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1. Introduction

Self-adjoint Laplace and Schrédinger operators on bounded domains typically have
purely discrete spectrum, since in many situations the operator or corresponding form
domain is compactly embedded in the underlying L?-space. In general, however, this
is not true, and a well known example is the Neumann Laplacian on a bounded non-
Lipschitz domain discussed by R. Hempel, L. Seco, and B. Simon in [19]. More precisely,
for an arbitrary closed set S C [0,00) a bounded domain 2 was constructed in [19] such
that the essential spectrum of the Neumann Laplacian —AY on  coincides with the
set S. In particular, in the case 0 € S one can use a domain 2 consisting of a series of
“rooms and passages”, see Fig. 1. These results were further elaborated by R. Hempel,
T. Kriecherbauer, and P. Plankensteiner in [18], where also a prescribed bounded part
of the discrete spectrum was realized by constructing a domain with a certain “comb”
structure. Furthermore, in [29] B. Simon found a bounded domain of “jelly roll” form
such that the spectrum of —Ag is purely absolutely continuous and covers [0, c0). Note
that in the above situations the peculiar spectral properties of —Ag are all caused by
irregularity of 02. Another approach to construct Laplace or Schrédinger operators on
bounded domains with non-standard spectral properties is to choose “unusual” boundary
conditions; e.g. 0 is always an eigenvalue of infinite multiplicity of the Krein-von Neu-
mann realization of —A. In the abstract setting S. Albeverio, J. Brasche, M. Malamud,
H. Neidhardt, and J. Weidmann [1,2,8-14] consider a symmetric operator S in a Hilbert
space with infinite deficiency indices such that o(S) has a gap, and discuss the possible
spectral properties of self-adjoint extensions of S in the gap; cf. [2] for applications to
the Laplacian. In this context we also refer the reader to the recent expository paper [6].

1.1. Setting of the problem and the main result

In the present paper we consider (one-dimensional) Schrédinger operators with 6-
interactions defined by the formal expression

d2
Hv:_@"" Z'yké(-—zk); (L.1)

keK

here §(- — zi) is the Dirac delta-function supported at z, 7x € R, and K is a countable
set. Such operators can be regarded as so-called solvable models in quantum mechanics
describing the motion of a particle in a potential supported by a discrete (finite or
infinite) set of points; cf. the monograph [3] for more details. Now assume that all points
zy, are contained in a (bounded or unbounded) interval (¢_, ¢, ). If the set K is finite the
formal expression (1.1) can be realized as a self-adjoint operator in L?(¢_, ¢,) with the
action

"

—(u Te_ e U {z})
keK
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defined for functions u € H2((¢—,¢4)\ U {zx}) satisfying
keK

u(zg —0) =u(zr +0) and (2 +0) —u'(zx — 0) = vru(zx £0) (1.2)

at the points z;, and suitable conditions at the endpoints of the interval (¢_,¢,) (e.g.,
u(f_) = u(¢4) = 0). If K is a countable infinite set, then the definition of #. is more
subtle, in particular, if |z — zx—1| — 0 as |k| — oo; cf. [4,21]. If (¢_,£) is bounded
and K is finite then the spectrum of H, is purely discrete, but if K is infinite then the
essential spectrum of H., may be non-empty (even if (¢_, ¢4) bounded).

The goal of the present paper is to show that for an arbitrary closed semibounded
(from below) set Seqs One can construct an operator #H., of the form (1.1) on a bounded
interval such that cess(Hy) = Sess and, in addition, a bounded part of the discrete
spectrum can be controlled. More precisely, assume that we have a set Ses C R, a
sequence of real numbers Sqisc = (sk)ren and a bounded interval (77,75) C R such that

Sess s closed and bounded from below, (1.3)
Sess N [T1,T2) = O, where O C (T, T3) is an open set, (1.4)
sk € (Th,Te)\ O, Vk € N, (1.5)
S # sy as k #1, (1.6)
all accumulation points of Sgjsc are contained in Segs. (1.7)

From (1.3)—(1.7) we conclude that

each s; has a punctured neighborhood containing no other points of Segs U Sqise- (1.8)
Also note that in view of (1.4) Sess has no isolated points in [T, T5].

The following theorem is the main result of this paper, see also Theorem 4.4 for a
slightly more rigorous formulation with the formal operator H. replaced by the precisely
defined operator Hq 5 from Section 4.

Theorem 1.1. There exists a bounded interval ({_,¢;) C R, a sequence of points (z)kez
with z, € (€, L4), and a sequence of real numbers (Vi )rez such that the operator H., in
L2(¢_,¢y) defined by the formal expression (1.1) satisfies

JCSS(H'y) = Scss and Udisc(ny) N (Tla T2) = Sdisca (19)

and, moreover,

the eigenvalues ogisc(H~) N (11, T2) are simple. (1.10)
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passage

wall
door+—

room

Fig. 1. Rooms-and-passages domain 2.

We mention that besides [18,19] our research is also inspired by a celebrated paper
of Y. Colin de Verdiére [15], where a Riemannian metric g on a given compact manifold
M is constructed such that the first m eigenvalues of the Laplace-Beltrami operator
on (M, g) coincide with prescribed numbers; similar results were also obtained for the
Neumann Laplacian and regular Schrédinger operators.

1.2. Sketch of the proof strategy

To construct the operator #. satisfying (1.9)—(1.10) we utilize ideas of the afore-
mentioned paper [19], where a bounded domain 2 was constructed such that the essen-
tial spectrum of the Neumann Laplacian —AY coincides with a predefined closed set
S C [0,00). If 0 € S the domain Q consists of a sequence of rooms Rj, connected by
passages Py, each room has a wall dividing it in two subsets connected via a door, see
Fig. 1. The diameters of Ry and P tend to zero as k — oo in such a way that their
union is a bounded domain.

The strategy of the proof in [19] is as follows: Choose a sequence (si)ren such that
S = {accumulation points of (sj)ren} and consider the “decoupled” operator

Hdec = @((_Agk) D (_AgkN))
keN

in the space L*(Q) = @, (L*(Ri) ® L2(Py)). Here A} is the Neumann Laplacian on
Ry and ABYN is the Laplacian on Py subject to the Dirichlet conditions on the parts
of 0P touching the neighboring rooms and Neumann conditions on the remaining part
of dPy. Denote by (A;j(=AF ))ren and (A;(—APN))ren the sequence of eigenvalues of
—Agk and —AgkN , respectively, numbered in ascending order with multiplicities taken
into account. Then one has

Oess(Hdee) = {accumulation points of ()\j(—Agk))j’keN} (L11)
U {accumulation points of (/\j(—AgkN))j,keN} . .

We have

M(=AR) =0, M(=ARY) =7/(U(P))?,
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Fig. 2. Sequence of points supporting d-interactions.

where ((Py) is the length of the passage Py. Next, the door in each Ry is adjusted in
such a way that

Ag(—Agk) = Sk
and it is not hard to show that
A3(—AR,) = C/(diam(Ry))?, (1.12)

where the constant C' > 0 is the same for all rooms. Since ¢(Py) — 0 and diam(Ry) — 0
as k — oo and 0 € S, one concludes from (1.11)—(1.12) that

Oess(Haec) = {0} U {accumulation points of (sx)ren} = {0} US = S.

Finally, if the thickness of the passages Pj tends to zero sufficiently fast as & — oo,
then the difference of the resolvents of —AJ and Hgec is a compact operator, and thus
Oess(—AY) = 0ess(Haec) by Weyl’s theorem.

When constructing the operator H, in Theorem 1.1 we mimic the above idea. First
of all the sequence (zx)rez is split in two interlacing subsequences (xg)xez and (yx)rez
(see Fig. 2) such that

g dp < oo, where d, = x) — Tp_1
keZ

is sufficiently small (see (3.3)) and y; is the center of the interval Zj = (z_1, ). We
also set

(== > dp and £, =) dx (1.13)

keZ\N keN

For our purposes it is convenient to change the notation for the interaction strengths
v, as follows: at the points y; they will be denoted by ay, at the points x; they will
be denoted by 3, and instead of H., we will use the notation H, g for the Schrodinger
operator. Now, roughly speaking, the intervals Z;, play the role of the rooms, the inter-
actions at the points zj play the role of the passages, and the interactions at the points
yr. play the role of the doors. The desired operator is constructed in three steps.

1) Decoupled operator. We start from the case 8 = oo for all k € Z, which corresponds
to Dirichlet decoupling at the points zj. In other words, we treat the operator
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Moo = P Haz, in (0 0) =P L),

keZ keZ
where H,, 7, is an operator in L?(Z;) (formally) defined by the differential expression

2

— g2 T —ur)

and Dirichlet boundary conditions at the endpoints of the interval Z;. Recall that the
sequence Sgisc = (Sk)keN is already given and, in addition, we assign to Sess a sequence
(sk)rez\N such that

Sess = {accumulation points of (s)kez\N } - (1.14)

If dj are sufficiently small (see the second condition in (3.3)), one can choose the
constants ay, such that A\ (Hg, 7,) = s and, moreover, \y(Ha, 7,) = (27/dy,)> for all
ay € R. Therefore, since dr, — 0 as |k| — oo and (1.7) holds, we conclude

Oess(Ha,00) = {accumulation points of (sg)kez}
(1.15)
= {accumulation points of (sx)rez\N} = Sess-

Similarly, if maxyez dj, is sufficiently small (see the first conditions in (3.3)), we obtain
Odisc(Ha,00) N (T1,T2) = Sdisc-
Moreover, due to (1.6),
all eigenvalues in oqisc(Ha,00) N (T1,12) are simple. (1.16)

Thus, the decoupled operator Ha, oo satisfies (1.9) and (1.10) in Theorem 1.1. However,
this is not the desired singular Schrédinger operator as we have Dirichlet conditions at
the points x, k € Z.

2) Partly coupled operator. Let 5 = (8x)ren be a sequence of real numbers. For n € N we
denote by H[, ; the operator, which is obtained from Ha oo by “inserting” d-interactions
of strengths Sy at finitely many points x, k € Z N[—n + 1,n — 1]. Then one has

Vn e N : UCSS(Hgﬁ) = Oess(Ha,00)s (1.17)

one can also guarantee that the discrete spectrum of H[} 5 Within (T1,T3) changes slightly
provided fj are sufficiently large. More precisely, for an arbitrary sequence of positive
numbers (0 )ren such that the neighborhoods [s; — 0k, sk + 0] are pairwise disjoint and
belong to (T, T») \ O one has
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Jdisc(HZ,ﬁ) n (Tl,Tg) C U [Sk — 5k, Sk + 5k]
keN (1.18)
and each [sy — dg, Sk + 0] contains precisely one simple eigenvalue,

provided the entries of the sequence 8 are large enough (independent of n). It is important
that the properties (1.15) and (1.18) remain valid if the coefficients ay, k € N, chosen
in the first step are slightly perturbed.

Now, we fiz a sequence 8 for which (1.18) and some additional conditions for 3 as
|k| = oo hold; see the next step. Then one can show that for each n € N there exist oy,
k € N, that in fact

for k € Z N [1,n] the eigenvalue of Hy g in [sk — Ok, Sk + Ok] coincides with sg. (1.19)

The proof of this fact is based on a multi-dimensional version of the intermediate value
theorem proved in [18]. We denote the sequence « for which (1.19) holds by a™.

3) Fully coupled operator. Let o™ = (a})rez, n € N, be the sequences from above (see
the end of the previous step). Using a standard diagonal process one concludes that there
exists a sequence a = (ay)rez such that for each k € Z one has o} — ax as n — oo
(probably, up to a subsequence which is independent k). As a result we get the operator
Ha,g; it is obtained from H, o by “inserting” d-interactions of the strengths gj at all
points x, k € Z. We prove that, if limy_, ., Bx = oo and this convergence is fast enough,
then also Tess(Ha,p) = Tess(Ha,00). Hence, due to (1.15), we get

Oess (Ha,,ﬁ’) = Sess-

Moreover, we show that

Hen g converges to Ho g in the norm resolvent sense as n — oo. (1.20)

Using (1.17)—(1.20) we arrive at
Udisc(Ha,ﬁ) N (Tla TQ) = Sdisc~

Thus the operator H,, s satisfies (1.9) and (1.10); we have proved Theorem 1.1.

We note that for the rigorous definition of the singular Schrédinger operators above
we will use the form approach, which is particularly convenient for our purposes. Al-
ternatively, one can use extension theory methods as in [21] or regard a sequence of
—-1,2 . 1. OE 9

-potential; cf. [25,26].

d-couplings as a distributional W__

1.83. Schrédinger operators with ¢ -interactions

We mention that a result similar to Theorem 1.1 can also be proved for singular
Schrodinger operators with ¢’-interactions of the form
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H., = dz2 + Z i (- s, (1.21)

keK

where K C Z, ¢, is the distributional derivative of the delta-function supported at
2k € R, (¢, 0., ) denotes its action on the test function ¢, and v, € RU {oc}. In contrast
to (1.2) here the functions u in the operator domain satisfy

(2 —0) =/ (2, +0) and wu(z +0) —u(zx — 0) = ypu' (2, £ 0).

For the rigorous mathematical treatment of §’-interactions we refer to the standard
monograph [3]. Among the subsequent contributions we mention the papers [21,22] deal-
ing with the more subtle case |z, — zx—1| — 0 as |k| — oo.

One has the following counterpart of Theorem 1.1.

Theorem 1.2. Assume that the set Sess C R, the sequence of real numbers Sgisc = (Sk)keN
and the interval (T1,T2) C R satisfy the conditions (1.3)~(1.7). Moreover, let 0 € Segs.
Then there exists a bounded interval ({—,¢;) C R, a sequence of points (zi)rez with
zr € ({—,€4), and a sequence of real numbers (Yi)kez such that the operator M. in
L2(¢_,¢y) defined by the formal expression (1.21) satisfies (1.9)—(1.10).

The proof of the above theorem is similar (except for some technical details) to the
proof of Theorem 1.1, therefore we only sketch it briefly. Note that in [6, Section 3]
the “oegs-part” of Theorem 1.2 was already shown (if S C [0,00)). Again we split the
sequence (zx)rez in (1.21) in two interlacing subsequences (g )rez and (yi)rez, where
Yk is in the center of Zj, = (z—1, k). Instead of v, we denote the interaction strengths
at the points z, by 8, and at the points vy, by ai. We shall write H’ o, instead of 7—['
for the corresponding Schrédinger operator.

In the first step we set B = oo, which corresponds to Neumann decoupling at the
points xx, and we consider

Moo =EPH,, 7, in (0, 01)=PL*T).
keZ keZ

Here HJ, ; is the operator in L*(Z;) (formally) defined by the differential expression

2

and Neumann boundary conditions at the endpoints of Zj. In contrast to the operator
H,, 7., the spectrum of Hf, 7 always contains the eigenvalue 0 (and leads to the
additional condition 0 € S in Theorem 1.2). Moreover, if d = xp — xx_1 is sufficiently
small, one can choose ay, such that the first nonzero eigenvalue of Hy,, 7, coincides with

sk (recall that sy are the elements of the sequence Sgisc as k € N, while for k € Z\N the
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numbers s are defined in (1.14)). The second nonzero eigenvalue of HlOlk,Ik is larger or

equal to 72d; 2. Thus the properties (1.15)(1.16) hold for the decoupled operator Heyoo-
In the second step one perturbs Hy, ., by “inserting” §’-interactions of strengths Sy
at finitely many points zy, k € Z N [—n + 1,n — 1]. This perturbation does not change
the essential spectrum, while the discrete spectrum will change slightly provided the
constants [y are sufficiently large. Moreover, varying «j one can even achieve a precise
coincidence of the discrete spectrum within (77, 7%) with a prescribed sequence Sgjsc.
In the last step we pass to the limit n — oo and prove that the above properties
remain valid if S — oo as |k| — oo sufficiently fast (see the condition (3.18) in [6]).

1.4. Structure of the paper

The paper is organized as follows. In Section 2 we recall the definition and some
spectral properties of Schréodinger operators with a single d-interaction on a bounded
interval. The decoupled operator H, o is treated in Section 3 and the rigorous definition
of the coupled operator H, g and a precise formulation of our main result are contained
in Section 4. In Section 5 we describe the essential spectrum of H,_ g. Section 6 is devoted
to the partly coupled operator H 5 and its spectral properties. In Section 7 we describe
the discrete spectrum of H, g and complete the proof of our main result. Finally, in
Appendix A we collect some useful material on the direct sum of semibounded closed
forms and associated self-adjoint operators.

2. Single d-interaction on a bounded interval

In this section we recall the definition of Schrédinger operators on a bounded interval
with a J-interaction supported at an internal point of the interval and either Dirichlet
(this is the most important case for our constructions), Neumann or Robin boundary
conditions; we also establish some spectral properties of these operators. For more details
on J-interactions we refer to [3, Section 1.3].

Throughout this paper A;(#) denotes the jth eigenvalue of a self-adjoint operator H
with purely discrete spectrum bounded from below and accumulating at co; as usual the
eigenvalues are counted with multiplicities and ordered as a nondecreasing sequence. In
the following let Z = (x_,x4) C R be a bounded interval of length d(Z) = x4 — x_ and
middle point y = % For u, v e WH23(Z), o, B_, B+ € R, we consider

hz o[u,v] = (0, v')12(2) + au(y)v(y),
) L - (2.1)
Bz g [0V = hralu v+ 5 (Bou(@o)v(es) + Bru(e)vies))

recall that Wh2(Z) c C(Z), that is, the values of u, v at z_, , y are well-defined).
+
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2.1. Endpoints with Dirichlet boundary conditions

In the space L?(Z) we introduce the densely defined, symmetric sesquilinear form h?
by

h? [u,v] = hz .[u,v], dom(h? ) = Wy*(Z).

A standard form perturbation argument shows that this form is bounded from below
and closed in L?(Z), and the induced norm

/ .
g, = (WPalou] = Clultag) +ulfag))  where C=  inf _ b, fu,u],
' Wiz =

on dom(h? ) is equivalent to the usual norm on W;?(Z). Therefore, by the first represen-
tation theorem (see, e.g. [20, Chapter 6, Theorem 2.1]) there exists a unique self-adjoint
operator HY , in L?(Z) such that dom(HZ ,) C dom(h?,,) and

(Hgau, V)2 = hga[u, v], uc dom(HID’a), v E dom(hga). (2.2)

By inserting suitable test functions v in (2.2) one can easily derive the following
explicit characterization of the domain and the action of Hg o

Proposition 2.1. The self-adjoint operator Hga associated to the form hga via (2.2) is
given by

"
’

(HZ ,u) 7\ (y} = —( [7\(4))

( _
dom(HZ,) = ueW>*(Z\ {y}): u(y—0)=u(y+0),

By Rellich’s theorem the space (dom(hga), | [lnp ) is compactly embedded in L2(2);
recall that the norm || - [[,p is equivalent to the usual norm on W,?(Z). Hence (see,

e.g., [27, Proposition 10.6]) the spectrum of the operator Hga is purely discrete. Using
Proposition 2.1 one can easily calculate all eigenvalues of H% o In order to formulate
the related statement in Proposition 2.2 below we introduce for d > 0 the set

{0

and the function F? : R\ I} — R,
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—2vAco <d\r> A >0,

FPoy =12 A=0, (2.3)

)

d
—2v/ =X coth (d—”z_k> A< 0.

For any fixed d > 0 the function ]-'dD is continuous and monotonically increasing on each
connected component of R \ II?| moreover we have

lim ]—'d (A) = —oco and lim .7-'d (A) = foo forall u € Hg. (2.4)

A——00 A—=uF0

In particular, for d > 0 fixed and any a € R the equation a = FP()) has a unique
solution in (—oo, (2m/d)?); this solution will be denoted by A2 4 in the following.

Proposition 2.2. The spectrum of the self-adjoint operator Hga s given by
o(HZ,) =7 U{A € R\TIgq : Fiipy(A) = a}

and one has

2
2w
Al(Hg,a) = Ag,d(I)’ >\2(H£a) = (@) :
2.2. Endpoints with Neumann boundary conditions

Besides the form hg ., we also consider the densely defined, symmetric sesquilinear
form

h]IV’Oé[u, v] = hz 4[u, V], dom(hga) = WLQ(I),

in L2(Z). This form is also bounded from below and closed, and hence there exists a

unique self-adjoint operator HY _ in L?(Z) such that dom(HIIV’ o) C dom(hIIV’ ) and

Oé
(HJI\{au, V)iL2(z) = hJI\{a[u,v], uc dom(H]IV}o()7 v E dom(hJI\iQ). (2.5)
The counterpart of Proposition 2.1 in the present situation reads as follows.

Proposition 2.3. The self-adjoint operator HZ , associated to the form hJIV,a via (2.5) s

a

given by

(H7 ou) 7\ gyy = —(u I7 ()",
wio ) = w(zy) =0,
dom(HY ) = cueW>*(Z\ {y}): u(y—0)=u(y+0),
u'(y+0) —u'(y — 0) = au(y £ 0)
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~

_ N D
=1 "
/

Fig. 3. The functions F2 (solid plot) and F2 (dashed plot), and the unique solutions Agd of a = FP(N)
in (—oo, (27/d)?) and Aid of a = FY¥(N\) in (—oo, (n/d)?).

It follows that the spectrum of Hg o, is purely discrete. In a similar way as in the

previous subsection we consider for d > 0 the set

Hg{(@)Q:kGN}

and the function

2v/) tan (@), A>0,
Fa' ) =10, A=0,
—2v/=Xtanh (d—V;A> A <O0.

The function F2 is continuous and monotonically increasing on each connected compo-
nent of R\ ITY’, and the properties in (2.4) hold also for F. In particular, for d > 0 fixed
and any « € R the equation a = F)¥ () has a unique solution Aé\r’d in (—oo, (7/d)?); cf.

Fig. 3.
Proposition 2.4. The spectrum of the self-adjoint operator Hga s given by

G(sz\ta) = Hfi\zl) U{XeR\ Hé\EI) : fg]l\(rz)(/\) =a}

and one has
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2.3. Endpoints with Robin boundary conditions
In this subsection we consider the densely defined, symmetric sesquilinear form

hIZ%7a,B,7ﬁ+ [u,v] = hzap 5, [u, v], dom(h%a,ﬁ,ﬁJ = Wl’Q(I)v

which is again bounded from below and closed in L?(Z); we shall use later that the induced
norm on dom(h% , 5, ) is equivalent to the usual norm on W*?(Z). The corresponding
self-adjoint operator HY , 5 5 in L*(Z) has the following form.

Proposition 2.5. The self-adjoint operator H}I%,aﬁf,/ﬁ associated to the form h}I%,a,B,,,BJr
s given by

(HZ o5 5,0 I1\ ) = — (0 2y g)"s

-) = 3B-u(z_),
+) = ——5+u(x+)
0) =u(y +0),
+0) —u'(y — 0) = au(y £0)

=N}

(a
dom(HE, , ;)= JueW2(T\ {y}): ((y
w'(y

The spectrum of the operator le?',a, a5, 18 purely discrete. It can be determined in
a similar way as in the previous subsections. However, the precise values are not needed
for our purposes. Instead, we make use of the fact that for large 5. the eigenvalues of
H7 5 s, areclose to the eigenvalues of the self-adjoint operator HY ,

Proposition 2.6. For the j-th eigenvalue of the self-adjoint operators H%a,ﬂ,,ﬁ+ and Hga
one has

/\j(HII%’Q’BﬂﬁJ — )\j(Hga) as min{f_, B} — +o0. (2.6)

Proof. First we note that by the min-max principle (see, e.g., [17, Section 4.5]) the
function

23 (B, B+) = NHE 45 5,)
is monotonically increasing in each of its arguments. Therefore it suffices to show that
/\j(H%aﬁﬁ) — )\j(HID)a) as 3 — +oo. (2.7)

Without loss of generality we may assume in the following that 5 > 0. Note first that

for 8 < 6 we have hI afp S hI 0 in the (usual) form sense. In the present situation

this means

hi, 5.slu,u] <h7

< I,aﬁ’g[u,u}, uedom(hR o) = dom(hgaﬁﬁ),

Z,0.8,8
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Moreover, it is easy to see that

dom(hg’a) =qu€ ﬂ dom(h}f’aﬁ’ﬁ) : sup hfmﬁ’ﬁ[u,u] < o0
520 p=0

and that hgaﬁﬁ[u, u] = h% [u,u] holds for all u € dom(h? ). Therefore, [28, Theo-
rem 3.1] (see also [5, Theorem 4.2]) implies the strong resolvent convergence

Vfel*(T): H(le%,a,ﬁ,ﬂ — )7 f — (Hga - MI)_lfHLz(z) —0as f— +oo, (2.8)

where p € p(Hfa’ 5.5) N p(Hg o), and as usual I stands for the identity operator. Now
observe that we can choose pu < min{U(Hga), O’(H]I%’a’ﬂ’ﬁ)h B8 > 0. Then hﬁa’ﬁ’ﬁ < hID’a

implies
(HID,(x - MI)71 < (H%a,ﬁ,ﬁ - ILLI)717

and since the resolvents (H§,a,ﬁ,ﬁ —ul)~t and (HID,a — ul)~! are both compact in L%(Z),
we conclude from [20, Theorem VIII-3.5] that the strong convergence in (2.8) becomes
even convergence in the operator norm, i.e.

|\, 55— pD)™ "= HE, —ul)7H| = 0as g — +oc. (2.9)

It is well-known (see, e.g., [23, Corollary A.15]) that (2.9) implies (2.7), and hence
(2.6). O

3. The decoupled operator Hq oo

In this section we define and study the spectrum of the self-adjoint operator
Hone =EPHE ., n PLT)
kEZ keZ
with suitably chosen interaction strengths oy and intervals Zj, that are stacked in a row
with finite total length.

3.1. Auziliary sequence §ess and the intervals T},

Recall that the set Sess and the sequence Sqisc = (Sk)ren satisfying (1.3)—(1.7) are
already given. It is easy to see that, due to (1.3)—(1.4), one can always find a sequence

~

Sess - (Sk)keZ\N such that

Sess = {accumulation points of §ess}, (3.1)

Sess N [T1, T3] C O. (3.2)
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Note that the elements of Sqisc and §ess are both denoted by s, but s, with index k € N
belongs to Saisc, while s with index k € Z \ N is an element of §ess. Recall from (1.5)
that the sequence Sgisc = (Sk)ken is contained in (77,7%). For all k € Z we fix dy > 0
such that

T, < ?1i£(ﬂ/dk)2 and s, < (7/dy)?, k€Z, (3.3)
4SS

and we assume, in addition, that the numbers d; satisfy

> dy < 0. (3.4)
keZ
In particular, this implies
di — 0 as k — +oo. (3.5)

Note that for ¥ € N the first condition in (3.3) implies the second condition since
sp € (T1,T3) for k € N, and hence the second condition is only needed for dj (and sy)
with index k € Z \ N. Finally, we set (see Fig. 2)

Ik:(xk—lvxk)v k€Z7
where

0 Tp—1 + dg, k€N,
To =0, Tp=
Tpt1 — di+1, k€ Z\ (NU{0}).

The intervals Z; satisfy Upez I = [(—, ¢+ ] with ¢4 in (1.13). Due to (3.4) the interval
[, ¢4] is compact.

3.2. Choice of the interaction strengths oy
In what follows we denote by Bj(s) the open d-neighborhood of s € R, i.e.
Bs(s) = (s — 6,8+ 0).
Let us fix a sequence (dx)ren of positive numbers with the properties

Bs, (si) C (T1,T2)\ O, k€N, (3.6)
Bs, (sk) N Bs, (s1) =9, k#IL. (3.7)

The above choice of dy, is always possible due to (1.5) and (1.8). Moreover, we claim that
0 can be chosen so small that
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az —a < cpdy, with ¢ — 0 as k — oo, (3.8)
where
+ D 1
o = Fa, (k£ §5k)- (3.9)

In fact, (3.8) holds for &; small enough since the function FJ in (2.3) is continuous on
(—o0, (2m/dy)?), and

1
Sk + =0k < 8k + 0 < Ty < min(7/dy)? (3.10)
2 keZ

(cf. (3.3), (3.6)). Condition (3.8) will be required only in the last step of our construction;
cf. Lemma 7.1. Note, that by (3.10)

o <0, ke N, (3.11)

since Fj ((m/dy)?) = 0 and Fj is strictly increasing on the interval (—oo, (27 /d)?).
From now on we consider sequences (ay)rez that satisfy the following hypothesis.

Hypothesis 3.1. The notation a = (ay)rez is used for a sequence of real numbers with
the properties

ay € [a;,a;}, k € N,

(3.12)
ak:}'ﬁ(sk), kEZ\N

3.8. The decoupled operator Hq, oo

Let oo = (i )rez be a sequence satisfying Hypothesis 3.1. For each k € Z we consider

the sesquilinear form h? _ and the associated self-adjoint operator HY _ in Section 2.1
k&K kK

with o, Z, x_, zy, and y replaced by ag, Tk, Trp_1, Tk, and yi = I’“’l;rwk, respectively.

The spectrum of Hgk,ak is discrete and by Proposition 2.2 the first eigenvalue A, (Hi,ak)

is the unique solution of the equation ay = F(A) in (0, (27/dy)?). Therefore, taking
into account the monotonicity and continuity of the function ]-'f; , (3.9), and (3.10) we
conclude that

M(HZ ) € Bs,j2(sk), keN, (3.13)
MHE L) = sk, keZ\N, (3.14)

and Proposition 2.2 also gives

21\ 2
Az(Hgak)=<£> ,  keZ. (3.15)



J. Behrndt, A. Khrabustovskyi / Journal of Functional Analysis 282 (2022) 109252 17

It is clear from (3.13) and (3.14) that the forms hID]wak are bounded from below by

Sinf = inf {klglf\l(sk —0x/2); IceHZl{N sk} , (3.16)

and from (1.3) and (3.6) we conclude Sips > min{7}; min Sess} > —00.
Following Appendix A.3 we consider the densely defined, semibounded, closed form

=@ n? . n L )=PL)

kEZ kEZ

and the corresponding self-adjoint operator Hq,oo. In the present situation Proposi-
tion A.4 and Theorem A.5 lead to the next statement.

Theorem 3.2. Let o = (ay)rez be a sequence satisfying Hypothesis 3.1. Then the self-
adjoint operator Hy oo associated to the form Ho o0 in L2(0_, L) is given by

(Haoott) 7, = HY, o w = — (g I7,0\(y,3)"

dom(Ha,00) = {u €L*(_,t4): up € dom(HE, ) and Z HHZ,%ukHEz(Ik) < oo} )
keZ

where uy stands for the restriction of u on Zy. Furthermore, one has

Uess(Ha,oo) = Sess~ (317)
Proof. It is clear from Proposition A.4 and Proposition 2.1 that the self-adjoint oper-
ator Ha,co is given as in the theorem. Hence it remains to verify (3.17). In fact, by
Theorem A.5 we have

Oess(Ha,o0) = {accumulation points of S}, (3.18)

where S = (\; (H%,ak ))jeN,kez is the sequence of all eigenvalues of the operators HID]wak.
By (3.5) and (3.15) one has

N(HE ) = ooas k] » 00,  j>2
and using (3.1) and (3.14) we get
{accumulation points of (A1 (HZ, . ))kez\N} = Sess-
Finally, it follows easily from (3.6), (3.7), and (3.13) that

{accumulation points of (A1 (Hi,ak))kEN} = {accumulation points of (sk)keN}.
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Therefore, taking into account (1.7), we get
{accumulation points of (A1 (HZ, , ))ken } C Sess. (3.19)
Combining (3.18)—(3.19) we arrive at (3.17). O

Remark 3.3. If o = (au)rez is a sequence satisfying Hypothesis 3.1 and H, o is the
self-adjoint operator in the previous theorem then one also has

Udisc<Ha,oo) N (Tl,Tg) = {Al(Hgmak) ke N}

and each of these eigenvalues is simple, i.e. dimker(Ha,co — AM(HZ . )I) = 1; these
facts follow again from Proposition 2.2, (3.6), (3.7), (3.13), (3.15), and Theorem A.5. In

particular, if o = ]—"ﬁ (sk) for all k € Z, then
Odisc(Ha,00) N (T1,T2) = Sisc-
The following lemma on the semiboundedness of the forms hz, ., will be used later.

Lemma 3.4. Let o = (ag)rez be a sequence satisfying Hypothesis 3.1. Then there exists
a constant C > 0 which depends only on the quantity sy in (3.16) and the interval
(b—, L) such that for allk € Z

c
bz, o [0, 0] + [l ) 20, we WHA(Z,). (3.20)
k

Proof. Consider the function ]-'C?k defined by (2.3) and recall that it is monotonically
increasing on (—oo, (27/dx)?) and F) ((7/dy)?) = 0.
choice of dy, in (3.3), and (3.16) that

It follows from Hypothesis 3.1, the

0> ap > Fyp (Sinf)- (3.21)

In the case sij,r > 0 we have the estimate

dek(sinf) > ‘Fde(O) = 7d7k7

and in the case sy < 0 we make use of the fact that the function z — zcoth(x) is
increasing on [0,00) and dj, < £+ — ¢_ to derive

4 dpy/—Sins coth di\/—Sint

dy, 2 2

R N e B Wi
—  dy 2 2 '

dek (Sinf) - -
(3.22)
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Combining (3.21)—(3.22) we conclude that there exists a constant C > 0 which depends
only on si,s and (¢_, ¢ ) such that

ap>-—, ke (3.23)

c
dy,

By Proposition 2.4 we have

Al(H]I\;,ak) = AN )

27

where Ag}ﬁdk is the unique solution of ay = F_¥ (A) in (—o0, (w/dx)?). Using (3.23) and

the monotonicity of the function F)¥ we obtain
AN

- d
Al(Hg,ak)ZA]jdgdk:—@, where )\:7 —Ai\’i 0 >0
i ,

is the unique solution of A\tanh A = C. From this we finally conclude that there exists
C > 0 such that (3.20) holds. O

4. The coupled operator Hq g

In this short section we introduce the self-adjoint operator H, 5 in L?(¢_, ¢} ) and
reformulate our main result Theorem 1.1 in a more rigorous form. The operator He g
corresponding to the form b, g below will be our main object of interest in this paper,
it can be viewed as perturbation of the decoupled operator H, o, in the sense that all
neighboring intervals 7y and Zy11 are glued together via d-couplings of sufficiently large
interaction strengths.

Let a = (o )rez be a sequence which satisfies Hypothesis 3.1 and let 5 = (B )rez be
another sequence of real numbers. In the space L?(¢_, ¢, ) we introduce the symmetric
sesquilinear form b, g by

ba,slu, v] = Z hy, o 816 Wk Vi,
keZ

dom(haﬁ) = {u € Wllc;g(g—ag-ﬁ-) n L2(€—7€+) : Z |hIk;ak7ﬂk—17ﬂk [uk’uk” < OO} )
keZ
(4.1)

where u = u |z,, vi, = v |z, and the forms hz, o g, , 3, are defined as in (2.1).

Lemma 4.1. There exists a sequence B = ( }Cnf)kez of real numbers such that for any

sequence B = (Br)rez satisfying
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pinf < ;. < oo (4.2)

and any sequence o = (o )kez Satisfying Hypothesis 3.1 the form b g is densely defined,
closed, and bounded from below by sins — 1, where sint is the quantity specified in (3.16).

Proof. For k € Z consider the densely defined, closed, semibounded form hgk’%’ i Br
and the associated self-adjoint operator Hgk,almﬁk—lyﬁk as in Section 2.3, with o, Z, 5_,
and g4 replaced by ag, Ty, Brx—1, and B, respectively. By Proposition 2.6 we have

Al(HII%k,ak,kal,ﬁk) Ve Al(H£7ak) as min{fBx_1, 8k} — oo (4.3)

for any k € Z. Hence we conclude from (4.3) that there exists a sequence g = (Binf), 5
such that

Al(Hgk, ) 2 Al(Hg)ﬁock) - 1

ak,Br—1,8k/ =

Taking into account (3.13)—(3.14), we get
h% [w,u] > (sin — 1)|Ju? ucWh(Z,), ke Z
T,k B —1,85 L B = \Sinf L2>(Zy)" k) ’

for any sequence 8 = (By)rez satisfying (4.2) and any sequence a = (ay)gez satisfying
Hypothesis 3.1.
Following Appendix A.3 we introduce in L?(¢_, /) the densely defined, closed form

% _ R
Do, = @ hIk,Oék,ﬁk—lﬁk-’
keZ

that is,

hayﬁ[u,'l}] = Z h}I%k,ak,ﬁk_l,ﬁk [Uk,Vk],
keZ

dom(aaw@') = {u € L2(£—7£+) g € WLQ(Ik‘)? Z ‘hJI%k,ak”kath [uk’uk]‘ < OO} ’
keZ

which is bounded from below by sinf — 1. Observe that the form h, g in (4.1) is the
restriction of b, g onto

dom(ha.5) = dom(ha g) NWE2(0_ 0. (4.4)

loc

This implies that b g is also bounded from below by sin¢ — 1 and it is clear from (4.1)
that b, s is densely defined in L%(¢_, ¢ ). It remains to verify that b, g is closed. For
this consider dom(hq,g) equipped with the form norm
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/
[ollas = (Basslos vl = (sine = DllollEage_ ey + loliEaqe_ ey

and let (u")nen be a Cauchy sequence in dom(h, g) with respect to this norm. Then
(u™)nen is also a Cauchy sequence in dom(hq,g) equipped with the form norm

~ /
1ol = (sl o] = (sint = Do ey + I0Race_ e, )
and as Ea,g is closed there exists a limit u € dom(Ea’ﬁ). It is clear that for each k € Z
the restrictions (u}),en are Cauchy sequences in dom(h%ﬁak’ 8._,.5.) equipped with the

corresponding form norm, which is equivalent to the usual W?(Z;)-norm, and we have
up — ug as n — 0o in W12(Z;.), where u, = u |z,. Then by the trace theorem

uy (v —0) » ug(zr —0) and wy (k-1 +0) = up(rg—1 +0) asn —oo.  (4.5)

Since u" € W110<2; (_,¢+) we have the continuity condition

uy (zk—1 +0) =up_;(zk—1 — 0), keZ,
and together with (4.5) and u, € W2(Zy) for each k € Z, we conclude

we W20 0. (4.6)

loc
It follows from (4.4) and (4.6) that u € dom(bha,3), thus the form b, g is closed. O
Besides Hypothesis 3.1 we will also assume that the next hypothesis is satisfied.

Hypothesis 4.2. The sequence 3 = (8 )xez satisfies the condition BiM < ), < oo in (4.2)
and moreover, without loss of generality, we assume that

Bk >0, keZ. (47)

It is clear that any sequence B\ = (Bk)kez such that g < B\k for all k € Z also satisfies
(4.2) and (4.7).

The self-adjoint operator associated to the form b, g is denoted by Hq g. It is not
difficult to verify the next statement.

Proposition 4.3. Let o = (ag)rez and 8 = (Bk)rez be sequences satisfying Hypothesis 3.1
and Hypothesis J.2. Then the self-adjoint operator Ha g in L2(€—,€}) associated to the
form by g is bounded from below by sinr — 1 and is given by
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(Ha,pw) 120\ (5} = (—Uk T2, (1)

u(yr +0) = u(yr — 0),

dom(Ha 5) = u= (ug)kez € L2(37,6+), . u(zy +0) = u(zr — 0),
T wme e WRR(T \{m}) T w/(y +0) — /(g — 0) = aguly, £ 0),
u'(xp +0) — u’(xk —0) = Bru(ay £0)

Now we are ready to formulate a rigorous version of our main result Theorem 1.1.

Theorem 4.4 (Main Theorem). There exist sequences a = (ag)rez and § = (Bk)rez
satisfying Hypothesis 3.1 and Hypothesis 4.2 such that the essential spectrum of the self-
adjoint operator He, g coincides with Sess,

Uess(H(x,B) = Sess) (48)

the discrete spectrum in (Th,Ts) coincides with Sgisc,
Udisc(Ha,,B) N (Th T2) = Sdiscv (49)
and each eigenvalue X € oqisc(Ha,g) N (T1,T2) is simple, i.e. dim(ker(Hq g — AI)) =

In the next section we will prove (4.8). The assertion (4.9) and the multiplicity state-
ment will be shown in Section 7.

5. Essential spectrum of H g

In this section we prove the identity (4.8) in Theorem 4.4. More precisely, we will
show that for any sequence « satisfying Hypothesis 3.1 the essential spectra of Hq. g
and H,, oo coincide provided (8)~! decays sufficiently fast as |k| — co. Then (3.17) in
Theorem 3.2 implies (4.8).

Theorem 5.1. Let a = (ag)rez and B = (Br)rez be sequences satisfying Hypothesis 3.1
and Hypothesis 4.2, and assume that for

1 { 1 1
— max ,
Dz /6sz Bk—lD]?;_l

pp = } ,  where Dy, = min{dy,dy+1}, k € Z,
one has
pr — 0 as k| — co. (5.1)

Then the essential spectrum of the self-adjoint operator Hq g s given by

O'ess(rHa,B) = O'ess(Ha,oo) = Sess-
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Remark 5.2. Condition (5.1) can be easily achieved by taking §j converging fast enough
to 0o as |k| — oo. For example, (5.1) holds if we choose () such that

1

> with € > 0.
P2 min{D}*¢, D2, D3¢}
Proof of Theorem 5.1. We set
M = Sinf — 27 (52)

where sins is the quantity specified in (3.16). Recall that the form b, o is bounded from
below by sins and the form b, g is bounded from below by sins — 1. Hence p belongs to
the resolvent set of both operators H g and Ha o, and we have

1 <dist(u,0(Ha,p)) and 1 <dist(p,0(Ha,c0))- (5.3)

We introduce the resolvent difference

Tap= (Hap — NI)_I - (Ha,oo - ,LLI)_I'

Our goal is to prove that T, g is a compact operator; then by virtue of Weyl’s theorem
(see, e.g., [24, Theorem XIII.14]) and Theorem 3.2 we immediately obtain the statement
of Theorem 5.1.

For f,g € L2(¢_, 04 ) we set

U= (Hop— D)7 f and v=(Haoo —pul) 'g.

Then one has

(Ta,ﬁfa g)L2(2_72+) = ((Ha,ﬁ - NI)_lfa g)|_2(g_7€+) - (f7 (Ha,oo - MI)_lg)p(g_,g_'_)

= (u, (Ha,o0 — uI)v)LQ(L’h) — ((Has — ,uI)u,v)Lz(L’h)
= (U, HaooV)12(0_,04) — (Ha,pt V)12(0_04)
Yk Tk Yr Tk
= Z — / wo' da — /qux + / u'vdr + /u"ﬁdx

kez Tk—1 Y Tk—1 Yr

and integration by parts leads to
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(Tapfr 92 0p) = — Z (U(ylc —0)v'(yr — 0) — w(wp—1 + 0)v' (Tp_1 + O))

kEZ

- Z (u rp — 0)v' (2 — 0) — u(yx + 0)v'(yx + 0))
keZ

+ Z (u' Yk — 0)v(yx — 0) — v/ (z—1 + 0)v(wp_1 + O))
kEZ

+ Z (U’ z — 0)v(xy — 0) — ' (yr + 0)v(ys + 0)) :
keZ

Since both u and v satisfy the conditions
w(yr +0) = u(ye —0), u'(yx +0) —u'(yx — 0) = apulyr £0), keZ,

v(yr +0) =v(ye —0), V' (yx +0) —v'(yx — 0) = axv(yx £0), ke Z,

v(zr) = 0 and u(zy, — 0) = u(zg 4 0) for all k € Z, the expression for (Tw,5f,9)20_0.)
reduces to

(Tapfr 92 0p) = Z u(zp)v' (g + 0) — v’ (2 — 0). (5.4)

keZ

We introduce the operators I'y, g : L2((—, 04 ) = [*(Z), Tq 00 : L2(0—,£4) = I*(Z), by

(Casf)k = Dy [(Has — u) 1) (1], kel
(Caoo@)k = DY [(Hawo — 11)729) (2k + 0) = (Moo — p1)"1g) (21, — 0)], k€ Z,

on their natural domains

dom(Top) = {f €L*({_,Ly): Tapfel?(2)},
dom(Ts,00) = {g € L*( L,A): Toog €13(2)}.

Below we prove in Lemma 5.3 and Lemma 5.4 that both operators I'y g and I'y o are
bounded and everywhere defined, and moreover I'y 5 is compact. Hence (5.4) can be
rewritten as

(Ta,ﬁfv g)Lz(Z_,Z_,.) = (Pa,ﬁfv Pa,oog)ZZ(Z) = (ngool—‘a,ﬁfa g)Lz(Z_,Z+)7 fvg S L2<£*7£+)7

and we conclude that the resolvent difference T}, g = I'}

.00l a,p 18 compact.

Thus, to finish the proof of Theorem 5.1 we have to prove the lemmata below.

Lemma 5.3. The operator I'y g is bounded, defined on the whole space L2(¢_,¢4), and
compact.
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Proof. First we prove that I'y sf is well-defined for any f € L2(¢_,¢,). As before we
consider u = (Ho,5 — pl) " f € dom(Ha,5) C dom(ha ). Then one has for each n € N

w(zy)|?
> (aprnl = Y Mo

E: |k|<n k: |k|<n k
n+1 - — _ _
_ ij D *lu(zi)? + D lu(we-1)P Dptifu(eas)? D) ifu(@—n—)?
2 2 2
k=—n
- i <Bk|u<xk>| + B fu(ar—1) )
2
k=—n
S Co o Brluen)? + Beoalu(zi_)P?
< > D hzmak[uk’uk]+E||uk||m(zk)+ 5 ;
k=—n

(5.5)

where we have used Lemma 3.4 and the corresponding constant C' > 0 from there in the

last estimate. Taking into account the definition of the forms hz, ., g, ,.5, and b, g we
continue the above estimates by

n+1 C
=Y mD;} <hzk,ak,5“,ﬂk [ug, wy] = pllugllfez,) + (d—g +M> ||uk||f2(zk)>
k=—n k
< max (0 DF) (Dol ) = pllullae ) (5.6)

e (O TE + o2 ) Il
and using maxyez pr < oo (this follows from (5.1)) and
Dy <dy < by —0_

we conclude

> 1Cap el < Cr (Baslusul = pluliEao,) + Collullfege_ o)y (5:7)

k:|k|<n

where
C, = max(pD) and Cy=max | Cp D—z+|mp D?
VT kez \RTR ) F dz Mk )
Since (Ha,p — pl)u = f we have

baplusu] = pllullfae oy = (Fyw)ze_ ) (5.8)
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and (5.3) implies

lullizge_ ey = (Haup — oD~ flliz e ep
1
< -
— dist(u,o(?—[a,ﬁ)) ||f‘||-2(£7’é+)

< flle2 e esys

so that (5.7) leads to

> 1Tashel> < (Cr+ C)lf IRz 2,95

k: |k|<n

and hence [|[Tosfllizz)y < VCi+ Collflli2e_e,). Therefore, the operator T'y s is
bounded and well-defined on the whole space L2(¢_, ¢, ).

In order to prove the compactness of I'y 3 we consider for n € N the finite rank
operators

Tapfe, [kl <n,

7o L2(0_0y) = 13(Z), (T0f)k =
g L b)) = 15(2), (TG s )k {0’ P

Then for f € L2(¢_, ¢, ) one has

ITaf ~Tasflipzy = Y Dy lul@)?, (5.10)
|k|Zn+1

where as before u = (Ha,p — pI) 7! f. Repeating verbatim the arguments in (5.5) and

(5.6) we obtain

> D el < max (oeD3) (basluul - plul )

k| >n+1 - kzn (5.11)
+ max (C D—i + || pe DF | |Ju|?
|k|>n+1 Pr dz HIPEE g L2(6—01)"
From (5.1) it is clear that max|g|>n+1 Pk — 0 as m — oo and hence
D2

D?) -0 and Cpr—= D) —0 5.12
jnax (peD3) and - max ( Pk 2 + |plpr Dy, (5.12)

as n — oo. Using (5.8) and (5.9) we conclude for (5.10) from (5.11)—(5.12)
T 5f = Tapfllzz) = Z D u(zr)? < Cull FIE20 o) (5.13)

[k|>n+1
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with C,, = 0 as n — oco. Thus I'} ;3 — 'y g in the operator norm as n — oc. Since I'] 4
are finite rank operators, the operator I'y g is compact. O

Lemma 5.4. The operator Ty, « is bounded and defined on the whole space L*(0_, ().

Proof. For g € L2(¢_, ;) we consider v = (Hq,0o — ) 71g € dom(Ha,00) C dom(ha,o0)-
For k € Z we denote by wy, the linear function defined on Z; which has the value 0 at
the left endpoint z;_; and the value 1 at the right endpoint xy, i.e.

L — Tk-1

- -1

Integrating by parts, taking into account that v satisfies v(yx +0) = v(yx —0), and using
the notation vy = v |7, we get

Yk T

((Ha,oov) fIka)Lz(Ik) = - / Vng dz — /Vng dx
Tr—1 Yk
T
= / VWi, Az + v (Y)W (yr) — Vi (21 — 0),
Tk—1
which leads to
Tp
Vi(zk —0) = / Viewy, dz + o vi (Y)W (Ye) — (Ha,00v) fzkawk)p(m

Tr—1

C 5.14
= |:th,ozk [Vk, Wk] + d_g(vka Wk)LQ(Ik) - ((Hoc,oov) fIk ) Wk)L2(Ik) ( )
k

C
- jz(vkawk)LQ(Ik)a

where C' is the positive constant in Lemma 3.4. It is easy to compute

dy; g 1
HWkHEz(zk) =3 and hgz, o [Wg, Wg] = o + i < a

where (3.11) was used in the last estimate. Due to Lemma 3.4 we then obtain the
following Cauchy-Schwarz inequality and corresponding estimate

2

hIk;ak[vkawk] + d—g(Vk,Wk)B(zk)
k
C C
< (s bl + el ) (e, il + Gl ) 319

C
< & (Brmbvvid + Gl



28 J. Behrndt, A. Khrabustovskyi / Journal of Functional Analysis 282 (2022) 109252

with C’ > 0. Combining (5.14) and (5.15), and taking into account that dy < £y — ¢_
we arrive at the estimate

[Vi(ax = 0) < C” (45 B, [V Vil + |(Haoet) I ez + A IVelEazy)) -
(5.16)

With wy, replaced by 1 — wy we obtain with the same arguments the estimate

‘V%(l‘k—l _|_ 0)|2 S Ol// (d;lhzhak[Vk,Vk] + ||(H04700'U) rIk ||E2(Ik) + d]ZSHVk?“EQ(Ik)) .

Now we obtain

ITaceglifozy = D DRl (= 0) = o' (zx + 0)?

keZ
<22D|vk i — 0 |2+2ZDI¢ Vi (zg—1 +0)?
keZ keZ

and using D1 <dp <l —{¢_ and Dy < dy <{l; —¥¢_, k € Z, we conclude
ICascglifz) < € (Baoolvsv] + [HasctlEaqe ey + lolEaqe i)
with some C' > 0. Since (Ha,00 — pl)v =

Bao0 [V V] = (Ha,00V, V)12(0_ 04y = (9 + B0, 0) 120 04 ),5

and (vl L2c_ e,y < NlgllLze_ e,y by (5.3) (see also (5.9)), we obtain finally

ITaccdlliezy = Y Dilv' (@ +0) =o' (2 = 0)* < CllgllEae_e,)- (5.17)
keZ

This shows that ', o is bounded and well-defined on the whole space L2(¢_,¢,). O
6. Partly coupled operators and their spectra

In this section we take another step towards the proof of the main result in this
paper. Here our objective is to study a partly coupled operator H 5 for n € N that is
obtained from the decoupled operator H,, oo by introducing finitely many §-couplings of
strengths B at the points xp, k= —n+1,...,n — 1. After some technical preparations
in Section 6.1 it will be shown in Theorem 6.7 that one can pick sequences a™ and (8
such that aess(’HZnﬁ) = Sess and UdiSC(Hgnﬁ) N (T1,T2) = Saisc, that is, Theorem 4.4
holds for the partly coupled operator H, ;.

In the following we use the notation

K={keZ\N: s, €[T1,T»]}
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and for n € N we set
={ke{-n+1,...,0}: s € [T1, T3]}

Recall that we have already fixed a sequence (dx)ren which satisfies (3.6)—(3.8). In
addition, we now introduce a sequence (0x)rez\n such that

O, kek

Balsi) € {R \[T1, T3], keZ\(NUK), (6.1)

which is possible since s, € O for k € K (see (3.2)) and s, € R\[T1, T5] for k € Z\ (NUK).
To avoid technical difficulties below we sometimes discuss the situation £ = Z \ N, in
which case K™ = {—n+1,...,0}; in other words we treat the situation s € (T1,T5) for
all k € Z, which appears if Sess C [T1, T3].

6.1. The operator Hy, 5 and its spectrum

Let again o = (o )kez be a sequence satisfying Hypothesis 3.1, while § = (8 )rez is a
sequence of real numbers. For n € N we consider the densely defined, closed, symmetric
sesquilinear form

he slu, v] = Z hz, o, [k, vi] + Z Bru(zy)o(zy),

k=—n+1 k=—n+1

dom(hj ﬁ) W(l)yz(x—mxn)v

in L*(x_,,7,) and the corresponding self-adjoint operator HJ 5 in L*(z_p,x,) with
d-interactions of strengths £y and aj on

Zk::{xk:—n—I—lgkgn—l}U{yk:—n+1§k§n},
which is given by

(Hg,ﬂu) rIk\{yk}: (_uk [Ik\{yk})/l7 —n+1<k<n,

u(yr +0) = u(yx — 0),
u(zy +0) = u(zr — 0),
u'(yr +0) — v/ (yx — 0) = aru(yr £0),
u' (2 +0) — v/ (zx — 0) = Bru(xy £0),
for all zp, yr € 2y,

u € W22 (2, 20) \ Zi) .

dom(Hy 4) = u(r_y,) =u(z,) =0

It is clear that HJ, 5 is independent of oy, with k ¢ {-n +1,...,n} and B with k ¢
{-n+1,...,n—1}. Furthermore, the spectrum of H? o5 18 purely discrete.
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The main result of this subsection is Theorem 6.4 for which some preparatory state-
ments are needed. The first lemma shows that the eigenvalues of HJ 5 are close to the
eigenvalues of the self-adjoint operator

¢ u... (6.2)

k=—n+1

provided Bj are sufficiently large. Moreover, the eigenvalues satisfy the additional useful
inequalities (6.5) below, where we consider sequences o = ((@™*);)iez, @ = ((@"*);)icz,
k =1,...,n, that satisfy Hypothesis 3.1 and are of the particular form (6.4) with the
numbers oz,f defined by (3.9). The inequalities (6.5) will be needed later, when applying
the intermediate value theorem from [18] in the proof of Lemma 6.2.

Lemma 6.1. There exists a sequence ' = (B}, )kez of real numbers such that the following
holds: for any sequence o = (ag)rez satisfying Hypothesis 3.1, for any sequence B =
(Br)kez satisfying By, < Bi, k € Z, and for any n € N, one has

U(Hg’ﬂ) n (Tl,TQ) = {8275;]6 ok € ]Cn U {1, e ,n}} 5 (6-3)
where sy, 5.1 € Bs, (sk) are simple eigenvalues of Hy, 5. Moreover, for sequences a™k
and @™*, k=1,...,n, that satisfy Hypothesis 3.1 and are of the particular form
gn,k — (_..,oz_l,ao,af,...,a;&l,a;,a'kﬂrl,...,oz,t,ozn+1,...), (6.4)
avk = ( . .,a,l,ao,af,...,a,;_l,aﬁ,a,;“,...7a;,an+1, ..

one has
Snik gk < Sk — Zék and Sk + Zék <Spnk g kK=1..0m (6.5)

Proof. To avoid further technical difficulties we assume that K = Z \ N, which leads to
K" ={-n+1,...,0}. Hence

sp €0 cC(Th,Tz), keZ\N, (6.6)

and, in particular, it follows from (6.6) that Sess C [T, T2]. The general case needs only
slight modifications.

We prove (6.3) and (6.5) below by induction. For convenience, we restrict ourselves
to the sequences 8 = (8k)rez such that

Br > B and B >0 (6.7)

(in other words, the sequence (3 satisfies Hypothesis 4.2). This assumption implies, in
particular, that for each n € N the form hf ; is bounded from below by sins — 1. In fact,
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for u € dom(hy, 5) = W (2, x,) and its extension @ by zero on all of (/_, £, ) one has
u € dom(h, g) and Lemma 4.1 implies

hy slu,u] = hq gla, ] > (sine — D[Ullze_ o) = (Sinf — Dlulliz @2,

Therefore, © = sinf — 2 defined in (5.2) belongs to the resolvent set of the self-adjoint
operator Hf, ; and we have

1 < dist(u, o(Hy, 5)), n € N. (6.8)

It is also clear from (3.13)—(3.14) and (3.16) that p belongs to the resolvent set of the
operator in (6.2) and the same estimate holds.

Base case (n = 1). We consider the bounded operator

_ —1
Tﬁo = (Hzll,ﬁ - N’I) T ((Hgo,ao 2] Hl[')l,al) - IU‘I)

in L2(Zo UZy). For f,g € L>(Zy UZ;) we set

_ -1
= (H(llﬁ — ul) lf and v= ((thao @ H%,al) - [LI) qg.

Following the arguments that led to (5.4) one verifies in the present situation that

(Tso f5 912 (zouzy) = u(T0)V (20 + 0) — V' (20 — 0). (6.9)

Taking into account that Sy > 0 (see (6.7)), using Lemma 3.4 with the constant C' from
there, and the definition of the form h! 5 We obtain

1 C
en) < 5z o] + 0Pz + b ]
0

C
+ ol + ﬁom(xoﬂ

1 C C

1 C C
=5 {(f + pu, w)i2(zouzy) + d—%||UOHE2(zo) + d—%||u1||f2(zl)}

Since [[ug||2(z) < llullzzouzy) < I flle2zouzy) by (6.8) for k= 0,1, we conclude

[u(zo)|* < Bo ”fHLZ(IOUIl)a (6.10)

where the constant Cy depends on dy, dy, i, and C' from Lemma 3.4, but is independent
of ag, a1, Bo. As in the proof of Lemma 5.4 (cf. (5.16)) one obtains the estimate
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v (2o — 0)|* < C" (dSIhIo,ao o, vol + I[HZ, ., VollP2(z,) + d63||V0||Ez(zo))

with the constant C” being independent of ag. Using this estimate, and also taking into
account, that H%,aOVO = g0 + 1o, bzy,a0[Vo, Vo] = (80 + Vo, Vo)L2(z,), and

[vollLz(zy) < lIgollz(zo) < l9llLz(zouz:)>
we conclude
[v'(z0 = 0)]* < Cy lglItz(zouzy (6.11)
and similarly
[0/ (0 + 0)* < CF 91122 (zyuz ) (6.12)

where the constants Cj” and Car depend, respectively, on dy and d;, but are independent
of ag, a1 and Sy. Using (6.10)—(6.12) we conclude from (6.9) that

_ — =~ —1/2
I(HL 5 — )™ — (HE  eHR ) —ul) Y| < Copy 2, (6.13)

where again the constant C~'0 > 0 is independent of ag, aq, Bo. It follows from (6.13) that
for each j € N

sup [\;(HY 5) — A\ (HZ, . @ HZ )| = 0 as By — oc. (6.14)
o,
Recall, that
Al(Hg(],a()) = S0, ) Al(Hle,al) € B51/2(521)?
2 2w
)‘Q(ng,ao) =\ 7 ) )‘2(H£,a1) =\ 7 ;
do dl

cf. (3.13)=(3.14). In particular (cf. Proposition 2.2 and (3.9)), we get

1 1
)\1(HD ) = S1 — 551 and Al(Hg,ai") =81 + 5(51 (615)

Il,l)él_

Combining (6.14)—(6.15), and taking into account that Bs,(so) N Bs,(s1) = 0 (since
Bs,(s1) C (Ty,Ty) \ O and Bs,(s0) C O; cf. (3.6), (6.1), (6.6)) we conclude that there

exists a positive 8 > Bif such that for any By € [3), 00) one has

« N(HL ;) > Ty for j >3,
o if 5o < s1, then A\ (H}, 5) € B, (s0) and Ao(H}, 5) € Bs, (s1), and, moreover,

1 1
)\Q(H;Llﬁ) < 81— 1(51 and s7 4+ 1(51 < )\Q(Hél,lﬁ).
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o if 51 < s9, then A\ (H}, 5) € B, (s1) and Xa(H}, 5) € Bs,(s0), and, moreover,
1 1 1 1
Al(HQ1’176) < 81— Z(Sl and S1 + 1(51 < )\1(H51,17B)

(recall from (6.4) that ((gm)l)lez and ((al’l)l)lez
sis 3.1 with the property (a!); = ai, (@™!); = of). Evidently, the above properties
yield (6.3), (6.5) for n = 1 (recall, that the operator H}, ; does not dependent on S
with k& # 0).

Induction step (N — N + 1). Assume that (6.3) and (6.5) hold for some fixed N € N,
that is, there exist 8, k = —N +1,..., N — 1, such that for 8 < fj the spectrum of
H(]lv g in (T1,T3) consists of 21V simple eigenvalues which are contained in Bs, (sk), and,

are sequences satisfying Hypothe-

moreover, the inequalities (6.5) hold with n = N. It is no restriction to assume that gy,
k=-N+1,...,N — 1, are positive and satisfy 3, > B,"C“f. Recall that Hgﬁ does not
dependent on fj with |k| > N — 1.

Now let the sequence 5 = (Bk)rez (which of course satisfies Hypothesis 4.2) be chosen
such that §;, < 8y holds for k= —-N+1,..., N —1. We denote fN+1 = (T_N_1,TN+1)-
For f,g € L2(Zn1) we set

-1
w=(H =)™ and o= ((HP .  @HY,6HP . )-ul) g
Following the arguments that led to (6.9) we get the similar equality

HN+! -1 HP 12 HD -1
(( aB T 'UI) f- (( Z_N,a—-N ® a, ® ZN+1,aN+1) - MI) J g) 12T
N+1)

=u(zn)v(xzy +0) —v'(zn — 0) + u(z_n)v'(x_N + 0) — v/ (z_n — 0).
(6.16)

Let C be the constant from Lemma 3.4 and let EN = min{d_n,d_Nt1,---,dN+1}
Taking into account that 8, > 0 (cf. (4.7)) we get

N+1

1 C
o) < 5 [Avlue)P+ Y (Bl + Gl |
Nl k=—N k
1 [ N+1 C 2
< By _ha,B [u, u] + m”uHLz@\m)
1T C o
— U, )+ m”“wmm}

Using (6.8) we then arrive at the estimate

Cn
|U(37N)|2 < B_N|‘f||ﬁ2(f1\r+1)7
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and, similarly,

C_
lu(z_n)|? < @—§||f||2

L2(Zn41)’

with the constants C_y, Cn being independent of o and S (however, they depend on
dn, and C from Lemma 3.4). Similarly to (6.11)—(6.12) we get the estimates

/ 2 — 2
W (@-n =0 < Coyllgllez,
W (@ +0)2 < CHllgllz, -

with the constants C—, C’JJ{,, which depend on d_n and dyy1, respectively, but are

independent of o and . Further, denote v = v | )- As in the proof of Lemma 5.4

(z-n,ZN
(cf. (5.16)) one obtains the estimate

v/ (@ = 0)[2 < € (A3 Bry an Vv vl + (Y 57) T2 oz, +d5° Vi ez )

with the constant C”" being independent of a and 3. Using Lemma 3.4 and taking into
account that 8 > 0 we can extend the above estimate as follows,

_ C
o =0 < 07 [d5 (WE 0+ bl )

R R A
where again C' is the constant from Lemma 3.4. Using
HOZXJQFIU =g+ pv, higl[%v] = (g + pv, U)Lz(iN+1)7 and HU”L?@NH) < ||9|||_2(fN+1)
we conclude that
[0 (2 = 0)° < CxlIglEa(a s onin)
and, similarly,
[V (@n + O < COxllglEa oy ran) (6.17)

where the constants C'y; and C’fN depend on dg, k = —N, ..., N+1, but are independent
of the sequences « and 3. Combining (6.16)—(6.17) we arrive at the estimate

H(Hg,-gl - ,LLI)il - ((Hg—N;OC—N ® Hév,ﬂEBHIDN+17OLN+1) - ul)ilH

" (6.18)
< Cymax{8-N>? 8x"%},
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where Cly is independent of the sequences o and . Consequently, for each j € N
N D N D
sup |)\j(Ha,Jﬁr1) - )\j (HI—N,Q—N ® Ha,ﬁ @ HIN+1,aN+1)| — 0 as ﬂ*Na BN — OQ.
ANy s XN +1
(6.19)
By construction the set

U(Hgfzv,afz\r & Hivv,ﬂ ® H£N+1) ) N (Tl’T2)

QN+1

consists of 2N + 2 simple eigenvalues (we denote them by v4 .5, k = —N,..., N + 1)
such that

Yopion = MHE 0 )y Yasint = MHE o)

(6.20)
Ya,8:k € Bs, (sx), k=-N+1,...,N,

where v, K = —N +1,..., N, are the 2N simple eigenvalues of the operator Hgﬁ
inside (71, T3). Moreover, we then have

MHEZ o ) =s~n and MHZ .)€ Bay,,j2(sn1)

(cf. (3.13)—(3.14)). By induction hypothesis, for n = N one has
1 1
P)Ig"”“,ﬁ;k < Sk — Z(Sk and Sk + 1(5;@ < ’YE”vk,ﬁ;kv k= 1, ey N. (621)

Since the eigenvalues vq 8.5, Kk =1,..., N, of Hﬁﬁ are independent of o with [ > N it
is clear that

(6.21) holds also with n = N + 1. (6.22)

Moreover, the property va.g,n+1 = Al(HgNJrhaNH) in (6.20) shows that

1 1
YaN+1.N+1 g N11 = SN4+1 — §5N+1 and YaN+1.N+1 3. N+1 = SN+1 + §5N+1~ (623)

Hence, using (6.19) we conclude from (6.20), (6.22), (6.23) that there exist positive
B x > B4 and By > AR such that for B_n € [ y,o0) and By € [Bl,00) the
operator HaN‘gl also has precisely 2V + 2 simple eigenvalues Yo gk, K = —N,..., N +1,
in the interval (17, T>) that satisfy 4, . € Bs, (sk) ask = —N,..., N+1, and, moreover,

~ 1 1 ~
Vark g < Sk — Zék and s+ Zék <Aank gk, k=1,...,N+1, n=N+1.

Consequently, (6.3) and (6.5) hold for n = N +1 and (Bk)rez satisfying 5y € [}, 00) as
k=—N,...,N. Note that Hggl is independent of 8y with |k| > N. This completes the
induction step and the proof of Lemma 6.1. O
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Recall that the eigenvalues s, 5.4, k=1,...,n, of the operator HY, ; are independent
of ap with k ¢ {—n+1,...,n} and that the entries oy with k = —n+1,...,0 are fixed;
cf. Hypothesis 3.1. Therefore, for a fixed sequence ( the eigenvalues Sor ik k=1,...,n,
can be regarded as functions of a7y, s, ..., a,. Bearing this in mind, for the following
considerations we shall denote the eigenvalues sy, 5.,, k=1,...,n, by

sg[al,ag,...,an];

of course we assume here that the sequence (8x)rez satisfies 5;, < 8 < co. In particular,
the property (6.5) now reads as follows:

s’g[af,...,a;ﬂ"_l,a,:,a,i'+1,...,aj] <sp—16k, k=1,...,n, (6.24)
sf[af,...,a,;_l,az,a,;+1,...,a;] > s+ iék, k=1,...,n.
It is easy to see that the function
sf[al,ag,...,an]
filon,ag,...,an) — : (6.25)
sBlag, am, ..., ap)

is continuous and each coordinate function fi(-) = sf[] is monotonically increasing in
each of its arguments. Indeed, using the same arguments as in the proof of (6.18) we get
the following estimate for two sequences (ax)rez and (ax)rez:

[(HE 5 —p) ™ — (H2 5 — pD) 7 < 5kir11axn g — k), (6.26)
where C' is independent of oy and &y (but it depends on dix, &k = —N + 1,...,N).
Taking into account that si[aq,...,an] € Bs,(sk), k = 1,...,n, are simple eigenvalues

we conclude from (6.26) the continuity of the function f. The monotonicity of f in each
of its arguments follows from the min-max principle (see, e.g., [17, Section 4.5]).
The next lemma is an important ingredient for Theorem 6.4.

Lemma 6.2. Let 8 = (B)kez be such that B, < Bk, k € Z, where (B},)kez is a sequence

as in Lemma 6.1. Then for n € N the entries aq,...,an of the sequence o = (ag)kez
(satisfying Hypothesis 3.1) can be chosen such that

B _ _
splon, g, ..., ap] = sg, k=1,...,n.

The proof of the above lemma is based on the following multi-dimensional version of
the intermediate value theorem, which was established in [18, Lemma 3.5].
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Lemma 6.3. Let D = II}'_, [ag, bi] with ar, < by, k =1,...,n, assume that f : D — R"
s continuous and each coordinate function fy of f is monotonically increasing in each
of its arguments. If F,~ < F,j, k=1,...,n, where

Fk_ :fk(blaan-~-abk—17ak7bk+17---7bn)a F]:_ :fk(al,ag,...,ak_l,bk,ak_,_l,...,bn),
then for any F € II}_ | [F,, F\[] there exists x € D such that f(z) = F.

Proof of Lemma 6.2. We fix n € N and set D = II}_, [a; , o |; the points in D will be
denoted in the form (a1, aq,...,q,). Now consider the function f : D — R™ given by
(6.25). As noted above, this function is continuous and each coordinate function fi(+)
is monotonically increasing in each of its arguments. Moreover, according to (6.24) we

have

F- — Plat + o= o + < 15

e = Selal oo g, o] < sk = 70k
and

Pt Pl -+ - 1> 1s

i '_Sk[al7"'7ak71’ak’akJrl""’an]—Sk+Z &
for k =1,...,n, and hence, in particular, I}~ < s, <F,j' for k =1,...,n. Therefore, by
Lemma 6.3 there exists (a7, aq,...,q,) € D such that

flog, o, ... an) = (81,82,...,8n);

this completes the proof of Lemma 6.2. 0O

Combining Lemma 6.1 and Lemma 6.2 we immediately arrive at the main result of
this subsection.

Theorem 6.4. Let o = (o)} ) ez be a sequence satisfying Hypothesis 3.1, and assume that
B = (Br)kez is such that B;, < Bi, k € Z, where (B},)rez s a sequence as in Lemma 6.1.

Then for n € N the entries af € [ay , a;ﬂ, k=1,...,n, can be chosen such that
o(Hpn 5) N (T1,To) = {sln g, : k€ K" U{L,...,n}}, (6.27)
where sin gy, are simple eigenvalues of Hy. 5 satisfying

82n7ﬁ;k S B5k (Sk)? kekm, (628)
82n7ﬁ;k:8k7 k€{15'7n}

Remark 6.5. We mention that the entries af, k = 1,...,n, in the sequence a” = (o} )rez
chosen above depend on the choice of the sequence .
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6.2. Spectrum of the operator Hy. 4

Let n € N and let Hf 5 be the self-adjoint operator in L2(x_,,, z,) from the previous
subsection. In this subsection we will investigate the self-adjoint operator

no=| @D BL., | oHI o | D HE,, (6.29)
k<—n k>n+1
acting in
()= | P L@ | el e | @ LT
k<—n k>n+1

Informally speaking the operator Hj, ; is obtained from the decoupled operator Ho, oo
in Section 3.3 by adding J-couplings of the strengths (. at finitely many points g,
k= -n+1,...,n— 1 It is clear that H] 4 (and HZB) is independent of [y with
k¢ {-n+1,...,n—1}

It is convenient to strengthen Hypothesis 4.2 and from now on to consider sequences
B = (Bk)rez that satisfy the following condition.

Hypothesis 6.6. The sequence 8 = (fi)rez satisfies Hypothesis 4.2 and, in addition, it
is assumed that (5.1) holds and f;, < Bk, k € Z, where (3},)kez denotes the sequence in

Lemma 6.1.

The following theorem is a consequence of Theorem 6.4 and the considerations in
Section 3 and Section 5.

Theorem 6.7. Let o™ = (a})kez and = (Br)kez be sequences satisfying Hypothesis 3.1
and Hypothesis 0.0, and assume that o = (af)rez i chosen such that (6.27)—(6.28)
hold, and
af = Fp(sk), keN\{1,...,n} (6.30)
Then one has
Uess(HZn,B) = Sess and Udisc(Hgnﬁ) N (Tl, TQ) = Sdism (631)
and, moreover, each sy, k € N, is a simple eigenvalue of Hin 5.

Proof. It is not difficult to see that the resolvent difference

(H2 g — AD)7F = (Han oo — A7
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is a finite rank operator for any A € p(H[. 5) N p(Han,o0), and hence, in particular,
a compact operator in L2(¢_,¢,); this follows, e.g., by observing that both operators
’HZH, 3 and Hqn oo can be viewed as self-adjoint extensions of the symmetric operator
Hen 5N Han oo, which has finite defect. Hence we have

Oess (Hgn”@’) = O'ess(Ha",oo) = Sess

by Theorem 3.2 and this shows the first assertion in (6.31).
Now we study the discrete spectrum of the operator H. 5 in (Th,T5). It is clear from
(6.29) that

o(Hong) =0 @ HIk ap | Uo(HGn 5) U EB Hgma',':

k<—n k>n+1

Recall from Proposition 2.2 that Al(HIDk ,aig) coincides with the unique solution of the
equation ajf = F;’ () on the interval (0, (27 /dx)?). Thus, taking into account (6.30) and
the second property in (3.12), we arrive at

MMHZ o) =5k, k€Z\{l,....,n}. (6.32)

Furthermore, we have \; (HZ o

) > T4 for j > 2 by Proposition 2.2 and (3.3). Observe
that for k € Z \ N the eigenvalues in (6.32) do not contribute to the discrete spectrum
of Hjyn g in (T1,T2) since either s, € O C Sess or s & [11,T3]; cf. (6.1) and (1.4). It
follows that

g @ HIk ap Tla TQ) Sess-
k<—n
The above considerations also show
o @ H%,ag N(Ty,To) ={sk:k=n+1n+2,...},
k>n+1
and all the eigenvalues si, k = n+1,n+2, ..., are simple by the assumption (1.6). Finally,
by Theorem 6.4 the spectrum of Hy, ;5 in (71,73) consists of the simple eigenvalues sy,

k=1,...,n, and the eigenvalues si. 5., € Bs, (sg) for k € K™. However, it follows from
(6.1) and (1.4) that s3. 5.; C Sess for k € K. Summing up we conclude

Udisc(Hgn7ﬁ) n (Tl,TQ) = {Sk 1k e N} = Sdisc- O
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7. Discrete spectrum of the operator H. g

In this section we complete the proof of our main result Theorem 4.4. Recall that the
ultimate aim is to show the existence of sequences o = (ax)rez and 8 = (Bk)kez such
that (4.8) and (4.9) hold. We have already shown in Theorem 5.1 that the assertion (4.8)
on the essential spectrum of H, g holds for all sequences o = (ag)rez and 8 = (Bi)rez
that satisfy Hypothesis 3.1 and Hypothesis 4.2, respectively.

From now on we fiz a sequence 5 = (S )rez that satisfies Hypothesis 6.6 (and hence
also Hypothesis 4.2). Now we define a sequence a = (o )pez such that Hypothesis 3.1
holds and the statement (4.9) on the discrete spectrum of H, s is valid: By Theorem 6.7
there exists for each n € N a sequence a” = (o} )rez such that Hypothesis 3.1, (6.30)
and (6.31) hold, and, in particular, we have

ap <af <af, ke (7.1)

A usual diagonal process shows that there exist n, € N with n,, < n;,s1 and
lim,,— 00 Ny, = 00, and a sequence a = (ay )rez such that

ap™ = ap  as m — 0o, kelZ. (7.2)

It also follows that ay, € [oy, a,i'] for k € Z, moreover, by the second property in (3.12) we
have oy, = af = FJ (s) for k € Z\N. In other words, the sequence v = (i) pez satisfies
Hypothesis 3.1. Note also that o depends on the sequence [ fixed above; cf. Remark 6.5.

Lemma 7.1. For the sequence « defined by (7.2) one has
I g = 1D ™ = Hap —pD)7H =0 asm — oo,

where p is defined by (5.2).

Before we prove the above lemma, we observe that Theorem 5.1, Theorem 6.7 together
with Lemma 7.1 immediately imply the main result of this section.

Theorem 7.2. For the sequence a defined by (7.2) one has
Odisc(Ha,3) N (T1,T2) = Sdiscs
moreover, each s, k € N, is a simple eigenvalue.
Proof of Lemma 7.1. To simplify the presentation we assume that n,, = m for m € N.
Now let f,g € L*(£_, ¢4 ), and consider u = (Ha,p — pul) ' f and v = (HJ} 5 — pl) g

Denote

T = (Hap = 1) ™ = (Ml 5 — 1)



J. Behrndt, A. Khrabustovskyi / Journal of Functional Analysis 282 (2022) 109252 41

In the same way as in the proof of Theorem 5.1 one computes

(T™f, 9z 0y = (us Hopm g0) 2 0y) — (Ha,pUs V)20 0,

= > ulyr) (v (g +0) — /(e — 0)) = Y (u/(yx + 0) — /(& — 0))v(yi)

keZ keZ (7.3)
+ Z u(wy) (v (z + 0) — v/ (z — 0)) — Z(u'(ack +0) — v (z — 0))v(zk).
kEZ kEZ
Using the boundary conditions for u € dom(Ha,5) and v € dom (M. 45) We obtain

(T™f, 920 0p) = Z(Oﬁfn — ag)u(yr)v(yr) + Z w(zy) (V' (zp + 0) — v/ (zx — 0)) .

keN [k|>m

Im= I3 =

(7.4)
Indeed, the first two sums on the right hand side in (7.3) reduce to the first sum in
(7.4) since u and v satisfy the d-jump conditions at yy, k € Z, of the strength aj and
af, respectively (recall that off = oy = FJ (sk) as k € Z \ N). Also, since u and v
satisfy the same §-jump conditions at xp, k = —m+1,...,m — 1, and v(z,) = 0 for all
ke Z\{—m+1,...,m— 1} the last two sums on the right hand side in (7.3) reduce to
the second sum in (7.4).

First we estimate the term I7". Fix € > 0. It is clear that

1/2 1/2
7" < <Z lag’ — akl - IU(yk)I2> <Z lag’ — akl - Iv(yk)2> - (7.5)

keN keN

Let (cx)ren be the sequence from (3.8). Since ¢, — 0 as k — oo, there exists K(¢) € N
such that

cr, <ecas k> K(e). (7.6)
Moreover, due to (7.2) there exists M () such that
for 1<k <K(e): |af —ax| <edr, asm > M(e). (7.7)

Combining (3.8), (7.1), (7.6)—(7.7) we obtain for m > M (e):

D o — anl - fu(ye)?

keN
K(e) 0 (7.8)
< e —anl-lua)lP+ D (af —ap) - Ju(m) P <& > dilulyr) .
k=1

k=K (e)+1 keN
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In what follows, we denote by uj and vg, k € Z, the restrictions of the functions u and
v to the interval Zy. Recall that C is a positive constant for which (3.23) holds. Without
loss of generality we may assume that C > 1. We shall also use the following standard
Sobolev inequality (see, e.g. [7, Lemma 1.3.8]):

Vo € W2 (a,): fw(a)] < LBy + 207 [ (79)
where a < b < o0, L € (0,b — a]. Applying (7.9) with (a,b) = (yx,zx) C I, and L = ;—g

we get

d, 4C d, 4C
2 /112 2 /112 2
lu(yr)|” < %HukHL?(yk,xk) + d—k||uk||L2(yk,zk) < %HukHLQ(Ik) + d_k”ukHLz(Ik)'

It is straightforward to check that the above estimate is equivalent to the estimate

dpam\ ! [ d2 .
delu(y)? < (1 + 2 ) (%h e, il +40||uk||ﬁzm)) |

Therefore, since aj* € [—C“d,;l,o) by (3.23), d < ¢4 —¢_, and

hz, o [ug, ur] <hz, o oy g [0k, Ug]

(this inequality holds since S > 0), we obtain

di|u(yr) > < Cibz, ap gy o Wk k] + Collugllfz 2,

where C = M, C, = 8C. From the above estimate and (7.8) we conclude
D o —anl - fulye)? < Crehaslu,u] + Coellullap_ g,
keN (7.10)
< Cellflae_eyy, m = M)
Similarly,
D o —anl - fo(ye)® < Cellglfaqe_ ey, m = M(e). (7.11)
keN

Combining (7.5), (7.10), (7.11) we conclude that

Ve>0 3dM(e) e N: |I"| < Cellfllze_ o) llgllze_ e,y as m > M(e). (7.12)
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It remains to estimate the term I3". Recall that Dy = min{dg,dy+1}, k € Z. One has

1/2 1/2

< | D D ula))? > DV (wk +0) = ' (z, — 0)? . (7.13)
|k >m K[ =m

Repeating verbatim the arguments of the proofs of (5.13) and (5.17) we obtain

Z D3 |u(ay))? < Cme||EQ(e_,£+), where C,,, — 0 for m — oo, (7.14)
[k|>m
and
Z D' (xh, +0) — v/ (z — 0)]* < C||9HE2(L,£+) (7.15)
keZ

(note that the function v in the estimate (5.17) vanishes at xy, for all k € Z, however this
property is not utilized in the proof of (5.17)). Combining (7.14) and (7.15) we arrive at

|\I'? < CCp ”fHEZ(é,,Lr)HgHEZ(Z,,Lr)v where C,,, — 0 for m — oo. (7.16)
The statement of the lemma follows immediately from (7.4), (7.12), (7.16). O
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Appendix A

For the convenience of the reader we briefly discuss in this appendix infinite orthogonal
sums of densely defined, closed, uniformly semibounded forms in Hilbert spaces and the
associated self-adjoint operators.

A.1. Direct sums of Hilbert spaces

Let (Vi)rez be a family of Hilbert spaces and let [[, ., V& be the Cartesian product
of Vi, k € Z. The elements of [[, ., Vi will be denoted by roman letters, while bold
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letters are used for their components, e.g., u = (ug)rez, Ux € Vi. The direct sum of
Vkv

V:@Vk,

keZ

consists of all u = (ug)rez € [] Vi such that
keZ

lall = s, < oo (A1)
keZ

Due to (A.1) one can introduce a scalar product on V' by

(w,v)v = Z(ukz V)V - (A.2)

kEZ

It then turns out that V is a Hilbert space; cf. [16, Chapter 1.6, Theorem 6.2].

Proposition A.1. The space V equipped with the scalar product (A.2) is a Hilbert space.
A.2. Direct sums of non-negative forms and associated operators

Let (Vi)rez be a family of Hilbert spaces and let (hy)rez be a family of closed,
non-negative, densely defined sesquilinear forms (for each k € Z the form hy acts in the
space Vy). By the first representation theorem [20, §-VI. Theorem 2.1] there exists a
unique self-adjoint operator Hy, associated with the form hyg, i.e. dom(Hy) C dom(hyg)
and

hy[u,v] = (Hiu, v)v,, u € dom(Hy), v € dom(hyg).

In the space V' we define the form h by

hlu,v] = Z hy[ug, vi],

keZ

dom(h) = {u = (ug)pez € V : ui € dom(hy), Z hy[ug, ug] < oo} .
kEZ

The form § is referred to as the direct sum of the forms hy; we also use the notation

b:@hk.

keZ

Proposition A.2. The form b is non-negative, densely defined, and closed in V.
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Proof. It is clear that the form b is non-negative. In order to prove that § is densely
defined in V fix v = (vi)rez € V and assume that

(u,v)y =0, u € dom(bh). (A.3)

For arbitrary I € Z and w € dom(h;) we consider

w ifk=1I,

W = (wl _
(Widez =1 it k£

Then w' € dom(h) and (A.3) holds with u = w!, which implies (w,v;)y, = 0. As the
form h; is densely defined in V; it follows that v; = 0. Since [ € Z is arbitrary we
conclude v = (v;);ez = 0, which implies that b is densely defined in V.

Finally, we verify that  is closed. Let us equip dom(hg) with the scalar product

(0, V)dom(ny) = hi[u, v] + (u,v)v,, u,v € dom(hy). (A.4)

Since hy, is closed by assumption dom(hy) equipped with the scalar product (A.4) is a
Hilbert space. On dom(h) we consider the scalar product

(U, ) dom(n) = blu, v] + (u,v)v = Z(ukavk)dom(hk) (A.5)
kez

for u = (ug)rez,v = (Vi)rez € dom(h). By Proposition A.1 dom(h) together with the
scalar product (A.5) is also a Hilbert space, that is, the form b is closed. O

The proposition above implies that there exists a unique self-adjoint and non-negative
operator ‘H associated to the form h. We refer to H as the direct sum of H; and use the
notation

H =P H,.

kEZ

As a consequence one obtains the following statement.

Proposition A.3. The non-negative self-adjoint operator H associated to h in 'V is given
by

Hu = (Hpug)rez,

dom(H) = {u = (ug)gez €V : u;, € dom(Hy), Z [Hpue3,, < oo} .
keZ
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A.3. Direct sums of uniformly semibounded forms and associated operators

Let again (Vi)rez be a family of Hilbert spaces and let (hy) ez be a family of densely
defined, semibounded, closed forms. We assume, in addition, that there is a uniform lower
bound

Cint = inf inf hilu,u] > —
" k€Z uedom(hy): |lullv, =1 [, ] ’

and consider the family of densely defined, non-negative, closed forms
hi[u,v] = hyu, v] — Cine(u, v)v,, dom(hy) = dom(hy).

By Proposition A.2 the form
h=Dh
keZ

is non-negative, densely defined, and closed in V = (Vi )rez.
Now, we define the direct sum h = P, .z hy in V' by

hlu,v] = E[U,v] + Cint(u,v)y, dom(h) = dom(h).

It is clear that the form b is densely defined, semibounded, and closed in V'; moreover
dom(h) consists of all u = (ug)rez € V such that

u; € dom(hy) and Y [hy[ug, ugl| < oo. (A.6)
keZ

As in the non-negative case the self-adjoint operator H associated to b is referred to as
the direct sum of the operators Hy. Then one obtains the following variant of Proposi-
tion A.3.

Proposition A.4. The semibounded self-adjoint operator H associated to by in V is given
by

Hu = (Hyug)kez,

dom(H) = {u = (ug)rez €V : u; € dom(Hy), Z [Hpue|3,, < oo} .
keZ

Let us now assume that the spectrum of each semibounded self-adjoint operator Hy
is discrete; we denote the corresponding eigenvalues (in nondecreasing order with mul-
tiplicities taken into account) by s;i, 7 € N. Furthermore, we introduce the sequence
S = (sjk)jeN,kez- The next goal is to describe the spectrum of the operator H.
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Theorem A.5. Assume that the spectra of all Hy, are discrete and let S = (sji);eN ez
be the set of all eigenvalues. Then the following assertions hold for the spectrum of the
semibounded self-adjoint operator H in Proposition A.J.

(i) X is an eigenvalue of H if and only if A € o(Hy) for some k € Z. More precisely,
one has

ker(H — AI) = @ ker(Hx — AI) (A7)
keZ
and, in particular,
dim (ker(H — AI)) = #{(j,k) e N X Z : sj5 = A}; (A.8)

(ii) o(H) = S;

(iil) 0ess(H) = {accumulation points of S}.

Proof. (i) Let A be an eigenvalue of H and let u = (ug)rez € V be a corresponding
eigenfunction. Then one has Hyur = Auy for all £ € Z by Proposition A.4. Moreover,
since u # 0 there exists k € Z such that ux # 0. Therefore, A is an eigenvalue of Hy.
Conversely, if A € o(Hy) for some k € Z then X is an eigenvalue of Hy. If w is a
corresponding eigenvector then A is an eigenvalue of H

(ug) w ifl =k,
u=u =
PREET0 i1k,

is a corresponding eigenvector. This also shows the equality (A.7) and the last statement
(A.8) is obvious.

(ii) The inclusion o(H) D S follows from (i). Since o(H) is closed we conclude o(H) O S.
To prove the reverse inclusion assume that A € R\ S. Then there exists § > 0 such that

dist(A, o(Hy)) > 6, kelZ,

and, in particular, A\ belongs to the resolvent set of each operator Hy. Now pick some
f = (fu)ren € V and consider u;, = (Hy — A)~f;, € dom(H) C dom(hg). Then
lukllv, <6 tIfkllv, and for u = (ug)rez one has Hyuy = f; + Auy and
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D [, wi]| = > [(Hyug, up)v, |

keZ keZ
= [(Er wr)v, + Ak, |
keZ
1 Al
<3 (310l + Hiniz, )
keZ

< (3+ ).

Thus, u € dom(h); cf. (A.6). Furthermore, for v = (vi)rez € dom(h) a similar argument
shows

blu,v] = hilug, vi] = Y [(fs, Vi)v, + Mug, vi)v,] = (f + du,v)y
keZ keZ

and we conclude u € dom(#H) and Hu = f + Au from the first representation theorem.
Consequently, ran(H — AI) = V and as H is self-adjoint this shows that A is in the
resolvent set of H. Therefore, we conclude o(H) C S.

(iii) Let A be an accumulation point of S. Then any open neighborhood of A\ contains
infinitely many elements of S. Therefore, either

(a) there is a sequence (A);en such that \; € o(Hy,)jeny with Ay # XA and \; — A as
[l — oo, or
(b) there exists an infinite set K C Z such A € o(Hy,) for k € K.

Using (i) we conclude in the case (a) that each punctured neighborhood of A contains an
eigenvalue of H, or in the case (b) A is an eigenvalue of o(H) with dim(ker(H —AI)) =
In both situations we have A\ € gess(H).

Conversely, we have 0ess(H) = 0(H) \ 0aise(H) = S \ caisc(H) by (ii). One concludes
from (i) that the set oqisc(H) consists of those A € S which are isolated and satisfy

#{(J,k) e NXZ: sj = A} <oo.

Now, if A € 0ess(H) then it follows that A € S but \ is not isolated or
#{(j,k) eNXZ: sj, =} = o0.

In both cases we conclude that A is an accumulation point of S. O
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