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1. Introduction

Quantum systems which interact with their environment appear nat-
urally in various physical problems and have been intensively studied
in the last decades, see e.g. the monographes [19, 22, 38]. Such an
open quantum system is often modeled with the help of a maximal
dissipative operator, i.e., a closed linear operator Ap in some Hilbert
space $) which satisfies

Im(Apf,f) <0,  f€dom(Ap),

and does not admit a proper extension in $ with this property. The
dynamics in the open quantum system are described by the contrac-
tion semigroup e 40 ¢ > 0. In the physical literature the maximal
dissipative operator Ap is usually called a pseudo-Hamiltonian. It is
well known that Ap admits a self-adjoint dilation K in a Hilbert space
K which contains $ as a closed subspace, that is, K is a self-adjoint
operator in K and

Py(K N 1g=(Ap — A)!

holds for all A € Cy := {2z € C : Im(z) > 0}, cf. [39]. Since the
operator K is self-adjoint it can be regarded as the Hamiltonian or so-
called quasi-Hamiltonian of a closed quantum system which contains
the open quantum system {Ap,$H} as a subsystem.

In this paper we first assume that an open quantum system is
described by a single pseudo-Hamiltonian Ap in $ and that Ap is an
extension of a closed densely defined symmetric operator A in $) with
finite equal deficiency indices. Then the self-adjoint dilation K can be
realized as a self-adjoint extension of the symmetric operator A & G
in R = 9@ L*(R,Hp), where Hp is finite-dimensional and G is the
symmetric operator in L?(R, Hp) given by

. d
Gg:=—i-—g, dom(G) = {g € W3 (R, Hp) : g(0) =0},
see Section 3.1. If Ay is a self-adjoint extension of A in § and Gy denotes
the usual self-adjoint momentum operator in L*(R, Hp),

d
Gog := —i—

9 dom(G) =Wy (R, Hp),

then the dilation K can be regarded as a singular perturbation (or
more precisely a finite rank perturbation in resolvent sense) of the
“unperturbed operator” Ky := Ay @& Gy, cf. [8, 45]. From a physical
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point of view Ky describes a situation where both subsystems {Ag, $}
and {Go, L2(R,Hp)} do not interact while K takes into account an
interaction of the subsystems. Since the spectrum o(Gg) of the mo-
mentum operator is the whole real axis, standard perturbation results
yield o(K) = 0(Kp) = R and, in particular, Ky and K are necessarily
not semibounded from below. For this reason Ky and K are often called
quasi-Hamiltonians rather than Hamiltonians.

The pair {K, Ky} is a complete scattering system in R = § &
L*(R,Hp), that is, the wave operators

Wi (K, Ko) := 5, lim e e~ pac( )
— =00

exist and are complete, cf. [9, 14, 68, 69]. Here P%(Kj) denotes the

orthogonal projection in K onto the absolutely continuous subspace

R(Kp) of Koy. The scattering operator

S(K,Ky) = Wi (K, Ko)*W_(K, Ko)

of the scattering system {ﬁ , Ko} regarded as an operator in R%(K)) is
unitary, commutes with the absolutely continuous part K§¢ of K¢ and is
unitarily equivalent to a multiplication operator induced by a (matrix-
valued) function {S(\)}acr in a spectral representation L2(R,d), Ky)
of Kg¢ = A% ¢ Gy, cf. [14]. The family {S(\)} is called the scatter-
ing matrix of the scattering system {K, Ko} and is one of the most
important quantities in the analysis of scattering processes.

In our setting the scattering matrix {S(\)} decomposes into a 2 x 2
block matrix function in L?(R,d), Ky) and it is one of our main goals
in Section 3 to show that the left upper corner in this decomposition
coincides with the scattering matrix {Sp(\)} of the dissipative scatter-
ing system {Ap, Ao}, cf. [59, 61, 62]. The right lower corner of {S(\)}
can be interpreted as the Lax-Phillips scattering matrix { S ()\)} cor-
responding to the Lax-Phillips scattering system {f(/ ,D_,D4+}. Here
D, := L*(R4,Hp) are so-called incoming and outgoing subspaces for
the dilation K. , we refer to [14, 53] for details on Lax-Phillips scattering
theory. The scattering matrices {S(\)}, {Sp(A\)} and {SLP(N\)} are
all explicitely expressed in terms of an ”abstract” Titchmarsh-Weyl
function M (-) and a dissipative matrix D which corresponds to the
maximal dissipative operator Ap in $ and plays the role of an ”ab-
stract” boundary condition. With the help of this representation of
{STP(X)} we easily recover the famous relation

SEE(N) = Wa, (A —i0)*
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found by Adamyan and Arov in [2, 3, 4, 5] between the Lax-Phillips
scattering matrix and the characteristic function Wy, () of the maxi-
mal dissipative operator Ap, cf. Corollary 3.11. We point out that M(-)
and D are completely determined by the operators A C Ay and Ap
from the inner system. This is interesting also from the viewpoint of
inverse problems, namely, the scattering matrix {S(\)} of {K, Ky}, in
particular, the Lax-Phillips scattering matrix {S*()\)} can be recov-
ered having to disposal only the dissipative scattering system {Ap, Ap},
see Theorem 3.6 and Remark 3.7.

We emphasize that this simple and somehow straightforward em-
bedding method of an open quantum system into a closed quantum sys-
tem by choosing a self-adjoint dilation K of the pseudo-Hamiltonian Ap
is very convenient for mathematical scattering theory, but difficult to
legitimate from a physical point of view, since the quasi-Hamiltonians
K and Ky are necessarily not semibounded from below.

In the second part of the paper we investigate open quantum sys-
tems which are described by an appropriate chosen family of maximal
dissipative operators {A(u)}, p € C,, instead of a single pseudo-
Hamiltonian Ap. Similarly to the first part of the paper we assume
that the maximal dissipative operators A(u) are extensions of a fixed
symmetric operator A in $ with equal finite deficiency indices. Under
suitable (rather weak) assumptions on the family {A(u)} there exists a
symmetric operator 7" in a Hilbert space & and a self-adjoint extension
Lof L=A®T in £ =9 & such that

Po(L—p) " o= (A(p) —m)~',  weCy, (1.1)

holds, see Section 4.2. For example, in one-dimensional models for
carrier transport in semiconductors the operators A(u) are regular
Sturm-Liouville differential operators in L*((a,b)) with u-dependent
dissipative boundary conditions and the ”linearization” Lisa singular
Sturm-Liouville operator in L?(R), cf. [11, 35, 40, 49] and Section 4.4.
We remark that one can regard and interpret relation (1.1) also from
an opposite point of view. Namely, if a self-adjoint operator L in a
Hilbert space £ is given, then the compression of the resolvent of L
onto any closed subspace §) of £ defines a family of maximal dissipative
operators {A(p)} via (1.1), so that each closed quantum system {L, £}
naturally contains open quantum subsystems {{A(u)}, $H} of the type
we investigate here. Nevertheless, since from a purely mathematical
point of view both approaches are equivalent we will not explicitely
discuss this second interpretation.

If Ag and Ty are self-adjoint extensions of A and T in § and &,
respectively, then again L can be regarded as a singular perturbation
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of the self-adjoint operator Lo := Ay ® Tp in £. As above Lg describes
a situation where the subsystems { Ao, 9} and {7y, &} do not interact
while L takes into account a certain interaction. We note that if A and T
have finite deficiency indices, then the operator L is semibounded from
below if and only if A and T" are semibounded from below. Well-known
results imply that the pair {L, Lo} is a complete scattering system in
the closed quantum system and again the scattering matrix {S(\)}
decomposes into a 2 x 2 block matrix function which can be calculated
in terms of abstract Titchmarsh-Weyl functions. This framework the
problem is quite similar to the problem of zero-range potentials with
internal structure investigated by Pavlov and his group in the eighties,
see for example [51, 65, 66]. However, using boundary triplets and ab-
stract Titchmarsh-Weyl functions we present here a general framework
in which singular perturbation problems can be embedded and solved.

On the other hand it can be shown that the family {A(u)}, p € C4,
admits a continuation to R, that is, the limit A(u + i0) exists for a.e.
1 € R in the strong resolvent sense and defines a maximal dissipative
operator. The family A(u + i0), u € R, can be regarded as a family
of energy dependent pseudo-Hamiltonians in §) and, in particular, each
pseudo-Hamiltonian A(p 4+ i0) gives rise to a quasi-Hamiltonian K, in
9 @& L*(R,H,), a complete scattering system {KM,AO @ —i%} and a
corresponding scattering matrix {gu(A)} as illustrated in the first part
of the introduction.

One of our main observations in Section 4 is that the scattering
matrix {S(A)} of the scattering system {L, Lo} in $ @ & is related to
the scattering matrices {S,,(\)} of the systems {K,,, Apo—ily peR,
in & L*(R,H,) via

S(p) = gu(ﬂ) for a.e. peR. (1.2)

In other words, the scattering matrix {S(\)} of the scattering system
{Z, Lo} can be completely recovered from scattering matrices of scatter-
ing systems for single quasi-Hamiltonians. Furthermore, under certain
continuity properties of the abstract Titchmarsh Weyl functions this
implies S(A) ~ S,(A) for all X in a sufficiently small neighborhood
of the fixed energy p € R, which legitimizes the concept of single
quasi-Hamiltonians for small energy ranges.

Similarly to the case of a single pseudo-Hamiltonian the diagonal
entries of {S(u)} or {S,(n)} can be interpreted as scattering matri-
ces corresponding to energy dependent dissipative scattering systems
and energy-dependent Lax-Phillips scattering systems. Moreover, if
{Sﬁp (\)} is the scattering matrix of the Lax-Phillips scattering sys-

tem {f#, L?(Ry,H,)} and Wy(,,)(-) denote the characteristic functions
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of the maximal dissipative operators A(u) then an energy-dependent
modification

SEP () = Wag(p —i0)*

of the classical Adamyan-Arov result holds for a.e. p € R, cf. Sec-
tion 4.3.

The paper is organized as follows. In Section 2 we give a brief
introduction into extension and spectral theory of symmetric and self-
adjoint operators with the help of boundary triplets and associated
Weyl functions. These concepts will play an important role throughout
the paper. Furthermore, we recall a recent result on the representa-
tion of the scattering matrix of a scattering system consisting of two
self-adjoint extensions of a symmetric operator from [15], see also [6].
Section 3 is devoted to open quantum systems described by a single
pseudo-Hamiltonian Ap in $. In Theorem 3.2 a minimal self-adjoint
dilation K in $§ @ L?(R,Hp) of the maximal dissipative operator Ap is
explicitely constructed. Section 3.2 and Section 3.3 deal with the scat-
tering matrix of { K, Ky} and the interpretation of the diagonal entries
as scattering matrices of the dissipative scattering system {Ap, Ao} and
the Lax-Phillips scattering system {K, L2(Ry, Hp)}. In Section 3.4 we
give an example of a pseudo-Hamiltonian which arises in the theory of
dissipative Schrodinger-Poisson systems, cf. [12, 13, 46]. In Section 4
the family {A(u)} of maximal dissipative operators in § is introduced
and, following ideas of [26], we construct a self-adjoint operator L in a
Hilbert space £, $ C £, such that (1.1) holds. After some preparatory
work the relation (1.2) between the scattering matrices of {L, Ly} and
the scattering systems consisting of quasi-Hamiltonians is verified in
Section 4.3. Finally, in Section 4.4 we consider a so-called quantum
transmitting Schrédinger-Poisson system as an example for an open
quantum system which consists of a family of energy-dependent pseudo-
Hamiltonians, cf. [11, 17, 20, 35, 40, 49].

Acknowledgment. The authors are grateful to Professor Peter Lax
for helpful comments and fruitful discussions. Moreover, we would like
to thank one of the referees for drawing our attention to further physical
applications.

Notations. Throughout this paper (9, (-,-)) and (&, (+,)) denote sep-
arable Hilbert spaces. The linear space of bounded linear operators
defined on $) with values in & will be denoted by [, 8]. If H = &
we simply write [$)]. The set of closed operators in §) is denoted by
C($). The resolvent set p(S) of a closed linear operator S € C() is
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the set of all A € C such that (S — \)~! € [§], the spectrum o(S) of
S is the complement of p(S) in C. The notations 0,,(5), 0c(S), 0ac(S)
and o, (S) stand for the point, continuous, absolutely continuous and
residual spectrum of S, respectively. The domain, kernel and range of a
linear operator are denoted by dom(-), ker(-) and ran (-), respectively.

2. Self-adjoint extensions and scattering systems

In this section we briefly review the notion of abstract boundary triplets
and associated Weyl functions in the extension theory of symmetric
operators, see e.g. [28, 29, 31, 42]. For scattering systems consisting of
a pair of self-adjoint extensions of a symmetric operator with finite de-
ficiency indices we recall a result on the representation of the scattering
matrix in terms of a Weyl function proved in [15].

2.1. BOUNDARY TRIPLETS AND CLOSED EXTENSIONS

Let A be a densely defined closed symmetric operator in the separable
Hilbert space $ with equal deficiency indices ny (A) = dim ker(A*Fi) <
o00. We use the concept of boundary triplets for the description of the
closed extensions Ag C A* of A in .

DEFINITION 2.1. A triplet I = {H,To,T'1} is called a boundary
triplet for the adjoint operator A* if H is a Hilbert space and I'g,I'; :
dom(A*) — H are linear mappings such that the ”abstract Green iden-
tity”

(A*fvg) - (f? A*g) = (F1f7 Pog) - (F0f7rlg)7

holds for all f,g € dom(A*) and the map T := (I'g,T1)" : dom(A*) —
H x H is surjective.

We refer to [29] and [31] for a detailed study of boundary triplets
and recall only some important facts. First of all a boundary triplet
IT = {H,T'g,I'1} for A* exists since the deficiency indices n4(A) of
A are assumed to be equal. Then ny(A) = dimH and A = A* |
ker(I'g) Nker(I';) holds. We note that a boundary triplet for A* is not
unique.

In order to describe the closed extensions Ag C A* of A with the
help of a boundary triplet IT = {H,'g,I"';} for A* we have to consider
the set CN(’H) of closed linear relations in H, that is, the set of closed
linear subspaces of H x H. We usually use a column vector notation
for the elements in a linear relation ©. A closed linear operator in H is
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8 J. Behrndt, M.M. Malamud, and H. Neidhardt

identified with its graph, so that the set C(H) of closed linear operators
in H is viewed as a subset of Ci (H), in particular, a linear relation O is
an operator if and only if the multivalued part mul© = {f’: ( ]9/) €0}
is trivial. For the usual definitions of the linear operations with linear
relations, the inverse, the resolvent set and the spectrum we refer to

[33]. Recall that the adjoint relation ©* € C(H) of a linear relation ©
in 'H is defined as

0" = {(:,) (W, k) = (h,K) for all (}]:,) € G)}

and O is said to be symmetric (self-adjoint) if © C ©* (resp. © = ©*).
Notice that this definition extends the definition of the adjoint operator.
For a self-adjoint relation ® = ©* in H the multivalued part mul © is
the orthogonal complement of dom © in H. Setting Hyp := dom © and
Hoo = mul O one verifies that © can be written as the direct orthogonal
sum of a self-adjoint operator O,, in the Hilbert space Hyp and the
“pure” relation O, = {( ) : f € mul©} in the Hilbert space Hoo.

A linear relation © in H is called dissipative if ITm (h';h) < 0
holds for all (h,h')" € © and © is called maximal dissipative if it is
dissipative and does not admit proper dissipative extensions in H; then
© is necessarily closed, © € C(H). We remark that a linear relation O
is maximal dissipative if and only if © is dissipative and some A € C4
(and hence every A € C;.) belongs to p(0©).

A description of all closed (symmetric, self-adjoint, (maximal) dis-
sipative) extensions of A is given in the next proposition.

PROPOSITION 2.2. Let A be a densely defined closed symmetric op-
erator in ) with equal deficiency indices and let 11 = {H,T0,T'1} be a
boundary triplet for A*. Then the mapping

O Ag := A* | {f € dom(A*) : (Tof,T1f)" €0} (2.1)

establishes a bijective correspondence between the set C(H) and the set
of closed extensions Aeg C A* of A where (-,-)" is the transposed vector.
Furthermore

(Ag)" = Ao~

holds for any © € C(H). The extension Ag in (2.1) is symmetric (self-
adjoint, dissipative, mazimal dissipative) if and only if © is symmetric
(self-adjoint, dissipative, mazximal dissipative).

It follows immediately from this proposition that if IT = {H, T, '}
is a boundary triplet for A*, then the extensions

Ap = A" ker(I'yp) and A;:= A*[ ker(I'y)
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are self-adjoint. In the sequel usually the extension Ay corresponding
to the boundary mapping I'y is regarded as a "fixed” self-adjoint ex-
tension. We note that the closed extension Ag in (2.1) is disjoint with
Ay, that is dom(Ag) Ndom(Ag) = dom(A), if and only if © € C(H). In
this case (2.1) takes the form

A@ = A* r ker(Fl - @Fo) (22)

For simplicity we will often restrict ourselves to simple symmetric
operators. Recall that a symmetric operator is said to be simple if there
is no nontrivial subspace which reduces it to a self-adjoint operator.
By [50] each symmetric operator A in $ can be written as the direct
orthogonal sum A A, of a simple symmetric operator A in the Hilbert
space

~

$ = clospan{ker(A* — \) : A € C\R}

and a self-adjoint operator Ag in $ S 5% Here clospan{-} denotes the
closed linear span. Obviously A is simple if and only if $ coincides
with §. Notice that if II = {H,Tp,I'1} is a boundary triplet for the
adjoint A* of a non-simple symmetric operator A = A A, then
H {H Fo,rl} where

To:=Tg | dom((4)*) and T;:=T; | dom((A)*),

is a boundary triplet for the simple part (A)* € C($) such that the
extension Adg = A* | T-YO, O € C( ), in $ is given by Ao @ A,
Ag = (A)* | T-DO € ¢(9), and the Weyl functions and ~-fields of
Il = {H,T,I1} and I = {H, T, T} coincide.

We say that a maximal dissipative operator is completely non-
self-adjoint if there is no nontrivial reducing subspace in which it is
self-adjoint. Notice that each maximal dissipative operator decomposes
orthogonally into a self-adjoint part and a completely non-self-adjoint
part, see e.g. [39].

2.2. WEYL FUNCTIONS, v-FIELDS AND RESOLVENTS OF EXTENSIONS

Let, as in Section 2.1, A be a densely defined closed symmetric operator
in $ with equal deficiency indices. If A € C is a point of regular type
of A, i.e. (A— X\)~!is bounded, we denote the defect subspace of A by
N = ker(A* — )\). The following definition can be found in [28, 29, 31].

DEFINITION 2.3. Let Il = {H,T0,I'1} be a boundary triplet for A*.
The operator valued functions v(-) : p(Ao) — [H,9] and M(-) :
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10 J. Behrndt, M.M. Malamud, and H. Neidhardt
p(Ag) — [H] defined by
y(A) := (Lo [NA)_l and — M(N\) :=T1y(N\), A€ p(Ay), (2.3)

are called the y-field and the Weyl function, respectively, corresponding
to the boundary triplet 11.

It follows from the identity dom(A*) = ker(T'g)+Ny, A € p(Ap), where
as above Ay = A* | ker(I'y), that the ~-field v(-) and the Weyl func-
tion M (-) in (2.3) are well defined. Moreover both ~(-) and M(-) are
holomorphic on p(Ap) and the relations

YA) =T+ A =)Ao —A)")y(w), A p e p(Ag),

and

M) = M(p)" = A=), A e p(Ao), (2.4)

are valid (see [29]). The identity (2.4) yields that M(-) is a Nevanlinna
function, that is, M (-) is a ([H]-valued) holomorphic function on C\R
and

fm (M(V)) -, (2.5)

M(\) = M(\)* and () =

hold for all A € C\R. The union of C\R and the set of all points A € R
such that M can be analytically continued to A and the continuations
from C; and C_ coincide is denoted by h(M). Besides (2.5) it follows
also from (2.4) that the Weyl function M(-) satisfies 0 € p(Im (M (X))
for all A € C\R; Nevanlinna functions with this additional property are
sometimes called uniformly strict, cf. [27]. Conversely, each [H]-valued
Nevanlinna function 7 with the additional property 0 € p(Im (7()))) for
some (and hence for all) A € C\R can be realized as a Weyl function
corresponding to some boundary triplet, we refer to [29, 52, 54] for
further details.

Let again IT = {H,Tg,I'1} be a boundary triplet for A* with cor-
responding ~-field v(-) and Weyl function M (-). The spectrum and the
resolvent set of the closed (not necessarily self-adjoint) extensions of A
can be described with the help of the function M(-). More precisely, if
Ag C A* is the extension corresponding to © € C(H) via (2.1), then
a point A € p(Ap) belongs to p(Ae) (0i(Ae), i = p,c,r) if and only if
0 € p(®—DM(N) (resp. 0 € 0,(© — M(N)), i = p,c,r). Moreover, for
A € p(Ap) N p(Ae) the well-known resolvent formula

1

(Ao =)' = (Ao =)+ (M) (0 = M(N) (V) (2.6)
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holds, cf. [28, 29, 31]. Formula (2.6) is a generalization of the known
Krein formula for canonical resolvents. We emphasize that it is valid
for any closed extension Ag C A* of A with a nonempty resolvent set.

2.3. SELF-ADJOINT EXTENSIONS AND SCATTERING

Let A be a densely defined closed symmetric operator with equal finite
deficiency indices, i.e., ni(A) = n_(A) < oo. Let II = {H, T, I'1},
Ap := A* | ker(I'g), be a boundary triplet for A* and let Ag be a~self—

adjoint extension of A which corresponds to a self-adjoint © € C(H).
Since here dim H is finite by (2.6)

(Ao —N)7' = (A —N)7"  xe p(de) N p(Ao),

is a finite rank operator and therefore the pair {Ag, Ao} performs a
so-called complete scattering system, that is, the wave operators

Wi(Ae, Ag) = s liin eithe g=itdo pac( 4y,

exist and their ranges coincide with the absolutely continuous subspace
H%(Ag) of Ag, cf. [14, 48, 68, 69]. P*(Ap) denotes the orthogonal
projection onto the absolutely continuous subspace $%“(Ag) of Ag. The
scattering operator S(Aeg, Ag) of the scattering system { Ag, Ao} is then
defined by

S(A97 AO) = W—I—(A@: AO)*W— (A@, AO)

If we regard the scattering operator as an operator in $%“(Ap), then
S(Ae, Ap) is unitary, commutes with the absolutely continuous part

Agc =Ag | dOHl(Ao) N f)ac(A())

of Ay and it follows that S(Ag, Ap) is unitarily equivalent to a mul-
tiplication operator induced by a family {Sg(A)} of unitary operators
in a spectral representation of A3¢, see e.g. [14, Proposition 9.57]. This
family is called the scattering matriz of the scattering system { Ag, Ap}.
We note that if the symmetric operator A is not simple, then the
Hilbert space $ can be decomposed as $ = H @ (5?))L (cf. the end of
Section 2.1) such that the scattering operator is given by the orthogonal
sum S(ﬁ@, AO)EBI, where Ag = Ao® A, and Ay = g@@AS, and hence it
is sufficient to consider simple symmetric operators A in the following.
Since the deficiency indices of A are finite the Weyl function M (-)
corresponding to the boundary triplet II = {H,To,I'1} is a matrix-
valued Nevanlinna function. By Fatous theorem (see [34, 41]) then the

limit
M(\+10) := eliquoM()\—i_ie) (2.7)
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12 J. Behrndt, M.M. Malamud, and H. Neidhardt

from the upper half-plane exists for a.e. A € R. We denote the set of
real points where the limit in (2.7) exits by £ and we agree to use
a similar notation for arbitrary scalar and matrix-valued Nevanlinna
functions. Furthermore we will make use of the notation

Huroy i=ran (Im (M(N))),  rexM, (2.8)

and we will in general regard H () as a subspace of H. The orthogonal
projection and restriction onto Hjyy(y) will be denoted by Py, and
[0 Tespectively. Notice that for A € p(Ap) N R the Hilbert space
Har(n is trivial by (2.4). Again we agree to use a notation analogous
to (2.8) for arbitrary Nevanlinna functions. The family {Pys\)}renm
of orthogonal projections in H onto Hys(n), A € ¥M is measurable
and defines an orthogonal projection in the Hilbert space L%(R, d\, H);
sometimes we write L2(R, H) instead of L?(R,d), H). The range of this
projection is denoted by L?(R,dA, Harn))-

Besides the Weyl function M(-) we will also make use of the
function

A No(M) = (©—M(\)™, AeC\R, (2.9)

where O € 5(7'() is the self-adjoint relation corresponding to the ex-
tension Ag via (2.1). Since A € p(Ap) N p(Ae) if and only if 0 €
p(© — M(A)) the function Ng(-) is well defined. It is not difficult
to see that Ng(-) is an [H]-valued Nevanlinna function and hence
No(A 4+ i0) = lim o No(X + i€) exists for almost every A € R, we
denote this set by £V, We claim that

No(A+i0) = (0 — M(A+i0))"", xexMnaxlNe (210

holds. In fact, if © is a self-adjoint matrix then (2.10) follows imme-
diately from Ng(A\)(© — M (X)) = (© — M(X))Ne(N\) = Iy, A € C.
If © ¢ C~(’H) has a nontrivial multivalued part we decompose © as
O = Ogp @ O, where O, is a self-adjoint matrix in Hep = dom O,
and O is a pure relation in Hoo = H © Hop, cf. Section 2.1, and
denote the orthogonal projection and restriction in H onto Hop by FPop
and [, respectively. Then we have

A= No(A) = (Bop — PopM(N) n4,,) ' Pop, A€ C\R,
(see e.g. [52, page 137]) and from
Ne(A+10) = (GOp — Pop M (A +10) I\Hop)ilp()p

for all A € XM N ¥Ne we conclude (2.10). Observe that R\ (XM nxNe)
has Lebesgue measure zero.
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Scattering Theory for Open Quantum Systems 13

The next representation theorem of the scattering matrix is essen-
tial in the following, cf. [15, Theorem 3.8]. Since the scattering matrix
is only determined up to a set of Lebesgue measure zero we choose the
representative of the equivalence class defined on ¥M N £Ne,

THEOREM 2.4. Let A be a densely defined closed simple symmetric
operator with finite deficiency indices in the separable Hilbert space $,
let I1 = {H,To,T'1} be a boundary triplet for A* with corresponding
Weyl function M(-) and define Hys(ny, A € YM as in (2.8). Further-
more, let Ag = A* | ker(Tg) and let Ag = A* [T(-DO, © C~(H), be a
self-adjoint extension of A. Then the following holds.

i is unitarily equivalent to the multiplication operator wi e
i) A§C i itaril ivalent to th ltiplicati t ith th
free variable in L*(R, dX\, Haron)-

(ii) In L*(R,dX, Hyy(n)) the scattering matriz {Se(\)} of the complete
scattering system {Aeg, Ao} is given by

So(N) = Iy,

120 Py /Im (M) (© — M (1)~

I (M(A)) T2y

for all x € M nxNe where M(X) := M (X + i0).

A similar representation of the S-matrix for point interactions was ob-
tained in [6], see also [8]. In order to show the usefulness of Theorem 2.4
and to make the reader more familiar with the notion of boundary
triplets and associated Weyl functions we calculate the scattering ma-
trix of the scattering system {—% + 4, —%} in the following simple
example.

EXAMPLE 2.5. Let us consider the densely defined closed simple
symmetric operator

(Af)(z) = —f"(x), dom(A)={f € WF(R): f(0)=0},

in L2(R), see e.g. [7]. Clearly A has deficiency indices ny(A) = n_(A) =
1 and it is well-known that the adjoint operator A* is given by

(A" f)(x) = —f"(2),
dom(A*) ={f € WZ(R\{0}) : f(0+) = f(0-), f" € L*(R)}.
It is not difficult to verify that IT = {C,T'y,I';}, where
F()f = f,(0+) - f/(o_) and Flf = _f(0+)7 f € dOIIl(A*),
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14 J. Behrndt, M.M. Malamud, and H. Neidhardt

is a boundary triplet for A* and Ay = A* | ker(I'g) coincides with the
usual self-adjoint second order differential operator defined on W3 (R).
Moreover the defect space ker(A* — A), A ¢ [0,00), is spanned by the
function

T — e"‘ﬂg”XRJr (z) + e*iﬁxXR_ (x), A¢&]J0,00),

where the square root is defined on C with a cut along [0, c0) and fixed
by Im (v/A) > 0 for A € [0, 00) and by v/A > 0 for A € [0, 00). Therefore
we find that the Weyl function M(-) corresponding to IT = {C, Ty, T'1 }
is given by

s
M) = Dofy 2V

Let o € R\{0} and consider the self-adjoint extension A_,-1 corre-
sponding to the parameter —a~', A = A* | ker(I'y + o 'T),
ie.

(A_g-1f)(x) = —f"(x)

dom(A_y1) = {f € dom(4") : af(04) = f/(0+) — f/(0-)}.

fa €ker(A* —)), X &]0,00).

—a-1

This self-adjoint operator is often denoted by —% + ad, see [7]. It fol-
lows immediately from Theorem 2.4 that the scattering matrix {S(\)}
of the scattering system {A_ -1, Ap} is given by

VA —ia
N 2\/X+ia’

We note that scattering systems of the form {—% +ad’, —%}, a € R,
can be investigated in a similar way as above. Other examples can be
found in [15].

S(A) A>0.

3. Dissipative and Lax-Phillips scattering systems

In this section we regard scattering systems {Ap, Ag} consisting of a
maximal dissipative and a self-adjoint extension of a symmetric oper-
ator A with finite deficiency indices. In the theory of open quantum
system the maximal dissipative operator Ap is often called a pseudo-
Hamiltonian. We shall explicitely construct a dilation (or so-called
quasi-Hamiltonian) K of Ap and calculate the scattering matrix of the
scattering system {? , Ao @ Go}, where Gy is a self-adjoint first order
differential operator. The diagonal entries of the scattering matrix then
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Scattering Theory for Open Quantum Systems 15

turn out to be the scattering matrix of the dissipative scattering system
{Ap, Ap} and of a so-called Lax-Phillips scattering system, respectively.

We emphasize that this efficient and somehow straightforward
method for the analysis of scattering processes for open quantum sys-
tems has the essential disadvantage that the quasi-Hamiltonians K and
Ag & Gg are necessarily not semibounded from below.

3.1. SELF-ADJOINT DILATIONS OF MAXIMAL DISSIPATIVE OPERATORS

Let in the following A be a densely defined closed simple symmetric
operator in the separable Hilbert space $ with equal finite deficiency
indices ny(A) =n < oo, let II = {H,[y,T'1}, Ag = A* | ker(T'y), be a
boundary triplet for A* and let D € [H] be a dissipative n X n-matrix.
Then the closed extension

AD = A* [ker(Fl — Dl_‘o)

of A corresponding to © = D via (2.1)-(2.2) is maximal dissipative and
C+ belongs to p(Ap). Notice that here we restrict ourselves to maxi-
mal dissipative extensions Ap corresponding to dissipative matrices D
instead of maximal dissipative relations in the finite dimensional space
‘H. This is no essential restriction, see Remark 3.3 at the end of this
subsection. For A € p(Ap) N p(Ap) the resolvent of the extension Ap is
given by

(Ap =N = (A =N D - MW) YL (3D
cf. (2.6). Write the dissipative matrix D € [H] as
D =Re(D) +ilm (D),
decompose H as the direct orthogonal sum of the finite dimensional
subspaces ker(Im (D)) and Hp := ran (Im (D)),
H = ker(Im (D)) ® Hp, (3.2)

and denote by Pp and [4,, the orthogonal projection and restriction in
H onto Hp. Since Im (D) < 0 the self-adjoint matrix —Pplm (D) [y, €
[Hp] is strictly positive and the next lemma shows how —iPpIm (D) [,
(and iPpIm (D) [4,,) can be realized as a Weyl function of a differential
operator.

LEMMA 3.1. Let G be the symmetric first order differential operator
in the Hilbert space L*(R,Hp) defined by

(Gg)(x) = ~ig'(x),  dom(G) = {g € W} (R, Hp) : g(0) = 0}.
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16 J. Behrndt, M.M. Malamud, and H. Neidhardt

Then G is simple, ny(G) = dimHp and the adjoint operator G*g =
—ig' is defined on dom(G*) = Wy (R_,Hp) ® Wa (R4, Hp). Moreover,
the triplet Il = {Hp, Yo, Y1}, where

[N

Tog = %(—PDIm (D) I\HD)i

1
72 (9(0+) +g(0-)),
g € dom(G™), is a boundary triplet for G* and Gy := G* | ker(Yy) is
the usual self-adjoint first order differential operator in L*(R, Hp) with
domain dom(Go) = W(R, Hp) and o(Go) = R. The Weyl function
7(+) corresponding to the boundary triplet llg = {Hp, Lo, L1} is given
by

(9(0+) — g(0-)),

=

Y19 := —=(—PpIm (D) [%,,)

7_()\ _ {_ZPDIm<D) me )‘E(C—l-: (33)

iPplm (D) [Hp s AeC_.

Proof. Besides the assertion that IIg = {Hp, Lo, Y1} is a bound-
ary triplet for G* with Weyl function 7(-) given by (3.3) the statements
of the lemma are well-known. We note only that the simplicity of G
follows from [1, VIII.104] and the fact that G can be written as a finite
direct orthogonal sum of first order differential operators on R_ and
RJ’_.

A straightforward calculation shows that the identity

= (Y19, Tok) — (Tog, T1k)
holds for all g, k € dom(G*). Moreover the mapping (I'g, T'1) " is surjec-

tive. Indeed, for an element (h,h')" € Hp x Hp we choose g € dom G*
such that

0(04) = —={ (=Poln (D) Is) b — i(=Polm (D) 1) 0}
and
g(0-) = %{—(—Pplm(D) F3p) = i (~Pplm (D) [re) ~*4}

holds. Then a simple calculation shows Yog = h, T1g = h’ and therefore
Ilg = {Hp, Yo, Y1} is a boundary triplet for G*. It is not difficult to
check that the defect subspace Ny = ker(G* — ) is

Ny = Sp {:E'_)ei/\xXR+($)g : gGHD}a )\G(C+7
A sp {z— ey (2)¢ : E€Hp), AeC_,
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Scattering Theory for Open Quantum Systems 17

and hence we conclude that the Weyl function of Ilg = {Hp, Yo, Y1}
is given by (3.3). O

Let Ap be the maximal dissipative extension of A in §) from above
and let G be the first order differential operator from Lemma 3.1.
Clearly K := A ® G is a densely defined closed simple symmetric
operator in the separable Hilbert space

R:=$9H®L*R, Hp)

with equal finite deficiency indices ny (K) = ni(A) +n4(G) < oo and
the adjoint is K* = A* & G*. The elements in dom(K™*) = dom(A*) &
dom(G*) will be written in the form f@®g, f € dom(A*), g € dom(G™).
In the next theorem we construct a self-adjoint extension Kof Kin &
which is a minimal self-adjoint dilation of the dissipative operator Ap
in $). The construction is based on the idea of the coupling method from
[26]. It is worth to mention that in the case of a (scalar) Sturm-Liouville
operator with real potential and dissipative boundary condition our
construction coincides with the one proposed by B.S. Pavlov in [64, 67],
cf. Example 3.5 below.

THEOREM 3.2. Let A, 11 = {H,T9,I'1} and Ap be as in the beginning
of this section, let G and g = {Hp, Yo, Y1} be as in Lemma 3.1 and
K=A®G. Then

N PDFOf_TO.g:()?
K=K"] {f@gedom(K*) : (1—PD)(F1—Re(D)F0)f—O,}
PD(Fl — Re (D)F())f =+ Tlg =0
(3.4)

is a minimal self-adjoint dilation of the maximal dissipative operator

Ap, that is, for all A € Cy
Py(K =) Ig= (4p = V)7

holds and the minimality condition & = clospan{(K — A\)7'§ : X €
C\R} is satisfied. Moreover o(K) =R.

Proof. Let v(-),v(:) and M(-),7(:) be the y-fields and Weyl func-
tions of the boundary triplets IT = {H, Ty, "1 } and Ilg = {HDJ Yo, '{1},
respectively. Then it is straightforward to check that II = {H, T, I'1 },
where

H=nonp, To=(y) ad o= (75 P0) @

mpag03.tex; 3/12/2007; 15:20; p.17



18 J. Behrndt, M.M. Malamud, and H. Neidhardt

is a boundary triplet for K* = A* & G* and the corresponding Weyl
function M (-) and ~-field 7(-) are given by

M) = (M ()~ Be(D) T(OA)> C AeC\R,  (36)
and
_ A) 0
F(\) = (70 V(A)), X € C\R, (3.7)

respectively. Notice also that Ky := K* [}er(fo) = Ay & Gg holds.
~ With respect to the decomposition H = ker(Im (D)) & Hp & Hp
of H (cf. (3.2)) we define the linear relation © by

é:{( (u,0,0) ) :u € ker(Im (D), v,w € H }EC(H) (3.8)
: ( )T : , U, D . .

0, —w,w

We leave it to the reader to check that (E) is self-adjoint. Hence by
Proposition 2.2 the operator Ky = K* | T(-Y0 is a self-adjoint ex-
tension of the symmetric operator K = A® G in & = H @ L*(R, Hp)
and one verifies without difficulty that this extension coincides with K
from (3.4), K = K.

In order to calculate (K — )™, A € C\R, we use the block matrix
decomposition

M7 () M3(N)

M)~ Re(D) = (MQL}(A) MB()

) € [ker(Im (D)) & Hp|] (3.9)
of M(X\) — Re (D) € [H]. Then the definition of © in (3.8) and (3.6)
imply
(O—MN) ' =
—MH(/\)u — M@(A)v
—w — MENu — ME (N

w—T(Av
T

~u € ker(Im (D))
" wv,w€E€Hp
(u,v,v)

and since every A € C\R belongs to p(K) N p(Ko), Ko = Ao & Go,
it follows that (© — M()\))™!, A € C\R, is the graph of a bounded

everywhere defined operator. In order to calculate (© — M(X))™! in a
more explicit form we set

r = —MENu— MEB(\)v,
y == —w— ME(\u— MB(Mv, (3.10)
z = w—T1(Av.
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< x ) _ MEN) ME(\) (u>
y+z MEN) MEN) +7(\) ) \v
and by (3.3) and (3.9) we have

- (M{{(A) MB(\) ) _ {D — MO, AEC g

This yields

MR (A) My(A) +7(A) D*—M()\), AeC_ '

Hence for A € C; we find

(L) =@-mon(, 7).

which implies

(Z) —(D—MM)! (;) + (D= M) Iy 2 (3.12)
and
v="Pp(D—-MMN)" (;) +Pp(D— M) " In, 2 (3.13)
Therefore by inserting (3.10), (3.12) and (3.13) into the above expres-
sion for (© — M(A))~! we obtain

O (D-MMN\)™t (D—-MN) ny,
(O-MM) ™ = (PD(D ~M\)™' Pp(D - M(A))*?FHJ (3.14)

for all A € C4 and by (2.6) the resolvent of the self-adjoint extension
K admits the representation

(K =X = (Ko =N+ (6 - M) 50 (3.15)
A € C\R. It follows from Ko = Ag & Go, (3.7) and (3.14) that for
A € C4 the compressed resolvent of K onto $) is given by
YN,
where Py denotes the orthogonal projection in £ onto §... Taking into
account (3.1) we get

Py(K =N 195= (40— N7 44N (D - M)~

Py(K=X)""195=(Ap—-N7", XNeCy,

and hence K is a self-adjoint dilation of Ap. Since 0(Go) = R it follows

from well-known perturbation results and (3.15) that o(K) = R holds.
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20 J. Behrndt, M.M. Malamud, and H. Neidhardt
It remains to show that K satisfies the minimality condition
R=90L*R,Hp) = clospan{(?— A)7H A € C\R}. (3.16)

First of all s-limy_, 4o (—it)(K — it)~! = I implies that § is a subset
of the right hand side of (3.16). The orthogonal projection in K onto
L*(R,Hp) is denoted by Pp2. Then we conclude from (3.7), (3.14) and
(3.15) that for A € C4

1 1

Pr2(K =X\ ls=v(\)Pp(D — M(N) ™ y(X)* (3.17)

holds and this gives

1

ran (P2 (K — X) ' [g) = ker(G* = \), A eCy.

From (3.11) it follows that similar to the matrix representation (3.14)
the left lower corner of (© — M (\))™! is given by Pp(D* — M()\))~!
for A € C_. Hence, the analogon of (3.17) for A € C_ implies that

ran (P2 (K — \) ' Ig) = ker(G* — \)

is true for A € C_. Since by Lemma 3.1 the symmetric operator G is
simple it follows that

L*(R,Hp) = clospan{ker(G* — \) : A € C\R}

holds, cf. Section 2.1, and therefore the minimality condition (3.16)
holds. O

REMARK 3.3. We note that also in the case when the parameter D
is not a dissipative matrix but a maximal dissipative relation in H a
minimal self-adjoint dilation of Ap can be constructed in a similar way
as in Theorem 3.2.

Indeed, let A and IT = {H,T',I'1} be as in the beginning of this
section and let D € C (H) be a maximal dissipative relation in H. Then
l:) can be written as the direct orthogonal sum of a dissipative matrix
Dy in Hop := Ho©mul D and an undetermined part or ”pure relation”

Doo :={(Y) : y € mul D}. It follows that
B:=A" TV sy emul D} = A* | TV D
is a closed symmetric extension of A and

{Hopu Lo rdom(B*)v Poprl rdom(B*)}
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is a boundary triplet for
B* = A" [ {f € dom(4"): (1 — P,,)I'of =0}

with A* | ker(I'g) = B* | ker(I'o [qom(B+))- In terms of this boundary

triplet the maximal dissipative extension A5 =TI'=Y D coincides with
the extension

Bﬁop = B* r ker(PopF1 rdom(B*) —Dopro rdom(B*))
corresponding to the operator part l~)0p € [Hop) of D.

REMARK 3.4. In the special case ker(Im D) = {0} the relations (3.4)
take the form

Lof —Yog=0 and (I'y —Re(D)Ty)f + YT19=0,

so that K is a coupling of the self-adjoint operators Ay and Gg corre-
sponding to the coupling of the boundary triplets 114 = {H,¢,I'; —
Re (D)o} and IIg = {H,Yo, Y1} in the sense of [26]. In the case
ker(Im D) # {0} another construction of K is based on the concept of
boundary relations (see [27]).

A minimal self-adjoint dilation K for a scalar Sturm-Liouville op-
erator with a complex (dissipative) boundary condition has originally
been constructed by B.S. Pavlov in [64]. For the scalar case (n = 1)
the operator in (3.20) in the following example coincides with the one
in [64].

EXAMPLE 3.5. Let Q4+ € LL (R4, [C"]) be a matrix valued function
such that Q4+ (-) = Q+(-)*, and let A be the usual minimal operator
in § = L*(R;,C") associated with the Sturm-Liouville differential

expression —% + Q.+,
d? ,
A= a2 Q+, dom(A) = {f € Diax+ : f(0) = f'(0) =0},
where Dpax,+ is the maximal domain defined by

Dmax,Jr =
[FELAR,C): f, f € AC(R,,C"), — " + Qi f € LA(R4,C")}.

It is well known that the adjoint operator A* is given by

A* = _% + Q4+, dom(A*) = Diax,+-
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22 J. Behrndt, M.M. Malamud, and H. Neidhardt

In the following we assume that the limit point case prevails at
+00, so that the deficiency indices ni(A) of A are both equal to n. In
this case a boundary triplet IT = {C", g, I'1 } for A* is

Lof := f(0), Tif:=f'(0), f € dom(A*)= Dmax+- (3.18)

For any dissipative matrix D € [C"] we consider the (maximal) dissi-
pative extension Ap of A determined by

Ap = A | ker(T';y — DTy), ImD <0. (3.19)

(a) First suppose 0 € p(Im D). Then Hp = C" and by Theorem 3.2

and Remark 3.4 the (minimal) self-adjoint dilation K of the operator
Ap is a self-adjoint operator in & = L?(R,, C") @ L?(R, C") defined by

K(fog)=(-1"+Q+f) @ —ig,
N f € Dmax,—i—a g€ WQI(R—7(CTL) S2] W21 (R+,Cn) (3'20)
dom(K) =¢  f'(0) = Df(0) = —i(—2Im D)"/?¢(0-),
f'(0) = D*£(0) = —i(—2Im D)*/2g(0+)

(b) Let now ker(Im D) # {0}, so that Hp = ran (Im D) = (Ci;é cn.
According to Theorem 3.2 the (minimal) self-adjoint dilation K of the
operator Ap in & = L*(R,,C") @ L?(R, CF) is defined by

K(fog) = (—f"+Q.f) @ —ig,

f € Dmax+, 9 € Wa(R_,CF) @ W3 (R, CF)
Pplf'(0) = Df(0)] = —i(—2PpIm (D) [, )"/?g(0-),
Pp|f'(0) = D* f(0)] = —i(—2PpIm (D) rHD>1/29<0+>,

f'(0) = Re(D) f(0) € Hp

dom(K) =

3.2. DILATIONS AND DISSIPATIVE SCATTERING SYSTEMS

Let, as in the previous section, A be a densely defined closed simple
symmetric operator in $) with equal finite deficiency indices and let
IT = {H,Ty,I'1} be a boundary triplet for A* Ay = A* | kerT\,
with corresponding Weyl function M(-). Let D € [H] be a dissipative
matrix and let Ap = A* | ker(I'; — DT'y) be the corresponding maximal
dissipative extension in §. Since C; 3 A — M (X) — D is a Nevanlinna
function the limits

M(A+i0) =D = lim M(A+ic) —D
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and

Np(A+i0) = lim Np(A+ie) = lim (D —M(A+ ie)) "

e——+0

exist for a.e. A € R. We denote these sets of real points A by £ and
YN Then we have

Np(A+i0) = (D — M(A+i0))"", AxexMnxNo  (3.21)

cf. Section 2.3. Let G be the symmetric first order differential operator
in L2(R,’Hp) and let llg = {Hp, Yo, Y1} be the boundary triplet
from Lemma 3.1. Then Gy = G* | ker(Yy) is the usual self-adjoint
differentiation operator in L?(R,Hp) and Kq = A ® Gy is self-adjoint
in & = 9@ L?(R,Hp). In the next theorem we consider the complete
scattering system {K , Ko}, where K is the minimal self-adjoint dilation
of Ap in K from Theorem 3.2.

THEOREM 3.6. Let A, II = {H,To,I'1}, M(-) and Ap be as above
and define Hyr(ny, A € YMas in (2.8). Let Ko = Ag ® Go and let K
be the minimal self-adjoint dilation of Ap from Theorem 3.2. Then the
following holds.

(i) K§¢ = A§@Gy is unitarily equivalent to the multiplication operator
with the free variable in LZ(R,d)\,HM()\) @ Hp).

(ii) In L*(R,d\, Hps) @ Hp) the scattering matriz {S(\)} of the com-
plete scattering system {ﬁ, Ky} is given by

S0 = (I”g» I;;) +2i (%183 %28) € [Mary @ Mol

for all A € M A SN where

Ti1(A) = Pyyonyy/Tm (M) (D = M(N) ™ y/Tm (M(A) Ty,
Tio(A) = Py /Tm (M(A) (D = M(X))~y/~Tm (D) [y,
Tor(A) = Ppy/=Tm (D)(D = M(N)) /T (M (X)) I35,
Tyo(N) = Ppy/—Im (D)(D — M(XN) " \/=Im (D) [x,
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Proof. Let K = A® G and let II = {H® HD,f‘o,fl} be the
boundary triplet for K* from (3.5). Notice that since A and G are
densely defined closed simple symmetric operators also K is a densely
defined closed simple symmetric operator. Recall that for A € C the
Weyl function of Il = {H & Hp, Ty, I'1} is given by

(M) - Re(D) 0
w1 = (M P (D) ) B2

Then Theorem 2.4 implies that

L2(R,d/\,7'[1\z,()\)), H]\7[ ZHM()\)GBHD, )\EEM,

)

performs a spectral representation of the absolutely continuous part

K§¢ = K() r dOHl(K()) N ﬁac(K(])
= Ag @ Gy | (dom(Ag) N H™*(Ap)) ® L*(R, Hp) = A3* @ Gy

of K such that the scattering matrix {S(A\)} of the scattering system
{K, Ky} is given by

S(\) = (3.23)

I+ 2iPg\/Im (M(N)(© = M)~ /Im (M(N) %

M(N)

M)
for all A € M N 3"5, where Py
restriction in ' H = H & Hp onto HM(A). Here O is the self-adjoint
relation from (3.8) and the function Ng is defined analogously to (2.9)
and

and rHﬁ(A) are the projection and

Ng(A+1i0) = (6 — M(A+i0)) "

holds for all A € ¥M A5, cf. (2.10).
By (3.22) we have

\/Im O i) <\/Im (A +10)) 0 )

0 Ppy/—Im (D) 5

for all A € SV = M and (3.14) yields

(O - MM\ +i0) " =

( (D—MOA+i0))"r (D= MA~+i0)"" 15, )
Pp(D — M(A+i0))~Y Pp(D — M(XA+1i0))7! [,
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for A € M N¥N6 . Tt follows that the sets SM N%Y6 and SMAYAD gee
(3.21), coincide and by inserting the above expressions into (3.23) we
conclude that for each A € &M N LD the scattering matrix {S(\)} is
a two-by-two block operator matrix with respect to the decomposition

HM()\) ZHM()\)EB'HD, )\EEMQEND,

with the entries from assertion (ii). O

REMARK 3.7. It is worth to note that the scattering matrix {S(\)} of
the scattering system {f(/ , Ko} in Theorem 3.6 depends only on the dis-
sipative matrix D and the Weyl function M(-) of the boundary triplet
I1 = {H,To, T} for A*. In other words, the scattering matrix {S(\)} is
completely determined by objects corresponding to the operators A, Ag
and Ap in 9.

Let Ap and Agp be as in the beginning of this section. In the
following we will focus on the so-called dissipative scattering system
{Ap, Ao} and we refer the reader to [23, 24, 55, 56, 57, 58, 59, 60, 61] for
a detailed investigation of such scattering systems. We recall only that
the wave operators Wi (Ap, Ag) of the dissipative scattering system
{Ap, Ao} are defined by

W+ (AD7 AO) - S_t lim CitA*D e_itAO P(ZC(AO)

—400

and

W_(AD, AO) = s_tlg_noo e*itADeitAoPaC(AOL
where e 40 1= slimy, (1 + LAp)™", see e.g. [48, §1X]. The scat-
tering operator

Sp =W (Ap, Ao)*W_(Ap, Ag)

of the dissipative scattering system {Ap, Ag} will be regarded as an
operator in $%(Ap). Then Sp is a contraction which in general is not
unitary. Since Sp and A§° commute it follows that Sp is unitarily
equivalent to a multiplication operator induced by a family {Sp(X)} of
contractive operators in a spectral representation of Ag°.

With the help of Theorem 3.6 we obtain a representation of the
scattering matrix of the dissipative scattering system {Ap, Ao} in terms
of the Weyl function M (-) of IT = {H, 'y, I'1 } in the following corollary,
cf. Theorem 2.4.
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COROLLARY 3.8. Let A, II = {H,Fo,rl}, AO = A* f kel‘(l—‘o), M()
and Ap be as above and define Hy(n), A € YM as in (2.8). Then the
following holds.

(1) A§¢ is unitarily equivalent to the multiplication operator with the

free variable in L*(R, dX, Har(n))-

(ii) In L*(R,d\, Hy(n)) the scattering matriz {Sp(A)} of the dissipa-
tive scattering system {Ap, Ao} is given by

1

Sb(N) = Iy, + 2Py VIm (TN (D — M(N) ™ /I (M (V) |

Har(xn)
for all X € M N END | where M(X\) = M (X + i0).
Proof. Let K be the minimal self-adjoint dilation of Ap from
Theorem 3.2. Since for ¢ > 0 we have
Pre ™K1 6 = s lim Py(1+2K) " 5= s lim (1+ £4p) ™"

e—itAD

it follows that the wave operators W (Ap, Ag) and W_(Ap, Ap) coin-
cide with

PyW(K,Ko) | = s lim Pge® e Ko pac(fy) g

t——+00

= s- lim Py)ei”? [ e_itAOP“C(AO)

t——+00

and
PsW_ (K, Ko) I = - lim Py eitK e=itho pac( gy 1
——00

= s lim Pge K |g eft4o pac(Ay),
t—+o00
respectively. This implies that the scattering operator Sp coincides
with the compression Pﬁac(Ao)S(g, Ko) [gac(a,) of the scattering oper-
ator S(K, Ko) onto $%¢(A). Therefore the scattering matrix Sp()) of
the dissipative scattering system is given by the upper left corner

{Byy +2iT(N) ), A e M nnhp,

of the scattering matrix {S(A)} of the scattering system {K, Ko}, see
Theorem 3.6. O
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3.3. LAX-PHILLIPS SCATTERING SYSTEMS

Let again A, I = {H, Fo, Fl}, {AD, AO} and G, G[), HG = {HD, To, Tl}
be as in the previous subsections. In Corollary 3.8 we have shown that
the scattering matrix of the dissipative scattering system {Ap, Ag} is
the left upper corner in the block operator matrix representation of
the scattering matrix {S(\)} of the scattering system {K, Ko}, where
K is a minimal self-adjoint dilation of Ap in & = § & L%(R, Hp) and
Ky = Ay ® Gy, cf. Theorem 3.6.

_ In the following we are going to interpret the right lower corner of
{S(A\)} as the scattering matrix corresponding to a Lax-Phillips scatter-
ing system, see e.g. [14, 53] for further details. To this end we decompose
the space L2(R,Hp) into the orthogonal sum of the subspaces

D_:=L*R_,Hp) and D, := L*R,,Hp). (3.24)

Then clearly & = HPD_ D, and we agree to denote the elements in R
in the form f&g-@gy, f €9, g+ € Dy and g = g @ gy € L*(R, Hp).
By J4 and J_ we denote the operators

JJr:LQ(R)HD)—}ﬁv g— 0808 g4,
and
J_:L*R,Hp) = R, ¢g—0dg_®0,

respectively. Notice that Jy + J_ is the embedding of L?(R,Hp) into
K. In the next lemma we show that D and D_ are so-called outgoing
and incoming subspaces for the self-adjoint dilation K in R.

LEMMA 3.9. Let K be the self-adjoint operator from Theorem 3.2, let
Dy be as in (3.24) and Ag = A* | ker(I'g) be as above. Then
e_itl?Di CD4, teRy, and ﬂ e_M?Di = {0},
teR

and, if in addition o(Ap) is singular, then

etk Dy = | J e KD = a%(K). (3.25)
teR teR

Proof. Let us first show that
eitK 1Dy = JLe G0 | Dy teRy, (3.26)

holds. In fact, since %0 is the right shift group we have

e"9(dom(G@) N D1) C dom(G) N D, te Ry,
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where dom(G) N Dy = {WI?(R,Hp) : f(z) =0, z € Ry}. Let us fix
some t € Ry and denote the symmetric operator A & G by K. Since

J+(dom(G)ND4) C dom(K) C dom(K)
the function

fou(s) = eleDE JemisGo 1 ¢ seRy, fi e dom(G)N Dy,

is differentiable and

d . i(s—t)K [ TF —1is
Eftd:(s) =1e ( t)K(K — Oyj (o) GQ)J:tC Go fpi f:t =0, telRqy,

holds. Hence we have f; +(0) = f; +(t) and together with the observa-
tion that the set dom(G) N Dy is dense in D4 this immediately implies

(3.26). Then we obtain e"*5D, C Dy, t € Ry and
ﬂ e—itKD:t C m e—itKD:t — ﬂ Jie—itGQD:t — {0}
teR teR4 teR4

Let us show (3.25). Since A has finite deficiency indices the wave
operators Wi (K, Ao ® Go) exist and are complete, i.e.,

ran (Wi (K, Ag ® Go)) = 8%(K)

holds. Since Ay is singular we have
Wi(fi Ag @ Go) = 5 lirin eiﬁ?(t]Jr + Jﬁ)e—itGo o
—00

and it follows from (3.26) that Wy (K, Ag ® Go)fy = f+ for fi € Dy,

so that in particular Dy and e 0D, € R%(K) for t € Ry. Assume
now that g € L?*(R,Hp) vanishes identically on some open interval
(—oc, a). Then for 7 > 0 sufficiently large e~"%g € D, and by (3.26)
fort > r

eitl?((]_i_ + J_)e—i(t—’l’)Goe—i’r‘Gog — 6”%(]4_6_”(;09.

Since the elements g € L?(R,Hp) which vanish on intervals (—oo, «)

form a dense set in L2(R, Hp) and the wave operator Wy (K, Ay ® Go)
is complete we conclude that

U e, (3.27)

T€R+
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is a dense set in K*“(K). A similar argument shows that the set (3.27)
with Ry and D, replaced by R_ and D_, respectively, is also dense in
R9¢(K). This implies (3.25). O
According to Lemma 3.9 the system {E ,D_,D,} is a Lax-Phillips
scattering system and in particular the Lax-Phillips wave operators

Oy = s—tlirinOo eitf(,]ie_itao . L*(R,Hp) — R

exist, cf. [14]. We note that s-lim;_, 4+ Jze %% = 0 and therefore the
restrictions of the wave operators W4 (K, Ko) of the scattering system
{K, Ky}, Ko = Ay @ Gy, onto L2(R,HD),

Wi(fé Kjp) 2= s lim ei“?(JJr _|_J_)e—itG0’
t—+oo

coincide with the Lax-Phillips wave operators 4. Hence the Laz-
Phillips scattering operator S¥¥ = 0% Q_ admits the representation

SLP = PaS(K, Ko) |12

where S(K, Ko) = W4 (K, Ko)*W_(K, Kp) is the scattering operator
of the scattering system {% , Ko}. The Lax-Phillips scattering operator
SEP s a contraction in L?(R,Hp) and commutes with the self-adjoint
differential operator Go. Hence S™* is unitarily equivalent to a multipli-
cation operator induced by a family {S™*(\)} of contractive operators
in L?(R,Hp), this family is called the Laz-Phillips scattering matriz.

The above considerations together with Theorem 3.6 immediately
imply the following corollary on the representation of the Lax-Phillips
scattering matrix.

COROLLARY 3.10. Let {K,D_,D.} be the Laz-Phillips scattering
system considered in Lemma 3.9 and let A, 11 = {H,To,I1}, Ap,
M(-) and Go be as in the previous subsections. Then Gy = G§°¢ is
unitarily equivalent to the multiplication operator with the free variable
in L>(R,Hp) = L*(R,d)\, Hp) and the Laz-Phillips scattering matriz
{SLE(N)} admits the representation

SEP(N) = Iy, + 2iPpy/Im (—D)(D — M(X)) ™ /Im (= D) [3,,
(3.28)

for X e M A SND where M(\) = M (X + 0).

Let again Ap be the maximal dissipative extension of A corre-
sponding to the maximal dissipative matrix D € [H] and let Hp =
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ran (Im (D)). By [30] the characteristic function Wy, of the completely
non-self-adjoint part of Ap is given by

Wa, :C_ — [Hp]

p— I, — 2iPpy/—Im (D)(D* — M(p)) ™" (3.29)

—Im (D) rHD .

Comparing (3.28) and (3.29) we obtain the famous relation be-
tween the Lax-Phillips scattering matrix and the characteristic function
found by Adamyan and Arov in [2, 3, 4, 5].

COROLLARY 3.11. Let the assumption be as in Corollary 3.10. Then
the Lax-Phillips scattering matriz {S™F (\)} and the characteristic func-
tion Wy, of the maximal dissipative operator Ap are related by

SEE(N) = Wa, (A —i0)%, AexMnxho,

Next we consider the special case that the spectrum o(Ag) of the
self-adjoint extension Ay = A* | ker(T'y) is purely singular, H%¢(Ay) =
{0}. As usual let M(-) be the Weyl function corresponding to II =
{H,To,T'1}. Then we have Hys(y) = ran (Im (M (A +10))) = {0} for a.e.
A e XM cf. [18], and if even o(Ag) = 0,(Ag) then Hyyny = {0} for all
A € M, Therefore Theorem 3.6 and Corollaries 3.10 and 3.11 imply
the following statement.

COROLLARY 3.12. Let the assumption be as in Corollary 3.10, let
Ky = Ay ® Gy and assume in addition that o(Ag) is purely singular.
Then the scattering matriz {S(A\)} of the complete scattering system
{K, Ky} coincides with the Laz-Phillips scattering matriz {S“F(A\)} of
the Lax-Phillips scattering system {f ,D_,D,}, that is,

S(\) = SEP(N) = Wa, (A — i0)* (3.30)

for a.e. X € R. If even o(Ag) = op(Ao), then (3.30) holds for all
AexMnxhio,

3.4. 1D-SCHRODINGER OPERATORS WITH DISSIPATIVE BOUNDARY
CONDITIONS

In this subsection we consider an open quantum system consisting
of a self-adjoint and a maximal dissipative extension of a symmetric
regular Sturm-Liouville differential operator. Such maximal dissipative
operators or pseudo-Hamiltonians are used in the description of carrier
transport in semi-conductors, see e.g. [10, 12, 35, 40, 46, 47, 49].
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Assume that —oo < 27 < z, < oo and let V' € L>®((x,x,)) be a
real valued function. Moreover let m € L*((x;,z,)) be a real function
such that m > 0 and m~!' € L>®((x;, z,.)). It is well-known that

(AN (@) = =5 ————f(z) + V() f(2),

fomf' € Wa((zy, 7))
dom(A) :={ f e L*((xy,2,)) : f(@1) = f(zr) =0 ;
(£1) @) = (&F) (@) =0

is a densely defined closed simple symmetric operator in the Hilbert
space 9 := L2((x;,2,)). The deficiency indices of A are n (A4) =
n_(A) = 2 and the adjoint operator A* is given by

(A" f)(2) = =5 ——=——f(a) + V() f(2),
1
dom(A4*) = {f €n:f, Efl € W;((xl,xr))} .
It is straightforward to verify that I1 = {C2 T, T}, where
f(x) (/") (1)
Lof := d I'if:= , 3.31
of = (fr)) wnd T ( (3 F) @) (3:51)
f € dom(A*), is a boundary triplet for A*. Notice that the self-adjoint

extension Ay = A* [ ker(I'g) corresponds to Dirichlet boundary condi-
tions, that is,

dom(Ao) = { €9+ f, 1 € Wh{(an, ). fa1) = f(a) =0}

It is well known that Ap is semibounded from below and that o(Ay)
consists of eigenvalues accumulating to +o0o. As usual we denote the
Weyl function corresponding to IT = {C? T, I'1} by M(-). Here M(-) is
a two-by-two matrix-valued function which has poles at the eigenvalues
of Ay and in particular we have

Har) = ran (Im (M () = {0} forall A e B, (3.32)
If oy, ¥y € L2((21,2,)) are fundamental solutions of

—3Gf) V=S
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satisfying the boundary conditions
pa(@) =1, (ed) (@) =0,  a(z) =0, (5¥3)(x) =1, (3.33)

then M can be written as

_ 1 —on(a) 1
M(A)—zw(m( 1 _(%w;)(m), Aep(Ap). (3.34)

We are interested in maximal dissipative extensions
AD = A* [ker(I‘l - DFo)

of A where D € [C?] has the special form
—K] 0
D= , Im(k;)) >0, Im(k,)>0. (3.35)
0 —kKp

Of course, if both k; and &, are real constants then Hp = ran (Im (D)) =
{0} and Ap is self-adjoint. In this case Ap can be identified with the
self-adjoint dilation K acting in $ & L2(R, {0})=$, cf. Theorem 3.2.

Let us first consider the situation where both x; and x;, have pos-
itive imaginary parts. Then Hp = C? and the self-adjoint dilation K
from Theorem 3.2 is given by

K(f®g-®gy) = (-3(Lf) +Vf) @ —ig. ®—ig,,

= _ famf'GW((CClﬂCr)) . Fof —Tog =0,
dom K= { g+ € W3 %Ri,CQ) "(I'1 = Re(D)lo)f +Tig = 0}

Here IIg = {C2, Yy, Y1} is the boundary triplet for first order differ-
ential operator G C G* in L?(R,C?) from Lemma 3.1 and we have
decomposed the elements f @ g in $ @ L?(R,C?) as agreed in the
beginning of Section 3.3. Let us set

91(0—)) <91(0+))

_(0—-) = d 0+) = :

-0 = (3lg)) ma a00= (301)

Then a straightforward calculation using the definitions of IT = {C?, T, 'y }

and IIg = {C?, Ty, Y1} in (3.31) and Lemma 3.1, respectively, shows
that an element f @ g_ @ g4+ belongs to dom(K) if and only if

(2 f)( )
(g ') (1) + R f (1)
(g f) () )
(g f) () )

2Im (k;)g;(0—)

—iy/2Im (r;)g;(04)

2Im (k) gr(0—)

(@1) + Kk f (2

Iy
(

xy) — Fr f(xy 2Im (k) gr(0+
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holds. We note that this dilation K is isomorphic in the sense of (39
Section 1.4] to those used in [12, 13, 46, 47].

Theorem 3.6 and the fact that o(Ayp) is singular (cf. (3.32)) imply
that the scattering matrix {S(A)} of the scattering system {K, Ko},
Ky = Ay @ Gy, coincides with

SEP(A) = Iz + 2iy/—Im (D) (D — M(N)) ™

—Im (D) € [C?]

for all A € 0,(Ag) NR, where M(X) = M (X +i0) (cf. Corollary 3.12).
By (3.35) here y/—Im (D) is a diagonal matrix with entries /Im (r;)
and /Tm (k,.). We leave it to the reader to compute S () explicitely
in terms of the fundamental solutions ¢y and v in (3.33). According
to Corollary 3.11 the continuation of the characteristic function W4,
of the completely non-self-adjoint pseudo-Hamiltonian Ap from C_ to

R\{0,(Ap)} coincides with ST¥(\)*,

Wa, (A —i0) = Ic2 — 2iy/—Im (D)(D* — M(N)) ™"

— SLP()\)*

—Im (D)

Next we consider briefly the case where one of the entries of D in
(3.35) is real. Assume e.g. x; € R. In this case Hp = C={0} & C, Pp is
the orthogonal projection onto the second component in C? and G is
a first order differential operator in L?(IR, C). The self-adjoint dilation
K is

K(f®g-®gs)=(-3(Lf) +V) & —ig_ @ —ig,,

N , Pplof — Tog =0,
dom K = {f vt EWWQIé(xlgc?)) (1 - Pp)(Ts — Re (D)Ty)/ = 0,}
95 €W3(Re.C) " p 1 T Re (D)To)f 4+ Tig = 0

and explicitely this means that an element f @ g— & g4 belongs to
dom(K) if and only if

holds. The scattering matrix of {ﬁ , Ko} is given by

1

SEP(N) = Iy, + 2iIm (k) Pp(D — M(N) ™ [3p, A€ XM,
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which is now a scalar function, and is related to the characteristic
function of the maximal dissipative operator Ap by SEF(\) = Wa, (A —
i0)*.

4. Energy dependent scattering systems

In this section we consider families {A_,(y), Ao} of scattering systems,
where 7(-) is a matrix Nevanlinna function and {A_;(y)} is a family of
maximal dissipative extensions of a symmetric operator A with finite
deficiency indices. Such scattering systems arise naturally in the de-
scription of open quantum systems, see e.g. Section 4.4 where a simple
model of a so-called quantum transmitting Schrodinger-Poisson system
is described. Following ideas in [26] (see also [16, 21, 32, 43, 44]) the
family {A_;(y)} is “linearized” in an abstract way, that is, we construct

a self-adjoint extension L of A which acts in a larger Hilbert space HP&
and satisfies

Po(L =N 1g= (A,oy — N7,

so that, roughly speaking, the open quantum system is embedded into
a closed system. The corresponding Hamiltonian L is semibounded if
and only if Ag is semibounded and 7(-) is holomorphic on some interval
(—o0,n). The essential observation here is that the scattering matrix of
{Z, Lo}, where Ly is the direct orthogonal sum of Ay and a self-adjoint
operator connected with 7(-), pointwise coincides with the scattering
matrix of a scattering system {% , Ko} as investigated in the previous
section. From a physical point of view this in particular justifies the
use of quasi-Hamiltonians K for the analysis of scattering processes in
suitable small energy ranges.

4.1. THE STRAUS FAMILY AND ITS CHARACTERISTIC FUNCTIONS

Let A be a densely defined closed simple symmetric operator in the
separable Hilbert space $) with equal finite deficiency indices ny(A) =
n < oo and let I = {H,To,T'1} be a boundary triplet for A*. Assume
that 7(+) is an [H]-valued Nevanlinna function and consider the family

{A—T()\)}7
A_ oy = A" [ker(Ty +7(M)o), A eCy,

of closed extension of A. Sometimes it is convenient to consider A_y)
for all A € h(7), that is, for all A € C\R and all real points A\ where 7
is holomorphic, cf. Section 2.2. Since Im7(\) > 0 for A € C. it follows

mpag03.tex; 3/12/2007; 15:20; p.34



Scattering Theory for Open Quantum Systems 35

that each A_;(y), A € C4, is a maximal dissipative extension of A in
9. The family {A_;(y)}rec, is called the Straus family of A associated
with T (cf. [63] and e.g. [25, Section 3.3]) and for brevity we shall often
call {A_;(y)} simply Straus family.

Since H is finite dimensional Fatous theorem (see [34, 41]) implies
that the limit 7(A+40) = lim._ o 7(A+i€) from the upper half-plane ex-
ists for a.e. A € R. As in Section 2.3 we denote set of real points A where
this limit exists by >7. If there is no danger of confusion we will usually
write 7(\) instead of 7(A+440) for A € X7. Obviously, the Lebesgue mea-
sure of R\ X7 is zero. Hence the Straus family {A_-()hrec, admits a
continuation to C; UXT which is also denoted by {A_-(y)}, A € CLUX.
We remark that in the case Im (7(\)) = 0 for some A € C4 U X7 the
maximal dissipative operator A__y) is self-adjoint.

Let M(-) be the Weyl function corresponding to the boundary
triplet II = {H, Ty, T'1}. Then M (-) is an [H]-valued Nevanlinna func-
tion and Im (M (\)) is strictly positive for A € C4. Therefore

Ny = —(r(\) + M), AeCy,

is a well-defined Nevanlinna function, see also (2.9). The set of all real
A where the limit

N rarioy(A +0) = lim —(r(A+ i) + M(A+ic) ™

€E—

exists will for brevity be denoted by V. Furthermore, for fixed A € X7
we define an [H]-valued Nevanlinna function Q_-(y)(-) by

Qron(w) == —(F(\) + M(u) ™, peCy, (4.1)

and denote by X%* the set of all real points y where the limit

Q*T(A) (:U’ + ZO) = el—i}—I&-lO fo()\) (M + 16) (42)
exists. Notice that the complements R\ " and R\ 2@ are of Lebesgue
measure zero. The next lemma will be used in Section 4.3.

LEMMA 4.1. Let A, 11 = {H,To,I'1}, M(-) and 7(-) be as above. Then
the following assertions (i)-(iii) are true.

(i) If X € X7 and p € M N X9, then the operator T(\) + M(p) is
invertible and

(r(N) + M(w) ™" = lim (r(\) + M(u+ie)) . (43)
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(ii) If A € ST NXM NN then the operator 7(N\) + M () is invertible
and

1

(r(A) + M) " = Jim (r(Aie) + M(A+ic) . (44)

(iii) IF A € X" NEM AEN, then A € 9 and

(r(A) + M) = Jim (7(A) + M(A+ i) (4.5)

Proof. (i) If A € X7, u € XM then

limO(T()\) + M(p+i€)) = 7(\) + M(p).

€e—+
Since

(T(A) + M (4 i€))Q_r(n) (1 + i€) =
Q_r(n) (1 + i) (T(A) + M (p +i€)) = —In

for all € > 0, we get
—Ip = (T(A) + M(1)Q—r 2y (1) = Q_r(ny () (T(N) + M (1))

for A € ¥7 and p € XM N £9 which proves (4.3).
(ii) For A € 7 N XM clearly

Jim (r(A+ie) + M(A+ie) = 7(A) + M())

exists. Since (T(A)+M(AN))N_-\)(A) = N_ )M (TN +M(N)) = Iy
for all A € C; we have

—I = (T(A) + MA)N_r()(A) = N_r () (A (7(A) + M (X))

for A € X7 N XM N 2N which verifies (4.4).

(iii) Let A € TNEM NSV, Let us show that A € X9 i.e., we have
to show that lim._ 1o(7()\) + M (X +i€)) ™! exists. Since 7(\) + M())
is boundedly invertible and 7(X) + M (X + i€), € > 0, converges in the
operator norm to 7(\) + M()) the family {(7(\) + M (X +ie€)) "L }eso is
uniformly bounded. Using

(TN + M\ +i€)) " = (r(A\) + M(\) ™
= —(t(A\) + M\ +1ie)) " (M(A+ie) — M(N) (r(A) + M(\) ™",
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€ > 0, one obtains the existence of lime_o(7(\) + M (X + i€))~! and
(4.5). O
Let A, IT = {H,T0,I'1} and M(-) be as in the beginning of this section
and let as above 7(-) be a matrix Nevanlinna function with values
in [H]. For each maximal dissipative operator from the Straus family

{A_7(n haec, the characteristic function Wa__, is given by

Wa_ i Co = [Ho)] (4.6)

()
e Iy, 20Pry/Im () (TN + M (1) ™ /Im (7(A) T2,

(see [30] and (3.29)), where we have used H () = ran (Im (7()))), A €
Y7, and denoted the projection and restriction onto H.(y) by Pr(y) and
[HT< Nt respectively.

If we regard the Straus family {A_;(n} on the larger set C; UXT,
then for A € X7 the characteristic function Wa__, (-) is defined as in
(4.6). Notice that in the case Im (7(A)) = 0 for A € X7 the characteristic
function of the self-adjoint extension A__(y of A is the identity operator
on the trivial space H,y) = {0}. Since the characteristic functions
Wa_ (), A € CL UXT, are contractive [H,(y)]-valued functions in
the lower half-plane, the limits

WA*T(,\) (M - iO) = el_ig_lo WI‘LT(A) (:U - iG)

exist for a.e. u € R, cf. [39]. The next proposition is a simple conse-
quence of Lemma 4.1.

PROPOSITION 4.2. Let A, 11 = {H,T0,T'1} and M(-) be as above and
let 7(-) be an [H]-valued Nevanlinna function. Let {A_,y)}rec usr

be the Straus family of mazimal dissipative extensions of A and let
WAJ(A)(') be the corresponding characteristic functions. Then the fol-
lowing holds.

(1) If A € X7 and p € M NX@, then the limit Wa_, (1 —10) exists
and

Wa_.a, (n—10) =
Tty + 2P, Tm (FON) (T + M)~ 1 (7)) T

(i) If A e S NEM NXN | then the limit Wa__ (A —1i0) exists and

Wa_. (A —10) =
Inq, ) + 2iPr (/T (T(N) (7(A)* + M(N)*) 1/ Tm (7(N)) Ta, ., -
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4.2. COUPLING OF SYMMETRIC OPERATORS AND COUPLED
SCATTERING SYSTEMS

Let, as in the previous subsection A be a densely defined closed simple
symmetric operator in $) with equal finite deficiency indices and let
II = {H,Tp,I'1} be a boundary triplet for A* with corresponding
Weyl function M(-). Let 7(-) be an [H]-valued Nevanlinna function
and assume in addition that 7 can be realized as the Weyl function
corresponding to a densely defined closed simple symmetric operator
T in some separable Hilbert space & and a suitable boundary triplet
Iy = {H,Yo, Y1} for T*. It is worth to note that the Nevanlinna
function 7(-) has this property if and only if Im (7())) is invertible for
some (and hence for all) A € C; and

1
lim —(7r(iy)h,h) =0 and ylilgoylm (T(iy)h, h) = o0 (4.7)

y—0o0 y
hold for all h € H, h # 0, (see e.g. [52, Corollary 2.5 and Corollary 2.6]
and [29, 54]). §
In the following the function —7(-) and the Straus family
A—T()\) = A* r ker(Fl + T()\)Fo) (48)

are in a certain sense the counterparts of the dissipative matrix D € [H)
and the corresponding maximal dissipative extension Ap from Sec-
tion 3.1. Similarly to Theorem 3.2 we construct an ”energy dependent
dilation” in Theorem 4.3 below, that is, we find a self-adjoint operator
L such that

Po(L=XN""ls=(A_,n) — N
holds.

First we fix a separable Hilbert space &, a densely defined closed
simple symmetric operator T' € C(®) and a boundary triplet IIp =
{H, Yo, Y1} for T* such that 7(-) is the corresponding Weyl function.
We note that T" and & are unique up to unitary equivalence and the
resolvent set p(Tp) of the self-adjoint operator Ty := T% | ker(Yp)
coincides with the set h(7) of points of holomorphy of 7, cf. Section 2.2.
Since the deficiency indices of T" are ny (1) = n_(T') = n it follows that

L:=AaT, dom L = dom A & dom T,

is a densely defined closed simple symmetric operator in the separable
Hilbert space £ := ) @ & with deficiency indices ny(L) = ni(A) +
ny(T) = 2n.

The following theorem has originally been proved in [26, § 5]. For
the sake of completeness we present a direct proof here, cf. [16].
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THEOREM 4.3. Let A, II = {H,Ty,T'1}, M(:) and 7(-) be as above,
let T be a densely defined closed simple symmetric operator in & and
Iy = {H, Yo, Y1} be a boundary triplet for T* with Weyl function 7(-).
Then

E:Lﬂ{f@gedmdﬁjzgﬁligig}, (4.9)

is a self-adjoint operator in £ such that

Po(L - A" o= (A — N

holds for all X € p(Ao) Nh(T) Nh(—(M + 7)71) and the minimality
condition

£ = clospan{ (E - )\)7155 : A € C\R}

is satisfied. Moreover, L is semibounded from below if and only if Ag i
semibounded from below and (—oo,n) C h(71) for some n € R.

~
VA

Proof. 1t is easy to see that II = {H® H,f‘o,fl}, where Iy
(o, Yo) " and [y = (', Y1) T, is a boundary triplet for L* = A*
T*. If () and v(-) denote the 7-fields of II = {H,T,T'1} and Ip
{H, Yo, Y1}, respectively, then the ~-field ¥ and Weyl function M of
Il ={H&H,To I} are given by

= (40 1) o 2o = (40 8)

@ i

A E p(A()) N p(T()), Ay = A* | ker(Fo), To=T"1| ker(To). A simple
calculation shows that the relation

@F{<J“”}>:uweH}e&H@H) (4.10)

w, —w

is self-adjoint in H @ H, hence the operator Lg = L* | r-ve is a
self-adjoint extension of L in £ = § @ & and Le coincides with L in
(4.9). Hence, with Ly = L* | ker(I'g) = Ay ® Ty we have

1

(L—N)""=(Lo— N +3\) (0 - M) 7O, (4.11)

for all A € p(L) N p(Lo) by (2.6). Note that the difference of the resol-

vents of L and Ly is a finite rank operator and therefore by well-known
perturbation results L is semibounded if and only if Lg is semibounded,

mpag03.tex; 3/12/2007; 15:20; p.39



40 J. Behrndt, M.M. Malamud, and H. Neidhardt

that is, Ap and Tp are both semibounded. From p(7p) = h(7r) we
conclude that the last assertion of the theorem holds.
Similar considerations as in the proof of Theorem 3.2 show that

o1 (M) + 7))L (M) +7(A)~!
© =300 == ({313 + o)+ (1w +r-1) (412

holds for all A € p(L) N p(Lg). Therefore the compressed resolvent of L
has the form

Po(L=2)""195= (A= 2" =N (MA) +7(0) (N’
and coincides with (A_r(y) — A)~! for all A belonging to

p(Lo) N p(L) = p(Ag) Nh(T) Nh(—(M +1)7Y),

see Section 2.2. The minimality condition follows from the fact that T’
is simple, clospan{ker(7T* — \) : A € C\R}, and (4.11) in a similar way
as in the proof of Theorem 3.2 O

EXAMPLE 4.4. Let A be the symmetric Sturm-Liouville operator
from Example 3.5 and let IT = {C", Ty, "1} be the boundary triplet for
A* defined by (3.18). Besides the operator A we consider the minimal
operator T in & = L%*(R_,C") associated with the Sturm-Liouville

. : . 2
differential expression —dd? +Q-_,

2
T=-T4Q dom(T) = {g€ Do 1 9(0) = ¢/(0) = 0},

Analogously to Example 3.5 it is assumed that Q_ € LL _(R_,[C"])
satisfies @_(-) = Q—_(-)*, that the limit point case prevails at —oo and
the maximal domain Dy — is defined in the same way as Dpax + in
Example 3.5 with Ry and @4 replaced by R_ and @ _, respectively.

It is easy to see that Il = {C", Ty, Y1}, where
Yog :=g(0), Tig:=—g¢'(0), g€ dom(T*) = Dpax —, (4.13)

is a boundary triplet for 7%. For f € dom(A*) and g € dom(T™) the
conditions I'gf — Tog =0 and I'1 f + Y19 = 0 in (4.9) stand for

f(0+) =g(0-) and f'(0+) = 4'(0-),

so that the operator L in Theorem 4.3 is the self-adjoint Sturm-Liouville
operator

=4 _[Q4(@), zeRy,
L= +@Q (%@_{Q4@,xeRﬂ

dx?
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Let A, II = {H, Fo,rl}, M() and T, HT = {H, T(], Tl}, 7'() be as
in the beginning of this subsection. We define the families {H 7() }rexm
and {H () }aexr of Hilbert spaces H () and H(y) by

Harny = ran (Im (M (X +140))) and  H,(y) = ran (Im (7(X +40)))
(4.14)

for all real points A belonging to ¥™ and X7, respectively, cf. Sec-
tion 2.3. As usual the projections and restrictions in H onto Hjs(y)
and H,(y) are denoted by Prrinys rHM(k) and Pr(y), rHTW.’ respectively.

The next theorem is the counterpart of Theorem 3.6 in the present
framework. We consider the complete scattering system {L, Lo} con-

sisting of the self-adjoint operators L from Theorem 4.3 and
Lo:=AyD Ty, Aog= A* [ keI‘(Fo), To=T" I keI‘(To),

and express the scattering matrix {S(A)} in terms of the function M (-)
and 7(+).

THEOREM 4.5. Let A, II = {H, 1“0,1“1}, M() and T, HT = {H, T(), Tl},
7(+) be as above. Define Hyrxy, Hy(x) as in (4.14) and let Lo = Ag®To
and L be as in Theorem 4.3. Then the following holds.

(1) L = AFe@T§e is unitarily equivalent to the multiplication operator
with the free variable in L*(R, dX\, Hprn) @ Hrn))-

(ii) In L*(R,dX, Hrn) @ HT(A))Nthe scattering matriz {S(\)} of the
complete scattering system {L, Lo} is given by
Tii(\) Ti2(N)

S(\) = Drtyrny@Hn ) — 2 (Tm()\) Tzz(/\)> € [Harny © Henls
(4.15)

for all A € M N ET NN, where

Ti1(N) = Paayy/Im (M) (M(X) +7(0) ™/ Im (M (A) Ty,
Tia(A) = Pyyonyy/Tm (M) (M(A) +7(X) ™ /I (7(N) 1o,
Tor(N) = Proyy/Im (r(V)) (M(A) + 7(X) ™ /Im (M (X)) T2,
Too(N) = Priayy/Tm (r(V)) (M(X) + 7(A) ™' y/Tm (7(V)) T2,
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Proof. Let L = A®T and let II = {H®H, Lo, f‘l} be the boundary
triplet for L* from the proof of Theorem 4.3. The corresponding Weyl
function M is

~ (M) 0
aedi) = (MY B) Ao nom, @)
and since L is a densely defined closed simple symmetric operator in
the separable Hilbert space £ = @ & we can apply Theorem 2.4. First
of all we immediately conclude from

M M T
HM()\):HM()\)@HT(A)7 AeX” =¥ N,

that the absolutely continuous part L§¢ = Af° ® 1§ of Lg is unitarily
equivalent to the multiplication operator with the free variable in the
direct integral L?(R, d, Harn) © Hr(r))- Moreover

S() = I, + 2Py \/Im (M(X)(© = M(X) ™ y/Tm (M ()

Mo

(4.17)

)

holds for A € EMOZN@), where © is the self-adjoint relation from (4.10),
the set ¥V0 is defined as in Section 2.3 and PM(/\) and rHﬁ(A) denote

the projection and restriction in ‘H & H onto H A0y’ respectively.

For \ € EM N 2NVe we have

im (6 - M(A+ie)) ™" = (0 — M(A +i0)) !

and

©~H0) ™" =~ ({23 + 70

cf. (4.12). This implies that the sets ¥¥ N ¥¥e and M ny™ N N
coincide. Moreover, by inserting the above expression for (@ —M (X)),
A e XM Ny NN into (4.17) and taking into account (4.16) we find
that the scattering matrix {S(A)} of the scattering system {L, Lo} has
the form asserted in (ii). O

The following corollary, which is of similar type as Corollary 3.12,
is a simple consequence of Theorem 4.5 and Proposition 4.2.

COROLLARY 4.6. Let the assumptions be as in Theorem 4.5, let
WAme(') be the characteristic function of the extension A_r(y) in
(4.8) and assume in addition that o(Ao) is purely singular. Then L3¢ is
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unitarily equivalent to the multiplication operator with the free variable
in L*(R, d\, Hr-(n)) and the scattering matriz {S(A\)} of the complete
scattering system {E, Lo} is given by

§<)‘) = WAJ(A)
= IHTQ) - 2ip'r(>\) Im (T(/\))(M()‘) + T(/\))

(A —i0)*

NI (7(V) T2,

for a.e. X € R. In the special case o(Ag) = op(Ao) this relation holds
for all A e M N¥YT AN,

COROLLARY 4.7. Let the assumptions be as in Corollary 4.6 and
suppose that the defect of A is one, ny(A) =1. Then

oy = MY +7(0)
A TEEEEY

S(A) =Wa_

[

(M)

holds for a.e. A € R with Im7(\ +40) # 0.

4.3. SCATTERING MATRICES OF ENERGY DEPENDENT AND FIXED
DISSIPATIVE SCATTERING SYSTEMS

Let A, I = {H,[y,I'1}, Ag = A* | ker(I'g) and 7(-) be as in the
previous subsections and let {A_.(y)} be the Straus family associated
with 7 from (4.8). In the following we first fix some p € CLUXT and con-
sider the fixed dissipative scattering system {A_.(,), Ao}. Notice that if

p € X7 it may happen that A__(,) is self-adjoint. Let us denote by ﬁu
the minimal self-adjoint dilation of the maximal dissipative extension
A_ in 9@ L*(R,d\, H,(,)) constructed in Theorem 3.2. Here the
fixed Hilbert space H,(,) = ran (Im (7(x))) coincides with H if u € Cy
or H,(,) is a (possibly trivial) subspace of H if p € ¥7. Furthermore,
if Ko = Ag ® Gg, where Gy is the first order differential operator in
L*(R, dA,HT(u)) from Lemma 3.1, then according to Theorem 3.6 the
absolutely continuous part K§¢ = Af° ® Go of Ky is unitarily equiva-
lent to the multiplication operator with the free variable in the direct
integral L*(R, d\, Hpz(x) @ Hr(,)) and the scattering matrix {5, (A)} of

the scattering system {K,, Ko} is given by

S (T, (N) Tizu(N)
Su(A) = Tty (@M, () — 20 (fﬂ Z()\) Ths z()\) € [Maroy & Pro.
(4.18)
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for all A € XM N X9 where

Ti1u(N) = Pagoy/Im (M) (7() + M) ™ /Im (M(A)) ot
Tig, (A )_1 Im (7(1)) 7, )

and M(\) = M(X\ + i0). Here the set ©9 and the corresponding
function A — Q_.(,)(A) defined in (4.1)-(4.2) replace N2 and X —
(D — M(X))~! in Theorem 3.6, respectively.

The following theorem is one of the main results of this paper.
Roughly speaking it says that the scattering matrix of the scattering
system {L, Lo} from Theorem 4.5 pointwise coincides with scattering
matrices of scattering systems {fg u, Ko} of the above form.

THEOREM 4.8. Let A, 11 ={H,To,I'1}, M(-) and T, Il = {H, Yo, L1},
7(+) be as in the beginning of Section 4.2 and let Ly = Ao ® Ty and L be
as in Theorem 4.3. For p € X7 denote the minimal self-adjoint dilation
of A_r(u) In HS L?(R, Hrwy) by K, and let Ko = Ao @ Go, where Gy

is the self-adjoint first order differential operator in L*(R, He(uy)-

_ Then for each p € EMQETOE,]X the value of the scattering matrix
{Su(N)} of the scattering system {K,, Ko} at energy A\ = p coincides
with the value of the scattering matrix {§(A)} of the scattering system
{E, Lo} at energy A = p, that is,

S(u)=S8,(n)  forall pe My AV, (4.19)

Proof. According to Lemma 4.1 (iii) each real p € M nx™nxV
belongs also to the set Z~Q“. Therefore by comparing Theorem 4.5 with
the scattering matrix {S,(\)} of {K,, Ko} at energy A = p in (4.18)
we conclude (4.19). O

REMARK 4.9. The statements of Theorem 4.5 and Theorem 4.8 are
also interesting from the viewpoint of inverse problems. Namely, if
7(-) is a matrix Nevanlinna function, satisfying ker(Im (7()))) = 0,
A € C4, and the conditions (4.7), and if {A_;(y), Ao} is a family of
energy dependent dissipative scattering systems as considered above,
then in general the Hilbert space ® and the operators T' C Ty are not
explicitely known, and hence also the scattering system {L, Lo} is not
explicitely known. However, according to Theorem 4.5 the scattering
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matrix {S(A\)} can be expressed in terms of 7(-) and the Weyl function
M(-), and by Theorem 4.8 {S(A)} can be obtained with the help of the
scattering matrices {5, ()} of the scattering systems {K,, Ko}.

In the following corollary the scattering matrices {S_,(,) ()} of the
energy dependent dissipative scattering systems {A_.(,), Ao}, p € X7,
are evaluated at energy A\ = p.

K)o

COROLLARY 4.10. Let the assumptions be as in Theorem 4.8 and let
peSMALTASN. Then the scattering matric {S_r(uy(N)} of the dis-
sipative scattering system {A_T(u), Ao} at energy A = p coincides with
the upper left corner of the scattering matriz {S(\)} of the scattering
system {E, Lo} at energy A\ = p.

Let again K, , be the minimal self-adjoint dilation of the maximal
dissipative operator A__(, in HBLA(R, dA, H(uy)- In the next corollary
we focus on the Lax-Phillips scattering matrices {SX”(A)} of the Lax-

Phillips scattering systems {% w,D— 1, Dy}, where
D_, :=L*(R_,H,y) and Dy, = LRy, Ho()

are incoming and outgoing subspaces for K, po cf. Lemma 3.9. It Wa__ ()

is the characteristic function of A_.(,), cf. (4.6), then according to
Corollaries 3.10 and 3.11 we have

SEPN) =Wa_, (A —i0)* =

IHT()\) — QZPT()\) Im (T()\))(T(M) + M()\»il

Im (r(V)) [,

for all A € M N XQ%k  cf. Proposition 4.2 and Corollary 4.6. Statements
(ii) and (iii) of the following corollary can be regarded as generalizations
of the classical Adamyan-Arov result, cf. [2, 3, 4, 5] and Corollary 3.11.

COROLLARY 4.11. Let the assumptions be as in Theorem 4.8 and let
peXMnyrnul,

(i) The scattering matrix {Sﬁp()\)} of the Lax Phillips scattering sys-

tem {fy, D_ ., Dy} at energy X = p coincides with the lower
right corner of the scattering matriz {S(\)} of the scattering system
{L, L()} at A = L.
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(ii) The characteristic function Wa__,(-) of A_; () satisfies
S () = Wa_,,, (n—i0)*

= Iy, — 2P/ I (7 (1)) (7 (1) + M (p)) ™

Tm (7(1)) T4, -

(iii) If o(Ag) is purely singular, then

S(p) = SE () = Wa_,, (n— i0)*

holds for a.e. p € R. In the special case 0(Ag) = o,(Ag) this is true
forallpe My NN,

4.4. 1D-SCHRODINGER OPERATORS WITH TRANSPARENT BOUNDARY
CONDITIONS

As an example we consider an open quantum system of similar type
as in Section 3.4. Instead of a single pseudo-Hamiltonian Ap here the
open quantum system is described by a family of energy dependent
pseudo-Hamiltonians {A_; ()} which is sometimes called a quantum
transmitting family.

Let, as in Section 3.4, (x;,2,) C R be a bounded interval and let
A be the symmetric Sturm-Liouville operator in $ = L?((z;, 7)) given

fomf € Wa((zy, )
dom(A) ={ fesn: fla)=[f(z)=0 ,
(£7) @) = (5F) @) =0
where V,m,m~' € L®((x;,z,)) are real functions and m > 0. Let v,
vy be real constants, let m;, m, > 0 and define V,m € L>*(R) by

- U] x € (—00, 7]
V(z) = V(z) z e (x,z) (4.20)
Uy x € [zy,00)
and
my x € (—00, 7]
m(z) = {m(z) =€ (x,z,) , (4.21)
my x € [z, 00)
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respectively. We choose the boundary triplet II = {C?,To, "1},

1)
fol = <JJ:((?)) > » Tif= (_(ng),)((i)) , [ €dom(A*),

from (3.31) for A*. )
In the following we consider the Straus family

Aoy = A" Tker(Ty +7(MTo), A€ CyUNT,
associated with the 2 x 2-matrix Nevanlinna function

- A=y
AHT(A):(ZW—W ! ); (4.22)

- [ A—v,
0 i

here the square root is defined on C with a cut along [0, 00) and fixed
by Tm (v/A) > 0 for A ¢ [0,00) and by VA > 0 for A € [0,00), cf.
Example 2.5, so that indeed Im (7()\)) > 0 for A € C and 7(\) = 7(}\),
A € C\R. Moreover it is not difficult to see that 7(-) is holomorphic
on C\[min{v;,v,},00) and ¥™ = R. The Straus family A0 A €
C4+ U X", has the explicit form

(A D)) = —3 oL pa) 4 Vi) (o),
f mf/ € W ((x HTT)) (4.23)
dom(A_,n) =S f€H: (me/) (1) = —iy/ 5 f (),

(%ﬁvma= At f(ar)

The operator A_.y is self-adjoint if A € (—oo, min{v;, v, }] and max-
imal dissipative if A\ € (min{v;, v, },00). We note that the Straus fam-
ily in (4.23) plays an important role for the quantum transmitting
Schrodinger-Poisson system in [11] where it was called the quantum
transmitting family. For this open quantum system the boundary con-
ditions in (4.23) are often called transparent or absorbing boundary
conditions, see e.g. [36, 37].

We leave it to the reader to verify that the Nevanlinna function
7(-) in (4.22) satisfies the conditions (4.7). Hence by [29, 52, 54] there
exists a separable Hilbert space &, a densely defined closed simple
symmetric operator T in & and a boundary triplet Il = {C2%, Yo, Y1}
for T* such that 7(-) is the corresponding Weyl function. Here &, T
and I = {C?, Yy, T1} can be explicitly described. Indeed, as Hilbert
space ® we choose L?((—o0,x;) U (z,,00)) and frequently we identify
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this space with L?((—oo,;)) ® L?((x,,00)). An element g € & will
be written in the form g = ¢, @ g., where g; € L?*((—o0,2;)) and
gr € L?((x,,00)). The operator T in & is defined by

3L LA g () +ug(e) 0
(Tg)(z) := ! 1d 1 d 5
0 _§ﬂm_Tﬂgr($) + vrgr ()

co: IEMACo0 ) O WAy 00) |

dom(T) := {g =9 Dgr a(z)) = gr(z) = gl(x)) = gh(x;) =0

and it is well-known that 7" is a densely defined closed simple symmetric
operator in & with deficiency indices n4(7') = n_(T") = 2. The adjoint
operator T* is given by

. (3L Ldg(2) +uge) 0
(T"g)(z) = ! 1d 1 d ;
0 —§amﬂgr($) + vrgr()

dom(T*)={9=gDgr €6 W3 ((—o0, 27)) © WQQ((‘TTWOO))}

We leave it to the reader to check that Il = {C? Y, T1}, where

1
Tog := ( gi(w1) > and Yig:= ( %mlgl(ajl) ) ,

gr(zr) m, g, (zr)

g = g ® gr € dom(T™), is a boundary triplet for 7%. Notice that
To = T* | ker(Yy) is the restriction of T* to the domain

dom(Ty) = {g € dom(T") : gu(w) = g,(,) = 0},

that is, Ty corresponds to Dirichlet boundary conditions. It is not diffi-
cult to see that o(7Tp) = [min{v;, v, }, 00) and hence the Weyl function
of Il = {C?, Yy, Y1} is holomorphic on C\[min{v;, v, }, 00).

LEMMA 4.12. Let T C T* and Il = {C2%, Yo, Y1} be as above. Then
the corresponding Weyl function coincides with 7(-) in (4.22).

Proof. A straightforward calculation shows that

hua(@) = mexp {=i2mO = e - o)

belongs to L?((—oo,;)) for A € C\[v;, 00) and satisfies

_5%%%}%/\(%) + 'Ulhl,)\(x) = )\hl)\(%)-
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Analogously the function
i

= {z 2my (A — vp) (@ — fl?r)}

kr,)\(x) = le(A

belongs to L?((w;,00)) for A € C\[v,, o0) and satisfies

5 dw e a A @) F vk (®) = M\ ().

Therefore the functions
hy = hl)\ @0 and k),:=08 k‘r’)\

belong to & and we have ker(T™ — \) = sp{hy, kr}.
As the Weyl function 7(+) associated with T and Iy = {C2, Yo, T1}
is defined by

Tigx =T(A\)Yogy forall gy € ker(T" — \),
A€ C\{min{vb UT}7 00)7

1/ -L I
Tihy = 3 < 6nz ) and Yohy = ( 2ml(§)\—vl) )

1( 0 0
le')\ = = 1 and To]{)\ = 1
2 T my 2my(A—vr)

that 7 has the form (4.22), 7(-) = 7(+). O
Let A, Il = {C?,T,I'1} and T, Il = {C?, Ty, Y1} be as above.
Then according to Theorem 4.3 the operator

we conclude from

and

T . Ax * * * F[)f—Tog:O
L,¢1@Tr{f@gemmpi@T).nf+Tw:0} (4.24)
is a self-adjoint extension of A ® T in $ & &. We can identify H & &
with L?((—o0, 7)) ® L*((zy, z))®L?((2,, 00)) and L*(R). The elements
fEginHDS, fehH g=9 Dgr € will be written in the form
91D f @ gr. The conditions I'yf = Yog and 'y f = =19, f € dom(A4*),
g € dom(7T™), have the form

)\ ( alw) () @)\  ( Fg(@)
(fim )= (o) ) ame (_ () m)) - <—22gwg’<fcr> )
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Therefore an element g; @ f @ g, in the domain of (4.24) has the
properties

gi(x) = f(z1) and  f(z,) = gr(zr)
as well as
gfla) = (o) @) and (o) (@) = ogh(a)

and the self-adjoint operator L in (4.24) becomes

Lgofog)=
i darua 0 0
1d14d
0 “2armasd TVS 1d 1 3
0 0 ~Sdzm, aw9r T Urgr

With the help of (4.20) and (4.21) we see that (4.24) can be regarded
as the usual self-adjoint second order differential operator

on the maximal domain in L?(R), that is, (4.24) coincides with the
so-called Buslaev-Fomin operator from [11].

Denote by M(-) the Weyl function corresponding to A and the
boundary triplet IT = {C2, Ty, "1}, cf. (3.33)-(3.34). Since o(4g) con-
sists of eigenvalues Corollary 4.6 implies that the scattering matrix
{S(N\)} of the scattering system {L, Lo}, Lo = Ao @ Ty, is given by

S(N) = By, — 2iPy /I (1) (M(A) +7(N) ™'/ Im (7(V) T2,

for all A € p(A4p) N XV, where

{0}, X € (—oo, min{vy, v, },
Hrny =ran (Im (7()))) = { C, A € (min{vy, v, }, max{v;, v, }],
C?, € (max{v;,v,},00).

The scattering system {L, Lo} was already investigated in [10, 11].
There it was in particular shown that the scattering matrix {S(\)}
and the characteristic function W4 __,,(-) of the maximal dissipative
extension A_,(y) from (4.23) are connected via

S(A) =Wa__,,(A—i0)",
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which we here immediately obtain from Corollary 4.6.
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