs to C,.

A€ €C\R.
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