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Abstract. The aim of this paper is to prove two perturbation results for a
selfadjoint operator A in a Krein space H which can roughly be described
as follows: (1) If A is an open subset of R and all spectral subspaces for
A corresponding to compact subsets of A have finite rank of negativity, the
same is true for a selfadjoint operator B in H for which the difference of the
resolvents of A and B is compact. (2) The property that there exists some
neighbourhood A of oo such that the restriction of A to a spectral subspace
for A corresponding to A is a nonnegative operator in H, is preserved un-
der relative &, perturbations in form sense if the resulting operator is again
selfadjoint. The assertion (1) is proved for selfadjoint relations A and B. (1)

and (2) generalize some known results.
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1. Introduction

Let A be a definitizable selfadjoint operator in a Krein space (H, [+, ]), i.e. the resol-
vent set p(A) is nonempty and there exists a polynomial p such that [p(A)z,z] >0
holds for all z € D(p(A)). Then A has a spectral function (see [17]) and with the
help of this spectral function the real points of the spectrum o(A) can be classi-
fied in points of positive and negative type and critical points. Spectral points of
positive and negative type can also be characterized with the help of the resolvent
of A (see e.g. [7], [11]) or by approximative eigensequences (see [15], [18]), which
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allows, in a convenient way, to carry over the sign type classification of spectral
points to non-definitizable selfadjoint operators and relations in Krein spaces.

Sign types of spectral points, which are a special feature of the spectral theory
in Krein spaces, are closely connected with spectral decomposition properties. For
example, if any point of some bounded closed interval [a,b] is either of positive
or of negative type with respect to some selfadjoint operator A, then A can be
decomposed into a direct orthogonal sum of a definitizable selfadjoint operator A
with spectrum in [a, b] and a selfadjoint operator Ay such that o(A42) N (a,b) = 0,
that is, A is locally definitizable. In view of these connections between sign types
and decomposability, results on stability properties of the sets of spectral points
of positive and negative type play an important role in the perturbation theory in
Krein spaces.

In [18] it was shown, for a bounded selfadjoint operator A, that if all points of
a bounded closed interval A are either regular or of positive type with respect to A,
then with the exception of no more than a finite number of points the same is true
after a symmetric compact perturbation K. Moreover, on the spectral subspaces
corresponding to A + K and subintervals of A the inner product [-, -] has a finite
number of negative squares. A similar result was proved in [8]. In [8] A is not
assumed to be bounded, but there are additional assumptions.

The first objective of the present paper is to generalize these results. In
Theorem 2.4 we consider unbounded selfadjoint operators and selfadjoint linear
relations and drop the additional conditions from [8]. We allow that the unper-
turbed and the perturbed operator are selfadjoint with respect to different Krein
space inner products. It is assumed that the difference of the Gram operators of
these inner products fulfils some “local” compactness condition which is usual in
local scattering theory. Essentially, the proof of Theorem 2.4 is a variant of the
proof of Theorem 5.1 in [18]. Instead of the Lyubich-Matsaev spectral subspace
results here we make use of a functional calculus for unitary operators in Krein
spaces with finite order growth of the resolvent in a neighbourhood of some arcs
of the unit circle (see [7]). For different inner products with compact difference
of the corresponding Gram operators, for a bounded unperturbed operator and
a compact perturbation Theorem 2.4 is a consequence of the perturbation result
[19, Theorem 6.1] on holomorphic operator functions (see also [1]). If the difference
of the Gram operators is compact and there is a real point which is regular for
the unperturbed and the perturbed relation, Theorem 2.4 can be deduced from
[19, Theorem 6.1] with the help of a linear fractional transformation.

The second objective of this paper is to generalize a result from [9]. In Sec-
tion 3 we consider selfadjoint operators in a Krein space which can be decomposed
as a direct orthogonal sum of a bounded selfadjoint and a nonnegative selfadjoint
operator. Then the spectrum of positive type as well as the spectrum of nega-
tive type may have co as an accumulation point. Such operators and a class of
relatively compact perturbations in form sense were studied in [9]. In one of the
main results of [9] it is proved that under some conditions the perturbed operator
admits a decomposition of the same type. Making use of the perturbation result
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for unbounded operators of Section 2, here we improve that result from [9] by
dropping an assumption on the spectral properties of the perturbed operator. In
contrast to [9] we do not exclude the case where the spectral function of the un-
perturbed operator is unbounded near co and, at the same time, the unperturbed
and the perturbed operator are selfadjoint with respect to different Krein space
inner products.

2. Sign types of spectral points of two selfadjoint relations with
compact resolvent difference

2.1. Notations and definitions

In Section 2 we study linear relations in a separable Krein space (M, [-,]), i.e.
linear subspaces of H2. Linear operators in H are viewed as linear relations via
their graphs. For the usual definitions of the linear operations with relations, the
inverse, the adjoint etc., we refer to [3].

The resolvent set p(S) of a closed linear relation S is the set of all z € C such
that (S — 2z)~! € L(H), the spectrum o(S) of S is the complement of p(S) in C.
The extended spectrum &(S) of S is defined by 7(5) = o(5) if S is a bounded
operator and 7 (S) = o(S)U{oo} otherwise. An eigenvalue A € C of a closed linear
relation S is called normal if the root manifold £ corresponding to A is finite-
dimensional and there is a projection P with PH = L which reduces S, i.e. S is
the direct sum in H? of the subspaces SN (PH)? and SN ((1— P)H)? of H?, such
that A € p(SN((1—P)H)?). The set of normal eigenvalues of S will be denoted by
Op,norm (S). The essential spectrum of S is defined by 0css(S) = 0(S)\0p,norm ().

We recall the definitions of the approximate point spectrum and the spectra
of positive and negative type of a closed linear relation S (see [11]). For equiv-
alent descriptions of the spectra of positive and negative type we refer to [11,
Theorem 3.18].

Definition 2.1. We say that A € C belongs to the approximate point spectrum of
S, denoted by 0,4,(5), if there exists a sequence (52) €S, n=12,..., such
that ||z, | = 1 and lim, . [|[yn — Az, || = 0. We define the extended approvimate
point spectrum Gap(S) of S by Gap(S) = 04p(S) U{cc} if 0 € 04p(S™1), and
Tap(S) := 0ap(S) if 0 & 04p(S™1).

We remark, that the boundary points of 5(S) in C belong to 4y (S).

Definition 2.2. A point A € 0,4,(5) is said to be of positive type (negative type)
with respect to S, if for every sequence (?jz) €S, n=1,2..., with ||z,]| =1 and
limy,— o0 ||Yyn — AZn|| = 0 we have

liminf [x,,z,] >0 (resp. limsup [z,,z,] < 0).

n—oo n—oo
If 0o € G4p(5), o0 is said to be of positive type (negative type) with respect to S if
for every sequence (y7) € S, n =1,2..., with lim, o [|z,| = 0 and [jy,| =1
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we have

liminf [y,,yn] > 0 (resp. limsup [yn, yn] < 0).

n—oo

The set of all points of positive type (negative type) with respect to S will be
denoted by 044(S) (resp. o__(9)).

If A is selfadjoint, all points of positive or negative type belong to R. Analo-
gously, if U is a unitary operator in the Krein space (H, [+, -]), all points of positive
or negative type lie on the unit circle T.

If K, K1, Ko are separable Hilbert spaces &, (K1, 2) denotes the set of all
compact operators from Kp to KCo. If $1(A) > s2(A) > ... are the s-numbers of
A€ 65 (K1,K2), i.e. the eigenvalues of (A*A)% where multiplicity is counted, we
set

&K1, K2) = {4 € & (K1, ) : (3 55(4))

J

3 =

— I 4lls, < o0}, pe1,00).

Let 6,(K) := 6,(K,K), p € [1,00) U {oo}; we will simply write &, when no
confusion can arise. By F we denote the class of operators of finite rank.

2.2. A criterion for compact resolvent difference

Let, in the following, (H, (-,-)) be a separable Hilbert space and let G; and G2 be
bounded selfadjoint operators in H with 0 € p(G1) N p(G2). We define the inner
products [-,-]; := (G1-,-) and [-,-]2 := (Ga-,-) in H. Then H; := (H,[-,-]1) and
Ho := (H, [, ]2) are Krein spaces. We do not exclude that H; or Hs is a Hilbert
space. Let A; and Ag be selfadjoint relations in H; and Hs, respectively. Assume
that the difference of the resolvents of A; and A, is compact, i.e. the following
condition (I) is fulfilled.

(I): There exists a u € C such that
1€ p(A1) N p(A2)
and
(A=)t — (A — ) € G (2.1)
hold.

Condition (I) implies that we have (A; — p/)~ — (A2 — /)7t € & for any
point ' € p(A;1) N p(Asz). This follows from the relation

(A —p) P = (A=)t =
= (14 (W' =) (A2 = 1)) (A=) = (Az =) ") (14 (1 =) (AL — 1) 71).
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The following proposition contains a criterion for (2.1). Observe that G14;
and Go Ay are selfadjoint relations in the Hilbert space (M, (-,-)). Therefore, C\R
belongs to p(GrAg), k=1,2.

Proposition 2.3. Let p € [1,00) U {oo} and assume that G1 — G2 € 6, and that
there is a pr € C\R with p € p(A1) N p(Az). Then

(A —p) = (A —p)tes, (2.2)
if and only if
(G1A1 =) = (G2As —p) ™' € 6,
Proof. As
(GrAr —p) ™t = (GeAe — )™ = (A1 = Gl ) TG — (A2 = Gy ) TGo
= (A =G NG =G+ (A =G i)™t = (A2 = Gy ) )Gyt

it is sufficient to prove that
(A =G = (A =Gy ') €6,
is equivalent to (2.2). This equivalence follows from the relation
(A1 =N = (A = )T 1+ QG = N4 =267 23)
— 1+ A= N)TTA=AG)) (AL = AGT) T = (A= A6y €6,

since 0 € p(14+ (AGT' = N)(A1 —AGT) ™) and 0 € p(1+ (A2 — A)"HA—=AG 1)),
Indeed, we have

(1+AGT = N(A = AGTH ™) T =1+ A= AGTH) (A — A
and
(14 (A2 =N 7"A=AG ) T =14 (4 — MG ) (MG — ).
It remains to verify (2.3). Evidently, we have
(A2 = N)7THA = AGTH (A = AGTH) 7!
— (A =N A=AGIH (A - NG T =S e 6,
Addition of this relation and the relations
(A1 =N = (A = AGTH ™+ (A = NG = ) (A4 = 6T =0,
(A =N (A = AGTH) T (A = N)TE A= AG (A — MG )T =0

gives (2.3).
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2.3. Preservation of Pontryagin local spectral subspaces

Let, in the rest of Section 2, {2 be a domain of the extended complex plane C which
is symmetric with respect to the real axis R such that Q N R # (. We denote the
open upper half-plane by C*. We assume that A; and A, satisfy, besides condition
(I), the following condition.

(IT): There exists a point po € QN CT with ug € p(41) N p(Asz). Moreover, either
Q\R C p(A1) U Up,norm(Al) (24)
or

Q\K C p(Ag) U 0p,norm (AQ) (25)

Then (2.1) holds with p replaced by po. The relations (2.4) and (2.5) can be
expressed with the help of similar relations for the bounded operators (A; — )™t
and (As — o)~ !, respectively. Then, from (2.1) and well-known perturbation re-
sults, it follows that (2.4) and (2.5) are equivalent.

Theorem 2.4. Let Ay and As be selfadjoint relations in Hy and Ha, respectively,
such that the conditions (I) and (II) are fulfilled. Assume that for every (in R)
compact set Ag C QNR there exists a finite union A1 of open connected subsets of
QNR with Ag C Ay, Ay € QNR and a selfadjoint projection Fy in Hy such that
(F1Ha1, [+, 7]1) is a Pontryagin space with finite rank of negativity and the following
holds:
(i) If, for some X € p(A1) and some bounded operator T,
T(A =N = (A — N1,
then FlT = TF1
(ii) 5(141 n (F1H1)2) C 5(141) ﬁZl.
(iii) 5(141 n ((1 - Fl)H1)2) C 5(A1)\A1
(iV) (Gl — GQ)Fl € G
Then for every in R compact subset Ag C QN R there exists a finite union
Ay of open connected subsets of QNR with Ay C Ag, Ay C QNR and a selfadjoint
projection Fy in Ha such that (FaHa, [, ]2) is a Pontryagin space with finite rank
of negativity, and (1)-(iv) holds with F1, A1, H1, A1 replaced by Fa, As, Ha, As.

From this theorem, with the help of the spectral function for locally definite
relations ([7], [18], [11]), we obtain the following corollary.

Corollary 2.5. Let A1 and Ay be selfadjoint relations in Hi and Hs, respectively,
such that the conditions (1) and (II) are fulfilled. Assume that G1 — G2 € &o and
ONR C p(A1) Ui+ (Ar). Then the conclusion of Theorem 2.4 is true.

Proof of Theorem 2.4. 1. We consider the linear fractional transformations ¢ and
¢ defined by

P(A) = =14 (o — o)A —Tp) ™" and  (2) = (2 + po)(z +1) 7,
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where po is as in condition (IT). 4 maps the open upper half-plane C* onto the
open unit disc I, and ¢ o ¢ is the identity mapping. ¢(Q) is a domain of C
symmetric with respect to the unit circle T, which contains neighbourhoods of 0
and oo, and it holds ¥(Q) N'T # (. We define the operators

Uy i=$(Ar) = =1+ (po — To)(Ax — o) ™', k=1,2. (2.6)
Uy is a unitary operator in the Krein space Hy. Then (2.1) with u = 7, implies
Uy —Us € G (2.7)

Condition (IT) implies
YQ\T C (p(U1) UGpnorm(U1)) N (p(U2) Uopnorm(Uz)).

Let Ag be a subset of QMR which is compact in R. We choose A, and F} as
in the assumptions of the theorem. Then F; commutes with U; and we have
o(UL|Fi1Hy) € o(Uy) Np(AL), 28)
o(Ui|(1 = F1)H1) C o(U)\¢(Aq).
Let
FiH = Ky [+H]K- (2.9)

be a fundamental decomposition of F;’H; and let Fy  and F; _ be the correspon-
ding projections in FyH;. Then dim K_ < co. We write the restriction V' of U; to

F1H, as operator matrix,
Vin Vio
V =
<V21 Vao

with respect to the fundamental decomposition (2.9). The operators Via, Va1, Vas
are of finite rank, and by the general form of a unitary operator in a Pontryagin
space [4, Supplement] there exists a unitary operator V in the Hilbert space K
such that Vq; — V4 is of finite rank. Let v be a point of ¥)(A1) and define a unitary

operator V' in F1H; by
, (Vi 0
(),

Then V — V' is of finite rank. We define a Hilbert scalar product (-,-); on FyH;
by

(z, )] = [(Fi+ — Fi,-)v,yh, .y € FiMa.
V' is a unitary operator also in (FyHq, (-, -)}). We set
Ul = V'F +Ui(1 - Fy)
and

[xay]/l = <F1:L'3F1y>/1 + [(1 - Fl)x’ (1 - Fl)y]la T,y € H.
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Then U] is a unitary operator in the Krein space (H, [-,-]}) =: H} and we have

U —UleF. (2.10)

Let G be the Gram operator of |-, -|; with respect to (-, ). Then G7 — G} is of finite
rank. It is sufficient to verify, that the difference of the Gram operators of [-,];
and [-, -]} with respect to some suitably chosen Hilbert scalar product equivalent
to (-, -) has this property. This is easy to see.

If A} denotes the selfadjoint relation ¢(U7) then L, € p(A}) and by (2.10)

(AL =)' — (A=) € F.

By the construction of U] the set Q\R is contained in p(A}) U0y norm(4;). Let F
be the spectral projection corresponding to the unitary operator V' in the Hilbert
space (F1Hi, (-,-)}) and the set (A1), and denote by F) the projection F} Fy in
Hi. Then H), A} and FY satisfy the conditions fulfilled by Hy, Ay and Fy at the
beginning of the proof. In particular, we have

(G/l — GQ)F{ = (G/l — Gl)F{ + (Gl — GQ)FlFll € 6.

Moreover, (FyH,, [, -]}) is a Hilbert space. Therefore, in the following we can and
will restrict ourselves to the case when (FyHy, [-,-]1) is a Hilbert space. Note that
this implies ¥(A1) C o4 (Ur) U p(Un).

2. In this part of the proof we will show that any point A € ¥ (A;) either
belongs to 014 (Uz) U p(Uz) or is an eigenvalue with (at least) one nonpositive
eigenvector with respect to [+, -]o. We proceed as in the proof of Theorem 5.1 from
[18]; in addition, we need the following fact.

Claim. For A € ¥(A;) and a sequence (z,), n = 1,2,..., in H, ||z,| = 1,
with lim,, 0 || (U1 — A)2,|| = 0 which converges weakly to zero we have

liminf [x,,z,]1 = iminf [2,, 2,]s.
n—oo n—oo

Indeed, the inner products [-,-]; and [, ]2 are related by
[,z = [(1+GT (G2 = G1)), a
By assumption (Go2 — G1)F) € G4 and lim, . ||(1 — F1)x,|| = 0, which follows
from A € ¥(A1) and (iii), we find
lim inf [z, 2,]2 = lim inf [(1 + GTY Gy — G1))Fry, Fizn]1

n—oo

= liminf [Fy2,, F12z,]1 = liminf [z, 2,]1,

and the claim is proved.

Let A € ¢(Ay). It remains to prove, that in the case A € o(Us)\o 44 (Uz) there
exists an eigenvector of Uy corresponding to A which is nonpositive with respect
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to [-,+]2. Since A is a boundary point of o(Us) and does not belong to o (Us)

there exists a sequence (z,,), n =1,2,..., in H, ||z,| = 1, such that
lim ||(Uz — Nay,||=0 and lim [z, 2,]2 <0 (2.11)

holds. It is no restriction to assume that the sequence (z,) converges weakly. Let
zo = w — lim,, o0 Tp, then o # 0, as otherwise (2.7) and the first relation of
(2.11) would imply

lim [|(U3 — ANz, || =0,
and, since A € 044 (U1) U p(Uy), the claim above would imply

liminf [2,, ;]2 = liminf [2,,2,]1 > 0,
n—oo n—oo

which contradicts A € o4 (Usz) U p(Usz). From (2.11) we have (Uz — N)xg = 0. We
show that xg is nonpositive in H,. This is evident, if for y,, := x,,—xg,n = 1,2, ...,
lim,, oo ||yn|| = 0 holds. Assume that inf ||y,| > 0. By w — lim,_co ¥ = 0, (2.7)
and (2.11) we have

T (T = Nyl = lim [T — Ayl =0,
hence lim inf,, o [Yn, ¥n]1 > 0. Then making use of the claim proved above we find
0 < liminf [y, yn)2 = Uminf [z, z,]2 — [To, To]2,

and the second relation of (2.11) yields [xo, zgl2 < 0.

3. In this part of the proof we show that the set of the points which do not
belong to 044 (Uz2) U p(Us) is discrete in ¢(A;). Moreover we show, that for a
suitable § € (0,1)

A= {peC|p=re” e’ ep(Ar),re(8,1)U (L, ")}

is contained in p(U1) N p(Uz). Obviously it is sufficient to prove the following: For
every A € (A1) there exists a neighbourhood U (\) of A in C such that

UM\{A} C o4 (U2) U p(U2).

For the convenience of the reader we repeat the proof of this fact from [18].

Assume the contrary. Then there exists a sequence (A,,) C ¥(A1)U((Q\T),
n=1,2..., with \,, # At for m# m such that lim, o, A, = A and \,, does not
belong to o4 (Uz)Up(Us). If, for some n, A, € ¥(Ay), it follows from part 2 of the
proof that A, is an eigenvalue of U, with at least one nonpositive eigenvector ¢,,
in Hy. If A, € ()\T, then A, is a normal eigenvalue of Uy with a [, -]2-neutral
eigenvector ¢,. As A, # A1 if n # m, we have [¢y,, dm]2 = 0. Then

L:=clsp {¢n | n=1,2,...}

is a nonpositive invariant subspace of Us,.
We consider the operator W := (Uz — A\)|£. As all A, — A are eigenvalues
of W, W cannot have closed range and finite-dimensional kernel, since this would
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imply the existence of a neighbourhood of 0 which consists of eigenvalues of W
(see [5]), a contradiction to the fact that A is no inner point of o(Us). We remark
that W has closed range and finite-dimensional kernel if and only if there exists
a subspace M C £ with codimeIN < oo, such that |9 is an isomorphism of 90
onto R(W|IM).

Suppose that R(W) is not closed or dimker W = oo. Then, for ¢ > 0
and an arbitrary subspace 9t C £ with finite codimension in £ there exists
an f € M such that ||f]] = 1 and |[Wf|] < e. Thus we can choose a (,-)-
orthonormal sequence (f,) C £, n=1,2..., such that lim,, o || (U2 — A) fu|| = 0.
Then, by (2.7), lim,— ||(U1 — A) fn]| = 0 and, since ¥(A1) C 044 (Ur) U p(Uy),
we have iminf, oo[fn, fn]1 > 0. Then the claim in part 2 of the proof yields
liminf,, oo [fn, fn]2 > 0, a contradiction to f, € £.

4. Next we verify that U; and Us admit the functional calculus introduced
in [7]. Furthermore, we find an open set A and define a selfadjoint projection Fs
in Hy with the help of this functional calculus such that the conditions (i)-(iii) of
the theorem with Fy, Ay, Hi, Aq replaced by Fy, As, Ha, Ay are fulfilled.

Arcs on the unit circle are denoted similarly to real intervals. For example,
(a, I;) denotes the open arc run over by a point moving from @ to b in counterclock-
wise direction.

We choose a finite number of arcs (aj,b;), j =1,...,n, of T such that their
closures [a;,b;] are pairwise disjoint and for

v = U (aj,bj)
j=1
the following holds:

(a) Y(Ag) Cv, 7 C P(Aq).
(b) The points aj, bj, j =1,...,n, belong to o414+ (Uz) U p(Uz).
(c) Every component of ¥(A1) contains exactly one of the arcs (a;, b;).

Further, we choose arcs (a§1),a§»2)) > aj, (bgl),bf)) > b4, j =1,...,n, such that
their closures are pairwise disjoint and contained in ¥ (A;). In addition, we assume
for the union

70 = J (@0 u G 6?)
j=1

that 7, N (Ag) = @ and
To C (044 (U1) U p(U1) N (044 (U2) U p(U)) (2.12)
We connect every arc (aj,b;) by a smooth simple curve

Cj C p(Ur) N p(U2) Np(2) ND
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with the point 0 such that C; N C, = {0} for j # k. Then, making use of the fact
that no point of ¢)(A1) is an accumulation point of o(U2)\T, which was proved in
part 3 of the proof, we find an open neighbourhood O in C of

n

vAyuJEGue),  G={ETtize),

j=1
with the following properties:

(a) O is a T-symmetric domain of C, O N D is simply connected.
(8) ONT = (A1), O C ().
(7) O\T C p(Us) N p(Us).
Let K := (C\O) U (T\"). Then we have T\ K = 7.
By (2.12) and on account of [11, Theorem 3.18] there exists an o € (0,1)
such that

sup {[|(U — re?) |1 = |r]| : €' € q0,7 € (ro, 1) U (1,75 ")} < o0, k=12,

holds. Therefore, by [7, Proposition 1.2] the Riesz-Dunford functional calculi for
U; and Us can be extended by continuity to A%. Here A% is the space of all
functions f defined on T U K such that f|T € C?(T) and f is locally holomorphic
on K, with an inductive limit topology introduced in [7].
Let (em), m = 1,2,..., be a decreasing null sequence of positive numbers.
Assume that
[a§2), b§1)] C (aje , bje™™ ), j=1,...,n.

We set
n
s = ) (e o), m= 13,
=1

Then v = U‘;’;l Y(m)y- Let (Xm), m =1,2,..., be a sequence of functions belonging
to A% with the following properties:

(1) Xm(2) =0if 2 € (TU K)\Y(m); Xm+1(2) =1if 2 € y4m), m=1,2,....
2)0<xm(z)<1,zeT,m=1,2,....

Since the functions x,, are real on T, the operators x.,(Us) are selfadjoint in Ha.
If m > 1, xm(2) — x1(#) is nonnegative for all z € TU K and equal to zero outside
70. By (2.12) and in view of [7, Proposition 2.1] and [11, Theorem 3.18] the A%
functional calculus restricted to functions with support in ~g is positive. Therefore,

[(xm(U2) — x1(U2))z,2]2 >0, xz€H, m>L

It is easy to see that the selfadjoint operators x,,(Usz), m = 1,2,..., in Hs are
uniformly bounded. Hence the strong limit

s— lim xm(U2) =: Fy
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exists, and Fj is selfadjoint. Repeating the above reasoning with the functions x,,
replaced by their squares x2,, we find that the strong limit s — lim,,— o x2,(U2)
exists. It is equal to F2. Since for every m = 2,3, ..., we have

Xm(2) 2 (Xm(2))* 2 Xm-1(2), 2z €T,

it follows that F, = F3, that is, F» is a selfadjoint projection in Ho. F» commutes
with all bounded operators that commute with Us since this is true for all operators
Xm(Uz), m = 1,2,.... Hence by (2.6) F satisfies condition (i) with A; replaced
by AQ.

We have

O’(U2|F2H2) C O'(UQ) n=. (213)

Indeed, let i ¢ 5 and g € A% equal to one on a neighbourhood of 7 such that
h:zw (z—p)"1g(2) belongs to A%. Then the restriction of h(Us) to FyHsz is the
bounded inverse of (U — p1)|FoHz. In a similar way one verifies that

O’(U2|(1 — FQ)HQ) C O'(UQ)\’}/. (214)
We set

Ag = (7).

Then the relations (2.13) and (2.14) imply (ii) and (iii) with A;, Fy, Ay replaced
by AQ, FQ, AQ. Note that AO C AQ.

5. In order to prove that F5 defined in part 4 of the proof satisfies condition
(iv) we consider a function y € A% with supp x C ¥(A;) which is equal to one
in some neighbourhood of 7. It is not difficult to see that one can approximate y
in A% by a sequence of locally holomorphic functions on ¢(U;) which uniformly
converges to zero in some neighbourhood of o(Uy)\1#(A1). Then by (2.8) we have

x(Uh) = Fix(Uy). (2.15)
By (2.7)
(U =N = (U =N = (U = N U = U)(Uy — N) 7! € B

Hence for every function X which is locally holomorphic on o(U;) Uo(Usz) we have
X(U1) = X(Uz) € G- On account of the continuity of the A% functional calculus
with respect to the operator norm we find

X(U1) = x(Uz) € 6. (2.16)
Then by condition (iv), (2.15) and (2.16),
(G1 = G2)F> = (G1 — Ga)x(U2) I =
= (G1 = G2)(x(U2) = x(U1))F2 + (G1 = G2) Fix(U1) F» € G
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6. It remains to prove that (FoH2, [, ]2) is a Pontryagin space with finite
rank of negativity.

We choose a5, 8; € T, j =1,2,...,n,such that o; € (a§-1),aj), B € (bj,b§2))7
7=12,...,n. We set

and define a function f by

f(z):= H?:1(Z—Oéj)2 (% - o%)2 (z—5;)° (% - é)2 %fz cy -
0 if 2 € (K UT)\y'

This function is locally holomorphic on K. We have f|T € C3(T), and f is positive
on 7. Therefore, f € A% and it follows as in part 5 of the proof that

f(U1) = f(U2) € G (2.17)

The restriction Up|FyH; is unitary in the Hilbert space (FiHi, [, ]1). Let
Fi1(v") be the spectral projection corresponding to Up|FiyH; and +/. Since f can
be approximated in A% by a sequence of functions locally holomorphic on T U K
which on a neighbourhood of o(U1)\1(A1) uniformly converges to zero, we have
f(Uy) = f(Uy)Fy. The restriction of f(Uy) to FiHy coincides with f(Uy|FiH1);
and by the functional calculus for unitary operators in Hilbert space we have

fULFH) = f(U|[FiH)Fi(y').

Therefore the operator f(Uy) can be written as
Uiy) O
s = (%) 0) (2.18)

with respect to the decomposition H; = H} [+]H/, where
1i=F0) M, HY = (L= F(Y) A+ (1= F))Ha,

and U . is the restriction of U; to the Hilbert space (K1, [+, ]1)-
If Ji’ is a fundamental symmetry of the Krein space (HY, [-,]1) and we define
Jy = (é JO{r), then

(‘r7y)N = [Jlx’y]la T,y € H,

is a Hilbert scalar product on H. The Gram operators of [-,:]; and [-, ]2 with
respect to (-,-)~ are J; and Gy := J1 Gy 'Ga, respectively. Then by

(Jl — ég)Fl = —JlGl_l(Gg — Gl)Fl € G,
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(J1 — Go)Fy(+/)Fy is compact. If

€2,11 92,12

G221 Ga2o
is the operator matrix corresponding to (~¥2 with respect to the decomposition
Hi = Hi[+]HY, then

~ 1-G 0
(J1 — Go)FL(y)Fy = 21l €6
—Ga21 0

and also 62112, which is the adjoint of 62721 with respect to (-,:)~, is compact.
Therefore,

Goi1 Gaio (1 0 ) Gag1—1 Gaio
72, 72, — ~ = 2% ’ € G4 2.19
<G2,21 GQ,22> 0 Ga22 G221 0 ( )
and, on account of 0 € p(ég), we have 0 € ,0(62722) U O'nnorm(éggg). Let Py be

the finite-rank orthogonal projection on ker é2722 in (HY,(-,-)™). We introduce a
new inner product in H by

! / 1 0 g N\ O\
|:<x//> ) <yy//):|3: <<0 62 0y + PO> <.T”> , (5//))) :C/, yle H/l;l'//v y/le Hlll'

Since 0 € p(éggg + Py), [-,-]s is a Krein space inner product. By (2.19), the
difference of the Gram operators of [-, -]5 and [+, |3 with respect to (-, )™ is compact.
By (2.18) the operator f(U;) is selfadjoint in (H, [+, ]3).

If £_ is a maximal uniformly negative subspace of (HY, ((Ga.02 + Po) -, ),

() ec

is a maximal uniformly negative invariant subspace of f(U;) in (H,[-,]3). Then,
in view of (2.17) and (2.18), we can apply the invariant subspace result [16, The-
orem 6] of H. Langer: The selfadjoint operator f(Uz) in Hs has a maximal non-
positive invariant subspace M _, such that

Uess(f(U2)|M—) = {O} (220)

By (2.18) the spectrum of the selfadjoint operator f(Uy) in (M, [, -]3) is contained
in the real interval [0, M1], M7 := max.cr f(z). Moreover,

(0, My] C oy (f (UL)) U p(f (U1)) (2.21)

with respect to [-,-]3. As in the proof of relation (2.13) we see that the spectrum
of the selfadjoint operator f(Usz) in Hs is also contained in [0, M;], and that

o(f(U2)|FaH) C [Mo, Mi], (2.22)
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where My := inf {f(z) : z € v}. By the definition of v/ and f we have My > 0.
Since the difference of the Gram operators of [-,-]3 and [-, ]2 is compact and the
relations (2.21) and (2.17) hold, we find, as in parts 2 and 3 of the proof, that
there is a tg € (0, Mp) with tg € 044 (f(Uz2)) U p(f(Uz2)). Let Ep be the spectral
projection corresponding to f(Us) and the interval (¢g, M7 + 1), which can be
constructed in the same way as Fy (see part 4).

We claim that FoHe C EyHs. Indeed, since Fy and Eg both commute with
U, F» and Ey commute. Therefore,

FyHy = EgFaHa[+](1 — Eo)FyHo.

Writing 1 — Fy as a strong limit of Riesz-Dunford integrals,

1 to+9 1
o=t - o [ U@ i) 229

— (f(U2) = (t —ie)™'} dt,

and making use of (2.22) we see that (1 — FEo)Fy = 0, that is FoHa C EgHa.

To prove that (FyHa, [, ]2) is a Pontryagin space with finite rank of nega-
tivity, it is sufficient to show this for (EoHa, [-,]2). We make use of the maximal
nonpositive f(Us)-invariant subspace M _. Since, in view of (2.23), Ey maps M _
into itself, we have

M_ = EgM_[+](1 — Eg)M _.

This implies that Eqg M _ is a maximal nonpositive subspace of EqHs.

Let E(to) be the orthogonal projection in Hs on the eigenspace of f(Us)
corresponding to tg. E(tg) can be constructed in a similar way as Fy and Fs.
Therefore, E(ty) maps M_ into itself. Since ¢y is not an eigenvalue of f(Us)|M_,
we have E(to)M_ = {0}. It follows that, for x € M_, Eyx can be written in the
form

1
= —— — N td\
Epx i C(f(Uz) ) x,

where C is the boundary of
{81 + 189 : 81 € (tO,Ml + 1), So € (—17 1)}

and the integral is understood in the sense of principal value. Since for A # X the
operator (f(Uz) — X))~ M_ coincides with ((f(Us)|M_)—X)~! and to belongs to
p(f(U2)|M_), Ey restricted to M_ coincides with the Riesz-Dunford projection
corresponding to f(Usz)|M_ and the set (to, M1 + 1) No(f(Uz)|M_). By (2.20)
this Riesz-Dunford projection is of finite rank: its range FoM_ is the span of
a finite number of finite-dimensional algebraic eigenspaces of f(Us)|M_, that is,
dim FgM_ < oo. It follows that EyHs is a Pontryagin space with finite rank of
negativity. This completes the proof of Theorem 2.4.

[l
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In the case when A; and Ay are unbounded operators we have the following
corollary of Theorem 2.4.

Corollary 2.6. Let A1 and As be selfadjoint operators in Hi and Ha, respectively,
such that condition (I) holds. Assume that there exists a selfadjoint projection E
in ‘Hy such that E'H1 is a Pontryagin space with finite rank of negativity, and E
reduces A1, i.e., EA; C A1E, and let the following conditions (i') and (ii’) be
fulfilled.

(i") o(A1](1 — EYH1)NQ =0.
(ii/) (Gl — GQ)E € G

Then, for every R-symmetric domain Q' with ' NR # 0 and 0 c ), there exists
a selfadjoint projection F in Ho such that F'Ha is a Pontryagin space with finite
rank of negativity, F' reduces Az, and the following holds.

(a) 5(As|FHa) C .
(b) 5(As|(1 — FYHa) N QY = 0.
(C) (Gl — GQ)F € G-

Proof. Since A1|EH; is a selfadjoint operator in the Pontryagin space (E'H1, [+, |1),
7(A1|EH1)N(Q\R) consists of at most finitely many normal eigenvalues of A;. By
this fact and (i") condition (II) of Theorem 2.4 is fulfilled. For every finite union
A of open connected subsets of QNR, A; C QNR, such that the boundary points
of Aj in R are no critical points of A;|EH; the spectral projection

E(Ay, A|EH,) € L(EH,)

is defined, and the selfadjoint projection F(Aq, A1|EH1)FE in H; fulfils the condi-
tions of Theorem 2.4. In particular, the assumption (ii’) implies

(G1 — Gg)E(Al,AlEHl)E € 6.

Then by Theorem 2.4 there exists a finite union A, of open connected subsets of
QNR such that &' NR C Ay, Ay € QN R, and a selfadjoint projection Fy in Ha
such that the conclusion of Theorem 2.4 holds. By Theorem 2.4 and the remark
following condition (II) the set &(Az) N ('\R) consists of at most finitely many
normal eigenvalues of A,. The Riesz-Dunford projection Fy corresponding to As
and &(A2) N ('\R) has finite rank. Then the range of

FZ:F2+F0

is a Pontryagin space with finite rank of negativity and F fulfils (a), (b) and (c).
(]
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3. Perturbations preserving the nonnegativity with respect to the
indefinite inner product over a neighbourhood of infinity

3.1. Selfadjoint operators nonnegative over a neighbourhood of co
and associated forms

In this section we consider a selfadjoint operator A in the Krein space (H,[-,])
which is an orthogonal direct sum of some bounded selfadjoint operator Ay and
some nonnegative selfadjoint operator Ao, with p(As) # 0, and a class of, in gen-
eral, unbounded perturbations of A which preserve this decomposition property.
For such an operator A we have

(r+(A0)s50) C o4 (A) Up(A) and  (—o00, 14 (Ao)) C o—_(4) U p(A),

where r,(Ag) denotes the spectral radius of Ay, and a domain Q C C with co € Q
which satisfies the assumptions of Theorem 2.4 may not exist. Moreover, simple
examples show that the perturbations considered in Theorem 2.4, in general, do
not preserve this decomposition property of A.

We recall that a selfadjoint operator B in (H, [-,-]) is said to have [ negative
squares if the the form [B-,-] on D(B) has | negative squares.

Definition 3.1. Let U, be an R-symmetric simply connected domain of C with
0 € Uy and 0 € Us. We say that the selfadjoint operator A in (H,[-,]) is
nonnegative (has a finite number of negative squares) over Uy, if there exists a
selfadjoint projection F, such that A can be written as a diagonal operator matrix

_(Ay O
(L)
with respect to the decomposition H = (1— Es )H[+]ExH, where Ap is a bounded
selfadjoint operator in ((1 — Es)H, [, +]) with o(Ap) C C\Us and Ay is a non-
negative operator (resp. an operator with a finite number of negative squares) in
EH with 0 € p(As).

For A nonnegative over Uy, and Eo,, Ay as in Definition 3.1 and every
bounded interval A C U, N R, we define

E(AA) = (8 E(A?Aoo))

with respect to the decomposition H = (1 — Eoo )H[+]ExcH, where E(-, As) is the
spectral function of A.. It is easy to see that E(-, A) is the uniquely determined
local spectral function of A on Uy, NR with the usual properties (see e.g. [11]).
We shall say that E(-, A) is bounded at oo if

sup {||E(A, A)|| : A compact interval, A C U NR} < 0. (3.1)

This holds if and only if there is a Hilbert scalar product (-, -)eo 0n Foo H equivalent
to (-, -) such that Ay is selfadjoint in (Ex™, (+,*)oo). In the notation of [9] and
other papers the property (3.1) is expressed by saying that oo is not a singular
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critical point of A, co & ¢s(A). Here we do not introduce the set of critical points
of a locally definitizable operator.

If A has a finite number of negative squares over Uy, and if F,, Ap and Ay
are as in Definition 3.1, then Ao is definitizable (see e.g. [17]) and, hence, has a
spectral function E(-, Ay ). Moreover, there exists an s > 0 such that

{z€C:|z| > s} CUx

and E(R\[~s,s], Ax) is defined, A E(R\[~s, 5], As) Ex’H is nonnegative and
the spectrum of Ay |(1 — E(R\[—$, 5], Ac))ExcH is contained in {z € C: |z| < s}.
Therefore, A is nonnegative over

U (s) :={z€C:|z| > s} U{o0}. (3.2)

Let A be nonnegative over some neighbourhood of co and let G be the Gram
operator of the Krein inner product [-,-] with respect to the fixed Hilbert scalar
product (-,-), (Gz,y) = [z,y], x,y € H. Then H := GA is selfadjoint in (H, (-,-))
and, since there is a decomposition A = AF, + A(l — E«) as in Definition 3.1,
bounded from below. Then, for

¢c>c(H):=inf {ceR: ((H+c)z,z) >0 for all z € D(H)},
we have
((H +c)z,2) > (¢ — c(H)) (2, )

for all z € D(H). Evidently, for two different ¢y,c2 > ¢(H) the corresponding
scalar products

(x7y)%7(}j = ((H +¢j)z,y), zyeDH), j=12,

are equivalent. We denote by D[H] the completion of D(H) with respect to (-,-)1 .
for some ¢ > ¢(H). As the scalar products (-,-) and (-,-)1 . are coordinated, D[H]
can be considered as a linear subspace of H. D[H] equipped with the extension of
the scalar product (-, ~)%7c is a Hilbert space. If we regard D[H| as a Hilbertable
topological linear space, then for given A and [-, -] the space D[H| does not depend
on the choice of the Hilbert scalar product (-,-). We define D[A] := D[H].

We associate with A the extension a of the form [A-, -] to D[A]. a is a densely
defined closed symmetric sesquilinear form bounded from below, and, evidently, it
coincides with the form usually associated with the semibounded operator H in
the Hilbert space (H, (-, -)). We have

c¢(H)=inf{c € R : a[z,z] + c(x,z) > 0 for all x € D[A]}.

On the other hand, let t be a densely defined closed symmetric sesquilinear
form bounded from below with domain D(t) in the Hilbert space (H, (-, -)). Then
there exists a uniquely determined selfadjoint operator T in (H, (+,-)) such that
D(T) C D(t) and (T'u,v) = t{u,v] for every u € D(T) and every v € D(t) (see [13,
Theorem VI1.2.1]). Let again G be the Gram operator of [-, -] with respect to (-, -).
Then S = G~!T is the uniquely determined selfadjoint operator in (H, [, -]) such
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that D(S) C D(t) and [Su,v] = tu,v] for every u € D(S) and every v € D(t). S
will be called the selfadjoint operator associated with t in (H,[-,-]) (cf. [2, §2]).

We fix some v > inf {a € R : t[z,z] + a(z,z) > 0 for all x € D(t)}. Then
D(t) equipped with the inner product

(x,y)¢ = tx,y] + y(z,y), =,y € D), (3.3)

is a Hilbert space which will be denoted by H¢ (see [13, VI.§1.3]). Let H¢ _ be the
completion of H with respect to the quadratic norm

2]la.— = sup{|[z,y]| : y € He, (y9)e <1}, z € H, (3-4)

The form [-, -] can be extended by continuity to H¢ x H¢,— and to H¢_ x He. This
extended form will also be denoted by [+, -]. Moreover, for every y € H, there is an
element z € H _ such that

(@, y)e = [z, 2] (3.5)

holds for all z € H¢ (see [10]). That is, H¢,— is the dual space of H; with respect
to the duality [-,-]. The linear mapping

t:H¢ Sy z€ Hy— (3.6)

defined by (3.5) is an isometric isomorphism of H¢ onto H¢, —. If S is the selfadjoint
operator associated with t in (M, [, -]), then S can be extended by continuity to
an operator S € L(Hy, Hy,_) such that the relation [Sz,y] = t[z,y] holds for all
x,y € Hy (see [10]).

If A and a are as above, then A is the selfadjoint operator in (H, [-,]) asso-
ciated with a, D(a) = D[A] and (-, +)q, defined as in (3.3) with v > inf{a € R :
alz, z]+a(z, ) > 0 for all 2 € D(a)} fixed, coincides with the extension of (-,-)1
to D(a).

Y

Definition 3.2. A sesquilinear form v (not necessarily symmetric) in H is said to
be relatively compact (relatively &,, 1 < p < 00) with respect to t if D(v) D D(t),
v is continuous on H; and the operator V defined by

U[l’,y] = (V‘r7y)ta wayEHta
is compact (resp. belongs to the class &, (Hy)).

Let v and t be as in Definition 3.2. We remark that the condition V € & (Hy)
(resp. V € 6,(H¢)) does not depend on the choice of the constant + in the defi-
nition of (-, -)¢. If ¢ is the mapping defined in (3.6), V := ¢V belongs to the class
Goo(He, He,—) (resp. &,(H, He,—)). We have v[z,y] = [Va,y] for all z,y € H,.
Since V' can be approximated in £(Hy, H¢,—) by operators of finite rank, and H is
dense in Hy,— the t-bound of v is zero ([13, VI.§1.6]). Therefore t+v, D(t+v) = D(t),
is a closed sectorial sesquilinear form (see [13, Theorem VI.1.33]), and we have

(t+0o)x,y] = [(§—|— Mz,y|, x,y € H.
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By [13, Theorem VI.2.1] there exists a uniquely determined closed operator @
in (H,[,]) such that GQ is sectorial and maximal quasi-accretive in (H, (-,-)),
D(Q) C D(t+v) and

[Qz,y] = (GQu,y) = (t+ v)[z,y]
for every x € D(Q) and y € H;. Therefore,

[Qz.y) = [(S+V)z,y], z€DQ),yeH,

and, hence, Qz = (54V)z for all z € D(Q). If S T V denotes the range restriction
of S+V € L(H, Hy,—) to H, ie.

D(S T V)= {xeH|(S+V)xecH},

~ (3.7)
SEV=(S+WV)DS L V),
we have @ C S Z V. Since G(S N V) is quasi-accretive and G@Q is maximal
quasi-accretive, we find Q = S v,

In the case of a nonempty resolvent set of S the notation (3.7) for the range
restriction was used, e.g., in [9] for a more general class of perturbations of S.

3.2. A consequence of Krein’s lemma

The following lemma will be used in Section 3.3. It is a simple consequence of
Krein’s lemma (see [14]).

Lemma 3.3. Let (B, (-,-)) be a Hilbert space which is densely and continuously
embedded into a Krein space (H,[-,-]). Assume that there exists a positive bounded
and boundedly invertible operator W in H such that WB C B. If T € &,(B) for
some p € [1,00) and

Tz,y|=[z,Ty], =z,y€bB, (3.8)
then T can be extended to an operator T € Sp(H).

Proof. If we define (z,y) := [W =z, y], x,y € H, then, by the assumptions on W,
(H, (-,-)) is a Hilbert space. Since by the closed graph theorem W|B is a bounded
operator in B, we have WT € &,(B). Moreover, by (3.8)

(WT)z,y) = (z, WT)y), =,y€cB.

Then by Krein’s Lemma ([14, Theorem 1]) WT can be extended by continuity
to a bounded selfadjoint operator (WT)~ in (H,(-,-)). By [14, Theorem 3] the
operator (WT)™~ belongs to &,(H), and o(WT) = o((WT)™) holds. Moreover,
every A € o(WT)\{0} is a semisimple eigenvalue of WT and ker(WT — \) and
ker((WT)~ — X) coincide.

If At+; (A_;) denote the positive (resp. negative) eigenvalues of WT or
(WT)~ and we assume that Ay ;11 < Ay ; and A_ ; < A_ ;41 where multiplicity
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of the eigenvalues is counted, then by [6, II1.§7.3] we have

D el + DAl S VTG, ) < oo
i J

In view of the selfadjointness of (WT')™ this implies (WT)~ = WT € S,(H) and,

therefore, T € Sp(H).
O

3.3. Perturbations of selfadjoint operators nonnegative over a
neighbourhood of oo

Let in the following H;, He, G1 and G2 be defined as at the beginning of Section 2.
The following theorem is the main result of Section 3.

Theorem 3.4. Let Ay be a selfadjoint operator in Hi nonnegative over Uso(r1) for
some r1 > 0 (see (3.2)), and let a be the closed symmetric form corresponding to
Ay . Assume that for the form domain of A1 equipped with the Hilbert scalar product
(3.3) where v > ¢(G1A1), i.e. for Hq, the following conditions are fulfilled.

(a) G3'G1 maps H, onto itself.

(b) The restriction of 1— G5 Gy to Hg belongs to &,(Hq) for some pE|[l,00).
Let v be a symmetric form which is relatively &, with respect to a, and let Ao be
the selfadjoint operator in Ha associated with the form a + v.

Then there exists an ro > 0 such that As is nonnegative over Ux,(r2). More-
over, E(-, A1) is bounded at oo if and only if E(-, As) is bounded at co.

Proof. 1. In this part of the proof we verify that each of the forms [-, ]1, [, ]2 leads
to the same “negative” space H, — and that 1 — G5 G} can be extended to an
operator belonging to &, (Hq ).
By the closed graph theorem the restriction Ga; := G2_1G1|Ha regarded as
an operator in H, is an isomorphism. Hence there exist mi, me > 0 such that
millylla < |Garylla < mallylla, y € Ha, (3.9)

where [|y[|2 = (y,9)a. On H we introduce the “negative norms” | |la,—;, j = 1,2,
(see (3.4)), by
[2lla.~; = sup {|lz,y];| : ¥ € Ha, [lylla <1}, z€H.
Then the relations
[2lla,—1 = sup {[[z, Y]] : y € Ha, [[ylla = 1}
=sup {|[G3 "Gz, y]2| 1y € Ha, [lylla =1}
= sup {|[z, Ga1yla| : y € Ha, [lylla =1}

and (3.9) show that the norms || - |q,—1 and || - ||a,—,2 are equivalent on H. The
completion of H with respect to one of the quadratic norms || - |la,—,1 or || - [[a,— 2
equipped with the extension of the scalar product corresponding to ||-||4,—,1 will be
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denoted by Hq . Each of the forms [-,-]; and [, ]2 can be extended by continuity
to Haq X Ha,— and to Hy,— X Hy. The linear mappings

th:Ha Dy ug € Ha—, k = 1,2, where (x,y)q = [z, ug]r for all z € Hq, (3.10)

are isomorphisms of H, onto H,, —.

The operator G5 'G is an isometry of (H, || - |la,—.1) onto (H, || - [la,—,2). The
extension by continuity of G;lGl to an operator in H, — is denoted by Ga;. We
have

[Gorz,y)a = [2,y)1 = [2,Ga1y)s, € Ha,y € Ha_, (3.11)
and
[z, (G21 — Dyl = [z, 91 — [2,9)2 = [(Ga1 — D)z, yle, 2 € Hayy € Ha, .

Therefore, the adjoint of Go; — 1 € L(H,) is given by L;l(@/l — 1)to. Hence by
condition (b) we have

Ga1 — 1€ 6,(Hq ). (3.12)

2. Now we show that A; and As satisfy the assumptions of [9, Theorem 3.10]
as well as the assumptions of Theorem 2.4 for certain domains €2, with the excep-
tion of thgvconditions on G1 and G5 in Theorem 2.4.

Let A; be the extension of Ay to an operator in £L(Hg, Hq,—). Then

[/Lx,y]l =alz,y], z,y € H,.
Define an operator Vi € &, (Hq, Hq,—) by

Viz,yl1 = v[x,y], =,y € Ha.
Zl, Vi and El + V1 are [+, -];-symmetric. Let

R:=Go1(A1 + Vi) = A1 + Vi + (Gar — 1)(A1 + W) (3.13)
We have V; + (Ga1 — 1)(A; + Vi) € &, (Ha, Ha._). By (3.11) R is [, Jo-symmetric,
[Eaz,y]g = [x,éy]g, z,y € Hq. (3.14)
Let R be the range restriction of R considered as operator in Ho, i.e.
R=Rl{z € Hoq: Re e H} = A, £ (Vi 4 (Ga1 — 1)(A1 + V1)) (3.15)
(see Section 3.1). By [9, Proposition 3.1] there exists an 1y > r1 such that
{in:neR, |nl>mno} C p(R). (3.16)

Then (3.14) implies
(R —in)z,yl2 = [z, (R+in)yls, n€ER,[nl>mno, z,y € D(R),
and, hence, we find

(R —in)"tu,v]s = [u, (R+in) " v]e, 7 €R, || >no, u,v € H.
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Therefore (R + in)~! is the adjoint of (R —in)~! in the Krein space Ha, and it
follows that R is selfadjoint in Hs. Since in view of (3.13), for every « € D(R),
y € D[A],

Rz, ]2 =[R2 y]2 = [G21 (A1 + Vi), g = [(A1 + V), gl (3.17)
= a[z,y] + vfz, y,

R coincides with the semibounded selfadjoint operator As in Hs associated with
the form a + v. By [9, Lemma 2.3] we have

(Ay —in)~" = (Ay —in) ™! € &,(H). (3.18)
Let
Qp = Uso(r1)\((—00, —r1) U{o0}), Q_ :=Uso(r1)\((r1,00) U {oc}). (3.19)

Then, by the nonnegativity of A; over Uso (1) and the relations (3.16) and (3.18),
the assumptions of Theorem 2.4, except condition (iv) on the difference of the
Gram operators, are fulfilled with € replaced by 4 or Q2_.

3. In this part of the proof we assume that the local spectral function E(-, A1)
of A; is bounded at oo, and we prove Theorem 3.4 under this assumption. First
we show that the difference of the Gram operators G; and G2 belongs to &,(H).
On account of

G1— Gy =G1(1 - G7'Gy) (3.20)

it is sufficient to verify that 1 — GGy € &,(H).

Let, for some s > r1, Es = E(R\(—s,s),A41), Es+ = ([s,00),4;) and
E,_ = E((—o0,—s],A1). Then E, = E, + + E, _ maps H, continuously into
itself as this is true for 1 — E,. By

[AIES,:I:vaS,:I:z]l S [AlESZ',ESSC]l, T e D(Al)a
we have
HEs,ix”i = [AlEs,ixa Es,ix]l + 'Y(Es,ixa Es,ix)
< [A1Esz, Bga)y + || Es 2 |P| Esz|)?, @ € D(Ay),

i.e. the projections Fs 4 map (FsHaq,| - ||a) continuously into itself. Therefore, if
Jo is some fundamental symmetry of the Krein space ((1 — Foo )H, [+, ]1),

W = Jo(1 — E,) + (Es4 — Es_)E, € L(H)

maps H, continuously into itself. Moreover W2 = 1 and [Wax,z|; > 0 for all
xeH, z#0.
The operator 1 — Gfng € L(H) is the extension by continuity of

1 -Gyl = —G3l(1 — Ga1) € Gp(Hy).
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Since Gy;' is the restriction of G7 Gy to H, we have
[Ggllxay]l = [l‘, G;lly]la z,y € Hq.

Then Lemma 3.3 applied to B := H,, W as above and T := 1 — G2_11 gives
1 — G7'Gs € 6, (H). Hence, by (3.20), G1 — Go € G,(H).

We have shown that in the case when the local spectral function of A; is
bounded at oo, all assumptions of Theorem 2.4 with Q replaced by Q4 or Q_ (see
(3.19)) are satisfied. Then it follows, in particular, that no point of QMR = (r;, 00)
and no point of @ NR = (—o0,—r;) is an accumulation point of the nonreal
spectrum of As.

Then the assumptions of [9, Theorem 3.10] are fulfilled with the exception of
the condition that the nonreal spectrum of A; has no more than a finite number
of nonreal accumulation points. It is easy to see that the latter assumption can
be dropped in [9, Theorem 3.10]. It was proved in [9, proof of Theorem 3.10] (the
text of that theorem does not completely describe what is shown in the proof, see
[12, footnote p.103]) that, for some ro > r1, Ao is nonnegative over Uy (r2) and
that the local spectral function of As is bounded at oc.

4. In the rest of the proof we assume that the local spectral function of A;
is not bounded at oco. In this part of the proof we show that the conclusion of
Theorem 3.4 holds for A; replaced by its “regularization” A] (see [9, §2.4]).

Let G be the Hilbertable topological linear space corresponding to the middle
of the interpolation scale between H, and H,, —,

G = [Ha, Ha,-]1
(see e.g. [20, chapter 1]), and let (-,-)g be a Hilbert scalar product on G which
induces the topology of G. Then [, ]; restricted to H, is continuous with respect

to the topology of G (see [9], [10]). The extension by continuity of [-,-]; to G will be
denoted by [-,-](1). It was shown in [9] and [10] that G := (G, [, ](1)) is a Krein
space. Since the isomorphism (/?; of Hq,— is the extension of the isomorphism Ga;
of Hg, by interpolation G; and G5;' are continuous with respect to the topology
of G, and the extension Ga1,g of G2; to an operator in G is an isomorphism of G.
It follows that the continuous sesquilinear form [-,-](2) on G, defined by

[,9](2) == [Gor g, ¥l1), 7,y €G, (3.21)

is the extension to G of [+, -]2 restricted to H,, and it is a Krein space inner product
in G. We set Gy == (G, [,"](2))- If G(jy, j = 1,2, denotes the Gram operator of
[, -]¢j) with respect to (-,-)g, then (3.21) gives

Gay = G =Gyl - Galg). (3.22)
We define an operator A} in G by range restriction of Zl to G:
A/l = Av1|{.1' S Hu : Ale S g}
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(cf. [9, §2.4]). As, for u € G, v € Ha, [u,v]1) = [u,v]1, where [-,-]; is the inner
product of H; extended to H,,— X H,, we have
[Alz,y]) = [glzay]l = [%Aly]l = [z, Alylq), =,y € D(A}).
In view of p(A;) C p(A4]) (see [9, (2.7)]) it follows as in part 2 of the proof that
A1 is selfadjoint in G(1). By [9, Lemma 2.1] we have D[A}] = D[A;] = H,. Clearly,
A7 is the operator associated with a in Gy).
If E,., r > r1, denotes the spectral projection E(R\(—r,7), A1), the decom-
position
Hi = (1 — E)Hi [+ E Hy
reduces A; and A;|E,H; is nonnegative. If [n| > ngy (see (3.16)), the latter fact is
equivalent to
Re[(A1 —in) ™' Eya, Eyaly =
= [Al(Al — i?])_lETSC, (Al — i?])_lETSC]l > 0, z € H.
Since 1 — E;. maps H, continuously into itself the same is true for E,.. We denote
the restriction of F,. to H, also by E,., then
Ho = (1 - Er)Ha'i‘ErHu-

The adjoint of E, € L(H,) with respect to the [, ];-duality is the extension by
continuity of E, to an operator in H, — which will be denoted by E‘T. From the
fact that the topologies of Hy and H, — coincide on (1 — E,)H it follows that the
spaces (1 — E,)H, (1 — E,)Hq and (1 — E,)H, _ coincide.

If I denotes the natural embedding of H, into Ha,—, then Ay —inl, Inl > no,
is an isomorphism from H, onto Hq,— (see [9]). The restriction of (A —in])~'E,
to H coincides with (A; — in) "' E,. Since E,H is dense in E,H, _ the relation
(3.23) implies

(3.23)

Re[(A, —in]) ‘E.x,Eyx)y >0, z€Hq . (3.24)

The restriction of (A; —inl)~! to G coincides with (4} — in)~!. By interpolation
between E, € L(Hq) and E, € L(Ha,_) we obtain a projection E,.g in G. Since
E, is symmetric in (Hq, [+, -]1), Er g is selfadjoint in G(1). The operator E,. and the
restriction of (A; —in)~! to H, commute, hence the operators (A} —in)~! and

E, g commute. Therefore the decomposition
Gy =(1—E.g)G1+ErgGn)
reduces A}. By E,gG C E,H, _ and (3.24) we have
Re[(A] —in) ' E, gz, Erga]q) >0, z€G,

therefore A’ is a nonnegative operator in E;. gG(1). Since (1 — E,)H = (1 - E,g)G
and

All(l - ET)H = A/1|(1 - Eng)gv
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the operator A} is nonnegative over Uso(r). By [9, Lemma 2.1] the local spectral
function E(-, A}) of A is bounded at oo.

We define A} by

Al := R|{z € Hq : Rz € G}
(see (3.13)). As in part 2 of the proof one verifies that the operator Af is selfadjoint
in G(2), and by (3.17) we have
[A’Qx,y](g) =alz,y] +v[r,y], =z € D(A)), y € Ha.

Hence Aj is the operator associated to the form a + v in G(3). The relation (3.18)
holds with Ay, As replaced by A}, Aj. B

Let, as in part 3 of the proof, for some s > r, E. := E(R\(-s,s), A}),
B = E([s,00), A1), E; _ = E((~o0,—s],A}) and let Jj be a fundamental
symmetry in ((1 — E7)G, [-,](1)). Lemma 3.3 applied in the case where B := H,,

W im (1~ E]) + (EL, ~ B, )E, € £()
and T := 1 — Gy gives 1 — G;llyg € 6,(G). By (3.22) we have
Gy = Gz € 6p(9).

Then, again making use of Theorem 2.4, we see that A’, A5, G(1), G(2) fulfil

all conditions of [9, Theorem 3.10]. Therefore there is an v’ > r such that A} is

nonnegative over Us (') in G(a), and the local spectral function of Aj is bounded
at oo.

5. Now we show that the nonnegativity of A} over Uso(r’) implies the non-
negativity of As over U (r2) for any ro > 1.
We define the spectral projection

E, = E[R\(—r2,12), A})
in G(2). The operator Aj is nonnegative in £} G(2). By [9, Lemma 2.7] we have
D[A}] = D[Ay] = Ha.

Therefore, the operator E). , regarded as an operator in H, is continuous. The
extension by continuity of E; € L(H,) to a projection in H, — will be denoted

by E,’b From

Re[(A) —in)'El z,E| ]9 >0, z€G,
it follows, that

Re[(R—inl)'El z,E. x]s >0, & Hq,_. (3.25)
Again, the topologies of H, and H,, — coincide on (1 — E],)G, therefore the spaces
(1-E],)G, (1 -E] )Hs and (1 — E;,)H,,— coincide. Hence the operator 1 — E],
maps Hgq,— continuously into Hy. Then 1 — E;Z maps H continuously into itself
and the same is true for E; . We denote by F,, the operator E] |H regarded
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as a bounded operator in H. Since E;, € L(H,) is a symmetric projection with
respect to [+, ]2, Fr, is a selfadjoint projection in Ho. By (3.15) and (3.17) the
range restriction of R to Hs coincides with Ay. The projection Fj., commutes with
(A2 —in)™*, |n| > no (see (3.16)), since the same is true for E/ and (A5 —in)~*
in Hq. It follows from (3.25), that for x € H

Re[(Ay —in) ' Fp,a, Fryx] >0

holds. On the other hand, As|(1 — F,,)H is bounded. Therefore As is nonnegative
over Uso (12).

It remains to show that the local spectral function of A5 is unbounded at
00. Assume that this does not hold. Then, if we regard As as the unperturbed
operator and A; as the perturbed operator, the assumptions of the theorem are
fulfilled. By the first part of the proof we find that the spectral function of A is

bounded at oo, a contradiction.
O

In the following corollary we make use of the notation introduced at the end
of Section 3.1.

Corollary 3.5. Let Ay, G1 and Go be as in Theorem 3.4 and assume that the
conditions (a) and (b) are fulfilled. Let V € &,(Hqa, Ha,—) and let Ao = Ay Zv

be selfadjoint in Ho. Then the conclusions of Theorem 3.4 are true.

Proof. Since As is selfadjoint in Hs, the extension of A by continuity to an ope-
rator As € L(Hqa, Ha,—) is symmetric with respect to [-,-]2. Let A1 € L(Hq, Ha,—)
and Go; be as in the proof of Theorem 3.4. We have Ay = A; +V and by (3.12)
1 — 1 —
Gy —1=-Gy (G21 — 1) S Gp(Ha,_).
The operator
— 1~ ~ 1 ~
Gor Ay=A14+V+ (G —1)(A41+V)

is symmetric with respect to [-,-];. Since, by assumption, A, is symmetric with
respect to [+, -]1, the same holds for

— ~
V+(Gar —1)(A1+V) € 6p(Ha, Ha,—)-
Therefore the operator
— 1 ~
Vi= 1TV 4+ (G —1)(A1 +V)) € Gp(Ha)
(see (3.10)) is symmetric in Hy = (D[A1], (*,)a)- Then
U[I,y] = (VI’,y)u, z,y € Hav

is a continuous symmetric sesquilinear form which is relatively &, with respect
to a, and As is the selfadjoint operator in Hs associated with a + v. Hence, the
assumptions of Theorem 3.4 are fulfilled.

O
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