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Abstract

Dirac structures appear naturally in the study of certain classes of physi-
cal models described by partial differential equations (p.d.e.’s). They are
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of two Dirac structures to be a Dirac structure and we show that they can
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boundary triplets and that the class is closed under composition.
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1. Introduction

Consider the following simple partial differential equation (p.d.e.) on the
spatial domain (—o00, 00):

0 0
ax(z t) = P ((z2)x(2,t)), z€ (—00,00), t>0. (1.1)

This p.d.e. is an example of a conservation law (a notion which can be
directly extended to non-linear p.d.e.’s, see e.g. [12]). In particular, as-
suming that Ea: is zero at z = —oo0 and z = oo, it is easy to see that
=3 f )2dz is a conserved quantity, that is E = 0. Hence,
Wlthout knowmg € and without knowing existence of a solution of ([I1I), we
have a conserved quantity. This implies that the existence of a conserved
quantity is underlying the partial differential equation. Another way of look-
ing at this is by fixing ¢ and replacing %x(z,t) by f(z) and £(2)x(z,t) by
e(z). Hence instead of the partial differential equation (LII) we then have

Oe
f(Z) = %(Z% z € (—OO, OO) (12>
Under the assumption that e is zero in z = oo and z = —oo, we have that
2 f(z)e(z)dz = 0. If E(t) = [7 (2,t)?dz can be interpreted as

total energy of the system (as is the case for many physical systems), then
this last equality amounts to the fact that the total power is zero. Indeed,
since the change of the total energy per unit of time equals the total power,
the total energy is conserved if and only if the total power is zero. The power
is a bi-linear product of two variables, called the effort and the flow, e and
f, respectively. The notion of infinite-dimensional Dirac structures has been
developed before in the study of non-linear partial differential equations on
an infinite spatial domain, see in particular [11].

In many cases of physical interest the spatial domain will have, contrary
to the above, a boundary, and there will be an energy flow through this
boundary. As an example, consider ([LT]) on the spatial domain [0, 1] with
boundary {0, 1}

0 0
Ez(z t) & (K(Z)ZL'(Z, t)) , 2 E [0’ 1]‘ (13)



"0(2)x(z, 1) dz, we

Defining analogously the internal energy as E(t) = 3 [

2
now find that p

1 9 o1
ZE(1) = 5 [Ue)a(=, 1) (1.4)
¢

So we have to take the energy flow [£(z)%z(z,t)?]; through the boundary into
account. However, the underlying structure remains very similar to what
we have described above; one just defines extra efforts and flow variables,
see [13], [19], [21] or [2§]. In fact, since we want the product of these extra
variables to equal minus the right-hand side of (L), a possible choice is

fo=(—e()+e(0)/V2, eo=(e()+e(0)/V2,  (15)

with e(z) = €(2)z(z,t).
From (CZ) we see that the pair (f,e) lies in a linear subspace, called a
Dirac structure. Hence the Dirac structure associated with (C2) is

{(f, e) € L*(R) x L*(R) | e absolutely continuous, and f = age} .
z

The Dirac structure associated with (C3) and (LH) is

9
0z

fo=(—e(l)+e(0)/V2 e = (e(1) + e(o))/\/ﬁ} . (1.6)

€,

{(f, e, fa,ea) | f,e € L*(0,1),e absolutely continuous, and f =

For (f,e, fs, es) belonging to this Dirac structure we have that

/0 f(z)e(z)dz + faes =0, (1.7)

see also ([L4). These ideas can be used to define quite general Dirac struc-
tures, see for instance [13], [19], [27] and [2§].

The extension to higher-dimensional spatial domains is immediate, see
[27]. For example, consider the differential operator associated with the
wave equation on a two-dimensional domain. Let {2 be a two-dimensional
bounded domain with smooth boundary I, and let H(div, Q) = {e € L*(Q)? |
div(e) € L*(Q)}. By n we denote the outward normal, and by - we denote



the standard scalar product in R?. Consider the subspace

{(fh f2,€1,€2, fa, 63) ‘ el € HI(Q), €y € H(le,Q), (18)
fi = div(es), f» = grad(er), fo € H (D),
g€ H2(D), fo = erlr,eo =1 62|r} -

By Green’s identity we have that every element in this subspace satisfies

Aﬁ@mwamw@@w—ﬂmmmwmza (1.9)

Moreover, the subspace (L) is a Dirac structure with respect to this balance
equation, see Theorem BT, Remark EEAL5 and [2()].

Dirac structures are the key to the definition of port-Hamiltonian systems.
These are systems which may exchange power with its surrounding via its
ports, and have an internal energy function, the Hamiltonian, see 6], [27]

r [26]. In the examples above the ports are at the boundary of the spatial
domain.

Given two, or more, port-Hamiltonian systems, it is natural to connect
them to each other, through their ports. For instance, consider a transmis-
sion line connected on each side to an electrical device, a multi-body system
where some of the masses are connected to each other via flexible beams, or
a coupled network of transmission lines. We illustrate this on the physical
example of an ideal transmission line, described by the telegrapher’s equa-
tions.

Consider three transmission lines, ¢ = 1,2, 3, each described by the tele-
grapher’s equations

%Qi(z,t) = —% (ﬁaﬁi(z,ﬂ)

1
%(bl(z,t) = —% (le(z,t)) y A [CL, b],
with ¢ = 1,2,3, and L;(z), C;(2) denoting the distributed inductance and
distributed capacitance of the transmission lines, respectively. In this case
the natural flow and effort variables at the boundary {a, b} are the voltages
Vi = %@Qi(a, t), Vi = %@Qi(b, t) and the currents I,; = L;(a)¢i(a,t),
Iy; = Li(b)p;(b,t). We assume that the transmission lines are connected at
z =a, by putting V1 =V, o =V,3and I,1 + I,2 + I3 = 0.
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The coupling of the p.d.e.’s gives naturally an interconnection (composi-
tion) of the corresponding Dirac structures. If the Dirac structures are finite-
dimensional, then it is well known that the composed structure is again a
Dirac structure, see [d], [6] or [24]. However, this result does not hold if all
the Dirac structures are infinite-dimensional, see [13, Ex. 5.2.23] for a coun-
terexample. In the above (infinite-dimensional) example it is not hard to
show that the composition of the three underlying Dirac structure is again a
Dirac structure. However, it is not clear whether this will hold for more com-
plicated p.d.e.’s. Obviously, the problem of interconnecting multiple Dirac
structures can be reduced without loss of generality to the problem of the
interconnection of two Dirac structures.

Although the examples discussed so far are elementary (for expository
reasons), our approach and results are applicable to many physical examples,
also for spatial domains of dimension two or higher.

The aim of the present paper is to study Dirac structures and their com-
position from an operator-theoretic point of view, and the outline is the
following. We first define Dirac structures and develop their scattering rep-
resentations in a Krein-space setting in Section 2. We present necessary and
sufficient conditions for the composition of two Dirac structures to be a Dirac
structure in terms of scattering representations, after we have introduced the
necessary notions in Section 3. Furthermore, we investigate Dirac structures
associated to operator colligations or boundary nodes in Section 4. Here we
also find necessary and sufficient conditions for the entries in the colligation
to induce a Dirac structure. It will also be shown that the composition of
Dirac structures associated to strong colligations is again a Dirac structure
associated to a strong boundary colligation in Section 5.

During the final stages of writing this article the authors became aware
that some of the results in Sections ll and B follow from more general results
obtained by Derkach, Hassi, Malamud and de Snoo in [7, |§]. The connection
is clarified after Proposition EE3.

It should also be mentioned that the work towards so-called state/signal
systems in continuous time by Ball and Staffans in [2] and that of Kurula and
Staffans in [16, [L&] is very closely related to the work which we present in this
article. The connection is made in [17]. The interconnection results in Section
in the present article are expected to be adaptable to interconnection of
state/signal systems in discrete time, as developed by Arov and Staffans; see
[24] for an overview.



2. Dirac structures, Krein spaces and scattering representations

Let £ and F be the two Hilbert spaces, which we call the space of efforts
and the space of flows, respectively. Assume that there exists a unitary
operator rg  from £ to F.

By referring to “the Hilbert space F & £” we mean the product space
F x & equipped with the usual Hilbert-space inner product

<{ﬁ}’[h}>f&f=ﬁbﬁhr%@b@k, (2.1)

€1 €9

where fi, fo € F, e1,e5 € £. In order to introduce the notions of Dirac and
Tellegen structures we first define an indefinite inner product on F x & by

b lell=deble vIeha, e
= (fi,re,re2) F + <€1a7"2,ff2>6-

By the bond space B we mean F x £ equipped with the inner product [-, -]5.
In the context of Dirac structures it is common to use real-valued func-
tions, and therefore it is natural to take £ and F to have real fields. Our
definitions and results, however, are equally valid for complex Hilbert spaces.
A connection is made in [17, Lem. 4.1], and Example B below uses complex
Dirac structures.
For a linear subspace C C B the orthogonal companion CH of C is defined
by
CH={v e B|[b,t]s=0forallbeC}. (2.3)

From (Z2) we see that for any linear subspace C of B we have that

0O r
L] _ &F 1
¢ [ rer 0 } S

where C* denotes the orthogonal complement of C with respect to the scalar

product (Z1]). Hence any orthogonal companion will be closed, and Bt =
{0}. This last property is known as the non-degeneration of the bond space.

Definition 2.1. Let £ and F be the spaces of efforts and flows, respectively,
let B be the associated bond space and let D be a linear subspace of B. Then
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D is called a Tellegen structure on B if D ¢ DM and D is called a Dirac
structure on B if D = DM, We sometimes omit “on B” if it is clear from the
context what the bond space is.

Bond spaces can be viewed as Krein spaces and Dirac structures as hyper-
maximal neutral subspaces of these. Let us briefly recall some concepts from
the theory of Krein spaces and make this connection explicit. We refer the
reader to the monographs [1] and [4] for more details.

Definition 2.2. Let K be a vector space and let [-, -] be an indefinite inner
product on K. Then (K,[-,]x) is said to be a Krein space if K can be
decomposed as

K=K+ K, (2.4)
where (K4, [+, ]x) and (K_, —[-, |x) are Hilbert spaces and [+] stands for the
direct [-,|x-orthogonal sum. A decomposition of the form (Z4)) is called a

fundamental decomposition of K.

Let (K, [, -]x) be a Krein space. Any fundamental decomposition ([ZZ)) of
K induces a positive definite inner product (-, -)x on K via

<h7 k)]c = [h-l-v k-l—]/C - [h'—v k—]le h = h-l— + h—v k= k-l— + k—v h:l:v k:l: S ]C:I:-

With this positive definite inner product (I, (-, -)x) becomes a Hilbert space.
Let P, and P_ be the projections in K defined by P,k :=k, and P_k := k_
for k =k, +k_, ki € Ki. The operator J := P, — P_ is called fundamental
symmetry of K corresponding to the fundamental decomposition [Z4). It is
not difficult to see that J> = I and J = J* = J~! holds. Here * denotes
the adjoint with respect to the scalar product (-, -)x. Furthermore, the Krein
space inner product [-,-|x and the Hilbert space inner product (-,-)x on K
are related by

[h, ]{J]K = <Jh, ]f);c and <h, k);c = [Jh, ]f];c, h,k e K. (25)

The orthogonal companion of a subspace H in the Krein space (I, [, |x)
is defined to be the space of all vectors in K that are [,-|c-orthogonal to
every vector in H as in (23)). A linear subspace H C K is said to be neutral
if H ¢ HM and H is said to be Lagrangian, or hyper-mazimal neutral, if
H =HIL.

The statements in the following two propositions are now immediate
translations of the notions of bond space, Tellegen and Dirac structure into
the language of Krein space theory.



Proposition 2.3. Let B = F x £ be the bond space equipped with the
power product [-,-]g from (ZZ). Then (B, [, ]s) is a Krein space and

B=B,.[+]B_, where Bi= { ﬂ;f ] £, (2.6)
is a fundamental decomposition of B, where (K4, [, -|x) and (K_, —[-, -]) are
Hilbert spaces. The corresponding fundamental symmetry is J = T;T Tgo'f]
and the projections onto B, and B_ are given by

1 I]-' TeF 1 []: —Te.F
P, == ’ d P.=- . 2.7
T2 { regs Ie an 2| —rry I (2.7)

Proof. Note that P, and P_ are orthogonal projections of the Hilbert space
F & & onto P, and P_, respectively, and that J = P, — P_ holds. Fur-
thermore, ﬂ:[bi, b:l:]B = :f:<Jb:t, bi>]—‘€9g = <b:|:, bi>]—'€9g, by € Bi, which shows
that (B, %[, -|p) are Hilbert spaces. O

Observe that from (Z8) we have

&€ = {e € £ | there exists a f € F such that |
= {e € & | there exists a f € F such that |

| € B}
JeB}

O~ O

and that a similar representation holds for F.

Proposition 2.4. Let B = F x £ be the bond space equipped with the
power product [, -]z in ZZ). Then D is a Tellegen structure on B if and
only if D is a neutral subspace of the Krein space (B, |-, -]g) and D is a Dirac
structure on B if and only if D is a hyper-maximal neutral subspace of the
Krein space (B, [, ]|5).

In order to show that a subspace is Dirac structure, one normally begins
by showing that it is a Tellegen structure. The following lemma gives an easily
checkable condition for this. A proof can be found e.g. in [I, Statement 4.17,
p. 29].

Lemma 2.5. Let D be a subspace of B. The following conditions are equiv-
alent.

1. D is a Tellegen structure.
2. d € D implies that [d,d'|g = 0 for all d' € D.
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3. d € D implies that |d,d|z = 0.

In the following theorem we describe the concept of a scattering repre-
sentation of a Dirac structure. Roughly speaking, we show that a Dirac
structure can be represented by a unitary operator O, a so-called scattering
operator, which connects the scattering variables e —r¢ rf and e+ 1% £f. In
the case of a Tellegen structure, O is in general only a partial isometry, i.e.,
it is isometric from its domain but neither its domain nor its range needs to
be the full space. Besides the spaces of efforts £ and flows F, we make use
of a Hilbert space G and a unitary map r¢ ¢ from € to G.

The theorem is known from [13, Sect. 5.2], but for the convenience of the
reader we present a short proof which fits into the Krein-space theory and
makes use of Propositions and Z41

Theorem 2.6. Assume that D is a Dirac structure on the bond space B =
F x &. Then there exists a Hilbert space G, a unitary operator re g from &
to G, and a unitary operator O on G such that

(&

[ / } €D <= (e+resf)=r:60regle—1exf). (2.8)

On the other hand, if O is a unitary operator on a Hilbert space G and
reg: € — G is unitary, then

D= { [ Tg;fgf(%(ﬁ ;)” } 1ge dom((’))} (2.9)

defines a Dirac structure on B =F x & for which ) holds.

The claims remain valid for Tellegen structures D, but then O is in
general only a partial isometry. Moreover, we need to add the condition
regle — 1z xf) € dom (O) to the right-hand side of [E3) in order for the
equality to make sense in the Tellegen-structure case.

Proof. Let B+ and Py be given by (Z0]) and (271), respectively. Assume that
D is a Tellegen structure, i.e., that D is a neutral subspace of the Krein space
B. Then it is well-known, see e.g. [ll, Thm 8.10], that there exists a partial
isometry U_, partially defined on the Hilbert space (B, [-, -]5), mapping into
the Hilbert space (B_, —|-, -]g), such that

deD <= P.dedom(U-) and Pyd=U_P_d. (2.10)

9



Now note that the operators

L e I B
7”57B+ = ﬁ |: 1 :| and Tep_ ‘= ﬁ |: 1

are unitary from & to the Hilbert spaces (B4, [+, -]g) and (B_, —[-, :]s), respec-
tively. Moreover, we observe that P, =rgp, 7z 5, and P_ =rgp 175 , and
substituting this into (I0), we obtain for d = [/] that

[ ‘Z } €D <= repTip. { j; } € dom (U_) and
(2.11)

. Il_ .
reB e B, { e } =U_rep rep { e } .

Now let G be any Hilbert space, such that there exists a unitary operator
reg: € — G, for instance, but not necessarily, G = &€ with r¢ ¢ = I. Setting

O = rg,gr2’3+U_rg737r§,g (212)

in (2I7]), we obtain (Z8) with both sides of the equality pre-multiplied by
1/v/2. Moreover, O is a partial isometry or unitary if and only if U_ is
a partial isometry or unitary, respectively, because rg¢ g, 75, and ¢ in
&I2) are all unitary. According to [1, Thm 8.10], D is a Dirac structure if
and only if U_ is unitary. We have now proved the first part of the theorem.

We now prove the second claim, and therefore assume that D is given by
(Z3), where O is a partial isometry on G. Then [/] € D if and only if there
exists a g € dom (Q), such that

{f] _ {Tg,fTE,Q(OQ - 9)} .
e 78 6(O0g+9)
Pre-multiplying this equality by the boundedly invertible bounded operator
[ e 1] we obtain that [{] € D if and only if

:
—reF 1]’

[ rerfte ] _ [T279029]
—rgpf e 629

for some g € dom (O). Eliminating g, we obtain that this is equivalent to
([Z8) with the extra condition that r¢ g(e — 1z #f) € dom (O).

10



Letting U_ be the unique operator which satisfies (2212)), we obtain (21I1]),
and therefore (ZI0). Since U_ is a partial isometry or unitary if and only if
O is a partial isometry, or unitary, respectively, [, Thm 8.10] yields that D
is a Tellegen structure, and moreover, that this Tellegen structure is a Dirac
structure if and only if O is unitary. The proof is done. O

Note that we made no claims on uniqueness of the scattering represen-
tation (Z8) in Theorem Z8 The following remark, whose proof is based
directly on (Z8), elaborates on this issue.

Remark 2.7. The Hilbert space G and the unitary operator (partial isom-
etry) O in Theorem 2.6 are unique in the following sense: Assume that H is
another Hilbert space and that r¢ 4 : £ — H is unitary. If Q is a unitary op-
erator (partial isometry) in ‘H such that (28) holds with r¢ g and O replaced
by e and Q, respectively, then it immediately follows from (ZF) that

e g dom (O) =dom (Orgg) = T¢ 3, dom (Q) = dom (Qre x)
_ {e | m € D} (2.13)
and that 7 yre ;O = Qrenre .
In particular, the scattering operators O and Q are unitarily equivalent.

In many situations it is convenient to choose the auxiliary Hilbert space
G in Theorem .6l to be £ and take rgg = I. In this case the scattering
representation is unique and Theorem 26 reduces to the following corollary.

Corollary 2.8. If D is a Dirac structure (Tellegen structure) on the bond
space B = F x &, then there exists a unique unitary operator (partial isom-
etry) O on &€ such that

{ ! } €D = (c+7irf) = Ole =1t rf). (2.14)

On the other hand, if O is a unitary operator (partial isometry) on &,

then
D - H rezie el ] lec dom((’))}

11



defines a Dirac structure (Tellegen structure) on B = F x £ such that (214
holds. Furthermore, we have

dom (O) = {€ € & | there exists [/] € D such that é = e — % zf},
ran (O) = {é € £ | there exists [{] € D such that é = e+ - f}.

We are now ready to study the composition of Dirac and Tellegen struc-
tures. This is the subject of the following section.

3. Composition of Dirac structures

In this section we study the composition (interconnection) of two Dirac
structures. In order to define composition, both Dirac structures need to
have a joint pair of variables that can be used for interconnection. Hence we
assume that the efforts and flows of both Dirac structures can be split into an
“own” pair and a “joint” pair, and that the power product splits accordingly.
This is formalised in the following definition.

Definition 3.1. Assume that the spaces of efforts and flows are decomposed
as £ = & ® & and F = F; @ F,, and that rg z are unitary mappings
from & onto F;, i = 1,2. A subspace D C B = (F1 & F2) X (&1 & &)
is called a split Tellegen structure (split Dirac structure) if it is a Tellegen

structure (Dirac structure, respectively) in the sense of Definition 2], with

_|re /O
7’5‘,}'— 0 TEyFy |

The composition of two split Dirac structures is defined as follows.
Definition 3.2. Let F; and &;, i = 1,2, 3, be Hilbert spaces and let
DA C (fl D fg) X (51 D (92) and DB C (fg ©® fg) X (53 D 52) (31)

be split Tellegen or Dirac structures. Then the composition D o DB of DA
and D (through F, x &) is defined as

fl fl f3

Do PP = B3| 2| eprana | 2 | epr (3.2)
€1 €1 €3
€3 €9 €9

12



Figure 1: A graphical interpretation of composition. We compose the structures D4

and DP by making the power-conserving connection “S”, i.e. by setting e5 = e and

=1

Composition of two Dirac structures is illustrated graphically in Figure [Tl

In the following we find necessary and sufficient conditions for the com-
position to be a split Dirac structure. We start with the following simple
proposition on split Tellegen structures. The straightforward proof is left to
the reader. It makes use of (B2) and Lemma 2.

Proposition 3.3. Assume that D4 and D in Definition are split Tel-
legen structures. Then the composition

DA o DB C (fl @fg) X (51 @53)

is a split Tellegen structure with rg r = [Tglofl , S:st } .

From now on let D4 and D in (B1]) be split Dirac structures. According
to Corollary there exist unique unitary operators

o=lof ot [a] - 2] o= lon @il le] - 2]

(95‘1 02A2 & & o8 of Es Es
such that
{61+T1f1}:{0f11 Og}{el_rlfl]
es + 1o f3! O3 03 ey —rafst |’ (3.3)
[62B+r2f23 } _ [0232 0233] {6§—r2f23}
es +1r3f3 O:?z O?% es — 13f3

hold for all (f1, f5', e1, €5) € DA and (f3, f£, e3, eF) € DB, respectively.
Here and in the following we use the abbreviations r; = rg, », i = 1,2,3.

13



Now compose the Dirac structures D4 and DP by setting es = ef and
f zA =—/. 2B , or equivalently:

654—T2f54:€§+r2f23 and €§4+T2f54:€§—r2f2B-

From Proposition B3 we know that D 40Dy is a Tellegen structure and hence
by Corollary there exists a unique partial isometry Q42 on & @ &, which
connects the scattering variables as

er+rifi A | €1 —71f1
=0 3.4
{63+7“3f3] {63—7’3]?3}’ (3.4)
with
dom (O4P) = {[ e =i } }(BBD holds for some e5 = €2, fi! = —f2B}
e3 — 13[3
and
ran (O47) = {{ ity } |(B3) holds for some es =el = —fQB}.
es+r3fs

The mapping Q4% is depicted in Figure Bin the case & = Fy, r, = I. For
clarity we have abbreviated f; = fi, e; = ei', fo = fii, ea = ef, f3 = [P
and e3 = e in the picture.

In a composed Dirac structure, the scattering operator O4% is called the
Redheffer star product of the scattering operators O4 and OF. We refer the
reader to |29, Chapter 10] and [22] for further information on the Redheffer
star product.

———————————————————

DA

e3+ f3 e3— f3

DB

___________________

Figure 2: Composition considered from a scattering point of view

Let D4 and DP be split Dirac structures with scattering operators O4
and OB respectively, cf. B3). It follows from ([FIH) and (BI6) in the proof
of Theorem B below that the following claims are true:

14



(i) ran ([ OfF 0508 ]) C ran(040% — I), where the bar denotes clo-
sure (in &), and

(i) ran ([ okof 0B D C ran(OB 055 — I).

Compare these range inclusions to the following theorem, where we give
necessary and sufficient conditions for the partial isometry O4Z to be unitary,
that is, we characterise the case when D4 o D is a Dirac structure.

Theorem 3.4. Let D# and DP be split Dirac structures on (Fi ®F) x (E1®
&) and (F3 @ Fo) x (E3® &), respectively. Let O4 and OF be corresponding
scattering operators in [B3) and let O4P be the unique partial isometry in
BA). Then the following claims are valid:

(i) dom (O4B) =& @ & if and only if
ran ([ Off OX08 ) C ran(05,03, — I). (3.5)

(ii) ran (O48) = & @ & if and only if
ran ([ OO OF 1) Cran(0O% 05 — 1). (3.6)

(iii) DA o DE is a split Dirac structure on (F; ® F3) x (£ @ &) if and only
if the (non-equivalent) conditions BX) and BH) both hold.

Proof. Step 1. Observe first that by the definition of O4F we have

{el—rlfl] Edom(OAB)

€3 — 7“3f3

if and only if there exists some (composition) flow-effort pair [£] and cor-
responding scattering output

N1 I3
ety € ran (O*%),  such that f2 e D4, and /2 c D5,
ez +13f3 €1 €3

€2 €2

Analogously we have

er+rifi AB
[63+7“3f3} € ran (0O°7)
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if and only if there exists some (composition) flow-effort pair [gg] and cor-
responding scattering input

Ji f3
[el B Tlfl] € dom (O%),  such that f2 € D4, /2 € D5,
e3 — r3fs €1 €3

€9 €9

From the scattering representations ([B3)) of D and D¥ it follows that
an element (fy, f3, e1, e3) belongs to the composition D# o DF if and only if
there exist e; € & and fy € F; such that

e1 +rifi O Of 0 e1 —1fi
€9 + Tgfg = O?l Oé42 0 €9 — T2f2 (37)
€3 —+ 7”3f3 0 0 I €3 + 7’3f3
and
61—7’1f1 [ 0 0 61—7’1f1
€y — 7’2f2 = 0 02% 0233 ey + ’l“gfg . (38)
e3 + 73 f3 0 0z 0F e3 —13f3
By multiplication it follows that
e + Tlfl Oﬁ 014202% Oﬁ@% €1 — 7’1f1
€9 + ’l“gfg = 05‘1 O2A202% 05‘202% €9 + ’l“gfg . (39)
e3 + 13 f3 0 0% 0% e3 —13f3

We denote the 3 x 3 block operator matrix on & @ & @ & in (BY) by O
and remark that O as a product of two unitary operators is also unitary.
Pre-multiplication of (B3) with the adjoint of O yields

er—rifi 01A1* 0511* 0 er+rifi
€9 + T2f2 = 02%*0?2* 02%*05‘2* 0332* €9 + 7’2f2 . (310)
es — 13 f3 02%*0{‘2* 02%*0?2* (’)?%* es +13f3

Step 2. We verify assertion (i). Suppose first that dom (OAB ) =& @&
holds. This implies that for all [2:2%] € [2] there exist e; + r1f1 € &,
€y + T2f2,€2 — 7’2f2 € & and es + 7’3f3 S 83, such that (BE) and ([3:8) hold.
The second row of (BH) then implies that for all [2::;}2] € [& ] there exists
€o + T2f2 c 82 such that

e3 — 13 f3

(008 — I)(es +1rafs) = [ O ogo;;,}{el_ﬁfl}, (3.11)
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i.e., (B3) holds.

Assume now that (B) holds. Then for an arbitrary [Z;:gjﬁﬂ € [&],
choose es + 1o fo € & such that (BITl) holds and define es — rofs, €3 + 7r3f3
by BR) and e; + r1fi by B). We claim that then also the second row in

(B) holds. In fact, since OF is unitary, (B11) and ([EJ) yield

e1 —rif1
e+ 1rofy = [ 0 04508 0408 } ey + 1o fa
| €3 —13f3

[ I 0 0 e1 —rifi

- [ O3 0303 0303 } 0 O O €2 — Tafa

| 0 O O ez +13f3

61—7”1f1
:[0541 0542 O} ez — T2 fo
es +1r3fs

As (B70) and (B) both hold we have (fi, fs, €1, e3) € DA o D, and so any
choice of [2;::;}2] € [g] lies in the domain of OAB.

Step 3. In order to verify (ii) one has to study which [E;igg} € [g} lie in
the range of O4Z. Instead of (B) one makes use of (BI0) and obtains as

the counterpart of (BITI) that

~(OF 0% - Dt raf) = [0F0f o ]| TIE
The proof then continues with an argument similar to Step 2 above.
Step 4. We prove assertion (iii). As D? o D¥ is a Tellegen structure the
scattering operator O4% in () is a partial isometry. We have dom ((’)AB ) =
ran (O4F) = & @ & if and only if O4F is unitary. By Corollary this
holds if and only if D4 o D? is a Dirac structure. O

For the case OF = —I Theorem B2l can be found in [13]. In his thesis
Golo gives an example which shows the non-equivalence of conditions (BX)

and (B0 in Theorem B4
Remark 3.5. Trivially, D4 oD? is a Dirac structure on (F; @ F3) x (£, D E3)

. TEL L F 0
with rer = [ o TE,F3

(fg @fl) X (83 () 81) with reF = |:T53(]’]:3

} if and only if DB o D4 is a Dirac structure on

0
TEL,Fq

] . Swapping places of D4 and
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DB, ie. A < B and the indices 1 « 3, in Theorem B4 turns conditions
B3) and (B.d) into the respective equivalent conditions

ran ([ OR04, OF ]) C ran(05,03, — I) and
ran ([ O O OLr ]) C ran(O 0% — 1.

Let again D4 and D in (B be split Dirac structures and let O4 and
OF be corresponding scattering operators as in ([B3). Since O4 and OF are
unitary it follows, in particular, that 0%, OZ and O30 are contractive
operators on &, i.e., for instance ||Osheslle, < [lealle, for all ey € E;.

We formulate the following lemma for a general contraction T on the
Hilbert space E for simplicity of notation. Later we will apply the lemma
in the case T = 0508 and E = &, where the operators 0%, and OF, arise
from scattering representations of split Dirac structures.

Lemma 3.6. Let T' be a contraction on the Hilbert space E, and decompose
E into N
E = (ker(T — 1)) ®ker(T —1I). (3.12)

Denote the orthogonal projection in E onto (ker(T — I))* by P and the
canonical embedding of (ker(T —I))* into E by Z. Then the following holds:

(i) ker(T' — 1) = ker(T* — 1),
(ii) ran(T — 1) = (ker(T — 1)) = ran(T* — 1),

(ili) with respect to the decomposition (BIQ) we have

0 I

PTI 0
T‘{ 0 0

} and T — I — {P(T—I)Z 0]’

(iv) and P(T—1)Z is an injective operator on (ker(T—]))l with a (possibly

unbounded) inverse which we denote by (P(T — I)I)_l.

Proof. (i) Let e € ker(T'—1). Since T is a contraction we have ||T*|| = ||T]| <
1 and from T'e = e we obtain

0 < (T = Del* = IT"e* - (e, Te) — (Te,e) + |le||*
= [[Te]* - [le|* < 0.
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Therefore e € ker(T* — I). The converse inclusion in (i) follows by inter-
changing 7" and T™.

(ii) This assertion follows immediately from (i).

(iii) With respect to the decomposition ([BIZ) it is clear that

P(r-NDI 0

r=I= (I—P)T -1 0|

(3.13)

By the definition of P and claim (ii), ker(I —P) = ran(T — I) and therefore
(I —P)(T'—I)Z = 0. This gives the second statement in (iii) and then the
expression for 7" follows immediately.

(iv) The validity of this claim is obvious. O

From now on we always denote the orthogonal projection in & onto
(ker (05508 — 1))+ by P and the canonical embedding of (ker(O5%OF — 1))+
into & by 7.

In the next theorem we give a sufficient criterion for D4 o D? to be a
Dirac structure and an explicit expression for one of its scattering operators
OB in terms of the entries in the block matrix representations of ©4 and

OF in B3).

Theorem 3.7. Let D4 and DP be split Dirac structures with scattering op-
erators O4 and OF as in B3). Then the scattering operator O in (B2)
corresponding to the Tellegen structure DA o DP is

o _[ O 0808
0 (A
Of‘zog A B -1 A A B 314)
- 03 I(P((’)22(922 - I)I) P [ 051 03033 }
with domain given by

{{z;] €& @& |P[Os OSQO%}HQ} eran(Og‘z(Qf;_[)}.

Furthermore, if ran (05O, —1I) is closed, or equivalently, ran (0L O —
I) is closed, then DA o DP is a Dirac structure and the scattering operator
OAB s unitary.
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Proof. We first verify the representation (BI4l) of the scattering operator
OAB of the split Tellegen structure D4 o DE. For this decompose F = &
as in (1), with T = 05,08 and rewrite the block operator matrix O in
B3) with the help of Lemma B8 (iii) accordingly, in order to obtain

o4 OLOBT OLO0B(I-1) o808
G- PO, POLOET 0 POLOE
(I -P)Os 0 I (I —P)Os08
0 o1 OL(I - 1) oL

Since D# and D? are Dirac structures the operator O is unitary (see Step 1
in the proof of Theorem B4l) and therefore we have

(I —P)O;, =0, (I-P)Os5H05 =0, (3.15)
OLOB(I-T)=0 and OB(I-17)=0. (3.16)

Hence (B3) becomes

€1 + 7’1f1
Plea +1r2f2) _
(I —P)(e2 +raf2)
es+13fs (3.17)
0141 0142(92%1 0 014202% e1 —rfi
7305‘1 POZAZOQ%I 0 POZAZO% Ples + 12f2)
0 0 1 0 (I = P)(e2 + raf)
0 okt 0 0O es —13f3

and we obtain

Ples+1afo) = —(P(O{O5 —NI)'P[ 04 040% ] { et —rfi ] |

€3 — 7“3f3

whenever [Z;:gg] € dom (O4B). Substituting this back into ([EI7) we have
eliminated e, 47, f> and the representation of 042 follows without difficulties.

Next we will use Theorem B4 to show that D oD? is a Dirac structure if
the range of 05,08 — I is closed. By the closed range theorem, OF O — I
has closed range if and only if 0,08 — I has closed range. In that case

Lemma B.0 yields that

ran(040% — I) = ran(P(OH0L — 1T) = ker (0508 — 1))
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holds. As a consequence of (BIH) we have
van ([ 04 OAOL ) —ran ([ POA POAOLT)  (3.18)

and hence ran ([0 0%0Z8]) C ker((0408, — 1))+ = ran(0408, — 1), ie.,
condition (BH) in Theorem Bl holds. By taking adjoints in (BId), we obtain
that (I — P)OLrOs% =0 and (I — P)OEr = 0. Hence by Lemma B0,
ran ([ (’)2%*(9{‘2* (955* D = ran ([ 73(92%*(9142* 73(952* ])
C ker (005, — I))l = ran (0505 — 1),

so that also condition (B8) in Theorem B4 is satisfied. Therefore D4 o D
is a split Dirac structure on (F; @ F3) X (E1 ® &3). O

The following corollary highlights two useful consequences of Theorem

R

Corollary 3.8. Let D4 and D be split Dirac structures with scattering
operators 04 and OF respectively, as in (B3)). Then the following hold:

(i) If |04l < 1 or [|OF| < 1, then DA o D is a split Dirac structure;

(ii) If F5 x & is finite-dimensional, then D4 o DP is a split Dirac structure.

Proof. Assertion (i) holds since ||O%0Z || < 1 implies that 05408 — I is
boundedly invertible and, in particular, has closed range. Assertion (ii) fol-
lows from the fact that the range of the finite-rank operator O5OF — I is
closed. O

We now conclude the section with an example that illustrates how The-
orem B.7] can be applied. In the example, the Dirac structures are intercon-
nected through an infinite-dimensional channel. Note that this example uses
a complex bond space.

Example 3.9. We set & = F; = L?(0,00) & C, & = F, = L?*(0,00) and
&y = F3 = {0}, and we take r1, o and 73 equal to the identity. The first
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Dirac structure is defined as

Dt ={ Ui ferca) € (Lo 7) x (6106 |
€1 = (61,1> 61,a)> Ji= (f1,1, f1,6)>

0
e11 and ey absolutely continuous, and fi; = 8—62,
z
0
fo= Eel,b fl,a = 62(0)> €1,0 = 61,1(0)} . (3-19)

A slight adaptation of the argument in [19, Section 3] can be used to prove
that D4 is a Dirac structure. That D4 is a Dirac structure can also be seen
using Theorem by taking L = [a/%z 8/082}, G = [50 O] and K = [O 50],
where dy is the operator that evaluates its continuous argument function
at zero. We may see D? as the Dirac structure associated with the wave
equation on the half-line R*.

The second Dirac structure is given by

DB:{(f2,62)€f2X€2| f2:’é62}.

The unitary operator which maps the scattering variable e; — f5 into e; + fo
is for the Dirac structure D clearly

141 )
OB:Og:m:Z.

Thus it remains to determine the lower-right block O3, of O4. For this we
define the two operators

_ s _
e ] €11 — 5,
Al P = e11(0) —ex(0) | and (3.20)
€2 de11
) ) €2 — 0z 4
r e b [ 61,1 + %
B| | = e11(0) +e2(0) |,
€2 Oeq 1
ST | et

where we have used the splitting of e; as given in (BI9). From (ZI4) it
follows that 04 = BA~! is the scattering representation of D4 corresponding
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to G = &€ and r¢ g = I. We begin by calculating the inverse of A. For this

we introduce
91,1
e
A{l]z{gl]z ao | (3.21)
€2 g2
92

and since we are interested in the lower-right block of 04, we may take
g1 = 0. Combining (BZ1) with [B20) gives an ordinary differential equation
which we can solve for e. The solution is given by

1 [ 1 [?
() =5 [ e Tamar—3 [ g ar
z 0
10 =e1.(0) = ex(0)

1 [ 1 [*
es(2) 25/ e Tgo(T)dT + 5/ 6_(2_7)92(7') dr.
z 0

Letting B operate on this, we find

. [ e Tg(r)dr — [T e T gy(7) dr
N ﬁ)egx>w
foo g dT—l—f ) go (1) AT — ga(2)

By the definition of A and B, we know that this equals O [ } Concluding,
we find

(0han) (2) = / " e go(r) dr + /0 g (r) dr — go(2). (3.22)

The first two terms on the right-hand side of (B22)) can be combined into

Amh@waﬂdfszwﬂd,

where h(z,7) = e* " H(r—2)+e " H(z—7) and H denotes the Heaviside
step function, i.e., H(x) is one for positive x and zero otherwise. Since
h(z,7) = h(7, z) with values in R whenever z, 7 € R, we have that @ is self-
adjoint, see, e.g. [1H, Ex. II1.3.17]. This in turn implies that the spectrum
of i@ lies on the imaginary axis.

The operator 0,08 — I equals

(Q—1)i—1=iQ—(1+i)l,
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the point 1 + ¢ lies outside the spectrum of i(), and we conclude that the
range of 055 OF — I is the whole space L?(0,00). In particular, the range is
closed and Theorem B7 yields that D# o D? is a Dirac structure.

We finish this example by determining

Ji
D406 DB = { h } ‘ there exists f2 € D* and { —f } e DB
e1 €1 €2
€2

Using the definitions of D4 and DP, we find that an element (fi,e;) €
DA o DF satisfies

_[ha ) BT ]|
fr= [ fio ] B {628(0) ] B {ifza(o) ] B [ia?fl (0) ] '

DA o D" ={(fi,e1) e Fix & | e1 = (e11,€10), fr = (f11, fr0),

Thus

dey 1 ) D%y
e11 and are absolutely continuous, fi; =1 >
0z 0z
86171

fio=1 (0), and e1 9 = 6171(0)} )

0z

This is the Dirac structure associated with the Schrédinger equation/operator
with zero potential on the half-line R*; see [21|, Sect. 7.5.2].

If we were working on a compact subinterval of R in Example B9 instead
of [0,00), then the unitary operator O would be a Fredholm operator, and
so the closedness of the range of 020 — I would be immediate.

4. Dirac structures defined by boundary colligations

In this section we introduce a class of Dirac structures to which, e.g.,
the Dirac structure D4 in Example and the examples in the introduction
belong. The Dirac structures studied here are obtained from operator colli-
gations associated with boundary control. They can alternatively be viewed
as unitary operators with respect to a particular indefinite structure. This
point of view and the connection to abstract notions from extension theory of
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symmetric operators, as, e.g., boundary triplets and the more general recent
concept of boundary relations, is explained after Proposition EEH.

The following definition is compiled from Definitions 2.1 and 4.4, and the
introduction to Section 5 in [2(]. See also 2] for similar ideas.

Definition 4.1. Let U, X and Y be Hilbert spaces, and let G, L, and K be
linear operators, with common domain dom(Z) C X, that map into U, X,
and Y, respectively.

1. The pair ([1%;] , [%]) is called an operator colligation or colligation.

2. The colligation is said to be strong if = := [g} and L are both closed
operators (with domain dom(L) = dom (Z)).
3. The minimal (interior) operator of Z is defined as
Lo := L|{zedom (L) | K2=0, Gz=0} -
We will often call = the colligation, when the spaces are clear.

Now we want to associate a Dirac structure D to a colligation. Therefore
we assume that the Hilbert spaces U and Y have the same cardinality, and
we fix a unitary map ryy between U and Y. Furthermore, we introduce the
effort and flow spaces as

E=XaeU and F:=XaY, (4.1)

respectively. As our unitary mapping from & to F we take

rg,fzz{é X } (4.2)

—Tuy

Observe that according to (Z2) the indefinite power product on the bond
space B = F x £ is then given by

<1 <2
ii ) zi = (Zl,932>X—<y1,TU,YU2>Y+<I1>22>X—<U1,7“ayy2>U> (4.3)
Ui U2

B

where x1, 21,292,290 € X, y1,y2 € Y and uy,us € U. Let <[[€J , [%]) be a

colligation defined on dom(=) as given in Definition L1l In the following we
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study the space D defined by
L
D= | N ldm@ cFxe=(Xeov)x(XaU). (@4
G

We find necessary and sufficient criteria for the operators L, K, and G for D
to be a Dirac structure on B = F x &€ with respect to rg r in (EZJ).

First, however, we give a characterisation of Tellegen structures defined
by colligations. The proof follows directly from Lemma EZH, and it is left to
the reader.

Proposition 4.2. Let the bond space B = F x £ with its power product
be as in (@1l - ([E3)), and let D be defined by (4). Then D is a Tellegen
structure on B if and only if

Re(Lz,x)x = Re(Kz,ryyGr)y, =z € dom(Z). (4.5)

We now characterise a class of Dirac structures originating from colliga-
tions. Since the graph of the colligation = and the linear subspace D in (B4
are unitarily equivalent the following result gives, roughly speaking, neces-
sary and sufficient conditions for the graph of a colligation to be a Dirac
structure.

Theorem 4.3. Let the bond space B = F x € with its power product be as
in (1) - @3), let D be defined as in {Z4), and assume that the operator
L is closed. Then D is a Dirac structure on B if and only if the following
conditions hold:

1. Equation [-3) is satisfied.
2. The minimal operator Ly is densely defined and it satisfies Ly = —L.
3. The range of the operator [¢] is dense in U @Y .

Proof. Assume first that D in ([Z4) is a Dirac structure. Then, in particular,
D is a Tellegen structure and hence (1) is satisfied. Next it will be shown that
dom (Z) is dense. Let z € X be such that (z,x;) = 0 for all ; € dom(Z).

Then
LZL’l
K.ﬁ(]l

0= <$172>X = ) )

Gl’l

O O O W

B

26



for all z; € dom(Z). Thus (z, 0, 0, 0) € DM, and since D is a Dirac struc-
ture, we conclude that (z, 0, 0, 0) € D. In particular, z = L0 = 0 and
hence dom () = dom (L) is dense. In particular, the (possibly unbounded)
adjoint L* of L is well-defined. An element x5 € X lies in dom(L*) if and
only if there exists some zo € X such that for all x; € dom(L) we have
<LZL’1,[L’2>X = <£L’1, Z2>X> that iS,

LLUl —Z29
0= (Lxy,z2)x + (r1,—22)x = K:);xl , g? for all z; € dom(L).
1 2
GZL’l 0

B

Since dom(L) = dom(Z), we see that (—z, 0, 23, 0) € D, Using the fact
that D is a Dirac structure, we conclude that xo € dom(Z), Lxy = —zy,
and Gy = Kxo = 0. Thus xs € dom(Lg) and Lozy = —z9 = —L*xs,
ie., L* C —Ly. By reading the above reasoning backwards, we see that if
x9 € dom(Lyg), then zo € dom(L*) and Lory = —L*xy. Hence L* = —L,
and since L is a closed operator we conclude L = —Lj, i.e., (2) holds. In
order show (3) suppose that (u,y) € U @Y is orthogonal to ran ([¢]). This
implies

Ll’l 0

K, , oyt =0 forall z; € dom(Z)
T 0

Gy vy 1] g

and hence (0, ryyu, 0, r;yy) € DI, Since D is a Dirac structure we con-
clude that r{;yy = GO =0, and ryyu = K0 = 0, and hence u = 0, y = 0.

Let us now prove the converse direction. Condition (1) and Proposi-
tion imply D C DM and so we only have to show DH € D. For this let
(22, Y2, Ta, up) € DM, For any z; € dom(Ly), we see that

L.ﬁ(fl Z9
0
0= $1 ; iz = (Lox1,T2)x + (@1, 22) x.-
0 (%) B
This implies 5 € dom(L§) and Ljzy = —=zp. Hence by item 2 we have

x9 € dom(Z) = dom (L) and Lzy = 25. Now let x; € dom(Z) be arbitrary.
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Since (za, ya, T2, uz) € D and D is a Tellegen structure we can compute

L.ﬁ(fl Z9 L.ﬁ(fl LSL’Q

0 — K, Y2 _ || K= Y2
T ’ i) T ’ T

GZL’l U9 GZL’l U9

B B
= <LCE1, 932>X + (931, L!L"2>X - (TU,YG$1>y2>Y - <K931>7’U,YU2>Y
(royGey, Kxo)y + (Kzy, 10y Gra)y

—(royGry, yo)y — (Koy, ryyus)y
= (ruyGry, (Kzg — 32))y + (Kxy, ryy (Grg — ug))y.

Using the denseness of the range of [ %], we conclude uy = Gag, yo = Ky
and hence (23, Yo, Ta, ug) = (Lo, Ky, 9, Gy) € D. d

We note that the minimal operator Ly in Theorem is skew-symmetric,
ie., Ly C L = —L§ and that in the proof of Theorem we have shown
L* = —Lg, even when L is not closed and not even closable. We also mention
that strong colligations whose graph form a Dirac structure are the same as
so-called impedance conservative internally well-posed boundary nodes; cf.
[20, Theorem 5.2].

Remark 4.4. If = is a colligation and D in (f4) is a Dirac structure, then =
must be a closed operator. It thus follows from assumptions 1 -3 in Theorem
that D is closed. Hence, if D is a Dirac structure and L is closed, then
the colligation = is automatically strong. According to [20, Lemma 4.5] this
holds if and only if L is closed and G and K are continuous with respect to
the graph norm of L.

Condition (3) in Theorem can be strengthened. This is done in the
following result which is inspired by [7, Proposition 2.3]. The result can also
be deduced from [23]. For the convenience of the reader we give a short direct
proof.

Proposition 4.5. Let the bond space B = F x £ and its power product

be as in (1) - (E3), and assume that D in () is a Dirac structure on
B =F®E. Then the operator L is closed if and only if the operator [ ¢] has
closed range.
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Proof. Let M C X & X @& U &Y be the subspace

M = dom(Z).

N~

Since D is a Dirac structure, and thus a closed linear subspace, we have that
M is a closed linear subspace. As N we define X & X @& {0} & {0}. The
following relation is immediate:

M+N:X@X@ran<{g]). (4.6)

Next we calculate M*. Let (2, z, u, y) € M*, then for all z; € dom(Z)

i Lxl

—TryyU Kz

0= (2, Lay)x + (v, 21)x + (u, Gr1)y + (y, Ko1)y = Z’Y ; :)311
—ToyY Gy 5

Thus (v, —ryyu, 2, —r5yYy) € DM and since D is assumed to be a Dirac
structure this element belongs to D. By the definition of D this implies that
r =Lz, —ryyu= Kz, and —rf;yy = Gz. So we find that

I

L
iy K
—’I’U,yG

Mt C

dom(Z).

The other inclusion is shown similarly. Since N+ = {0} @ {0} U DY, we
find that

Mi+Ni=ran<[£D@U@Y. (4.7)

By Theorem IV.4.8 of [14] we have that M + N is closed if and only if
M+ + N2+ is closed. Using ([EH) and [E7) we see that this implies that

ran ([ ¢]) is closed if and only if ran ([1]) is closed. The latter is closed if
and only if L is a closed operator. O
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Next we will explain how Dirac structures defined by colligations are
related to linear operators which are unitary with respect to certain Krein
space inner products. The following (more abstract) considerations are of
auxiliary nature and will not be used further in the present paper.

Let = be a colligation as in Definition 1l and let D be as in (). We
associate to D a linear mapping ® from X x X into U x U which is defined
on the graph of the operator —iL by

x Gx
D:XxXDdom(®) —-U xU, [—iLx] — {—irayK:ﬂ} . (4.8)

Observe that ® is a well defined linear operator mapping a closed subspace
of X x X into U x U. The space X x X will be equipped with the Krein
space inner product

Hxl] ) [Zlﬂ = i(<$2721>x - ($1,Z2>X), Ty, 9,21, 22 € X,
XxX

) 22
and the Krein space inner product [+, -]Jyxy on U x U is defined in the same
way. The adjoint D of ® with respect to (X x X, [, ]xxx) and (U x
U, [, ]Juxu) is defined in the sense of linear relations:

o= ([ D (L] ]
o (BRI

where the equality of the indefinite inner products holds for all z € dom (Z).

The operator ® is said to be isometric (unitary) with respect to the inner
products [, ]xxx and [, ]pxy if D71 C DF (D71 = DI respectively),
where ©~! denotes the inverse of ® in the sense of linear relations. The
next proposition which connects Dirac and Tellegen structures defined by
colligations with isometric and unitary operators acting between the Krein
spaces (X X X, [, ]xxx) and (U x U, |-, -]uxy) is now immediate.

Proposition 4.6. Let =, D and ® be as above. Then the following holds:

1. D is a Tellegen structure if and only if ®~! ¢ DM and
2. D is a Dirac structure if and only if ©~! = DM,
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The fact that Dirac structures defined by colligations can be regarded as
unitary operators in Krein spaces also provides a direct connection to the
concepts of boundary triplets, generalised boundary triplets, quasi boundary
triplets and boundary relations used in the extension theory of symmetric
operators; cf. [3, 4, € 19, [10, [14]. With the help of these connections also
Theorem can be proved. Without going into further details on boundary
relations we mention for completeness that by Proposition EEf (ii) the oper-
ator ® in (L) is a boundary relation for —iL if and only if D in @) is a
Dirac structure.

For brevity we only recall here the notion of boundary triplets, i.e., single-
valued boundary relations, and we point out only a few facts that are of
interest to us.

Let A be a densely defined, closed and symmetric operator in the Hilbert
space X. A triplet (G,T,I'1) is said to be a boundary triplet or boundary
value space for the adjoint operator A*, if G is a Hilbert space and I'g, I'; :
dom (A*) — G are linear mappings such that the abstract Green’s identity

(A, 2)x — (v, A"2)x = (['12,To2)g — (Doz, ['12)g

holds for all x, z € dom (A*) and the mapping [Eﬂ sdom (A*) - GG is
surjective.

It can be shown that a boundary triplet for A* exists if and only if
the symmetric operator A has equal (possibly infinite) deficiency indices
ni(A) := dim (ker(A F1¢)). Then necessarily dim(G) = ny(A) holds and
'y and I'; are continuous with respect to the graph norm of A*. We note
that a boundary triplet (if it exists) is never unique. Furthermore, it follows
that

dom (A) = {z € dom (A") | gz = I'1x = 0}

and hence A = A*|ker(ro)rker(ry)- The following result is a consequence of
(X)) and Proposition ELG

Theorem 4.7. Let A be a densely defined closed symmetric operator in X
with equal deficiency indices and let (U,Tg, 1) be a boundary triplet for A*.
Then the subspace D in ([E4l) associated with the strong colligation



is a Dirac structure of the type described in Theorem [.3

Conversely, if L is a closed operator in X and D s a Dirac structure
as in Theorem [[.3, then iLq is a densely defined closed symmetric operator
with equal deficiency indices ns(ilo) = dim(U) and (U, G, —ir;y K) is a
boundary triplet for —ilL.

Finally we consider Dirac structures associated to colligations which are
not necessarily strong. In particular, the operator L is not assumed to be
closed. Instead of the minimal operator Ly we now make use of the restric-
tions

Lix = Ll{zedom(n)|ka=0y and Lg = L|{zcdom(L)|Gz=0}
of the operator L.

The following two propositions can be deduced from Proposition to-
gether with abstract results on special subclasses of boundary relations in [,
Sect. 5], and the results can also be proved directly. Since these results are
not used further in this paper we leave the proofs to the reader.

Proposition 4.8. Let the bond space B = F x £ with its power product be
as in () - E3), let D in (@A) be a Tellegen structure, and assume that the
operators Lx and Lg are densely defined. Then the following claims hold:
1. Lg C —L;( and Lg C —LE
2. If the closure Ly of the operator Ly satisfies Ly = — L% and ran(K) =
Y, then D is a Dirac structure on B.
3. If Lg = — L and ran(G) = U, then D is a Dirac structure on B.

We now finish this section with a partial converse to Proposition

Proposition 4.9. Let the bond space B = F x £ with its power product be
as in (1)) - @3), let D in (@A) be a Dirac structure on B, and assume that
L is a closed operator. Then we have that

Lix=—-L) and Lg=—-Lg.

In particular, Ly and Lg are closed.
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5. Composition of boundary colligation Dirac structures

In Section @l we studied Dirac structures associated with strong colliga-
tions and in this section we study the composition of two of these Dirac
structures. When we study this composition it is good to recall what the
meaning of the different operators in a colligation are.

From our examples in the introduction, we see that Z is normally an
operator acting on functions defined on some spatial domain €2. In this
situation, the action of L results in another function defined on the same
spatial domain €2, whereas G' and K are maps to functions defined on the
boundary of €.

In this section, we assume that the composition is made only via a part
of the boundary 0 of €2, as depicted in Figure Bl Thus, Example is not
covered by the theory in this section. In the figure, the domain on which
D4 is defined is Q4 with boundary 9;' U ., while the domain, on which D?
is defined, is QF with boundary dF U d,. The composition D4 o D is then
defined on Q4 U QP U, with boundary d{* U 9.

=y ~
-7 1 \
// \ QB \
\ |
| \ /
\\ \ //
N \ /
\\ \ ( aB
N \ \ b
8A \ \ \
b | \ AN
// \ \\
/ \ Ce \
[ ! !
\ \ /
\ A___~
N -

Figure 3: Composition of Dirac structures from the perspective of the associated bound-
aries

Let j € {A, B}, let U/, X7, and Y7 be Hilbert spaces and assume that U’
and Y7 split into U7 = U} @U. and Y7 = Y/ @Y,. Let G, I/, and K7 be linear
operators with common domain dom (Z7) dense in X7 that map into U7, X7,
and Y7, respectively. Split G7 and K7 according to the decomposition of U’

and Y7 into ; ;
G = [g?} and K’ = {gﬂ ) (5.1)
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respectively. Furthermore, assume that there exist unitary operators

Vi i 0 U’ Y/ .
w5 & ][5 2-an

Thus we obtain the colligations

G
Gl
== | L
Ky
Kl

, J=AD0B (5.2)

defined on the dense subspaces dom (Z7) of X7.

This leads naturally to the following set-up for split Dirac structures, see
Definition Bl and formula ([@4]): Let

eg=ul. 7=1¥] &=v. =Y., j=AB

let B/ :== FI ® Fy x £ @ &,, and define the subspace D’ C B’ by

—
i
K}

[.
Gy
|G

dom (=), j=A,B. (5.3)

Following Definition B2 we have that the composition of Tellegen or
Dirac structures D4 and D is done via f;! = —f2 and e3 = el. Hence if
DA and DP in ([E3) are Tellegen structures this becomes

KAz + KP2P =0 and G424 = GBa® (5.4)

for 4 € dom (24) and 27 € dom (Z®). Let us now introduce the subspace

dom (E48) = {Bﬁ} | 27 € dom (Z7) and (52 holds} (5.5)
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of X4 @ XPB, the operators

GAB _ [ Gl‘? 0 - dom (:*AB) N UA D UB
- 0 GbB . — b b
LAB o i LA 0 :| - dom (’:AB) N XA D XB
- 0 LB . — )

- KA ~
KAP = Ob I?l? ] :dom (%) - v o VP

GAB
and the colligation 248 = |:LAB } .
KAB

Proposition 5.1. If the colligations =4 and =P are strong, then the col-
ligation 24P is strong. Furthermore, if D4 and DP in (E3) are Tellegen

structures, then
LAB

KAB
1
GAB

is a Tellegen structure associated with the colligation =
{XA - XB} {XA ¢ X5

DAoDE = dom (%) (5.6)

4B on the bond space

} , with power product given by

YVAevp U@ UP
Ixa 0 0 0
0 Iys 0 0
TEFE100 0 —rpaya 0 (5.7)
0 0 0" —rysys

Proof. By Proposition B3 we know that D4 o D? is a Tellegen structure and
with the help of Definition one easily verifies that D4 o DB is given by
B0).

We check that LAP is closed. Let z, := (z2, %) € dom (24P) be a
converging sequence in X4 @ X7 such that LAz, converges to some z :=
(24, 2B). By the definition of LA it is clear that L4z and LZx2 are both
converging sequences. Since L* and L? are (by assumption) closed operators,

we conclude that

= lim 22 € dom (%), 2% := lim 2% € dom (2

n—oo n—oo

By, (5.8)
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and

B

= lim L% and 2% = lim %7 (5.9)

Thus if we can show that (24, 2%) € dom (247), then we have shown that
LAB is a closed operator. Since the colligation =4 is strong, we conclude
from Lemma 4.5 of [20] that the operators K4 and G* in (&) are bounded
with respect to the graph norm of LA. Combining this with (&X) and (E£3),
we find lim, K422 = KA2z4 and lim,, G2zt = G2, Similarly, we obtain
that lim, KBz8 = KPxP and lim, GB2B = GBzB. In particular, since
(z#, 2B) € dom (24P) this implies that
K2zt + KP2P = lim (K22 + KP25) =0,

n—oo

GAz? — QBB = hm (GA A Gfxf) = 0.

Thus = = (24, 2P) € dom (24P) and LBz = 2, i.e. LAP is closed.

The closedness of =47 follows from the closedness of LAZ, the bounded-
ness of G4 and K4P with respect to the graph norm, and Lemma 4.5 of
[20]. O

Based on Theorem B3 and Propositions EZH and [E0l we show that DAoD?
is a Dirac structure if D4 and D? are Dirac structures.

Theorem 5.2. Assume that the colligations Z4 and =P defined by (&A) are
strong and that D and DP in [Z3) are Dirac structures. Then D4 o DB
in (B8) is a Dirac structure with ([B1), which is associated with the strong
colligation =4B.

Proof. By Propositionsbland EE2 we conclude that the first item of Theorem
holds.

It follows from Theorem E3l and Proposition B3 that the operators [[G{ﬂ
and [[G(};} are surjective. Now it is easy to see that [ Kiﬁ} is surjective and
hence item 3 of Theorem E.3 is satisfied.

It remains to show that the minimal operator

57 = BN o3 eaom w0y a5 23 o, 1000 23] -0}
of the colligation =48 is densely defined and has the property (L{Z)* =
—LAB . Therefore we recall the minimal operators of Z4 and =

A__TA
LO - L |{SCAEdOm (L‘A)‘I{ASCA:O7 GAZ'A:O}7

B _ 1B
LO =L |{wB€dom(LB)\KBmBZO,GBwB=O}'
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If we restrict the operator L' to dom (L) @ dom (LE), then we obtain that

Ly 0 4B

Since Lj and LE are densely defined, we see that this implies that L{'P is
densely defined. Furthermore, this relation implies that

(LiB)" [ (Lg)* (L%)* ] - [ _gA _OLB } , (5.10)

where we have used Theorem for L4 and L?. In particular, we have that

dom ((LOAB)*) C dom (E4) @ dom (ZP). (5.11)

Let us verify the inclusion (L{?)* € —LAP. For [Z!] € dom ((L{?)") and
[2:] € dom (L{'B), we find by (E10) that

(2] [, (25 BIED

Combining (fH) and Lemma B3 for LA and L?, we find that
=[BRS B[R]
T Ty |/ xagxs L2 0 L T2 ]/ xasxs
(L5 ][22
N 0 LP To |7 T2 ]/ yagyxe
+<'“} [” OH‘W
w2 7L 0 LP [ % |/ auxs

_|_
/\
_ —_

&

=

d

hS

~

hS
1

QQ
ﬁh> ;>\/
—_
\/
~
hS

+

+< ]“ {G”B]f>
_KCB 2, 'UBYY GCB ZYB

= <7°UC,YCG24931> K2493"1>Yc + <K245171, TUC,YCfol>YC
+ (v, v. Gl ms, Kff2>yc + <KfI2,TUC,YCG§f2>YC ,
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where we have used that [7}] € dom (L{'®). Using the composition rela-
tions (E), we find that for [2!] € dom ((Lg'#)") and [51] € dom (Li'?) the
relation

0= (ro,v.Giley, Koy + KP&o)y, + (rvou Koo, Gl — GPas),  (5.12)

GA
A KA
[[G{CA} restricted to dom (L{'?) is surjective. Combining this with ([EI2), we

conclude

holds. Since the operators [ } and [gﬁ} are surjective, it follows that

KA + KP#y =0 and G472, = GPi,,

and hence

m € dom (A7) = dom (LAB) and LA m — (LB M .

X2 X2 T

Therefore (L{?)* € —LA8. 1f [2!] € dom (LP), then we can read the above
equation backwards, and we find that [ﬁﬂ € dom ((Lg‘B )*) In other words,
the domains are the same. By equation (EI0) we see that item 2 of Theorem

holds and therefore D4 o D is a Dirac structure. O

Theorem 5.2 also follows from [8§, Thm 2.10(iv)] with the appropriate
identifications.
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