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Abstract

In general it is a non-trivial task to determine the adjoint S* of an
unbounded symmetric operator S in a Hilbert or Krein space. We pro-
pose a method to specify S* explicitly which makes use of two boundary
mappings that satisfy an abstract Green’s identity, a surjectivity condi-
tion and give rise to a self-adjoint extension of S. We show for various
concrete examples how convenient and easily applicable this technique is.
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1 Introduction

Let S be a densely defined unbounded linear operator in a Hilbert space (H, (-, -))
and suppose that S is symmetric, i.e. (Sf,g) = (f,Sg) for all f,g € dom S, or,
equivalently, the adjoint operator S* is an extension of S. For many investiga-
tions, e.g. for the description of the self-adjoint extensions of S and their spectral
properties, it is necessary to determine the adjoint operator S*. Within the clas-
sical extension theory due to J. von Neumann [27] this is possible in an implicit
way in terms of deficiency elements, but apart from just using the definition
there exists no general technique to compute the domain dom S* of the adjoint
operator explicitly and to specify the action of S* on elements f € dom S* which
do not belong to the domain of the symmetric operator S.

In this paper we propose an abstract method to verify that a given operator
is the adjoint of a symmetric operator, and in various examples we show how
convenient this technique is. We illustrate the approach for the well-known case
of a Sturm-Liouville operator on a finite interval. Suppose that ¢ € L'(a,b)
is a real-valued function, let ¢(f) := —f"” + ¢f and denote by Dyax the linear
space of absolutely continuous functions f € L?(a,b) with absolutely continuous
derivatives f’ such that £(f) also belongs to L?(a,b). The maximal operator
Smax f = £(f) is defined for all f € Dyax and the minimal operator is defined
as

Swmin f = (f), domSnin = {f € Dmax : f(a) = f'(a) = f(b) = f'(b) = 0}.

Integration by parts shows that Sp, is a symmetric operator in the Hilbert
space (L?(a,b),(-,-)) and that the maximal operator Spa.x is a restriction of

vin- The fact that Spmax coincides with S} is much more difficult to verify
and requires a deeper analysis. According to our main result Theorem 2.3 and
Corollary 2.5 the following suffices to prove Spa.x = S%. : find two boundary

min *

mappings [y and I'; mapping Dy« into some suitable boundary Hilbert space
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(G, (+,+)) such that

(Smax [, 9) — (f, Smax 9) = (T'1f,Tog) — (Tof,T19) (1.1)

holds for all f,g € Duax, the map (Io,T'1)" : Dyax — G @® G is onto and the
restriction of Spax to ker I'g contains (and then automatically coincides with) a
self-adjoint operator. By computing the left-hand side in (1.1) it is easy to read

off that
e (). ()

is a possible choice. Indeed, the identity (1.1) and the surjectivity condition
are obviously satisfied and so it remains to check that the boundary conditions
f(a) = f(b) = 0 determine a self-adjoint differential operator. This can be
seen elementary by checking that for all ¢ € L?(a,b) and some A\p € C* the
differential equation ¢(f) — AL f = g has a solution f € Dy.x which satisfies
fla) = f(b) =0.

Sometimes one does not start with a symmetric operator but with some
maximal operator T and poses the question whether T is the adjoint of a sym-
metric operator. Theorem 2.3 can be used to answer this question affirmatively
and to find this symmetric operator using boundary mappings. We emphasize
that T' is not assumed to be closed and that the boundary mappings are not as-
sumed to be bounded with respect to the graph norm of T', but both properties
follow from the statement. The method proposed in Theorem 2.3 is inspired by
the theory of isometric and unitary operators between indefinite inner product
spaces (see, e.g. [5, 13, 31]) and the concept of boundary triples used in exten-
sion theory of symmetric operators, cf. [12, 14, 17]. Very roughly speaking, we
trace back the problem to determine the adjoint to the much easier problem
to check self-adjointness. There are many abstract and concrete results about
self-adjointness in the literature but hardly any that show that an operator is
the adjoint of a symmetric operator.

The paper is organized as follows. Section 2 contains the main result on the
adjoint of a symmetric operator (Theorem 2.3). Since we also want to cover
the case of non-densely defined symmetric operators, we formulate the results
in the more general language of linear relations (the operator case is formulated
in Corollary 2.5). Moreover, we allow the linear relation to act in a Krein space
rather than a Hilbert space; a Krein space is a space with an indefinite inner
product which is the direct and orthogonal sum of a Hilbert and an anti-Hilbert
space. In a couple of remarks at the end of Section 2 various alternative sufficient
conditions for the applicability of Theorem 2.3 and Corollary 2.5 are given. In
Section 3 we apply this technique to various problems. First we consider as a
simple well known example a Sturm—Liouville differential expression which is
regular or in the limit circle case at both end-points. As a trickier problem
we investigate a block operator matrix with first and second order differential
expressions as entries in Section 3.2. Such type of block operator matrices have
been considered from a different point of view in many papers, cf. [1, 21, 22].
The case of a uniformly elliptic second order differential expression (with an
indefinite weight function) on a bounded domain is treated in Section 3.3 in a
similar way as in [9, 18, 28]. Our last example on multiplication operators in
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L?-spaces is more abstract and is connected with functional models for operator-
valued Nevanlinna or Riesz—Herglotz functions, see [6, 15, 26]. We note that
here the symmetric operator is in general non-densely defined.

2 Main theorem

Let H be a Hilbert or Krein space with inner product (-, -) and equip the space
H? = H & H with the usual inner product (-,-)x2. In the case that (H, (-,-)) is
a Krein space, all topological notions in H and H? are understood with respect
to some Hilbert space norm || - || such that (-,-) is || - ||-continuous. By L(H) we
denote the set of bounded linear operators defined on H.. In the following we
will frequently make use of an indefinite inner product [-, ;.2 on H? defined by

|[fa g]l H2 = <\7’Hf’g>H27 jH = <Z?H _iOIH> ; fag € Hz; (21)

or explicitly:

[ ()], ==t (). () e

Observe that [-, -], is an indefinite inner product also in the case when (H, (-, -))
is a Hilbert space.

In this note we study linear operators and, more generally, linear relations
in the space H, see, e.g. [4, 16]. Recall that a linear relation in H is a linear
subspace of H? and that a linear operator can always be identified with a linear
relation via its graph. The elements of a linear relation 7' are pairs denoted
by f = {f;f'} € T. A linear relation T is said to be closed if T is closed as
a subspace of H2. The domain, kernel, range and multivalued part of a linear
relation T in H are defined as

domT ={feH:3f st. {f; f'} €T}, kerT ={feH:{f;0} €T},
ranT ={f eH:Ifst. {f;f'YeT}, mulT={feH:{0;f}eT}

respectively. Obviously, a linear relation T is (the graph of) an operator if and
only if mulT = {0}. The inverse of a linear relation T is defined as

T ={fsfy:{f;fyeT}h

note that ran7 = domT~! and mulT = ker ! hold.
Let T be a closed linear relation in H. A point A € C belongs to the resolvent
set p(T) if

(T =N ={{f =M} A 'y eT}

is an everywhere defined bounded operator. The spectrum o(T) is the com-
plement of p(T) in C. It is not difficult to check that for A € C such that
ker(T' — X) = {0} the identity

T={{(T-X""h;(Iyy + N(T —X)""h}: h € ran (T — \)} (2.2)
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holds. The adjoint T™* of a linear relation T in H is defined as the orthogonal
companion of T with respect to [-, ], i.e.

T =T = {f e H*: [f,4],, =0forall T} (2.3)
= {5y eH: ([ 9)=(f.g) forall {g;g'} € T}.

Here the symbol * is also used for the adjoint in the case when (H,(-,-)) is a
Krein space. It is easy to see that (2.3) generalizes the usual definition of the
adjoint of a densely defined operator. Observe that the adjoint 7™ is a closed
linear relation in H. A linear relation T is called symmetric (self-adjoint) if
T C T* (T = T*, respectively). We note that for a self-adjoint relation T'
the spectrum o(T') is symmetric with respect to the real line. If (M, (-,-)) is a
Hilbert space, then o(T) is real.

Next the notion of boundary triples will be recalled; see, e.g. [11, 12, 14, 15,
17, 20, 25]. This concept is nowadays very popular in extension and spectral
theory of symmetric and self-adjoint operators since a boundary triple can be
used to describe all closed extensions of a symmetric operator which are restric-
tions of the adjoint, in particular, all self-adjoint extensions. Besides the inner
product [-,-],» we make use of a second indefinite inner product [-,-]g> on G*
defined as in (2.1), where G is a Hilbert space.

Definition 2.1. Let S be a closed symmetric relation in H. We say that
(G,T9,T'1) is a boundary triple for S* if (G, (+,)) is a Hilbert space and T'y,T';:
S* — G are linear mappings such that I' := (?‘f) 18" — G DG is surjective, and
the relation

[f.4],. = [TF.Tg] (24)

holds for all f,§ € S*.

If S is a closed symmetric relation in H, then a boundary triple (G,T",T'1)
for S* exists if and only if S admits self-adjoint extensions in H. We note that
a boundary triple for S* is not unique. If (G,T,T'1) is a boundary triple for
S*, then I' = ([, T) " : * — G2 is continuous with respect to the graph norm
of S* and the mapping

0 Ag :=ker(I'y — OLy) = {f € §*: Tf = {[of;T1f} €0} =T71(O)

establishes a bijective correspondence between the closed linear relations © in
G and the closed extensions Ag C S* of S; see, e.g. [14, 15, 17]. If mul © # {0},
then the expression I'y —OT'( has to be interpreted in the sense of linear relations,
i.e.

Iy —OLg={{f;il1f—y}: feS {Tofiy} €O}

It is important to note that the identity Ag = Ae- holds. This implies that Ag
is a closed symmetric (self-adjoint) extension of S if and only if © is a closed
symmetric (self-adjoint, respectively) relation in G.

Remark 2.2. In many applications the closed symmetric relation S is a densely
defined symmetric operator. Then S* is also an operator and it is more natural
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to define the boundary mappings on dom S* instead of (the graph of) S*. More
precisely, if (G,To,T'1) is a boundary triple for S*, then for f € dom S* and
f=Af;5*f} we write I; f instead of I'; f, ¢ = 0,1. Then (2.4) turns into

(S*f.9) = (f,5%g) = (T1f,Tog) — (Tof.T19), f,g9 € dom S™. (2.5)

Relation (2.5) is sometimes called abstract Green’s identity or abstract Lagrange
identity. Later this terminology will become clearer.

The following theorem is the main result of this note. It provides a method
to determine the adjoint of a symmetric operator or relation. The idea is based
on the theory of isometric and unitary operators in Krein spaces and the concept
of boundary triplets, cf. [5, 12, 13, 31].

Theorem 2.3. Let T be a linear relation in the Hilbert or Krein space (H, (-, +))
and let (G, (+,-)) be a Hilbert space. Assume that T = (?‘1’) T - G®Gisa
linear mapping such that the following conditions are satisfied:

(i) there exists a symmetric relation © in G such that
ker(I'y —OTg) = {f € T:Tf = {[of;T1f} € ©}
contains a self-adjoint relation A in (H,{-,-)),
(ii) ranI' =G P G,
(iii) [f, 9], =[T/.Tg] g for all f,.geT.

Then S := ker[' is a closed symmetric relation in H such that S* = T and
(G,T0,T1) is a boundary triple for S*. Furthermore, © is a self-adjoint relation
in G and A = ker(T'y — OTy) = Ao holds.

Remark 2.4. We point out that in the assumptions of Theorem 2.3, T is not
assumed to be closed and that the boundary mappings are not assumed to be
continuous with respect to the graph norm of T. It is part of the conclusion
that T is closed and I' is bounded. For the applicability of the method it is
essential that closedness of T and boundedness of " do not have to be checked,
see the examples in Section 3.

If T is a linear operator and the mappings I'g, I'; are defined on dom 7" instead
of T (cf. Remark 2.2), then Theorem 2.3 reduces to the following corollary, which
in the Hilbert space case, under the additional assumption that T is closed,
coincides with [12, Theorem 1.13].

Corollary 2.5. Let T be a linear operator in the Hilbert or Krein space (H, (-, "))
and let (G, (+,-)) be a Hilbert space. Assume that T = (g?) cdomT — G®G is
a linear mapping such that the following conditions are satisfied:

(i) there exists a symmetric relation © in G such that
T lker(Ty —OLg) =T | {f €domT : T'f ={Tof;T1f} € ©}
has a self-adjoint restriction A in (H, (-,-)),
(ii) ranT =G @ G,
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(111) <va g> - <f7 Tg> = (Flfv Fog) - (Fof,l—HQ) fO’f' all fag € domT.

Then S :=T | kerI" is a densely defined closed symmetric operator in ‘H such
that S* =T and (G,T0,T'1) is a boundary triple for S*. Furthermore, © is a
self-adjoint relation in G and A =T | ker(T'; — OTy) = Ag holds.

Proof of Theorem 2.3. The symmetric relation © can be extended to a maximal
symmetric relation © in G, i.e. © is symmetric and i € p(©) or —i € p(O).
Without loss of generality assume the former and define an operator W =

(Wij)g,jzl € LGB G) by

_ (Ig +~i(®—i)_1 —(@:i)‘l > 26)
(©—i)! Ig+i(© —i)~!

Let Jg be as in (2.1) such that [-,-] 5> = (Jg-, -)g2 holds. Then (©*+i)~! € L(G)
and

(O —i)7' = (0" +4)"t =2i(0* +4i)7(O — )]

this and a straightforward calculation show that W*W = Ig and W*JgW = Jg.
Since condition (iii) holds for I': T'— G @ G, we conclude that the mapping

ry Wi Wia
W=(09"1):= r:T
(F‘f/) <W21 W22> ( ) v —oeg

satisfies a corresponding condition

[TYf. T g] 50 = [WTF, W3] o = (TeWTf,WT§) 27
= (W*IgWTF,Tg) 5o = (JoTF T9) go = [0, T9) o = [F 0],

for all f g € T', and since W is isometric, ker I' = ker I'" holds. Observe also
that for f € T the element {I'of;T1f} belongs to the symmetric relation O if
and only if {T} £;TW f} belongs to the symmetric relation

{{Wi1u + Wigv; Waru 4+ Wagv}: {u;v} € é}

Making use of © = {{(© — i) 'a;(Ig +i(© —i)~")a}: = € ran(© — i)}, cf.
(2.2), and inserting the entries W;; from (2.6) we conclude that {Tof;T'1 f} € ©
implies T}V f = 0, i.e.

ker(l'y — OT) C ker Iy
and hence by condition (i)
A C ker(I'y — ©@) C ker(I'; — OI) C ker Y. (2.8)
Suppose now that f,g € ker '}V, From (2.7) we obtain

[[f7 ?]]]}p = [[wa7 ng]]g2 =0
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and hence ker '}V is a symmetric relation in H. Therefore (2.8) and the self-
adjointness of A imply

kengV C (kengV)* CA*"=AC kengV,

which implies equality everywhere, i.e. ker(I';y — OTy) = '"1(0) = A = ker T}V
is self-adjoint in H. Moreover,

S :=ker[' = kerT'VV C kengV

is a symmetric relation in H.

Assume that O is not self-adjoint. Then ©® C ©*, and since ranT' = GHG, we
have I'~1(©) C I'"1(©*). Assumption (iii) implies I ~1(©*) c (I'"1(0))*, which
is a contradiction to the self-adjointness of I ~1(©). Hence © is self-adjoint. It
follows now that also WW* = I and hence ran['"' = G @ G by assumption (ii).

Let us verify that S = T™ holds. For f € S =kerI'" and § € T we have
17, Glype = [[I"/Vf,I’Wg]]g2 = 0 by (2.7); hence f € T*. On the other hand, since
A C T is self-adjoint, each element f € T* necessarily belongs to A = ker I'}V.
For arbitrary g € T this implies

0=1[f,4],. = [TV £, TV 3] 5o = =TV 1,10 ).

It follows from condition (i) and ranT = ranT'" that ranT}V = G holds and
this gives 'V f = 0. Hence we have f € ker IfV Nker '}V = S. Therefore S = T*
and, in particular, S is a closed linear relation in H.

Since §* = T** =T, it remains to show that T is closed. Let (f,) € T be a

sequence converging to f . For 2 € G & G we choose § € T such that I'g = Jg2
holds. From

lim (Dfn, 2)ge = lim [0 Tg]g, = lim [fa,d]y = [£ 3], (29)

we conclude that I' fn converges weakly to some & € G @ G. Let h € T be such
that Th = &. Then (2.9) implies

[/.9] 3 = lim (Tfu,2)g2 = (&,2)g2 = (Th, T3 'T)g2
= [Th,T§] o = [, 8] ,,2

and therefore [f — iL7§]]H2 =0. Since g € T, we conclude f —heT* =5 C T.
Now h € T implies f € T. We have shown S* = T. By conditions (i) and (iii)
it follows that (G,T,T'1) is a boundary triple for S*. O

Remark 2.6. In the proof of Theorem 2.3 we have also shown that (G, T§, V")
is a boundary triple for S* = T such that Ag = ker '}’ holds.

Remark 2.7. In applications it is often convenient to choose the symmetric rela-
tion © in condition (i) as one of the self-adjoint relations ©¢ = {{0;g} : g € G}
or ©; = @al = 0. In this case one has to verify that ker 'y = ker(T'; — ©¢Ty)
or kerI'y, respectively, contains a self-adjoint relation in (H, (-,-)). For Corol-
lary 2.5, (i) reduces to the statement:

T{fedomT:Tyf =0} (or T [ {f € domT: Ty f = 0}, respectively)

has a self-adjoint restriction.
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Remark 2.8. If (H,(-,-)) is a Hilbert space, then condition (i) can be replaced
by one of the following conditions

(i)’ there exist a symmetric relation © in G and Ay € C* such that for every
h € H there are fy = {fy; fL} € T with

fi=Xife=h and {Tofy;T1fs}€O;

(1) kerT is closed, codim (ran (kerI' — A\1)) = n < oo for some Ay € C* and
there exists a symmetric relation © in G such that

dim (ker(T'y — ©T'g)/kerI') = n.

Indeed, (i) can be replaced by (i)’ since condition (iii) in Theorem 2.3 implies
that the linear relation A := ker(I'y — ©T'y) is symmetric. Then by (i)’ we
have ran (A — Ay) = H for some Ay € C*. Therefore A is self-adjoint and
hence (i) holds. The fact that (i) can be replaced by (i) is a consequence of
the symmetry of the n-dimensional extension A := ker(I'; — OT'y) of the closed
symmetric relation S = ker .

Remark 2.9. It (H,(-,-)) is a Hilbert or Krein space, condition (i) can be re-
placed by

(1) there exist a symmetric relation © in G and A € R such that for every
h € H there is an f = {f; f'} € T with

f'=Af=h and {Tof;T.f}e0.

Remark 2.10. Condition (iii) in Theorem 2.3 can be replaced by one of the
following conditions

(iii)’ the sesquilinear form D defined on T by D[f, gl == (f',g9) — (T1f,T09),
=51} d={g;9'} € T is symmetric;

(iii)” DIf, f] = (f',f) — (T1f,Dof) is real for all f = {f; f'} € T.

In the case that T is an operator, one defines D[f, g] := (T'f,g) — (I'1 f,Tog) for
f,g € domT. For Sturm-Liouville operators the form D is nothing else than
the Dirichlet form.

3 Applications

In this section we apply the general method to determine the adjoint of a sym-
metric operator for various examples. As a simple problem we first discuss the
well-known case of a Sturm-Liouville operator in Section 3.1. Afterwards we
investigate a block operator matrix with first and second order differential oper-
ators as entries. In Section 3.3 a second order elliptic differential expression with
an indefinite weight function on a bounded domain is considered and finally, in
Section 3.4, we deal with multiplication operators in L?-spaces which are con-
nected with functional models for operator-valued Nevanlinna or Riesz—Herglotz
functions.
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3.1 Sturm-—Liouville operators in limit circle case

We consider a Sturm-Liouville operator on an interval (a, b) which is regular or
in limit circle case at both end-points in order to illustrate the general method
from the previous section. The form of the adjoint of the minimal operator is
of course well known and can be derived by other means, which usually require
quite lengthy calculations; see, e.g. [32, 33, 34].

Let p, ¢, w be real-valued functions on the interval (a, b) such that 1/p, ¢, w €
Li .(a,b) and w(z) > 0 almost everywhere. Let L2 (a,b) denote the space of
(equivalence classes) of complex-valued measurable functions on (a, b) such that
|f|*w € L'(a,b) and equip L2 (a,b) with the inner product

b
(f,9) = / f(@)g(x)w(x)dx.
In the Hilbert space (L2 (a,b), (-,-)) we consider the operator

Tf = = (~r) +af)
defined on

domT = {f € L2 (a,b): f, pf’ absolutely continuous on (a,b),
(o) +af) € Lyfab) ).
With W, denoting the modified Wronskian
Wy (£, 9)(x) == p(z) (f(2)g () - f'(z)g(x))

we have the following Lagrange identity for a < c < d < b and f,g € domT,

d d
/ (Tf)(x)g(z)w(w)dz / f(@)(Tg)(x)w(x)dr = Wy (f,9)(d) = Wp(f,9)(c).

It follows from this identity that for f, g € dom T the limits lim._., W, (f,3)(c),
limg—, W,(f,9)(d) exist because f,g,Tf,Tg € L?(a,b). Since the equation is
regular or in limit circle case at both end-points, for every A € C, all solutions
of

%(—(pf’)’ +qf) = Af (3.1)
are in L2 (a,b). Fix a A € R and let 6,, ¢, be two linearly independent, real-
valued solutions of (3.1) such that W, (04, ¢,) = 1. Note that W,(f,g) is con-
stant if f and g are both solutions of (3.1). The functions ,, ¢, will be used
for boundary mappings connected with the left end-point. Similarly, let 6y,
¢y also be two linearly independent, real-valued solutions of (3.1) such that
W, (0, ¢p) = 1 (one could also use a different A for b).
Define boundary mappings for f € domT by

lim Wy (f, ¢a)(x) — lim W, (f,0.)(x)
Tof:=|"" Y
i{g} Wp(fa d)b)(x) 117113) Wp(.f7 eb)('r)
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All limits exist since the functions f, ¢4, ¢p, 04, 0p are in domT'. It is well
known that the self-adjoint restrictions of 7' can be described with the help
of these limits, cf. [32, 33, 34]. The boundary triple which is obtained in the
following statement as a consequence of Corollary 2.5 was also used in [2].

Corollary 3.1. The operator T is the adjoint of the densely defined closed sym-
metric operator

S = L (ry +ap),
domS ={ f &domT: h.marﬁa Wp(f7 d’a)(x) = l%rn;c—m Wp(f7 Ga)(x) = )
hmm‘)b Wp(f7 (bb)(x) = hmzﬂb Wp(f, ab)(if) =0

in the Hilbert space (L2 (a,b), (-,-)), and (C?,Ty,T1) is a boundary triple for T.

Remark 3.2. If T is regular at, e.g. the left end-point a (i.e. a is finite and
1/p, q,w are integrable at a), then one can choose 6, ¢, such that they satisfy
the initial conditions

ea(a) 1, ¢a(a> =
(p0,)(a) =0,  (pdg)(a) =

For the boundary mappings at a one then gets

(Tof)1 = f(a), (T1f) = (Pf/)(a)»

where ( ); denotes the first component of a two-vector. Similarly, if the right
end-point b is regular, then the second components of the boundary mappings
can be chosen as

)

—= O

(Fof)2 = f(b), (T1f)2 = —(Pf/)(b)~

Proof of Corollary 3.1. We show that all conditions of Corollary 2.5 are satis-
fied. To see that ran (gi’) = G2, consider a function f € dom7T that is equal
to @, in a neighbourhood of a and vanishes identically in a neighbourhood of b,
which gives ['gf = ((1)), I f= (8). Using three similar functions we obtain the
surjectivity of (ll:fl)), ie. (ii).

Next we show that the abstract Green’s identity is satisfied. For f,g € domT
we have

Wo(f.02)Wp(g: Ga) = Wi (f. 6a) Wp(g, 0a)

= P2(f0, = 1'0a) (@6 — 9 ba) = D*(F&, — F'da) (30, — 9'6)
= 0 (f7 (0, — 0,62) — 1'5(0u0, — Oi) )

= Wp(aa’éba)wp(fa?) = Wp(f7§)
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and a similar relation for 8y, ¢,. Hence

<vag> - <faTg>
= lim W,,(f,9)(d) — lim W,(£,5)(c)

= Lim (W, (£, 05) ()W, (9. 00) (@) — Wy (£ 60) (@) Wy (9. 8 (d)

— 1im (W, (£,00)( )Wy (9, 6)(0) — Wy (£, 62) (W (9, 6)(0))
= (I'1f,Tog) = (Tof,T'19),

which shows condition (iii). Finally, we verify condition (i)’ in Remark 2.8 with
the self-adjoint relation © = {{0;9}: g € C?}. For A € C\ R, let ¢, ¥y be
non-trivial solutions of (3.1) such that

zli_r,I}L Wp(%, ¢a> = 0, ilil}) Wp(¢b’ ¢b) = 0;

respectively. It is possible to find such solutions since the space of solutions
of (3.1) is two-dimensional. Now it is easy to show that for f € L2 (a,b), the
function

1
¥®) = T )

is a solution of (T'— A)y = f and T'py = 0. All integrals exist since f,1,, 1) €
L2 (a,b), and W, (1p,10,) # 0 because otherwise, the function 1, would be an
eigenfunction of the symmetric operator T' | ker Iy corresponding to a non-real
eigenvalue. This can be done for A in the upper and lower half planes, and hence
condition (i)’ in Remark 2.8 is satisfied. O

T b
(wb@c) [ vt sttt + e [ wb<t>f<t>w<t>dt)

Remark 3.3. In a similar way one can prove Corollary 3.1 also for an indefinite
weight w that satisfies w # 0 almost everywhere and w € L{ (a,b). In this
case L2 (a,b) is a Krein space rather than a Hilbert space. Instead of (i)’ in
Remark 2.8 we use (i)’ in Remark 2.9 with a real A. If ¥, ¥ (constructed as
above) are linearly independent, then we can find a solution of (T' — Ay = f,
Toy = 0 for every f € L2 (a,b) as in the case w > 0. Otherwise, let x, be a
solution of (3.1) such that lim,_,, W, (X4, 0s) = 0, which in this case must be
linearly independent of 1,. Hence W, (Xaa'l/)b) # 0 and for f € L2 (a,b), the

function

1 T b
) = iy (90 [ xasua ) [ sauoa)

is a solution of (I'— )y = f, (Toy)2 = 0, (I'1y)1 = 0. This shows that (i)" is

satisfied with
o={{(}):(5)}: @ =c}

which clearly is a symmetric (and even a self-adjoint) relation.
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3.2 A block operator matrix

In this subsection we consider a block operator matrix of the form

d 4 + b+
———p—+tq —-b+e
da:d dr d (3.2)
b— d
dzx te

in the Hilbert space H = L?(0,1)® L?(0,1) with inner product (-, -). Operators
of this type have been considered in many papers and books, see, e.g. [1, 10, 21,
22], but usually under relatively restrictive assumptions on the coefficients, and
apart from [10] only self-adjoint realizations were studied and not the maximal
operator or boundary triples. However, note that in contrast to [10] the off-
diagonal entries in (3.2) are unbounded first order differential operators, which
leads also to a different form of boundary mappings. Let us assume that the
coefficients satisfy the following conditions

1
p>0; q,dreal-valued; =,b,c,d€ L*>(0,1); ¢ L'(0,1). (3.3)
p

The expression in (3.2) is only formal; we define a maximal operator 7' more
carefully by

¥ —(pf'+b9)" +af +72g
(') = (3.4)
9 bf' +cf +dg
with domain
domT = { (f> € H: f, pf' + bg absolutely continuous on [0, 1],
g (3.5)

— (pf' +bg)" +qf. bf' € L*(0, 1)}~

Note that in general the domain is not diagonal, i.e. it is not of the form D; $Ds.
For (ch ) € dom T we define the boundary mappings

S Gy T e N

Using Corollary 2.5 we show the following statement.

Corollary 3.4. The operator T defined in (3.4)—(3.5) is the adjoint of the
densely defined closed symmetric operator S =T | dom S, where

_ (7 omT : f(0) = (pf' +bg)(0) =0
dom S = {(g) € domT : f(l)(pf,+bg)(1)0},

and (C2,Ty,T1) is a boundary triple for T.
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Proof. In order to show (iii) in Corollary 2.5 we verify condition (iii)” in Re-
mark 2.10. Let (g) € dom T and calculate

o[6) G =6 6) - (G =)

= (—(pf' +b9) +af +cg, f) + (bf +cf +dg,g)

— (pf" +bg)(0)£(0) + (pf" + bg)(1) f(1)
= —/0 (pf’+59)7+/0 alf1? + (&g, ) + (of', 9) + (cf,9) + (dg,g)

— (pf" +bg)(0)£(0) + (pf' +bg)(1)f(1)
1 1
:AQW+®W+Aqm“ﬂmﬁ+wﬂw+®MWH@w

1
= [ (91112 + 2Re(br's) + 411 ) +2Relerg) + (g ).

Since the latter expression is real, assumption (iii)” in Remark 2.10 is satisfied.
To show the surjectivity of I'; it is sufficient to consider g = 0 and a function
f that satisfies f = 1 near 0, f = 0 near 1, a function for which f(z) = [ *~dt

p(t)
near 0 and f = 0 near 1 and similar functions for the right end-point.
We show condition (i) in Remark 2.9 with © = {{0;g}: g € G}, i.e. we
show that for some A € R and every (7:) € H there exists (ch ) € dom A such

that (A — X) (g) = (%), where A =T | kerT'y. First we see that the form D is

v
bounded from below: due to the assumptions (3.3), the form D can be estimated

as follows

o) G)
g g
> (essinf p)|L /11> = 21bllo £ g = gl 1£1% = 2llell L£1 gl = Il gl
. 1
> (essint p)| /I = 20llo (2l + 7 l91?) = llals (<l1.£12 + 11711
~ llelloe (I£12 + 11g11%) = ldllc gl
where € > 0 is arbitrary and C. is some positive constant depending only on

g; for the estimate of ||f'|| ||g]| the geometric-quadratic inequality was used, for
the estimate of || f]|eo see, e.g. [24, IV-(1.19)]. If € is chosen sufficiently small,

en o010

for some v € R. Now choose A < min {7, essinf d} such that

2

el 1B
essinf( p T > 0. (3.7)

It follows that A cannot be an eigenvalue of A since every eigenvalue of A must
be contained in the numerical range of D. Let u,v € L?*(0,1). The equation
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(A=)) (g) = (Z), which we have to solve, is explicitly given by

~(pf +bg) + (¢ = Nf +2g =u, (3.8)
bf' +cf + (d— N)g = v. (3.9)
Solving (3.9) for g yields

_ b c v
9=—a7

plugging this into (3.8) we obtain

b2\ ,, be '
(_<p_d>\)f +d)\f_d)\>

which can be written as
(=Pf' +Rf+V) —Rf' +Qf =U (3.11)
with

|b]? be |c|?
_ —g— )\ —
d—X’ i 94 d—X’

cv bv
“ax Vi

P=p-—

U=u
Due to the assumptions (3.3) and relation (3.7), these functions satisfy
%,R € L>(0,1); Qe L'Y0,1); UV € L*0,1).
Introducing new variables
F:=f G:=-Pf' +Rf+V
we can write (3.11) as a canonical (or Dirac) system,
/ |R|? R R

F U-Zvy
P P - P (3.12)

R 1 1
G _t - G —
iz 14
where J = (9 '). The potential is a Hermitian matrix with entries in L'(0,1).
The boundary conditions I'y (’gc ) = 0 transform into
F(0)=0, F(1)=0. (3.13)

If we denote the left-hand side of (3.12) by Tean (g), then the operator Acay, (g) =
Tean (g) with domain

dom Ay = { <g> € H : F, G absolutely continuous on [0, 1], Tean (g) € H}
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is self-adjoint in H and the spectrum of A.,, consists only of eigenvalues; see, e.g.
[33, Satz 15.11]. Since A is not an eigenvalue of A, 0 is not an eigenvalue of Acay.
Hence Acap is boundedly invertible and (3.12), (3.13) has an absolutely contin-
uous solution (}) for every right-hand side in L2(0,1) & L?(0,1). Transforming
this solution back, i.e. setting f := F and defining g by (3.10), we see that
(3.8), (3.9) has a solution in dom A for every right-hand side (}') € H; the con-
ditions about absolute continuity are satisfied since f = F and pf’ + bg = —G.
This shows that (i) in Remark 2.9 is satisfied. Hence we have proved the
corollary. O

3.3 Second order elliptic operators with indefinite weights

Boundary triple methods for elliptic differential operators on bounded domains
were recently investigated in various papers; see, e.g. [3, 7, 29, 30]. The following
example is similar to and heavily inspired by [9, 10, 28] and the fundamental
article [18] by G. Grubb, where it appears in a slightly different form.

Let Q be a smooth bounded domain in R™, n > 1, with C'*°-boundary 0f2
and let

Z aakakf x) + a(z)f(z)

J,k=1

be a second order differential expression on 2 with smooth coefficients a;, a €
C>(Q) such that a;i(z) = ayj(x) for all z € Q and a is real. Moreover, we
assume that there exists C' > 0 such that

> ()€ > Cka

J,k=1 =

holds for all # € Q and all £ = {&;;...;&,} € R", ie. £ is a uniformly elliptic
differential expression.

The Sobolev space of kth order on (2 is denoted by H*() and the closure
of C§°(Q) in H*(Q) is denoted by HE(Q2). Sobolev spaces on the boundary
of Q are denoted by H*(09), s € R. Let n(z) = {ni(x);...;n,(x)} be the
outward normal vector on 92 and denote by f|aq and g—,ﬂag = > a;rn; O flon
the traces of a function f € C°°(Q2) and its normal derivative. According to [23]
the trace map can be extended to a linear mapping defined on

Dax = {f € L*(Q): Lf € L*(Q)}

with values in H~1/2(09). Let (-,-)1/2,—1/2 be the extension of the L?(9Q) inner
product (-,-) to HY/2(8Q) x H-'/2(0Q) and let 14 : H¥'/2(0Q) — L*(9Q) be
isomorphisms such that (x,%)1/2,—1/2 = (t42,¢_y) holds for all x € H'2(00)
and y € H-1/2(09).

In the following we assume that the Dirichlet problem for £ is uniquely
solvable, i.e.

(D) for every g € L?(f2) there exists a unique function f € H2(Q) N Hg ()
such that £f = g holds.
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Let w be a real-valued function on 2 such that w(z) # 0 for a.e. x € Q and
w, = € L*>°(12), and equip the space L?({2) with the (in general indefinite) inner
product

(f.9) = ; f(@)g(z)w(z) d.

Observe that f € L2?(Q) if and only if wf € L*(Q2) and also if and only if
L€ L2(Q). We consider the operator

széﬁfy domT:Dmax :{fELQ(Q)EfELQ(Q)}’ (314)

in L2(£2) defined in the sense of distributions. The assumption (D) implies that
the domain of T' can be decomposed into a direct sum:

domT = (H?*(Q) N HY(Q)) + ker T.

The functions f € dom T will be decomposed accordingly, we write f = fp + fo,
where fp € H2(Q) N HY(Q) and fy € kerT. Let G = L*(9€) and define the
boundary mappings by

9fp

Tof :=t_foloa and Tyf:= 5 |og

f=/fp+ fo€domT.

The boundary mappings Ty and T'; are well defined since foloq € H~/2(09)
and %Llﬂag € H'/2(09), cf. [23]. Corollary 2.5 implies now the following state-
ment, cf. [9, Proposition 3.1].

Corollary 3.5. The operator T defined in (3.14) is the adjoint of the densely
defined closed symmetric operator

1 U T
Sf=- L, domS—{feH(Q)mHO(Q).ay‘DQ_o},

in the Krein or Hilbert space (L*(Q), (,+)) and (L*(09Q),T0,T'1) is a boundary
triple for T'.

Proof. By the classical trace theorem on H?(Q) the mapping

H*(Q)NHQ) > fp %’3 o€ HY2(90)

is surjective and according to [19, Theorem 2.1] the same holds for the map
kerT > fo — foloo € H'/2(0%).. This implies that condition (ii) in Corol-
lary 2.5 holds. In order to verify condition (iii) in Corollary 2.5 we show that

D[faf]:<Tf7f>7(F1faF0f)

isreal for f € dom T, cf. condition (iii)” in Remark 2.10. In fact, since T'fo =0
we find

D[f,f]=(Tfp, fp) + (T fp, fo) = (fp, T fo) — (T'1f,Tof)
= (Thp.fo) + [ ((£F0)@)@) = fo@LTofe) ) do = (1 £.To )
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and from Green’s identity (which is applicable since fp € H?(Q) and fo € Diax
cf. [23]) we conclude that the above expression takes the form

fo dfp| —+ dfp
(T'fp, fp) +/852 (beQaz/‘aQ_é)u . fO|BQ> do + <8z/ 89,f0|69) ,

11
272
where we have also used the definition of 'y and T'y. From fp|gq = 0 we obtain

DIf. f] = (Tfp. fo) = /Q (Cfp)(2)To(@) dr,

which is real by Green’s identity. Finally, it follows immediately from assump-
tion (D) that condition (i)’ in Remark 2.9 holds for A = 0 and the self-adjoint
relation © = {{0;g}: g € L?(0Q)}. O

3.4 Multiplication operators in L?

Let (G, (+,-)g) be a Hilbert space and @ a Nevanlinna or Riesz—Herglotz function
whose values are bounded operators in G, i.e. @ is holomorphic on C\R, Q(\) =

Q(\)* andIm Q(A) := 2- (Q(A\)—Q(A\)*) > 0if Im A > 0. Then @ has an integral

representation of the form

1 t
A =AB+C (—fi>d2t, 3.15
QW =B +0+ [ (725 - 1) 2500 (315)
where B and C are bounded self-adjoint operators with B > 0 and ¥ is an
operator-valued measure, i.e. a mapping X: B,(R) — £(G), where B;(R) denotes
the set of bounded Borel subsets of R and £(G) denotes the set of bounded
operators, with the properties

Y(@)=0, X(A)>0for A€ By(R), 3 isstrongly countably additive.

Moreover, X satisfies the following property,

1
/R 1+ d¥(t) is a bounded operator in G.

As in [8] and [26] we define the space L%(R,G,Y) as follows. Let Coo(R,G) be
the set of strongly continuous functions on R with compact support such that
the values are in a finite dimensional subspace of G (this subspace depends on
the function). For f,g € Cpo(R,G) the following semi-inner product exists,

n

(s = [ (@OF@.00)g = Jim S (SA)FE).9(0),.

d(7r)—0
(mn)—07—]

where m, = (tx)}_y, to < -+ < ty, is a partition such that supp f,suppg C
[to, tn], d(my,) its diameter, Ay = (tg—1,tx] and & € [tk—1,tx]. The space
L?(R,G,Y) is defined as the completion of Cyo(R,G) and then factorization
with respect to the set of f for which (f, f)s = 0. It can be easily shown
that if f € L2(R,G, %) and ¢ is a scalar, bounded, continuous function defined
on R, then ¢f € L?(R,G,%) with [|of] < ||¢|le|lf]l- This shows also that
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the multiplication operator by the independent variable in L*(R,G,¥) with
maximal domain is self-adjoint since it is symmetric and for A € C\ R, the

resolvent operator f(t) — 2 f(t) is a bounded operator.

For x € G, the function ﬁx isin L2(R, G, X) since it can be approximated

by functions of the form ¢, (t)x, where ¢,, has compact support. Moreover, one
can show that
2
<|
b

1 1

For a function f for which 1 +¢2f(t) € L*(R, G, X) one can define [, d(t)f(t)
using the Riesz representation theorem and (3.16) such that

(/R dz(t)f(t),x)g = <mf(t), \/11+7t2x>2 for every z € G.

Let
Go:=kerB, Gi:=Gy, Bi:=B]G,
Hp = mnBi/2 with inner product (z,y)y, = (Bl_l/Qx,Bl_l/Qy)g
H:=L*(R,G,¥) @ Hp with inner product (-,-).
In the Hilbert space (H, (-,-)) define the linear relation

T {{(f(f)>;<g(ylf))} c oy, I =tF(t)—cforsomeceg }

T and a.e. t € R, x = Bc

and the boundary mappings I'g,I'1: T'— G by

(9 ()
rl{ (f;t)>; (g;t)) } —y+ Ce+ /RdE(t)ﬁ (f(t) + tg(t)),

where ¢ is as above, i.e. ¢ = tf(t) — g(t). The integral in the definition of I’y is
well defined since

mlﬂz (f(t)+t9(t)):@f@)-ﬁ-@g(ﬂeﬁ(&@j).

Remark 3.6. Note that if B = 0, the space H can be identified with L?(R, G, ).
Moreover, the relation T is an operator if and only if B = 0 and the space
L?(R, G, ) does not contain non-zero constants.

As a consequence of Theorem 2.3 we obtain the following corollary which is
a generalization of [15, Proposition 5.3] and [26, Proposition 7.9].

Corollary 3.7. Assume that the function Q in (3.15) satisfies 0 € p(Im Q(%)).
Then the relation T is the adjoint of the closed symmetric operator

tf(t)
S(fét)> - / ds(0) £ (1)

R

dom S = {(fét)> e H:tf(t) € L*(R,G, %), /RdE(t)f(t) € HB},
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in the Hilbert space (H,(-,-)) and (G,T,T'1) is a boundary triple for T.

Remark 8.8. 1t can be shown in the same way as in [15, 26] that the so-called
Weyl function associated with the boundary triple (G,Ty,T'1) in Corollary 3.7
coincides with the given Nevanlinna function @ in (3.15).

Proof of Corollary 3.7. We show that the assumptions of Theorem 2.3 are sat-
isfied. The relation ker 'y is the orthogonal sum of the maximal multiplica-
tion operator with the independent variable in L(R, G, dY) and the completely
multi-valued relation {0} @ Hp and hence self-adjoint, i.e. (i) is satisfied with

© = {{0;9}: g € L*(0Q)}.
To show (iii), we employ Remark 2.10. For

) e
we calculate

oL )]
() (7))~ (veces [morglio o)),

=g, F)e + (By 2y, By’ Be) ;- (y.0)g — (Ce.0)g

- <\/1 T2 (10 +t90). \/11—&-152 C>2
=(g,f)s — (Cc,c)g

1 t t 1
< S 0+ St mf(t)mg(t)>z
7(Cc’c)gf<1+t2f’f>z+2R<1+t2f’ > +<1—i7t29’g>2’

which is real and implies Green’s identity (iii) by condition (iii)”
The surjectivity of I, i.e. the relation (ii) is shown as follows. The element

1 t
~ —5a —5a
f= L+e2 ][ 1422
0 Ba

has boundary values Fof =0, Flf = Im Q(%)a.. Note that the functions ﬁa
and lthQa are in L?(R,G,X) since they are products of scalar functions in

L?(R, T t2 dt) and a fixed element in G. The deficiency element

1 {
b b

b

Bb 1Bb

has boundary values I'og = b, I'1g = Q(i)b. Since Im Q(7) is surjective, this
_ (To\ - . .
shows that I' = (F1> is surjective. O
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