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Abstract. Almost 50 years ago the well-known Krein’s formula for the
description of self-adjoint exit space extensions of a densely defined sym-
metric operator, originally established by M.G. Krein in his famous 1946
paper, was presented by Langer and Textorius in the context of linear
relations. The present paper offers a review of the parameters in the
Krein’s formula from the point of view of the general concept of bound-
ary relations and their Weyl families. One of the main new results ex-
tends Krein’s resolvent formula for an arbitrary boundary relation I' of
a symmetric operator (or relation) S whose Weyl family is a Nevanlinna
family Z. Analogous to the case of the standard Krein’s resolvent for-
mula, which describes self-adjoint extensions of a symmetric operator
A with equal defect numbers in a Hilbert space §3, this Krein type for-
mula gives a one-to-one correspondence between (smooth) extensions
Se C domT of S = kerI" and parameters ® = I'(Se). When such a
Krein type formula is orthogonally coupled with the standard Krein’s
resolvent formula for self-adjoint extensions of A this yields an elemen-
tary proof of the Krein-Naimark resolvent formula for the self-adjoint
exit space extension of A generated by the Nevanlinna family Z by pro-
jecting the coupled formula to the space §.
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1. Introduction

Let A be a closed symmetric relation (multivalued operator) in a Hilbert
space $) and assume that A has equal defect numbers. Let Ag be a fixed self-
adjoint extension of S in §), then there exists a Hilbert space G, a uniformly
strict Nevanlinna function M ()\) € B(9), and a holomorphic function v°(\) €
B(9, $), such that the formula

1 o

(H=X2)""= (A= N+ N0 -MN) 1°(V)", AeC\R, (LI1)
gives a one-to-one correspondence between the self-adjoint extensions H in
£ of A and the self-adjoint relations © in §. Note that the parameter © is
in general a multivalued operator, even if A is densely defined and its self-
adjoint extensions are all operators. The identity in is usually called
Krein’s formula. There is a more general version of Krein’s formula of the
form

Po(H=N"15= (Ao =N =7 ()M +2(0)

YN)*, AeC\R.

(1.2)
Now the left-hand side is the compression of the resolvent of a self-adjoint
extension H of A in a larger Hilbert space 56 D $, a so-called exit space
extension, and Z stands for an, in general multivalued, Nevanlinna family in
§G. A version of the Krein formula in was presented by Langer and Tex-
torius in [31] in the context of linear relations H and H. In their terminology
the Nevanlinna function M was called a Q-function and it was not uniquely
determined, see [30]. The present appearance of and is due to
Derkach and Malamud [I7, I8]; they have introduced the concept of Weyl
function associated with the notion of a boundary triplet for A* for which
the above functions M and ~+° are the (uniquely determined) Weyl function
and the ~-field, respectively. A treatment of the Krein formula in terms of an
ordinary boundary triplet for A* can be found, for instance, in [5] and in [19].
Krein’s resolvent formula has important consequences and applications, for
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instance, in the investigation of spectral theoretic properties of self-adjoint
extensions in the original Hilbert space (called canonical extensions) as well
as for exit spaces extensions. A brief sketch of its long history can be found
in Section B

In this paper the aim is to explore the parameters M and Z that appear
in Krein’s formula . It is known that any uniformly strict B(G)-valued
Nevanlinna function can serve as a Weyl function of an ordinary boundary
triplet for A*, where A is some closed symmetric relation with equal defect
numbers. On a more general level any Nevanlinna family can serve as a Weyl
family of a boundary relation for A*, but now the defect numbers of A are
not necessarily equal. The notion of a boundary relation extends that of
a boundary triplet; see [14] [15, [16]. This paper offers a brief, almost self-
contained, survey of the notion of a boundary relation and its corresponding
main transform which is a self-adjoint relation in an appropriate orthogonal
sum of Hilbert spaces. The Weyl family is actually a Nevanlinna family: a
multivalued operator family that generalizes the usual notion of a Nevanlinna
function. In fact, by means of the theory of reproducing kernel Hilbert spaces
it is shown that any Nevanlinna family is a Weyl family. As an illustration
it is shown how the so-called generalized resolvents or, equivalently, the so-
called Straus families can be interpreted as Weyl families. The usual Krein
formula as in remains valid in the wider context of boundary relations
and their Weyl families: it is based on a careful interpretation of the identity
itself.

The class of boundary relations as introduced above has many inter-
esting subclasses. In particular, the class of boundary relations whose Weyl
family is in fact a bounded everywhere defined operator-valued Nevanlinna
function will turn out to be very useful. It contains as a subclass the well-
known ordinary boundary triplets that were mentioned above and which show
up in the usual context of the Krein formula. In order to treat the Krein for-
mula in the context of exit space extensions one needs a brief excursion into
the orthogonal coupling of a pair of closed symmetric operators in different
Hilbert spaces. A self-adjoint extension of an orthogonal sum of two sym-
metric operators may be determined via appropriate coupling conditions.
Together with a pair of Krein formulas of the form in the Cartesian
product Hilbert space and compressing this specific self-adjoint extension to
one of the Hilbert spaces one may obtain the Krein formula of the form (L.2).
This method was used in [25] 26] 27] for some special cases with a Q-function
approach; it was put in the framework of ordinary boundary triplets and
boundary relations in [13], 14} [15].

In the present paper the orthogonal coupling technique of closed sym-
metric relations will be used in the new context of a pair of an ordinary bound-
ary triplet and a general boundary relation. The key tool here is the general-
ization of the Krein formula to the general setting of arbitrary boundary
relations: this is established in Theorem by extending the approach used
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n [I3]. In this framework of boundary triplets and boundary relations it is
possible to define an appropriate self-adjoint extension of the orthogonal sum
of two symmetric relations via simple coupling conditions, whose associated
Weyl family is a bounded everywhere defined operator-valued function. This
Weyl family is obtained with the corresponding Shmul’yan transform (obey-
ing the same coupling conditions) to the orthogonal sum of the Weyl function
M of the ordinary boundary triplet and the Weyl family Z of the boundary
relation. After compressing the resolvent of this coupled self-adjoint exten-
sion to the initial Hilbert space leads to the required resolvent formula
in the general case of arbitrary Weyl families Z; see Theorem [8.2

The contents of the paper will be briefly explained. In Section [2| the
formal definitions of a Nevanlinna family and a Nevanlinna pair are given.
Likewise, the definition of a boundary relation and its Weyl family can be
found in Section [3} also the so-called main transform that associates a unique
self-adjoint relation to the boundary relation is treated there. The main result
that each Nevanlinna family is the Weyl family of a boundary relation can be
found in Section [d] This result is based on the use of the reproducing kernel
Hilbert space which is defined in terms of the corresponding Nevanlinna pair
(instead of the use of the e-method, a construction appearing in the work of
Krein and Langer [30], involving abstract elements). Straus relations induced
by self-adjoint exit space extensions of a symmetric relation are discussed in
Section [5| from the point of view of boundary relations. The special class of
boundary relations of bounded type are considered in Section [6} in particu-
lar; attention is paid to ordinary boundary triplets. The Krein type formula
appears in Section[7} it is now presented in the context of boundary relations,
see Theorem [7.1] Finally, in Section [§ the orthogonal coupling of an ordinary
boundary triplet and a boundary relation is given. The orthogonal coupling
technique in the framework of Q-functions (as in [30]) is briefly reviewed in
Section [Al

The following notations are used in this paper. For any Hilbert space $)
the inner product will be denoted by (-,)s. When there is a pair of Hilbert
spaces $) and K the Cartesian product is written as $ x K; and $ x ) is
abbreviated to $2. The inner product on the Cartesian product is given by
the sum of the individual inner products. Sometimes the notation £ & & will
also be used. Throughout this paper an element in T will be denoted by
{f, f'} with f € $ and f’ € &; also the abbreviation f= {f, f'} will be used.
A linear relation T from a Hilbert space ) to a Hilbert space 8 is by definition
a linear subspace in $) X K; when & = ) one also speaks of a linear relation
in . The domain, range, kernel, and multivalued part of a linear relation T
are denoted by dom 7', ranT, ker T, and mul T, respectively. Sometimes for
extra clarity self-explanatory vector notation will be used. For more details,
see [B].
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2. Nevanlinna families and Nevanlinna pairs

The notion of a Nevanlinna family appearing in [3I] is the one of the main
objects of study in this survey paper; see also [5l, Definition 1.12.1]. Here is a
concise exposition.

Definition 2.1. A family Z = {Z(X) : A € C\ R} of linear relations in a

Hilbert space G is said to be a Nevanlinna family in G if

(F1) Z(\) is maximal dissipative (maximal accumulative) for A € Ct (\ €
C);

(F2) Z(\) = Z(\)* for all A € C\ R;

(F3) there exists u € CT such that A — (Z()\) + p)~! is holomorphic on C*
and A — (Z(\) + i)~! is holomorphic on C~.

For a Nevanlinna family Z the multivalued part mul Z()) and, by sym-
metry, the kernel ker Z(\) do not depend on A € C\ R; see also Lemma
and [40, p. 188-189]. In particular, Z is an operator-valued function if and
only if dom Z()) is dense for some, and hence for all, A € C\ R.

Closely connected to a Nevanlinna family is the notion of a Nevanlinna
pair; cf. [B Definition 1.12.3].

Definition 2.2. A pair {A, B} of B(9)-valued functions on C \ R is said to be

a Nevanlinna pair in G if

(P1) the mappings A — A(A) and A — B(\) are holomorphic on C\ R;

(P2) (Im A)Im (A(A)*B(N)) >0, A € C\ R;

(P3) AN)*B(A) = B(V)*A(), A € C\ R;

(P4) there exist u € CT such that (B(\) + pA(N)~! € B(G) for A € C* and
(B(A) 4+ pAN) " € B(G) for A\ e C™.

Due to (P4) a Nevanlinna pair {A, B} automatically satisfies
ker A(A) Nker B(A\) = {0}, AeC\R. (2.1)

This obvious result plays an important role in the following proposition about
the connection between Nevanlinna families and Nevanlinna pairs; cf. [5]
Proposition 1.12.2, Proposition 1.12.4].

Proposition 2.3. Let Z be a Nevanlinna family in G. Then there exists a
Nevanlinna pcm" {.A B} in 9 such that

= {{AMNh,B(A\)h}: he€§G}, AeC\R. (2.2)

Conversely, let {A, B} be a Nevanlmna pair in G, then there exists a Nevan-
linna family Z in G such that holds.

Moreover, a Nevanlinna pair {A, B} in G such that holds is unique
up to right multiplication by a bounded and boundedly invertible holomorphic
operator family X(A\), A € C\ R, in G.

Let the Nevanlinna family Z and the Nevanlinna pair {A, B} be con-
nected by (2.2]). Then one also has the representation

= {{o. ¢} €5 BN 'o=AN¢}. (2.3)
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To sece this, use the property Z(A\) = Z(A\)* from (F2) and calculate the
right-hand side by taking the adjoint in (2.2) with A replaced by A.

It is not difficult to show that the condition (F3) may be replaced by
the following condition
(F3") A= (Z(\) + )t € B(9) is holomorphic on C \ R,
and that the condition (P4) may be replaced by
(P4) (B(A) +MAN)"L € B(9) and A — (B(A) + AA(N)) ™! are holomorphic
on C\ R,

see [5, Proposition 1.12.6]. Moreover, if the Nevanlinna family Z and the
Nevanlinna pair {A, B} are connected by (2.2)), then

(ZA)+ X)L = AN (BN + M) AeC\R. (2.4)

Conversely, if Z is a Nevanlinna family, then a corresponding Nevanlinna pair
is provided by

AN =(ZN)+N7H B =T-XZ(\)+ N7, (2.5)

which agrees with (2.4)). These observations are also useful in a slightly more
general setting in which the sum Z(\)+\ is replaced by the sum Z(\)+M(A),
where M is an operator-valued Nevanlinna function from the following class.

Definition 2.4. A Nevanlinna function M : C\R — B(G) is said to be
uniformly strict if 0 € p(Im M (X)) for some, and hence for all, A € C\ R.

Now let the Nevanlinna family Z correspond to the Nevanlinna pair
{A,B}. Then for any uniformly strict operator-valued Nevanlinna function
M it follows that

—(Z(A) + MN)™h = AN (BA) + M(NAN) ™ € B(G), AeC\R,
(2.6)
defines an operator-valued Nevanlinna function; see [5, Proposition 1.12.6].
Expressions as in ([2.6)) play a role in the Krein formula in Section

Likewise, in the case of coupling of boundary relations and boundary
triplets as in Section[8] one needs the following construction, see, in particular,
Lemma [871] For the Nevanlinna family Z and the uniformly strict operator-
valued Nevanlinna function M one may define the block relation in § x G
by

Q) = (M_ & —ZZAI)‘1> o
R T S

in the sense of [28]. It is clear from the definition that Q(A), A € C\ R, is a
Nevanlinna family in § x G.
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Lemma 2.5. Let Z be a Nevanlinna family in G, let M be a uniformly strict
B(9)-valued Nevanlinna function, and let the block relation 2 be defined by

[.7). Then —Q(X\)~*, X € C\ R, given by
< —(Z(\) + M) I = (Z(\) + M(X)™'M(N) >
I=MM)(ZA) +MMN)™H M) = MAN)(Z(\) + M(/\))_IM(/\z ’)
2.8
is a B(G x 9)-valued Nevanlinna function.

Proof. Denote the block operator in (2.8) by K(\), thus K(\) € B(G x §).
Note that by (2.7) one may write —Q(\)~! as follows

1 —~MNe+4" (¢ . /

o = L (MO () e 2] o
First it will be shown that —Q(\)~! C K()). Setting h := —M (\)p+1’

and k := ¢ + 1 one has ¢ = k — 1, so that

{0 9"} ={,h+ MN)(E—)} € Z(A) or {gp,h+M(Nk} € Z(A)+M(N).

Therefore {h + M(N)k, v} € (Z(A) + M()\))™!, and ¢ = k — 1 leads to
©=—(Z\)+ M) h+ (I = (Z(\) + M) "M(N))k. (2.10)

Furthermore, ' = h + M (\)y leads to

o= (1= MO+ M09 MOYE = (200 + M) MM

2.11

Then (2.10) and (2.11)) show the inclusion —Q(A\)~! C K ().
To prove the equality, recall that K(A\) € B(Gx §) and that —Q(\)~! C
K (). Thus it suffices to show that

dom (—Q(\)"H) =G x G.
For this purpose, let h, k € G and define ¢ and ¢’ via and . Then
' =h+ M(N\)p and define ¢ by
Yi=k—o=(Z\)+MN)"(h+ M\k).
Hence, {t,h + M(N)k} € Z(X\) + M () and since
h+ M) (k=) =h+MXN)e =1/

it follows that {¢,¢'} € Z(A). Now observe that h = —M(X)p + ¢’ and

k = ¢+, so that {h,k} € dom (—Q(\)~1). Thus dom (—Q2(\)71) = G x G
and —Q(\)~1 = K(\).

Since clearly Q(XA), A € C\ R, is a Nevanlinna family in § x G, it follows

that K(\) = —Q(\)~1, A € C\ R, is a B(§ x §)-valued Nevanlinna function.

O

Implementing the expression from (2.6]) in the block formula (2.8)) allows
to rewrite the Nevanlinna function —Q(\)~! in terms of the operators M (\),
A(A), and B(N); cf. [15] Theorem 5.12].
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3. Boundary relations and Weyl families

The notions of a boundary relation and its corresponding Weyl family go back
to [14] [I5]; see also [I1], [12]. The goal of this section and the next section is
to review relevant definitions and some elementary properties of boundary
relations. It will be shown that the class of Weyl families consists of Nevan-
linna families and, moreover, each Nevanlinna family is a Weyl family. The
connection of boundary relations with the usual ordinary boundary triplets
will be discussed in Section

3.1. Some definitions and basic properties

The definition of a boundary relation is associated with a closed linear sym-
metric relation S in a Hilbert space $). It should be stressed that there is no
condition on the defect numbers of S; in general they need not be equal.

Definition 3.1. Let S be a closed symmetric relation in a Hilbert space £
and let G be a Hilbert space. A linear relation I' from $2 to G2 is called a
boundary relation for S* if:

(D1) domT is dense in S*;
(D2) the abstract Green’s identity
(' 9)s = (£.9))s = (¢ ¥)g — (. ¥)g (3.1)
holds for all {f, 3}, {g, ¢} € T;
(D3) if {7, 12} € H2 x G2 satisfies the abstract Green’s identity for every
{f,#} €T, then {g,9} € T.
It is clear from (D2) and (D3) that the boundary relation I' is closed,
i.e., its graph as a subspace of $2 @ G2 is closed. By definition the adjoint I'*
of T is the set of all {1, 5} in G2 x $2 for which (3, f )s2 = (1,3 )ge for all
{f, @} € T'. Hence it follows from (D3) that

I = {{$,gy € x5 {{g/,—gh{o,—v}} €T}, (3.2)
and as a consequence of one sees that
{,¢'} €domT* & {¢Y',—} €ranT,
{9,9'} eranT* & {¢',—g} € domT. (3:3)

Since I is closed, one has that dom I'* or ranI'* is closed if and only if dom T’
or ranT is closed, respectively; cf. [5, Theorem 1.3.5]. Therefore it follows

from (3.3) that

domI is closed < ranl is closed, (3.4)
see [34], in which case domT" = S*. By direct verification one can show that

(domT)* =kerI' and (ranl)* = mulT. (3.5)

For instance, if § € (domT")*, then {g, {0,0}} satisfies for all {f, o} €
I', so that by (D3) one has {g,{0,0}} € I', and for the converse a similar
argument can be used. Moreover, observe that if ranI" = G2, then dom I = S*
and mulT" = {0,0}.
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Note that the condition (D1) means that S* = (domT')** or, since S is
assumed to be closed, S = (domT')*. Hence, due to (3.5)), one has the basic
identity

S =kerT. (3.6)
Next introduce the linear relation T in §) by
T = domT. (3.7)

In general T is not equal to S* and T can be considered as a smooth version
of S*, since T carries information only from T to the (boundary) space G2.

Clearly, by (3.6) and (3.7)) one has
ScTc(T)™=5" (3.8)
In order to deal with boundary relations the following suggestive nota-

tion is useful. Let S C H C T = domT C $?2 be a linear subspace in $2, then
define

T(H)={pecG: {/py e, feH}, (3.9)

so that automatically
mull' C T(H) C ranT. (3.10)
Likewise, let mull’ C © C ranT C G2 be a linear subspace in G2, then define
() ={fen*: {f.,p}el, geo}, (3.11)

so that automatically
kerI' c T7(©) C domT. (3.12)

With these notations established, one has as a consequence of (3.9)) and (3.11)
that
I"Y(T'(H))=H and T(I"!(©))=6. (3.13)

A relation H that satisfies S € H C T will be called a smooth extension of
S. The next result is now clear.

Corollary 3.2. Let S be a closed symmetric relation in $ and let T from $?
to G2 be a boundary relation for S*. Then T provides a one-to-one correspon-
dence between the linear subspaces H in H2 with S ¢ H C T =domT and
the linear subspaces © in G2 with mull’ C © C ranT.

Therefore, if mull" is trivial, then I" provides a one-to-one correspon-
dence between all linear subspaces H with S € H C 7 and all linear sub-
spaces in G2. In particular, if domT' = S* or, equivalently, ranT’ = G2, then
I" provides a one-to-one correspondence between all linear subspaces H with
S C H C 5%, called intermediate extensions H of S, and all linear subspaces
in G2.

For A € C\ R the smooth eigenspace ker(T—\) C $ of T will be denoted
by M (7). Associated with it is the eigenspace (in the graph sense)

9},\((‘]‘) = {.]/f:\ : f)\ S ‘ﬁ,\(‘J')}, where }\',\ = {f)\,)\f)\}, (314)
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so that 9, (T) C $H2. Moreover, M, (7T) is dense in M, (S*) for all A € C\ R;
cf. [14, Lemma 2.14]. Observe that

NGNS {{fmsﬁ} eT: freMNy )} (3.15)
For all elements {fA, o}, {gu, w} € T it follows from ) that
()\ - la)(f)\vgu)ﬁ = (@la ¢)9 - (%W)Q (316)

Definition 3.3. Let S be a closed symmetric relation in $ and let I' be a
boundary relation from $? to G2 for S*. The Weyl family of S corresponding
to I' is a family Z = {Z(X) : A € C\ R} of linear relations in G, given by

Z(A) = L(MA\(T7)), ie.,
ZO0) =1{3 : {\@}el, heM(T)}, AeC\R. (3.17)

Associated with a boundary relation I' from $? to G2 are the linear
relations I'y and T'; from $2 to G via the first and second component of I' by

o= {{f.¢} €9*x§: {f,3} €T} (3.18)
and R R
D= {9} €9 x§: {78} T} (3.19)
The corresponding relations Sy and S in $) are defined by
So =kery = {f {7.{0,¢'}} €T for some ¢’ € S}, (3.20)
and L
Slzkerflz{f: {f,{®,0}} €T for somegoES}. (3.21)

Then Sy and S; are symmetric extensions of the closed symmetric relation
S =kerT' in (3.6). Note that Sy and S; are not necessarily closed; see [14],
where a slightly different notation has been used.

The following results connect the multivalued part of the boundary re-
lation I' to certain invariance properties of the corresponding Weyl family Z;
the simple lemma goes back to [14] Lemma 4.1].

Lemma 3.4. Let T’ be a boundary relation from $H?% to G2 with the Weyl family
Z. Then the following equalities hold for all A € C\ R:

(a) Z\)NZ(A\)* =mull;

(b) ker Z(A) x {0} = mulT'N (S x {0});
(¢) {0} x mul Z(A\) = mulT'N ({0} x §);
(d) ker(Z(N\) — Z(N)*) = mulTy;
(e) ker(Z(A\)~! — Z(\)™*) = mulT;.

Lemma shows explicitly that the multivalued part of I' appears as
the constant part of the corresponding Weyl family Z(\) by property (a)
and, in particular, that the kernel and the multivalued part of Z(\) are con-
stant by (b) and (c), in addition, also the imaginary part of Z()) and the
imaginary part of the inverse Z(\)~! are constant by (d) and (e), respec-
tively. Conversely, if the Weyl family, (or its inverse) has a nonzero kernel
or its imaginary part has a nonzero kernel at one point A € C\ R, then the
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corresponding boundary relation is necessarily a multivalued mapping. The
same holds in particular for operator-valued Weyl functions.

An important special case arises when the boundary relation I' in Def-
inition [3.1] is single-valued, in which case also the component mappings I'g
and I'; in (3.18) and (3.19) are single-valued. This leads to the following
definition.

Definition 3.5. A boundary relation I' from $? to G2 is said to be a boundary
triplet if mulT = {0, 0} or, equivalently, ran T is dense in G2. The boundary
triplet is denoted by {G,T,T'1}.

In the case of Definition [3.5] the Weyl family in Definition [3.3] becomes
an operator-valued function which is then called the Weyl function of S
corresponding to the boundary triplet {G, g, I'1 }. Moreover, in this case the
Weyl function can be also defined by the equality

T fv=Z(\Nofx, fr€M(T), AeC\R.

The usual ordinary boundary triplet, when the Weyl function is uniformly
strict, is briefly introduced in Section [G}

With the linear relation Ty it is clear for A € C\ R that
Lol M (T) = {fne}en?xG: {/L,prel, LeM(®}.  (3.22)
Next define 7(\) as the inverse of by
() = (Tol (3)
={{e.hye9x9°: (L@} eT, e},
and note that
domA(\) =dom Z(\) and rany(A\) =M\(T), A€C\R,  (3.24)
see (3.17). From it is clear that 4()) is a single-valued mapping for all
A € C\ R. Moreover, it follows from and that
kery(A) = mull'yg =kerIm Z(A\), A€ C\R, (3.25)

where the second identity holds by Lemma[3.4] (d). Hence () is an operator
from dom Z(\) onto 95 (7). Therefore, one can express the action of I' on
the subspace My (7T), A € C\ R, as follows

(3.23)

T 1I(T) = {{fINe {e, o'} : {o 9} € 20}, (3.26)
in particular, T9(A\) = Z(A), A € C\ R. The following identity
To(MA(T)) = dom Z(\), AeC\R, (3.27)

will turn out to be useful.

Definition 3.6. Let S be a closed symmetric relation in $ and let I' be a
boundary relation from $? to G2 for S*. The v-field  corresponding to I is
given by the family

YA = {{e LA EGxH: {IFLeT, heM (T}, AeC\R (3.28)



12 J. Behrndt, S. Hassi and H.S.V. de Snoo

In other words, the 'y—ﬁeldAis the first component of the single-valued
linear mapping J(A) = (Iy [ M(T))~! from dom Z(A\) onto My\(T), A €
C\ R; see (3.23)). Observe that dom~(\) = dom Z()\) (see (3.24)) and

kery(A) =mully and muly(A\)* =mulZ(A), A e C\R. (3.29)

For the first identity see (3.25)); furthermore, this space does not need to be
closed; see [11], Propositions 5.2, 5.3]. For the proof of the second identity use

muly(\)* = (dom~(A\))* and Definitions and Also muly(\)*
does not depend on A € C\ R; see Lemma (c).

Let S be a closed symmetric relation in § and let I' be a boundary
relation for S*. A frequently used notion is the so-called transposed boundary
relation R R

FT = {{fv {(pla —gp}} : {fv (,/0\} € F}’ (330)
which is indeed a boundary relation. The corresponding ~-field will be de-
noted by 7', so that

7T = {7 Ve}: {e, ¢’} € Z(N)}, AeC\R, (3.31)
and the corresponding Weyl family will be denoted by Z T, so that

7T ={{¢’~¢} {J.B €T, He M} =-Z()7", AeC\R.
(3.32)
Remark [3.7] below describes a general way to transform boundary relations.

Remark 3.7. It will be useful to interpret the Green’s identity in terms
of indefinite inner product spaces. Note that the Hilbert space 2 and G2 can
be seen as Krein spaces (92, Jg) and (G2, Jg), whose inner products [-.-]g2
and [-.-]g2 are given by the fundamental symmetries

(0 —il, (0 —ilg
Jﬁ_(ifﬁ o) and J9_(ug 0 )

respectively, so that

[fv/g\]ﬁz = (Jﬁfv/g\)ﬁzv fv/g\e fj2 and [@7¢]92 = (J9$7¢)927 @7/(/) € 92'
Any relation T from ($2, Jg) to (G2, Jg) satisfying (D2) is isometric in the
sense of Krein spaces, i.e., ~' € T, where 'l = JgI'* Jg; cf. . More-
over, the condition (D3) means that T ¢ T~!, and thus the conditions (D2)
and (D3) together mean that T' is unitary in the sense of Krein spaces, i.e.,
! =Tk see [14, Proposition 3.2]. In particular, if T" is unitary, then T is
automatically closed, in which case and hold. Recall, that if T is
isometric and satisfies domT' = §* and ranT = G2, then T is unitary. In fact,

these conditions imply that I" is necessarily an ordinary boundary triplet, see
Definition [6.5] below; cf. [14] Proposition 2.5].

At one stage one needs the Shmul’yan transform, first introduced in
[35], in the following setting. Let W be a standard unitary operator in the
Krein space (G2, Jg), which means that W = W=' and W € B(G?). Here
Wbl = JgW*.Jg and hence ran W = dom W = G2 and ker W = mul Wl =
{0}, since domW* = G2 and mulW* = (dom W)+ = {0}. In particular,



The Krein formula 13

W1 € B(G?) is also a standard unitary operator in (G2, Jg). For any linear
relation © in G one defines the Shmul’yan transform W[O] as the linear
relation in G2 by

WOl ={W@: pe€0}={{Wop+Woy' Wiop+Wi¢'}: ¢€0},

where W = (W), i,j = 0,1, is decomposed according to G = G & G; see
[35]. For any relation © in G one sees that W[O]* = W[O*]; moreover, this
transform preserves notions like (maximal) symmetry, (maximal) dissipativ-
ity, (maximal) accumulatively, and self-adjointness; see [15], Proposition 3.10].
Likewise, if © is a unitary relation in G, then W[O)] is a unitary relation in
G; cf. [I5, Theorem 2.10].

Let S be a closed symmetric relation in § and let T' be a boundary
relation from $?2 to G2 for S*. Let v and Z be the corresponding v-field and
Weyl family. Assume that W is a standard unitary operator in the Krein
space (G2, Jg). Then

Wol = {{J?’ {(Woo + Worg', Wiop + Wing'}} : {F,8) € r} (3.33)

is also a boundary relation for S* (with the same domain and kernel as T),
whose v-field is given by

w(X) = {Woop + Wore', 7 (N} : {0, ¢’} € Z(N)}, A€ C\R,  (3.34)
and whose Weyl family is given by

Zw () = {{Woo + Wor¢', Wiop + Wi19'} : {¢,¢'} € Z(\)}, A€ C\R,
(3.35)
see [I5] Proposition 3.11]. As a particular case one may take W = J, where

_ (0 I
J_(fs 0)’

then one sees that J o' = I'T turns (3.33), (3.34), and (3.35) into the
corresponding facts for the transposed boundary relation (3.30)), (3.31)), and
(3-32)); see [14] Section 3.1], [I5, Remark 3.12], and Section |§

3.2. Boundary relations and their main transform
Before stating the fundamental result for boundary relations, some facts con-
cerning closed symmetric relations will be recalled. Let S be a closed sym-
metric relation in a Hilbert space §) and define the symmetric relations Sgjy,
and Sg, by
Sgim = 5 m573(531110)2 and Sga =5 ﬂﬁ(ssa)Zv
where the closed linear subspaces $(Ssim) and $(Ssa) are given by
H(Ssim) =5pan {MA(S*) : A€ C\R} and $H(Sw) = [] ran(S—N),
AEC\R

respectively. Then there is an orthogonal decomposition of the Hilbert space
9 and a corresponding orthogonal decomposition of the closed symmetric
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relation S, given by
N = 9(Ssim) ©H(Ssa) and S = Sgim D Sea- (3.36)

Here Sim is a simple (completely nonself-adjoint) closed symmetric operator
in $(Ssim) and S, is a self-adjoint relation in $(Ss,); see [B, Theorem 3.4.4].

The formulation of the following theorem is based on a unique self-
adjoint relation H that is connected with the boundary relation I'. The rele-
vant mapping I" — H will be called the main transform, going back to [14].
In the terminology of Remark [3.7] the main transform takes the boundary
relation I', which is unitary in the sense of Krein spaces, into a relation H ,
which is self-adjoint in the sense of Hilbert spaces. The vector notation in the
theorem is self-explanatory.

Theorem 3.8. Let S be a closed symmetric relation in $) and let T' be a boumi—
ary relation from $2 to G2 for S* as in Definition . Then the relation H
n H DG defined by

{10 G AG) () erp=(8) < (6) oo

s a self-adjoint extension of S = H N $2, whose resolvent is given by

oo - () OG- ) oo

The compression of the resolvent (IAi: — A7t to G satisfies

Po(H-X)""19=—=(Z0)+A) ", AeC\R, (3.39)

where Pg is the orthogonal projection from HBG onto G, and the Weyl family
Z(N\), A € C\R, is a Nevanlinna family. Moreover,

ran (T—A) =6 and Py(H—X)"'§=9(T), AeC\R, (3.40)

where Py, the orthogonal projection from $ @ G onto §. Finally, there is the
orthogonal decomposition

H@G=5pan{S, (H—-N)"'G: A e C\R} ®H(Sw). (3.41)
Consequently, the self-adjoint relation H in satisfies
H@G=span{G, (H-N)"'G: A C\R} (3.42)

if and only if S is a simple symmetric operator in §.

Proof. Let S be a closed symmetric relation in § and let I' be a boundary
relation for S*. Then it follows from (3.6) and (3.37)) that
S =kerl' = ﬁﬁﬁ27

so that the relation H is an extension of S. Moreover, the relation H is
symmetric due to Green’s identity in (D2), and it is self-adjoint due to the
maximality condition in (D3). It is a straightforward consequence of (3.37)
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that the resolvent operator (H — A)™%, A € p(H), is given by (3.38). At this
point recall that

‘J':domF:{{f,f’}: {(i)(_ﬁ,)}eﬁ}. (3.43)

Hence, by restricting to elements f' = \f in , one obtains

o0 O 1) () et} o

which then leads to (3.39)):
Ps(H - N5 = {{-¢' = Ao} : {0, ¢'} € ZN)}, (3.45)
since the right-hand side equals —(Z(\) + \) 1.
To see that Z(A), A € C \ R, is a Nevanlinna family, let ¢ € Z(\). Then
by (3.23) there exists f € 9, (T), such that {f>\,<p} € T, which by (3.16)

leads to

Im (¢',¢)g = (ImA) (fx, fa)s-
Thus Z()) is dissipative (accumulative) for A € C* (C~). Moreover, (3.39)
now shows that the family Z satisfies (F1), (F2), and (F3’). Thus Z(\),
A € C\ R, is a Nevanlinna family.

Now the remaining statements will be proved. The first assertion in
(3.40) is clear from (3.38)) since H is self-adjoint. The second assertion follows
from (3.44)) and the definition of M (T); cf. (3.14]). Recall that 9, (7T) is dense
in 91, (S*) and hence one concludes from (3.40) that for all A € C\ R,

span { Py(H — \)7'G: A€ C\ R} =5pan {M\(T) : A € C\ R}

=span {M\(S*) : A€ C\R}
= S;J(Ssim)
and, since
span {S, (H—X\)"'G: A€ C\R} = G@span {Py(H — \)7'G: A€ C\R},

the decomposition in (3.41]) follows now from (3.36)). The statement in ([3.42)
is clear from the decomposition (3.41)). O

Definition 3.9. The boundary relation I' from $2 to G2 in Definition is
said to be minimal if one of the following equivalent conditions is satisfied:
(i) H®G=5pan{S, (H — \)7'G: A € C\ R}, that is, H is minimal with
respect to §;
(i) H=span{Ps(H —A)7'G: A€ C\R} =span {M\(T): A€ C\R};
(iii) S is a closed simple symmetric operator in ).
It follows from Theorem [3.8] and Definition [3.9] that minimal boundary

relations for S* with the same Weyl function are unitarily equivalent; see [5]
Theorem 4.2.3].

The following straightforward, but useful, observation is based on the
inversion of the main transform.
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Corollary 3.10. Let H be a self-adjoint relation in $ B G and let the closed
symmetric relation S in $ be given by

S =kerl' = }~I0532.
Then the linear relation T' from $% to G2, defined by

= {5 )6 o)) et

is a boundary relation for S*. In particular, I' is minimal if and only if S is
a simple operator in $).

As a consequence of this corollary it follows that for any closed sym-
metric relation S in $ (whose defect numbers are not necessarily equal) there
exists a boundary relation as in Definition [3.1} Just consider any self-adjoint
exit space extension H of S and take the inverse main transform. For a par-
ticular construction of such a self-adjoint extension (allowing unequal defect
numbers for S), see [0, Proposition 3.7].

The discussion about the orthogonal decompositions in ([3.36)) will now
be continued. Let H be a self-adjoint relation in $ @ G and assume that it is
an extension of S in $. Then $ @& G has the orthogonal decomposition

HDG = (H(Ssm) &) & H(Ssa),
and H has the corresponding orthogonal decomposition
H = Hyp @ Sea- (3.46)
)

In this decomposition ﬁsim is a self-adjoint extension of Sgiy in H(Ssim) B G
and S, is a self-adjoint relation in $(Ssa) C $. In the context of Theorem
it follows from (3.43)) that for the boundary relation I' one has

J= ‘J'sim E,é Ssaa mA(Ssa) = {0}7 m)\(T) = mA(Tsirrl)7 recC \ R.

where now Ty, is the smooth version of (Sgim)* in the Hilbert space $(Ssim),
in other words

Teim = {{h, B} € $(Ssim) : { (Z) : (_ﬁ;,) } € fi} : (3.47)

It is clear that the inverse main transform of the self-adjoint relation f[sim
in $(Ssim) @ G leads to a minimal boundary relation from $(Ssim)? to G2 for
(Ssim)* with the same Weyl family as the one that belongs to the original
boundary relation I' from $2 to G2 for S*.

3.3. Description of the ~-field and its adjoint

The v-field y(\), A € C\ R, of a boundary relation T’ from $? to G2 is a
vector-valued function from § into $, which maps dom~(\) = dom Z(\)
onto Ny (7T); see Deﬁnition Recall that muly(\)* = mul Z()\), A € C \ R;
cf. (3:29). The next lemma describes the ~-field and its adjoint v(A)* by
means of the main transform H of .
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Lemma 3.11. Let I be a boundary relation from $H2 to G2 for S* with the
Weyl family Z(\) and the y-field v(A), A € C\R, and let H be the main
transform of I'. Then the v-field is an operator from G to $, given by

YA = —(Po(H =X 1G) (Z(A) +X), AeC\R. (3.48)
Moreover, the adjoint of the v-field is a closed relation from $ to G, given by
YA = —=(ZA) + N Pg(H—=X)"119H, AeC\R. (3.49)

Proof. First note that the resolvent of the main transform Hof T in (13-38)
leads to the operator

Py(H=N)7"1G = {{—¢' = Ao, 7N}« {p,¢'} € Z(V)} € B(S, H). (3.50)
Hence the domain of definition of the right-hand side of (3.48)) is dom Z (),
which is equal to dom (). To see the equality (3.48)), let {¢, n} be an element
in the right-hand side of (3.48]). Then there exists ¢’ € § such that {p, ¢’} €
Z(\) and

{p.=¢' = Ao} € ~(ZW) + ) and {—¢' = Ap,n} € Poy(H —N)7'I .
Hence, it follows from (3.50) that n = (). Thus, equality in (3.48) follows.
The compressed resolvent Py (H — )~ | G in (3.48) belongs to B(SG, $)

with adjoint Pg(H — A)™* | § € B($,5). Thus (3.49) follows by taking
adjoints in (3.48)); see, e.g. [5, Proposition 1.3.9]. O

Lemma [3.11] gives rise to a useful connection between the adjoint of
the y-field v and the symmetric extension Sy of S in (3.20)); cf. [B, Proposi-
tion 2.3.2].

Proposition 3.12. Let I' be a boundary relation from $H?% to G2 for S* with
y-field y(\), A € C\R, and let Sy = kerI'g. Then for A € C\R and h €

ran (So — A) there exists n € G such that
(8= N7, (I + XS0 — N ORb {0} €5 (351)
moreover, for any n € G for which (3.51) holds one has {h,n} € ~v(A\)*.

Conversely, if {h,n} € v(\)*, then h € ran (Sy — ) and ([3.51) holds. Con-
sequently,
ran (Sp — A) = domy(\)*,
_ (3.52)
ran (S — A) = (MA(S*))T =kery(N)*, A€ C\R.

Proof. First observe that the resolvent of the main transform HofTin (13.38))
leads to

Ps(H—-XN)"'195= {{f’—)\f,@}: {(JJ:,) , (—iw)} er}. (3.53)

Let h € ran (So — A). Then there exists {f, f'} € So with f = (So — A) ™A
and f’ = (I+A(So—A)"1)h, so that h = f' — \f. By assumption there exists
an element 1 € G for which

{5, 1'}1.{0,n}} €. (3.54)



18 J. Behrndt, S. Hassi and H.S.V. de Snoo

Now let n € G be any element for which (3.54) holds and choose {p, ¢’} €

Z()\) such that n = —¢' — A\yp; cf. (F1). Moreover, by (3.17) there exists
{g,\g} € 9M5(7T) such that

{{g, A} {p,¢'}} €T (3.55)
Then it is clear that {{f + g, f' + Ag}, {¢.¢' +n}} € T or, using the main

ransform:
I (G TGS R

Thus {f' — M\f, ¢} € Pg(ﬁ A~ 1 $ and since {p,¢" + Ap} € (Z(A) + N),
this shows {h,n} € v(A)* by (3.49). In particular, ran (So — ) C dom~y(A)*.

Conversely, let {h,n} € v(A)*. Then it follows from and (3.53)
that there exists ¢ € G with

{ho}y ={f' = M.p} € Ps(H - N)7" 19,
and that there exists ¢’ € § with {, ¢’} € Z()), such that
{o.n} = {0, —¢" = Ao}
On the other hand, (3.53) shows that

{{f: '} {e.—Ap}} €T (3.56)
Now combining (3.56) and (3.55), where {g, Ag} € MN5(7T), leads to
{f =9,/ = 2g}.{0,—¢' = Mp}} €T (3.57)

Hence {f — g, /' — Ag} € So,so that f'=Af = f'=Ag—A(f—g) € ran (So—A).
Thus dom y(\)* C ran (Sp — A). Moreover, it is clear that

{F' =M =g} €(So—N" and {f'=Af. ' = Ag} € T+ A(So— N7,
so that (3.57)) can be written as (3.51)).

It follows from the above statements that ran (Sy — A) = dom~y()\)*.
Hence the first identity (3.52)) is clear. To prove the identities in the second
part of (3.52]), observe that

(ran (S — A\))* = ker(S* —\), A€ C\R.
Since My (T) = rany()) is dense in Ny (S*), cf. (3.23)), this gives (ran y(\))*+ =
ker y(A)*. O

The results in Proposition can be expressed in a different way.
Introduce the linear mapping Sg(\), A € C\ R, associated with the relation
SOv by

So(A) : h— (h ﬁo(;oA_);l)’Lh> . heran(So— \), (3.58)
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see [B, Proposition 2.3.2]. Then Sy()) is a bounded operator from ran (So— \)
onto Sy with bounded inverse for every A € C\R. As a consequence of
Proposition the function Sp(\) and the adjoint v(\)* are connected by

1So(A) =v(A)* F ({0} x mull'}), A€ C\R, (3.59)
and by
I'So(N) = (7(?\)*) T ({0} x mull'), AeC\R. (3.60)

Note that the block relation in (3.60) is defined by

(o)~ H ) o)

cf. [28]. The formulas (3.59)) and (3.60)) have been derived in [I1], Theorem 5.5]
by means of an associated operator colligation.

4. Nevanlinna families as Weyl families

It is clear that the Weyl family in Definition is a Nevanlinna family; see
Theorem Now it will be shown that for every Nevanlinna family Z there
exists a closed symmetric relation S and a boundary relation for S* such that
Z is its Weyl family. This assertion was the main result in [I4, Theorem 3.9].
Here the argument is via a direct construction based on the reproducing
kernel Hilbert space associated with the Nevanlinna family.

Let {A, B} be a Nevanlinna pair in a Hilbert space §. The corresponding
Nevanlinna kernel on (C\ R) x (C\ R) is defined by
B A(R) — AN B(R)

Na,s(\ p) = - , AMp€eC\R, MN#£[a. (4.1)

The kernel N4 5 (-, -) is nonnegative (see [5, Theorem 4.4.1]), symmetric, and
holomorphic, and therefore it induces a reproducing kernel Hilbert space, de-
noted by (N, 5). This Hilbert space consists of §-valued functions which
are holomorphic on C\ R, see, e.g. [5, Section 4.4]. The following general
representation result can be found in [5, Theorem 4.4.2].

Theorem 4.1. Let Z be a Nevanlinna family in G with corresponding Nevan-
linna pair Z = {A, B} and let H(Ng 5) be the associated reproducing kernel
Hilbert space. Then

Han = {{(i) ’ (fso)} 6 Lo i @} (4.2)

is a self-adjoint relation in the Hilbert space H(Na,5)DG and the compression
of the resolvent of Hy 5 to G satisfies

Pg(Hus —N"'15=—(ZA)+N)"", AeC\R, (4.3)
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where Pg is the orthogonal projection from H(Na 5)®G onto G. Furthermore,
the self-adjoint relation H 4 s is minimal with respect to G, in the sense that

H(Na,z) @G =5pan {G, (Has — \)'G: A€ C\R}. (4.4)

If Z is a Nevanlinna family with corresponding Nevanlinna pair {A, B},
then the self-adjoint relation H A, in Theorem which is induced by Z,
leads to a minimal boundary relation (see Corollary , whose Weyl fam-
ily coincides with the given Nevanlinna family. It turns out that the simple
symmetric operator S4 ¢ associated with the boundary relation is the oper-
ator of multiplication by the independent variable in the reproducing kernel
Hilbert space (N4 5); see also [3], [4], [10]. The following result can be seen
as a continuation of Theorem (411

Theorem 4.2. Let Z be a Nevanlinna family in G with corresponding Nevan-
linna pair Z = {A, B} and let Sj(NA B) be the associated reproducing kernel

Hilbert space as in Theorem . Let HA 3 be the induced self-adjoint relation
in H(Na,8) asin . Then:

(a) the linear relation

wo={{(7)- () {E) (L) a9

*

is a minimal boundary relation for (Sa s)* with Sqs =kerI' 4 5;
(b) the closed symmetric operator Sa s in H(N4,s) is simple and it is given
by
Sas={{f, 'y €HNaz)*: f'(&) =Ef(6) }; (4.6)
(c) the linear relation Tqs = domT' 45 in H(N4,z) is dense in (Sa5)*
and it is given by
/ _ =B &\ —A N\, )

(d) the Weyl family corresponding to T' 4 5 is given by the Nevanlinna family
Z and the y-field corresponding to I 4 5 is the family given by

Yas(A) = {{ANN, —Nas(, )0} : n € G} C G x H(Na,s). (4.8)

Proof. Let {A,B} be a Nevanlinna pair for the Nevanlinna family Z. Let
H .5 be the induced self-adjoint relation in (N4 ) as in (4.2) in Theorem
so that H 4 ¢ is minimal with respect to §

(a) and (b) By Corollary one sees that I'4 5 in (4.5)) is a boundary
relation for the closed symmetric relation S4 ¢ = kerI'4 . This boundary

relation is minimal since H 4 ¢ is minimal with respect to G, which implies
that Ss s is a simple symmetric operator; cf. Definition [3.9} By definition
Sa,3 =kerI'y ¢ satisfies

Sum—famn ( (ﬁ(?{ﬁ,%)) y (@(l{v(ﬁﬁ))) ,
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when the space (N4 5) x {0} is identified with $(N 4, ). This, together with
, shows that S, s coincides with the right-hand side of .

(c) Since T 4,8 = domT' 4 5 it follows as in (b) that implies (4.7).
Moreover, (T4,8)** = (Sa,8)* shows that T4 5 is dense in (S4,5)*.

(d) Let the Weyl family of T'4 5 be denoted by W(A), A € C\ R. Let

{¢, ¢’} € W(N), then {{fr, A2}, {¢,¢'}} € Ta,s for some fr € N\ (Ta,z).
Now by (4.2]) one sees that

(A =& fa(8) = fA(E) — €A = B(&) "¢ —fl(f)*w'- (4.9)
In partlcular with € = X this gives B(A)*p = AN)*¢’, or {p,¢'} € Z())
due to (2.3). Thus it follows that W (X) C Z(A). For the converse inclusion
Z(\) C W()\), let {¢,¢'} € Z(X\) and define

NGE E<§)*ﬁ_“§(®*w/7 €4\ (4.10)

Observe that with {¢, ¢’} = {A(MN)n, B(A)n} for some n € G one sees that

g = - HEACLZ OB, e i, €4

so that fy € $(Na,5). Thus, (4.9) is satisfied, and {{fx, A\ },{¢.¢'}} €T,
so that Z(A\) € W(A). Likewise, the ~-field is given by (4.8). O

For the sake of completeness it will be made explicit how the results
in Theorem and Theorem depend on the choice of Nevanlinna pair
{A, B}. Therefore, assume that also {C, D} is a Nevanlinna pair for Z. Then
it follows from Proposition [2.3] that

CA) =AMNX(A), D) =BANX(N),

where X(\), A € C\ R, is a bounded and boundedly invertible holomorphic
operator function in B(G). Furthermore, the mapping U defined by

U (ﬁ(N;,3)> . <53(N90,93)> 7 (fff)) . (ﬂf);f(ﬁ)) ,

is unitary by [l Proposition 4.1.9]. It is now a direct consequence of Theo-
remthat the self-adjoint relation Hg 5 in (N4 )@ G and the analogous
self-adjoint relation He o in $(N¢,p) @ G are unitarily equivalent under the
mapping U, i.e.,

ﬁ(,’,'D = {{Uh, Uh/} : {h,h/} S ﬁ\/hB},

or, equivalently, ffcp = UﬁAg U*; cf. [5, Lemma 4.4.4] and [5, Lemma 4.2.3].
Note that as a consequence of Theorem [4.1] the family

(ZW) AN =AW (BN FMN)) L =CAN)(DN)+XCN) L, AeC\R,

can be interpreted as the compression of the resolvent of the self-adjoint re-
lation Hq s in H(Ny ) @& G and of the resolvent of the self-adjoint relation
He o in H(Ne, o) @ 9. Furthermore, it is a direct consequence of Theorem
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that the self-adjoint relation S4 5 in H(N 4 5)® G and the analogous symmet-
ric relation Se.p» in H(Ne,p) @ G are unitarily equivalent under the mapping
U, i.e.,

Senp = {{Uh,UN}: {h,h'} € S5},
or, equivalently, S¢ o = US4 s8U".

The results in Theorem 1] and Theorem [4.2] would also make sense if
the kernel in (4.1)) has k negative squares (instead of being nonnegative), see
[2]. In that case one has to deal with reproducing kernel Pontryagin spaces
as in [1J.

5. Straus families in terms of Weyl families

The notion of a Straus family in a Hilbert space $) has been introduced to
describe a self-adjoint extension in a Hilbert space $ of a symmetric rela-
tion S in ), when the extension goes beyond the original space ), that is,
when $) C ?) Here Straus families will be interpreted as Weyl families of an
appropriately chosen symmetric relation; see [36] 37 38| [39] and [9] 20} B32].

N Let H be a self-adjoint relation in a Hilbert space 5 and assume that
9 has the orthogonal decomposition

H=9Ho9N, (5.1)

vzith t~he Hilbert spaces $2 and ). Associated with the self-adjoint relation
H in § is the closed symmetric relation Sy in £, given by

el {(5) (D)er). oo

and, likewise, the linear relation T5 in £, given by

- {i (). () <7}

Note that one has (T3)** = S5 or Sy = (T2)*. Furthermore, define the family
of linear relations T'(A), A € C\ R, in $) by

T(\) := {{f,f’}: {(?) , (Aﬁ)} efI}7 AeC\R.  (5.3)

In the next lemma the Hilbert space $) serves as the auxiliary space for the
boundary relation for S5 in 5. The orthogonal projection from )2 @ § onto
$ is denoted by Pg. Following [14] [15], the boundary relation will be defined
as the inverse main transform of H; see also [I5, Theorem 6.1] for a direct
connection to boundary value problems.

Lemma 5.1. Let H be a self-adjoint relation in a Hilbert space 5 =HDH.
Then the linear relation

{0 G Gl ery e
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is a boundary relation from $3 to H% for Si, where Sy is given by (5.2)).
Its Weyl family is given by —T(\), A € C\ R, and the compression of the
resolvent (H — )\)_1 to § satisfies

Py(H=N)""15=(T(\)-A)"", AeC\R, (5.5)
Furthermore, there is the orthogonal decomposition

H2®H =5pan {H, (H - N)"'H: A€ C\R} @ H((S2)sa).  (5.6)

Consequently, the boundary relation in (5.4) is minimal if and only if So is
a simple symmetric operator in Ho.

Proof. By Corollarythe relation in is a boundary relation. It follows
from that it is a boundary relation for S5, since its kernel is given by Sa,
while its domain it given by T2, which is dense in S5. It follows from and
(5-4) that the corresponding Weyl family is given by —T'(\), A € C\ R; cf.

Deﬁmtlonn 3l It is clear from ([3.39)) and ( - that ( . and . ) hold. [

Observe that the family of linear relations T'(A), A € C \ R, in § defined
in ((5.3) has the following properties:

(S1) T'()\) is maximal accumulative (maximal dissipative) for A € Ct (\ €

C™);

(S2) T(\)* =T()\), A€ C\R;

(S3) the mapping A +— (T'(A) — A)~! is holomorphic on C \ R.

This is clear, since —T'(\), A € C\ R, is a Weyl family. Any family of relations
T()\), A € C\R, in § satisfying (S1), (S2), and (S3) will be called a Straus
family in $). )

Closely connected with the Straus family above is the family of gener-
alized resolvents consisting of all operators R(A) € B($)), A € C\ R, which
satisfy
(R1) R(\)* = R(A\), A € C\R;

(R2) the kernel

RR(>H C) =

is nonnegative;
(R3) the mapping A — R()) is holomorphic for A € C\ R.
Clearly, the compressed resolvent R(\) = Pf)(ﬁ — X)L 9 of a self-adjoint
relation H in a Hilbert space $ with the decomposition (5.1]) is a generalized
resolvent as follows from the resolvent identity for H and its compression to

9:

(A)A]QE() — RIR(O)*, A (eC\R, (5.7)

Rr(A.C) = Ps(H ~N) ' I = P)(H -7 19, ACeC\R.
Furthermore, there is a one-to-one correspondence between the Straus

families T(A), A € C\ R, and the families of generalized resolvents R(\),
A € C\ R, via the identity

RO\ = (T(\) - N7 MNeC\R, (5.8)
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or, equivalently,

T(A) = {{RO\)h, (I + AR(A)R} : h € H}. (5.9)

The following result is an immediate consequence of Theorem cf. [B]
Corollary 4.4.7]. The reproducing kernel Hilbert space $(Rg) in the theorem
is associated with the generalized resolvent R via the reproducing kernel Ry
in . It may be considered as a converse to Lemma stated in terms of
generalized resolvents.

Lemma 5.2. Let R be a family of generalized resolvents in $) which satisfies
(R1), (R2), and (R3), and let H(RR) be the associated reproducing kernel
Hilbert space. Then

= {{(1)- (%)} 0 - 6o 20 ek s mewf @19

is a self-adjoint relation in the Hilbert space $H(Rg) @ $ and the compressed
resolvent of Hr onto $) is given by

Py(HrR —N) "' 19 =R()\), AeC\R.

Furthermore, the self-adjoint relation Hp satisfies the following minimality
condition

H(Rr) ®H =5pan {H, (Hg — \)"'H: A e C\R}.

Proof. By means of the generalized resolvents R(\) one introduces the pair
{UA), V(A)} by

UA) = =R(N), V(N) =T+ AR(N),
which means that it is a Nevanlinna pair for —7'(\). With this notation the
kernel in (5.7)) can be written as

Rr = Ny,v, so that H(Rg) = ﬁ(Nuy). (5.11)
Thus the result follows from Theorem 411 O

Observe that the corresponding Straus family T'(\), A € C \ R, is visible
in Lemma Assume that one has f/ = Af in (5.10). Then it follows by
choosing ¢ = A in the identity A\f(&) — £f (&) = (I + ER())h + R(€)R that

(I + AR(\)h+ R(NR =0.
Hence, it follows from (2.3)) that {h,h'} € T(A).
Let S be a closed symmetric linear relation in a Hilbert space ). A linear
relation H in $ is said to be an intermediate extension of S'if S C H C S*, so
that also H* is an intermediate extension of S. When considering self-adjoint

extensions in $ @ 2 of a given symmetric relation S in $ (identifying f € $
with (?) in $ @ H2), then one meets a Straus family T (A), A € C\ R, in .
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Lemma 5.3. Let S be a closed symmetric relation in $) and let H be a self-
adjoint relation in 53 where $ is a closed linear subspace ofj'j Let T'(N),
A € C\R, be the induced Straus family and let R(\), A € C\R, be the
induced family of generalized resolvents. Then the following statements are
equivalent:

(i) ScC H;

(i) SCcT\) CS* Ae C\R;

(iii) RA)(S—X) cI, A e C\R.

Proof. Observe that T(\)* = T(\), A € C\R. Therefore it is clear that
S C T(A) for all A € C\ R is equivalent to T'(A\) C S* for all A € C\ R.

(i) = (i) Assume that S C H. Then it is clear from that S C T'()),
A € C\ R. Hence (ii) follows.

(ii) = (i) Assume that S C T(A), A € C\R, and let {f, f'} € S.
Hence, there exists fo € $o such that holds for all A € C\ R. Since
Im (f, f)s =0, it follows that (Im A)(f2, f2)s, =0 or fo = 0. Thus {f, f'} €
H and S C H. Hence (i) follows.

(ii) = (iii) Assume that S C T'(A), A € C\ R. Since A € C\ R, one now
sees that R(A\)(S — ) C R(\)(T'(\) — A) C I. Hence (iii) follows.

(iii) = (ii) Assume that R(\)(S — X) C I. Let {f, f'} € S, so that
{f, f'=Af} € S—A. This leads to R(\)(f'=\f) = for {f, f'=Af} € RQ\)~!
which gives {f, f'} € R(\)™1 + A =T(\) and S C T()\) follows. O

Self-adjoint extensions of a symmetric relation in a Hilbert space, rela-
tive to an exit space which is a Pontryagin space, were considered [2T], 22 23].

6. Boundary relations of bounded type

The class of boundary relations and corresponding Weyl families has sev-
eral subclasses which can be characterized in terms of either geometric and
functional analytic properties of the boundary relations or via the analytic
properties of their Weyl families; see [14] [15] [16]. In this section some atten-
tion will be paid to the special class of boundary relations whose Weyl family
is a bounded operator-valued Nevanlinna function. It will be needed in Sec-
tion [7] and Section 8] Such boundary relations have their origin in the notion
of generalized ordinary boundary triplets that were initially introduced in
[18]. In this context one should also mention the constructions in [6] [7], [§];
see also [I11, 12, [16].

Recall that the boundary relations I' from 2 to G2 are given in Defini-
tion[3.1) and their Weyl families in Deﬁnltlon 3l The associated relations I'y
and F1 from $2 to G are introduced in and . The next preliminary
result is a straightforward observation; cf. [14, Proposition 4.7].

Lemma 6.1. Let I' be a boundary relation from $H% to G2 with Weyl family
Z(A), A € C\R. Then the following statements are equivalent:

(i) Z(X\) € B(9), Ae C\R;
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(ii) To(Ma(T)) =G, A€ C\R.

Proof. (i) = (ii) Assume that Z(\) € B(9), which implies that dom Z(\) =
G. Then (ii) follows from (3.27).

(i) = (i) Assume To(M\(T)) = G. Now implies that dom Z(\) =
§. Then mul Z(\) = (dom Z(\))*, A € C \ R, shows that Z()\) is an operator
(which is closed and everywhere defined). Thus (i) follows by the closed graph
theorem. ]

Closely related to Lemma [6.1] is the following subclass of boundary
relations that will play an important role in the development of the Krein
formula in Section |7} cf. [I4], Section 5.3].

Definition 6.2. Let $ and G be Hilbert spaces and let I" be a linear relation
from $2 to G2. Then I is said to be of bounded type if the following conditions
are satisfied:

(B1) the abstract Green’s identity

(flvg)fJ - (f7 g/)fJ = (@/a¢)9 - (3071//)9 (61)

holds for all {f, &}, {g,9} € T;
(B2) ranTy = G;
(B3) Sy :=kerD is a self-adjoint relation in .

The following result and its corollary identify the linear relations of
bounded type as a special class of boundary relations; see [I4, Proposi-
tion 5.9], [I5], Theorem 3.16], and [I6] Sections 7.4 & 7.5]. For the convenience
of the reader a proof is included.

Proposition 6.3. Let $ and G be Hilbert spaces and let ' be linear relation
from $2 to G% which satisfies (B1), (B2), and (B3). Then T is a boundary
relation for S* = (kerI')*, such that

To(MA(T) =G, AeC\R. (6.2)

Conversely, every boundary relation T' from $? to G* which satisfies (6.2)
also satisfies (B1), (B2), and (B3). In each of these cases the Weyl family
belongs to B(G) and Ao is a smooth extension, i.e., Ag C 7.

Proof. First assume that I' is a linear relation from $2 to G2 which satisfies
(B1), (B2), and (B3). Then the Green’s identity in (B1) means that I' satisfies
(D2). Next define the subspace &(T') C H% x G2 by

S(1) = {L.a} = (1,05 = (£:0)5 = (¢ms = (9.1)s, {18} €T}, (6:3)
and observe that (B1) shows that I' C &(T"). Verifying (D3) is equivalent to

verifying &(I") C T'. For this purpose let {g, ’(Z)\} € &(T"). Since P = {y,¢'}
one sees from (B2) that there exists an element of the form

{h,{,7}} €T C &(I), (6.4)
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where h = {h,h'} € % and 7 € §. It follows from {7, %} € &(T") and (6.4)
that

(G- 1 {00 —7}} = {G,0} — {h, {¥,7}} € &(). (6.5)

Hence, by (6.5) and (6.3]), applied with ]?E So, so that {ﬁ {07w}} e T for
some w € G, one obtains

(f/ag - h’)ﬁ - (f7g, - h’/)ﬁ - (w70)9 - (Oﬂﬁ, - 7-)9 =0,
org—he Sg = So by (B3). Therefore there exists some p € G such that

{7-1{0,p}} eT co(D), (6.6)
which implies together with (6.5) that
{{0,0},{0,1&’—7‘—/)}} € ®(F> (67)

Thus one sees from and (6.3)), applied with {f, o} € T, together with
(B2) that for all ¢ € §

(0, 9" =7 = p)g =0,

which gives ©' — 7 — p = 0. Therefore it follows from (6.4) and that

G0y ={g-h.{0.p}} + {h{v.7}} €T.
Thus &(T') C T and (D3) holds. Hence T is a boundary relation for S* =
(kerT")*. By (B3) the extension Sy of S is self-adjoint, which implies that
S* =S5 F 9MA(S*), A € C\ R. Since Sy C T it follows that

T =50+ M(T), AeC\R.

Using (B3) one obtains FO(‘YIA (7)) =To(T) = G, which confirms (6.2)).

For the converse statement, assume that I' is a boundary relation and
assume that (6.2) holds. It is clear that (B1) is satisfied. Moreover (6.2)
implies that

g :Fo(mA(T)) C ranly, )\G(C\]R,
which implies that (B2) holds. Next it will be shown that (6.2)) implies that

T =S5 F NM\(T), AeC\R. (6.8)

It su/f\ﬁces to show that the left-hand side is included in the right-hand side.
Let f € T, so that there exists {p, ¢’} € G2 such that

{F e ¢'}} €l

By (6.2)) there exists fy € ‘fb\(‘J’) such that {]?)\, p} €Dy, ie., {f)\, {e.¢}} el
for some ¢ € G. This implies that

{f_f)\v{oﬂpl_g}}era

so that § = f— fr € So. This shows f = G+ fx € So + N (T). Consequently,
holds.

Observe that leads to ran (T — A) =ran (Sp — A), A € C\ R. Now
recall from that ran (T— X) = H, A € C\ R, and (B3) follows. O
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Corollary 6.4. Every Nevanlinna function belonging to B(G) is the Weyl fam-
ily of a boundary relation T' from $H?% to G* with the properties (B1), (B2),
and (B3).

Proof. Let Z(\), A € C\ R, be a Nevanlinna family for which Z(\) € B(9).
Then by Theorem there exists a minimal boundary relation I' from $? to
G2 such that Z is its Weyl family. Due to the condition Z(\) € B(9) it now
follows from Lemma and Proposition that (B1), (B2), and (B3) are
satisfied. 0

Based on Corollary the class of boundary relations is now further
restricted to the class of ordinary boundary triplets; their Weyl functions
belong to B(G) and are uniformly strict; see Definition

Definition 6.5. Let S be a closed symmetric relation in a Hilbert space $
with equal defect numbers. Then the triplet {G,T,T'1 }, where G is a Hilbert
space and I' = {T'y,I'1} is a single-valued linear mapping from S* to G2, is
said to be an ordinary boundary triplet for S* if:

(O1) domT = S*;

(02) the abstract Green’s identity

(f's9)s = (f,9)s = (¢".¥)g — (¢, ¢¥)sg

holds for all {f, 3}, {7, ¢} € T;
(03) the mapping I' : S* — G? is surjective (and continuous).

In the case of an ordinary boundary triplet {G, g, I"; } there is a bijective
correspondence between the set of intermediate extensions Ag C S* of S and
the set of relations © in G via

Ag = {fE S* Ffe o},

such that (Ag)* = Ag~; hence the usual notions like (maximal) symmetry,
(maximal) dissipativity, (maximal) accumulativity, and self-adjointness are
preserved. In particular, Ag = kerI'g and A; = kerI'; are self-adjoint. Thus
an ordinary boundary triplet satisfies (B1), (B2), and (B3). Hence, by Propo-
sition [6.3| the Weyl family Z has the property that Z(\) € B(G), A € C\ R.
Furthermore, v(\) € B(G,$) maps G isomorphically onto 915(S*). Thus, in

fact, Z is uniformly strict, due to
Z(N) — Z(p)* .
W2 ), AneC\R (6.9)

Therefore an ordinary boundary triplet in Definition [6.5] is a boundary re-
lation and its Weyl family is uniformly strict. For this, and the converse
statement, see [I4]. Furthermore, the self-adjoint extension Ay of S satisfies

R e R )

For more information see, for instance, [5, Proposition 2.3.6].
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7. Krein’s formula for boundary relations

The present resolvent formula of Krein parametrizes extensions of a closed
symmetric relation S by means of a boundary relation I' for S* and a corre-
sponding symmetric extension Sy of S, given by Sy = kerI'y. Observe that
the identity in the theorem below is meant in the sense of relations. In
the special case of boundary triplets an analogous result was established in
[11, Theorem 5.8] (where the terminology of unitary boundary triplets was
used).

Recall from Section 3 that there is a one-to-one correspondence between
the linear subspaces H in $2 with S = kerI' € H € 7 = domT and the
linear subspaces © in G2 with mull’ C © C ranTl via H = I'"1(0). This
correspondence will be denoted by H = Sg. Observe that the extension Sg
described in the following theorem is automatically smooth. Moreover, recall
that mul Z(X) does not depend on A € C\ R, (see item (c) in Lemma [3.4) so
that P,, does not depend on A € C\ R, as (muly(\)*)t = (mul Z()\))*; see
(13.29).

Theorem 7.1. Let S be a closed symmetric linear relation in $ and let T' from
$2 to G2 be a boundary relation for S*. Let Z(\) and v(\), A € C\R, be
the corresponding Weyl family and ~v-field, respectively. Then for any linear
relation © with mull’ C © C ranl in G and the corresponding extension
Se =T71O) of S the following equality holds

(So —A) = (So — A =1\ (O - Z(N)

y(A)*, AeC\R, (7.1)
or, equivalently,

(So—=N)'=(So—AN""=vN(©-2(N)"

'Ppy(N)*, AEC\R, (7.2)

where Popy(N)* stands for the operator part of v(\)*, determined by the or-
thogonal projection Pop onto (muly(X)*)=L.

Proof. First the inclusion “C” in will be proved. Since the extension
S is symmetric, the inverse relation (Sy — A\)~! is a bounded, in general,
nondensely defined operator for every fixed A € C\ R.

Let {h,h"} € (Seo — A)~t — (Sop — A)~!. Then by definition of the sum
it follows that h € dom (S — A)~! Ndom (Sp — A\)~! and there exists some
h' € § such that {h,h'} € (Se —A)~! and one has b = K’ — (Sp — A\)"th.
Next define the elements

he = {I',h+ AW} € Se C domT, (7.3)
and, since h € ran (S — A),
ho == {(So = A) " 'h, (I + A(So — A)"H)h} € So C domT. (7.4)
Therefore, one sees from and that
he —ho = {h — (So — A) "' h, A(h' — (So — \)"'R)} = {B", AR"},  (7.5)
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so that he — ho € MA(T). Recall that F(A) maps domF(A) onto Nx(T) C
domT and hence there exists ¢ € dom7(A) = dom Z(A) such that

hio — o = 7(\)g. (7.6)
Thus and . lead to
ho +7(\)¢ = he € So =T7'(0), (7.7)
so that by definition there exists @ € © such that
{ho +3(N)p, 0} €T. (7.8)

Due to (7.4) with h € ran (Sp — A), by Proposition there exists n € G
with {h,n} € v(A\)*, such that
{EOa {Oa 77}} € F7
while by (3.26]) one has that
{ﬁ()\)cp,ﬁ} el, where ¢={p ¢} eZ(N),

which leads to

{ho +A(N)p, {0.n} + &} € T. (7.9)
By assumption mull’ C ©, so that it follows from (7.8]) and ( . ) that

{07} +{p,¢'} €0,
and, since {¢, ¢’} € Z()\), this gives

{o.n} ={en+¢ —¢'teo—Z(N).
Thus, {n,¢} € (0 — Z(A))~! and, combined with {h,n} € 7(A)*, it follows
that {h, p} € (6 — Z(\))~1y(N\)*. Finally, from (7.5 and (7.6]) one sees that
R = ~4(N\)p. Consequently, it follows that
{h,h"} € y(N)(© = Z(N) "IN,
which proves the inclusion “C” in (|7.1)).

Next the reverse inclusion “2” in (7.1) will be shown. For this purpose
let {h,h"} € vy(A\)(© — Z(N\))"1y(A)* with A € C\R. By definition this
implies that

{h,ny €N, {ne}e(©@=ZWN)7!, and b=V,

for elements n € G and ¢ € G. As {p,n} € © — Z(A), one sees that {p, ¢’} €
Z(X) for some ¢' € G and then {¢, n+e '} € ©. By assumption © C ranT" and
So =I'~1(©), and hence there exists he € So such that {h@, {o.n+¢'}} €
I'. Now recall that

{AN e {e. '} {o, ¢’} € Z(W)} €T,

and thus in the present situation it follows that

{he— N, {0,n}} €T.
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On the other hand, {h,n} € 7(A)* and Proposition shows that h €
ran (Sp — A) and

{080 =)' hy (I +A(So = \) 7O} {0,n}} €T
Now using S = ker I, one obtains
he =AW — {(So = \)'h (T +A(So = \) ")k} € S C Se,
and, since ﬁ@ € Se, one concludes that
FN)@ + {(So = X) 71, (I +A(So — A)THh} € Se.
Writing this inclusion in an alternative way, with A € C \ R, one sees that
{1, (So =) th+v(Ng} € (Se =N
Therefore, one concludes that h € dom (Sg — A)~! Ndom (Sp — A)~! and
{h,h"} = {h,7(\)p} € (Se = A) 7 = (So — N7,
which proves the inclusion “D” in . This completes the proof of the

formula (7.1)).
Finally, to prove (7.2]) observe that

mul Z(\) € mul (© — Z()\)) = ker(© — Z(\))™', A€ C\R.
Therefore, with the orthogonal projection F,, onto the subspace
(muly(3)*) = (mul Z(W)*,
one can rewrite the formula in the form . O

It is emphasized that under the present circumstances the relation Sy
may even coincide with S; see, e.g. [14, Example 6.6]. There are a couple of
useful consequences of Theorem Recall first from Proposition cf.
(13.52), that the following equalities hold for all A € C\ R:

domy(A\)* = dom (So — A\)~! and kery(\)* =dom (S — )" (7.10)
Furthermore, notice that
ran (O — Z(\)) ™' € dom Z(\) = dom y(\), (7.11)
so that it follows from the formula (|7.1)) that for all A € C\ R,
dom (Se — A) " Ndom (Sp — A) ™! =dom (© — Z(\)) " 'y(N)*.
The following lemma will be helpful to specialize the formulas (7.1)), (7.2)) in
Theorem in the particular case where Sy = kerI'y is self-adjoint.
Lemma 7.2. Let the assumptions be as in Theorem[T.1 Then:

(a) So is self-adjoint if and only if for some A € C* and some A € C~ the
operator y(\) is bounded (not necessarily densely defined).

(b) if (a) holds, then v(\) is a bounded, not necessarily densely defined,
operator and the operator part Popy(A)* of v(A)* belongs to B($,G) for
al xeC\R.
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Proof. Assume that Sy is self-adjoint. Then dom (Sy — Al‘l = § for all
A € C\R. By the first identity in (7.10) one has dom~y(\)* = $. Hence

7(A) is closable and its closure also has a closed domain; see, e.g. [3, The-
orem 1.3.5]. By the closed graph theorem the closure of v(\) is a bounded
operator, but not necessarily densely defined, since the Weyl family Z(\) can

be multivalued; see [1I, Theorem 5.17, eq. (5.31)]. In this case y(A)* is mul-
tivalued. In any case, the operator part Pop,y(A)* of 4(A)* is bounded and
everywhere defined on §). This proves the implication “=” in (a) and the
statement in (b).

To prove the implication “<” in statement (a), assume that y(\) is
a bounded, not necessarily densely defined, operator for some A € C* and
some A € C~. Then domy(\)* = § for some A € C* and some A € C~. Now
it follows from the first identity in that Sy is self-adjoint; see (3.52)).
This completes the proof. ([

The next result shows that the general resolvent type formulas in The-
orem [7.1] can be used to derive information from the spectral properties of
the extensions Sg of S.

Proposition 7.3. Let the assumptions be as in Theorem[7.1] Then the following
statements hold for all X € C\ R:

(a) X € 0,(Se) if and only if
0€0,(0—2Z(\) and ~vy(A)ker(© —Z(X)) # {0}, XeC\R,
and in this case one has
ker(Se — A) = y(A\) ker(© — Z(N\)), AeC\R.

(b) Assume that Sy is self-adjoint. If (© — Z(\))~! is a bounded, not neces-
sarily densely defined operator, then (Se — \)~! is also a bounded, not
necessarily densely defined, operator. Moreover,

O©—-ZM\) 1 eB(G) = Xep(Se), AeC\R,
and, in particular, the extension Sg of S is closed.

Proof. (a) First observe that, since (Sp — A\)~! is a bounded operator and
~(A) is an operator, shows that (Se — A)~! is multivalued precisely
when v(A\)(© — Z()\))~! is multivalued.

Now assume that A € 0,,(Sg). Then mul (Sg — )~ # {0} and thus also
muly(A\)(© — Z(A\))~! # {0} which implies that mul (© — Z()\))~! # {0},
since y(A) is an operator. Hence, ker(© — Z(\)) # {0} and 0 € 0,(0 —
Z(A)). Moreover, it is clear from that y(\) maps mul (© — Z(\))~! onto
mul (Se — A\)~!. This proves the second statement in (a).

Next assume that 0 € 0,(© —Z(\)) and () ker(©—Z(\)) # {0}. Then
mul (©—Z(\))~! # {0} and thus also mul (Sg —A)~! # {0}, i.e., A € 0,(Se).

(b) Assume that Sy is self-adjoint. Then by Lemma (b) v(A) and
Popy(A)* are bounded operators for all A € C\ R. Hence, if (©—Z(\)) " 'isa
bounded, not necessarily densely defined, operator, then it is clear from (7.2])
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that also (Se — A\)~! is a bounded, not necessarily densely defined, operator
for all A € C \ R. Similarly, if (©—Z (X))~ € B(G) then Lemmal|7.2|combined
with the inclusion in and the formula shows that (Se — \)7! €
B($) for all A € C\ R. This completes the proof. O

As a further application of Theorem [7.I] Krein’s resolvent formula for
self-adjoint exit space extensions of a closed symmetric relation Wlth equal
defect numbers will be derived in Sectlon In that case Sg (= H=T- (@))
will be self-adjoint, so that the first term corresponding to the one in is
a standard resolvent operator, and the term corresponding to (0 — Z ()\))_
belongs to B(G?); for details, see the Krein type formula in (8.14)), which is
used in the proof of Theorem

8. Coupling of boundary relations and boundary triplets

In this section a general version of the orthogonal coupling technique is
presented which uses an orthogonal sum of an ordinary boundary triplet
{G,T5,T'$} with the Weyl function M and a general boundary relation T’
whose Weyl family is allowed to be an arbitrary Nevanlinna family Z.

8.1. Orthogonal coupling and consequences

The situation is centered on a closed symmetric relation A in a Hilbert space
9 with equal defect numbers and a closed symmetric relation S in a Hilbert
space £'. Let {G,T'§,T'T} be an ordinary boundary triplet for A* whose ~-field
is 4°(A\) and whose Weyl function is M()\), A € C\ R. Let T’ from ($’)? to
G2 be a boundary relation for S* with T = domI" whose v-field is v(\) and
whose Weyl family is Z(A), A € C\ R. Recall that the transposed boundary
relation I' T, defined by the composition

T_ (0 Ig
r _<—19 0)°h

has the same domain T = domI" = domI'"; the corresponding v-field is
denoted by " (A\) and the corresponding Weyl family is given by ZT(\) =

—Z()', A€ C\R; see (8:30), (B31), and (332).

It is easy to see that the orthogonal sum S := A3 S is a closed
symmetric relation in $ @ $’ and that T'° & I'Misa boundary relation for
S* = A* & S* given by

I=r°aor’ = {{f@@{(ri*f), <F1i>}} . fe A, {g,i}er},

(8.1)
with domain domT = A* & T and ranT determined by

wt={{(2)(2)): mes sermr).
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since {G,T§,'T} is an ordinary boundary triplet. Note, in particular, that
the multivalued part mul I is determined by

it {{(§(0)) remr).n

The corresponding ~y-field and Weyl family are given by

a(A)=<7°éA) WTO(A)) and M(A):(MSA) _Z(OA)_I), AeC\R.
(8.4)

Recall that Ay = kerI'g is a self-adjoint extension of A in $ and S; =
ker I'; is a symmetric extension of S in $)’, which is not necessarily self-adjoint;

cf. (3.20) and (3.21). Moreover, it follows from (§8.1)) that

Sp :=kerTy = kerTS @ kerT'y = Ag & Sy (8.5)
is a symmetric extension of S.

Next the boundary relation F=I°&TI" in 8.1]) for S* will be trans-
formed in a suitable way by the following operator W € B(G2 @ G2):

(W —Ig2 (0 Ig
W_(192 0 , where Wy = I 0) (8.6)

In the terminology of Remark the operator W in is a standard
unitary operator in the Krein space (G2 & G2, Jg2 ). Hence [ = Wol is a new

boundary relation for S* which has a remarkable property; see [13, Theorem
5.6] and [15, Theorem 5.12].

Lemma 8.1. Let W € B(G2®G?) be the opemtor m and define I = WoT.
Then T is a boundary relation for S*=A* 8 S* of the form

I w—mf)<8f) e o
r {{f@g,{(w+r8f g }}.f@geA @S,{g,w}el“}.

(8.7)
Moreover, the corresponding Weyl function M()\) € B(9?) is given by
M) = < —(Z(\) + M) I=(Z(N) + M) M) )
I=MX)(ZN)+MQN)™ MQ) = M) (ZA) +MXN) T MA))

(8.8)
Consequently, H := ker Ty is a self-adjoint extension of A & S.

Proof. First of all it is easily verified that W in is a standard unitary
operator. The rest of the proof is based on the transformation properties
mentioned in Remark A straightforward calculation using the elements
from the range of T in shows that

A ED G
v )\ rpf+v )\ e ) [
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which confirms (8.7)). The Weyl family in (8.4) is transformed by the corre-
sponding formula W[M(X) @ —Z()\)~'], see Remark

AN @)

forall p € Gand {¢,v'} € Z(X\). Comparing this with the formula in (2.9) one
concludes from Lemma [2.5| that the Weyl function M (A) of the transformed
boundary relation r commdes with the operator-valued Nevanlinna function
—Q(\)"tin which belongs to B(92). According to Proposition |6.3| this
means that I is a boundary relation which satisfies the properties (B1)—(B3).
In particular, by the property (B3) the extension H=xker[gof A& S is self-
adjoint. ([

8.2. The Krein formula

The self-adjoint relation H in Lemmal8.1is a self-adjoint extension of A & S’
It Wlll be helpful to describe H in terms of the original boundary relation r

in (51).

Theorem 8.2. Let A be a closed symmetric relation in § with equal defect
numbers, and let S be a closed symmetric relation in $3', let {3, T8, T} be an
ordinary boundary triplet for A* with the Weyl function M and the ~-field

7°, and let T from ($')? to G2 be a boundary relation for S* with the Weyl

family Z in G. Let the boundary relation T=T°3T" be defined by (8.1] .
Then the linear relation

{fogeds y-TF=prrsf=0 G er} (0
is a self-adjoint extension of A DS in H @ H'. Moreover, the compressed
resolvent of H to $) is given by
Po(H =N 15= (A= N =NV +Z(A) ()", AeC\R,

(8.11)
where Ag = kerI'§ is a self-adjoint extension of A.

Proof. First observe that H = kerIy in Lemma is determined by the
conditions R R

' —T9f=0 and o +T§f =0, (8.12)
where f @G € A* & S*, {G,1 } eTl. Therefore H is as in and it can
be descrlbed with the original T in . In fact, the boundary condltlons in
can be rewritten as follows:

ref\ (v L (Tef (0 g
<i¢>—<rgf>—3<sw>7 where B= (1 ).

Using the boundary relation I in (§8.1) and identifying B € B(9?) with its
graph the previous equality can be expressed as follows:

((0)-(Dpen o
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These are the conditions that determine the self-adjoint extension H of
ABS = kerI' and, in particular, H C domI' = A~ & T. Next define the
relation © by

0= (ranf N B) F mull.
It is clear that this is a direct sum as it follows from (8.3)) that mul I'NB = {0}
Thus ran TN B is the restriction of ran T’ determined by the condition in ,

so that H = ['~ 1(@) = I~ (ranf‘ N B). Now one can apply Theorem
the self-adjoint extension H which shows that
—1.

(H=2"=(S-N"=3(0)(0 - M) 5", AeC\R, (8.14)

where S is given by (8.5), and F()\), M (M) are given by ({3.4).
In order to deal with the difference M (\)—© first observe that it follows

from (8.2)) and ( . ) that

O = (ranFﬁB) + mul T

:{{<¢’in’)’<wdjn>} ¢ €8, ¢ €ran, ﬁemulr}.

Moreover, (8.4) shows that {¢, ¢’} € dom M () also belongs to dom © (when

taking i’ = 0). Thus one can write M(A) — © in the form

TN ¥ M()\)@—W)} - }

M(MN)—-0 = , cpe§, e ZN), {n, 0 € mull ;.
o= {{(2) (407 e 5e 0

Here {n,0} € mull’ C Z(A) for all A € C\R by Lemma [3.4} Therefore, with

{1, ¢’} also {1/) '}, with Y =1 — 1, span Z(\). This means that

(6— M)

—MQ / ~ (8.15)
- { {< ;Kzﬂb)v (ff)} el (D) e zm}_
Hence, it follows from Lemma [2.5] and Lemma [8.1] that

(O — M)t = M(N), (8.16)

where M(A) € B(9?) is defined in (8.8).
Finally, substitution of (8.16] in the Krein formula (8.14) gives

(H—-XN""=(So =N =70MMNF(A)*, AeC\R.

It remains to compress this formula to the subspace $ to get the stated

resolvent formula (8.11)). O

Remark 8.3. As a special case, consider boundary relations I" from (56’)2 to G2
that are purely multivalued, i.e., ran[' = mulI'. In this case, the Weyl family
satisfies Z(\) = mulT' and does not depend on A € C\ R by Lemma
In particular, Z(\) = Z(A\) = Z()\)*, i.e.,, Z()\) is equal to a constant self-
adjoint relation © in G. Since ranT is closed the same is true for its domain,
so that T = domI' = S* where S = kerI'. Moreover, T = I'"!(ranT) =

to
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I~'(mull) = S, so that S = S* is self-adjoint. Thus 9, (S*) are trivial
subspaces for all A € C\ R and in Theorem the condition mull’ C © C
ran’ means that there is only one extension Se = S =85 = 5% The
Krein type formulas in and (| reduce to a Zero operator on ;s
Lemma |7 . However, the Couphng Condltlons in ) that determine the
self-adjoint relation Hin Theorem 2| make sense, as they concern the values
of I on the parameter space §. Now in this special situation Z(\) is a self-
adjoint relation © in § and the compressed resolvent formula in takes
the form

Py(H=XN)""19H= (4= N =7°"(MN(MA) +0)71°(N)", AeC\R.

In fact, this is the standard Krein’s formula which parametrizes all self-adjoint
extensions of A in the original space $). Notice, that if the above purely
multivalued boundary relation I' for S = S* is minimal, then the exit space
£’ is trivial.

The Krein formula in Theorem has a long history. It was proved by
M.G. Krein [29] for densely defined symmetric operators with equal and finite
defect numbers and by Saakyan [33] for equal infinite defect numbers. The
proof of the Krein formula for symmetric linear relations using the Cayley
transform was given by Langer and Textorius [31] and Dijksma, Langer, and
de Snoo in [24]. Another proof for symmetric linear relations with finite defect
numbers based on the coupling method was presented in [13], Theorem 5.10],
see also [19, Theorem 12.32] and [5, Notes on Section 2.7, Section 4.5, and
Section 4.6] for more references.

8.3. Exit spaces and generalized resolvents

It is clear that the Krein formula provides a one-to-one correspondence
between the Nevanlinna families Z and the exit space extensions of A via
the coupling of boundary triplets and boundary relations. Another way to
construct the corresponding exit space is provided in the following theorem
in which a Nevanlinna family Z is interpreted as a Straus family; cf. [,
Lemma 4.5.1 & Theorem 4.5.2]. The argument is based on the following
simple lemma.

Lemma 8.4. Let A be a closed symmetric linear relation in a Hilbert space $)
and let {G,T5,T9} be an ordinary boundary triplet for A* with Weyl function
M and ~-field v°. Let Z be a Nevanlinna family in G with corresponding
Nevanlinna pair Z = {A, B} and define for each A € C\ R,

R\ = (Ao =) =" (N(MA) +Z(N)) (N, A€C\R.  (8.17)

Then R(A), A € C\ R, is a well defined operator in B($)) and it is a gener-
alized resolvent, satisfying (R1), (R2), and (R3). In fact,

RR()‘?/L) = W()‘)NA,'B (Avu)W<M)*a )‘,M eC \ R, (818)

where
W) = 1 (AMAAR) + BO)) ™ (8.19)
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Proof. Use the notation Ro(\) = (Ag — A)~! and write the right-hand side
of as
R(A) = Ro(\) =7 (MQN)Y°(\)" with  Q(\) = (M(\)+Z(N)™". (8.20)

Then it is clear that (R1) and (R3) are satisfied. To verify (R2) the kernel
Rr (A, i) will be rewritten. For this observe that (6.10) and with \, 4 €
C\ R give

Ro(y(m) = ZEZTE Gy oy = TELZTEE s
and
MU oGy, aweC\R (522)
Straightforward calculation then gives
Rr(A 1) = /\%ﬂv"(/\) [Q(1)" = Q) = QIN(M(N) — M (1)")Q(1)*]7° ()™
(8.23)

Furthermore, by using the representation Z = {A, B}, it follows from (22.6)
that

Q) = AN(MNAN) +B() ™

(A
Hence using the property Q(\) = Q(\)* in the left-hand side of the following
identity one sees directly that

Q)" = QM) = Q) — Q)
= QM) = M(p)")Q(r)"
+ (MN)AR) + B(N) " [BO)A(R) — AN B ()]
x (M () A(f) + B() ™!

Substitution of this identity into ) leads to and - This con-
firms (R2). O

Theorem 8.5. Let A be a closed symmetric linear relation in a Hilbert space
$H and let {G,T5,T$} be an ordinary boundary triplet for A*. Let Z be a
Nevanlinna family in G and let R be the family of generalized resolvents as
m . Let $(RR) be the associated reproducing kernel Hilbert space. Then

Hp, in (5.10) is a self-adjoint extension of A in the Hilbert space $(Rp) ® $.
Moreover, the compressed resolvent of Hr onto $) satisfies

Py(Hg —A) ' 15 =R(\), AeC\R.

Furthermore, the self-adjoint relation Hp satisfies the following minimality
condition

H(Re) @ H =5pan {H, (Hg — \)"'H: A€ C\R}.
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Proof. All but one of the assertions follow from Lemma [5.2] The only as-
sertion that needs explanation is that Hp, extends A. For thls observe that

shows
{{ROVR (I +ARADRY = b€ 9} {{Ro(Ah, (I +ARo(A)h} : h € 5}
{7 N (N} s p e Sl

Since each of the relations in the right-hand side belongs to A*, it follows
that T((\) C A*. By Lemma [5.3| this implies that A C Hp. O

Based on (8.18)) in Lemma multiplication by the operator-valued
819

function W in (8.19)) sets up a unitary equivalence between the corresponding
reproducing kernel Hilbert spaces. This gives a connection between the model
associated with Theorem [R5 and Lemma 5.2 via

. <35(N54,3)> . <ﬁ<§R>> | (f%é)) . <W(£})Lf(§)> |

where f € H(Ng 5) and h € $.

Appendix A. Coupling method in the framework of
@-functions

The notion of the Q-function was the key element in the theory of self-adjoint
extensions in the works of Krein and Langer. For densely defined symmetric
operators with equal defect numbers, the Q-function was first introduced by
M.G. Krein [29] when the defect numbers are finite and by Saakyan [33] when
the defect numbers are infinite. In [31] Langer and Textorius have considered
@-functions in the context of symmetric relations. The @Q-function plays a
central role in describing the resolvents of self-adjoint extensions of symmetric
operators via the Krein’s resolvent formula (cf. Theorem, where originally
a @Q-function of the self-adjoint extension Ay of A was used instead of the
Weyl function M of an associated boundary triplet. The Nevanlinna family
Z in was used to generate the exit space $’ via the so-called e-method
as well as to describe the self-adjoint extension Hin $H @ §'; see e.g. [31]; cf.
Theorem [R.5

Initially the coupling method was considered in the framework of Q-
functions for symmetric operators with finite defect numbers; see [25] 26, [27].
This approach is now briefly recalled. The key objects in this method are
as follows. Let A be a densely defined closed symmetric operator in § with
equal defect numbers. Let Ay be a self-adjoint extension of A in £). Fix a
point u € C\ R and a bijective mapping v°(u) from a Hilbert space § onto
the eigenspace 91,(A*) of A*. Then define the v-field by the formula

PO =T+ (=)Ao - N )W), AeC\R, (A1)
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see also (6.10). It is easy to check that «°(A\) maps G onto the eigenspace
Ny (A*) for each A € C\ R by means of the formula

(A=Nf, 'yo(;\)h)ﬁ =0 forall fedomA, heg. (A.2)

The corresponding Q-function is then defined as a B(9)-valued function via
the formula

Q) —Qw”
(o] * O )\ —

7)Y (A) -

cf. . The formula (A.3]) determines the @-function uniquely up to a self-
adjoint operator in B(§). The @-function is a uniformly strict operator-valued
Nevanlinna function, since v° () in (A.3) is a bounded mapping with bounded
inverse for all A € C\ R. The resolvents of all self-adjoint extensions of A in
the initial Hilbert space $) are parametrized by means of the self-adjoint
relations 7 in § by Krein’s formula

(Ar =07 = (Ao =N ="M@ +7)T1°(V)*, AeC\R. (A4)

. ApEC\R, (A.3)

Similarly, let S be a densely defined symmetric operator in another
Hilbert space $) whose defect numbers coincide with those of A. Again, fix a
self-adjoint extension Sy of S in $’ and define the corresponding ~-field v/ (\)
as a mapping from G onto Mx(5*) as in (A.T). Let Z(\) be an associated Q-
function as in . Then the resolvents of the self-adjoint extensions S, of S
in ) are parametrized by Krein’s formula means of the self-adjoint relations
nin g

(Sy =X =(So =N =Y NEZXN) +m) (N, AeC\R. (A5)

R Now introduce in the Hilbert space $) ® $’ the orthogonal sum A=
A @ S, which is a densely defined closed symmetric operator with equal (but
twice as large) defect numbers. Then Ay = Ay B Spisa self-adjoint extension
of A with y-field F(A) = v(A) & 7/(A) and Q-function Q(A) = Q(A) & Z()).
Combining also the resolvent formulas and orthogonally, one
obtains

(Ar & Sp) =N = (Ag—N)7!

9 ) 0 ) (78 L6

The next crucial step is the coupling of the associated 7-fields which act in
orthogonal Hilbert spaces in (A.6). For instance, let C and D be bounded
and boundedly invertible operators in § and define the function vy () as
follows:

Yo (A) = (’VOSA) 7’?>\)> (g) _ @8}5) . A€C\R. (A7)

It is clear that v (\) satisfies the analog of the identity (A.1) with the self-
adjoint extension Ag and that

Qu(\) = C*Q(\)C + D*Z(\)D, AeC\R, (A.8)
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is a uniformly strict Nevanlinna function acting on G, which satisfies the
analog of ([A.3)). Introduce the restriction Sy of Ay = Ay @ Sy by the analog
of the condition in (A.2):

(A—A)f) (7"(5\)0) )
, T h =0, €domA, g€ domS, he€Gg.
(((S - A)g v (A)D HXH / I
By construction, it is clear that the symmetric operator Sy does not depend
on A € C\ R, due to the analog of the formula (A.2). Now observe that vy
in (A.7) is the v-field for the symmetric operator Sy with the Q-function
Qu in and that SU is a proper extension of the orthogonal sum of
the symmetrlc operator A=A8S. Therefore, one has Krein’s formula in
.6 H @ for the self-adjoint extensions of Sy in H @ §’ via the self-adjoint
relations 7 in §
T wW—=1_ /7 =1 _ v (N)C ~\—1 "/O(}‘)C "
(=N = -0 = (L) o+ (T4

cf. [Bl Proposition 4.6.1], whose compression to ) gives
Py(Az =07 9= (4g— )"
— VO(A)C(C’*Q(A)C +D*Z(\)D + ?)ACWO(X)*.
In particular, with the choice C'= D = I one gets the formula
Po(Az = N)7H 19 = (Ao = N7 =7 (N)(@QMN) + Z(N) +7) (V)"
Observe, from this last resolvent formula that for all self-adjoint relations 7 in
G the corresponding Nevanlinna functions Z(\) 4+ in (A.6) (take 7 = 0) (or
the corresponding Straus families in Section [5) originate from the same exit
space $) using the present coupling technique via ~-fields. This reflects one
of the main differences between the coupling technique for Q-functions and
the Weyl functions of boundary triplets, since the description of the coupling
conditions for the associated boundary mappings depend on the choice of
the self-adjoint parameters 7 and 7, while the Q—functions Q and Z allow a
free choice for them as self-adjoint additive terms in . Of course, the
particular choice 7 =7 = 0 gives Krein’s formula as in Theorem B-2] for exit
space extension A (= Ag) of A generated by Z()).
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