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1. Introduction

Spectral theory of elliptic partial differential operators has received a lot of attention
in the recent past, in particular, modern techniques from abstract operator theory were
applied to extension and spectral problems for symmetric and self-adjoint elliptic differ-
ential operators on bounded and unbounded domains. We refer the reader to the recent
contributions [3,11-13,17,18,43-45,53] on smooth domains, [1,4,5,33-35,40,42,61,62,64]
on non-smooth domains, and we point out the paper [36] by Gesztesy and Mitrea which
has inspired parts of the present work. Many of these contributions are based on the clas-
sical works Grubb [39] and Visik [72] on the parameterization of the closed realizations
of a given elliptic differential expression on a smooth domain, and other classical papers
on realizations with local and non-local boundary conditions, see, e.g. [2,8,9,16,32,68]
and the monograph [52] by Lions and Magenes.

In [36] Gesztesy and Mitrea obtain a complete description of the self-adjoint realiza-
tions of the Laplacian on a class of bounded non-smooth, so-called quasi-conver domains.
The key feature of quasi-convex domains is that the functions in the domains of the self-
adjoint Dirichlet realization Ap and the self-adjoint Neumann realization Ay possess
H?-regularity, a very convenient property which is well-known to be false for the case of
Lipschitz domains; cf. [49]. Denote by 7p and 7x the Dirichlet and Neumann trace op-
erator, respectively. Building on earlier work of Maz’ya, Mitrea and Shaposhnikova [55],
see also [21,31,37], the range spaces % := 7p(dom Ay) and ¢ := 7n(dom Ap) were
characterized for quasi-convex domains in [36], and the self-adjoint realizations of the
Laplacian were parameterized via tuples {Z°, L}, where 2 is a closed subspace of the
anti-dual ¢ or ¢ and L is a self-adjoint operator from 2 to 2. This parameterization
technique has its roots in [15,51] and was used in [39,72], see also [41, Chapter 13]. In
[17] the connection to the notion of (ordinary) boundary triples from extension theory
of symmetric operators was made explicit.

The theory of ordinary boundary triples and Weyl functions originates in the works
of Kocubet [50], Bruk [19], Gorbachuk and Gorbachuk [38], and Derkach and Malamud
[27,28]. A boundary triple {G, Iy, I'1} for a symmetric operator A in a Hilbert space H
consists of an auxiliary Hilbert space G and two boundary mappings Iy, I : dom A* — G
which satisfy an abstract Green’s identity and a maximality condition. With the help of
a boundary triple the closed extensions of the underlying symmetric operator A can be
parameterized in an efficient way with closed operators and subspaces @ in the boundary
space G. The concept of ordinary boundary triples was applied successfully to various
problems in extension and spectral theory, in particular, in the context of ordinary differ-
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ential operators, see [20] for a review and further references. However, for the Laplacian
(or more general symmetric elliptic differential operators) on a domain 2 C R™, n > 2,
with boundary 942 the natural choice Iy = 7p and I} = —7n does not lead to an ordinary
boundary triple since Green’s identity does not extend to the domain of the maximal
operator A*. This simple observation led to a generalization of the concept of ordinary
triples, the so-called quasi-boundary triples, which are designed for applications to PDE
problems. Here the boundary mappings Iy = 7p and I} = —7 are only defined on some
suitable subset of dom A*, e.g. H2({2), and the realizations are labeled with operators
and subspaces © in the boundary space L?(92) via boundary conditions of the form
Otpf +7nf =0, f € H?>(£2). One of the advantages of this approach is that the Weyl
function corresponding to the quasi-boundary triple { L2(92), 7p, —7n} coincides (up to
a minus sign) with the usual family of Dirichlet-to-Neumann maps on the boundary 912,
and hence the spectral properties of a fixed self-adjoint extension can be described with
the Dirichlet-to-Neumann map and the parameter © in the boundary condition.

The aim of the present paper is twofold. Our first objective is to further develop
the abstract notion of quasi-boundary triples and their Weyl functions. The main new
feature is that we shall assume that the spaces

% =ran(Ip [ kerI1) and % =ran(l} [ kerIp)

are reflexive Banach spaces densely embedded in the boundary space G; this assumption
is natural in the context of PDE problems and related Sobolev spaces on the boundary
of the domain, and is satisfied in applications to the Laplacian on Lipschitz domains and
other elliptic boundary value problems treated in the second part of the present paper.
In fact, this assumption is the abstract analog of the properties of the range spaces in
[36], and it is also automatically satisfied in many abstract settings, e.g. for ordinary
and so-called generalized boundary triples; cf. [28] and Section 2.4 for a counterexample
in the general case. Under the density assumption it then follows that the boundary
maps [y and I} can be extended by continuity to surjective mappings from dom A*
onto the anti-duals ¢/ and ¥, respectively. Then also the 7-field and the Weyl function
admit continuous extensions to operators mapping in between the appropriate spaces;
for the special case of generalized boundary triples and %, 4 equipped with particular
topologies this was noted in the abstract setting earlier in [28, Proposition 6.3] and [26,
Lemma 7.22]. Following the regularization procedure in the PDE case we then show
that a quasi-boundary triple with this additional density property can be transformed
into a quasi-boundary triple which is the restriction of an ordinary boundary triple, and
hence can be extended by continuity; a similar argument can also be found in a different
abstract form in [26]. As a consequence of these considerations we obtain a complete
description of all closed extensions of the underlying symmetric operator in Section 3,
as well as abstract regularity results, Krein type resolvent formulas and new sufficient
criteria for the parameter @ in the boundary condition to imply self-adjointness of the
corresponding extension.
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The second objective of this paper is to apply the abstract quasi-boundary triple
technique to various PDE problems. In particular, in Section 4.1 we extend the charac-
terization of the self-adjoint realizations Ag of the Laplacian on quasi-convex domains
to the more natural case of Lipschitz domains. Here the Hilbert spaces ¢, and ¥; are
topologized with the help of the Dirichlet-to-Neumann map in a similar manner as in
[26,28] for abstract generalized boundary triples. This also leads to a continuous ex-
tension of the Dirichlet and Neumann trace operators on a Lipschitz domain to the
maximal domain of the Laplacian, and hence to a description of the Dirichlet boundary
data for L2-solutions of —Af = Af. For the special case of quasi-convex domains and
C'"-domains with r € (4, 1] we establish the link to the approach in [36], and recover
many of the results in [36] as corollaries of the abstract methods developed in Section 2
and Section 3. In Section 4.2 we illustrate the abstract methods in the classical case of
2m-th order elliptic differential operators with smooth coefficients on smooth bounded
domains, where the spaces 4 and ¥; coincide with the usual product Sobolev trace
spaces on Jf2. Here, e.g. some classical trace extension results follow from the abstract
theory developed in the first part of the paper. Finally, we pay particular attention to the
second order case on bounded and unbounded domains with compact smooth boundary
in Section 4.3. Here we recover various recent results on the description and the spectral
properties of the self-adjoint extensions of a symmetric second order elliptic differential
operator, and extend these by adding, e.g. regularity results. This section contains also
some simple examples, among them self-adjoint extensions with Robin boundary con-
ditions. One of the examples is also interesting from a more abstract point of view: It
turns out that there exist self-adjoint parameters in the range of the boundary maps of
a quasi-boundary triple such that the corresponding extension is essentially self-adjoint,
but not self-adjoint.

2. Quasi-boundary triples and their Weyl functions

The concept of boundary triples and their Weyl functions is a useful and efficient tool
in extension and spectral theory of symmetric and self-adjoint operators, it originates
in the works [19,50] and was further developed in [27,28,38]; cf. [20] for a review. In the
recent past different generalizations of the notion of boundary triples were introduced,
among them boundary relations, boundary pairs and boundary triples associated with
quadratic forms, and other related concepts, see [7,24-26,59,60,63,64,66,67]. The concept
of quasi-boundary triples and their Weyl functions introduced in [11] is designed for the
analysis of elliptic differential operators. It can be viewed as a slight generalization of
the notions of boundary and generalized boundary triples. In this section we first recall
some definitions and basic properties which can be found in [11,12]. Our main objective
is to show that under an additional density condition the corresponding boundary maps
can be extended by continuity and that the corresponding quasi-boundary triple can be
transformed (or regularized) such that it turns into an ordinary boundary triple; cf. [26,
74,75] for related investigations.
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2.1. Ordinary and quasi-boundary triples

Let throughout this section A be a closed, densely defined, symmetric operator in a
separable Hilbert space H.

Definition 2.1. Let T C A* be a linear operator in H such that T = A*. A triple
{G, Iy, I} is called quasi-boundary triple for T if G is a Hilbert space and Iy, I :
dom T — G are linear mappings such that

(i) the abstract Green’s identity

(Tfa g)H - (f> Tg)H = (Flfa Fog)g - (FOf; Flg)g (21)

holds for all f,g € domT,
(ii) the map I":= ([, I})" : domT — G x G has dense range,

(iii) and Ag :=T | ker I} is a self-adjoint operator in H.

In the special case T = A* a quasi-boundary triple {G, I'y, I'1 } is called ordinary boundary
triple.

Let {G,Io,I1} be a quasi-boundary triple for T C A*. Then the mapping I =
(I, I1)" : domT — G x G is closable with respect to the graph norm of A* and
ker I' = dom A holds; cf. [11, Proposition 2.2]. Moreover, according to [11, Theorem 2.3]
(see also Proposition 2.2 below) we have T = A* if and only if ranI" = G x G, in this
case I' = (I, )" : dom A* — G x G is onto and continuous with respect to the graph
norm of A*, and the restriction A9 = A* | ker I is automatically self-adjoint. Thus, the
above definition of an ordinary boundary triple coincides with the usual one, see, e.g.
[27]. We also note that a quasi-boundary triple is in general not a boundary relation in
the sense of [24,25], but it can be viewed as a certain transform of a boundary relation;
cf. [75, Proposition 5.1].

For later purposes we recall a variant of [11, Theorem 2.3].

Proposition 2.2. Let G be a Hilbert space and let T be a linear operator in H. Assume that
Iy, I :dom T — G are linear mappings such that the following conditions are satisfied:

(i) T | ker I'y contains a self-adjoint linear operator A in H,
(ii) The range and the kernel of I' := (FO,Fl)T :domT — G X G are dense in G X G
and H, respectively,
(iii) The abstract Green’s identity (2.1) holds for all f,g € domT.

Then S :=T | ker I' is a densely defined, closed symmetric operator in H and {G, Iy, I'1}
is a quasi-boundary triple for S* such that A =T | ker Iy = Ag. Moreover, T = S* if
and only if ran I’ = G x G.

Not surprisingly, suitable restrictions of ordinary boundary triples lead to quasi-
boundary triples.
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Proposition 2.3. Let {G, Iy, 11} be an ordinary boundary triple for A* with Ay = A* |
ker I'y. Let T C A* be such that Ag C T and T = A*. Then the restricted triple
{G, I, T}, where I'f == Iy | domT and I't := Iy | domT is a quasi-boundary
triple for T C A*.

Proof. Clearly, items (i) and (iii) in Definition 2.1 hold for the restricted triple
{G, 1§, I'T'}. Hence it remains to show that ran I'T = ran(I, I'f) " is dense in G x G.
For this let £ € G x G. Then & € ranI’ and there exists an element f € dom A* such
that I'f = 2. Since T = A* there exists a sequence (f,) C dom T which converges to f
in the graph norm of A*. As I' is continuous with respect to the graph norm we obtain
I'Tf, = I'f, — & for n — oo, that is, item (ii) in Definition 2.1 holds and {G, I'Y, I'T'}
is a quasi-boundary triple for T C A*. O

The following proposition shows that the converse of Proposition 2.3 holds under an
additional continuity assumption. In particular, it implies that if a quasi-boundary triple
can be extended to an ordinary boundary triple then this extension is unique.

Proposition 2.4. Let {G,IL, I'} be a quasi-boundary triple for T C A*. Then
{G, I, T} is a restriction of an ordinary boundary triple {G, Iy, I} for A* on T
if and only if the mapping I'" = (IF, I'T)T : domT — G x G is continuous with respect
to the graph norm of A*.

Proof. (=) Since I' : dom A* — G x G is continuous with respect to the graph norm of
A* the same holds for the restriction I'” : dom7T — G x G.

(<) Let I' = (I, I1) T : dom A* — G x G be the continuous extension of I'" with
respect to the graph norm of A*. Then also the abstract Green’s identity extends by
continuity from dom T to dom A*,

(A*fag)f;_[i (f,A*g)H:(Flf,Fog)g*(Fof,Flg)g7 f7g€d0mA*7 (22)

and the range of I" is dense in G x G. Moreover, from (2.2) it follows that the operator
A* | ker Iy is a symmetric extension of the self-adjoint operator Ag = T | ker I} and
hence Ay = A* | ker Iy. We conclude that {G, I, 1} is a quasi-boundary triple for
T = A*, that is, {G, I, I} is an ordinary boundary triple for A*; cf. Definition 2.1.
Clearly, {G, I']', I'l'} is the restriction of this ordinary boundary triple to 7. O

A simple and useful example of an ordinary and quasi-boundary triple is provided
in Lemma 2.5 below, it also implies the well-known fact that a boundary triple or
quasi-boundary triple exists if and only if A has equal deficiency indices ny(A) :=
dim ker(A* £ 7), that is, if and only if A admits self-adjoint extensions in H. Recall first
that for a self-adjoint extension Ag C T of A and n € p(Ay) the domains of T and A*
admit the direct sum decompositions
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domT = dom Ay + N, (T) and dom A* =dom Ay + N, (4*%), (2.3)

where N, (T) = ker(T — n) and N, (A*) = ker(A* — 7). Note also that T = A* implies
(T) = N, (A*). Moreover we set

A

/\A/'n(T) = {(fnvnfn)T : fn ENH(T)}’ '/\717(‘4*) = {(fﬁ’nfn)T : fﬁ ENU(A*)}7

hence we may write T = Ay —i—/(\fn(T) and A* = Ag —i—ﬂ\/;, (A*). The orthogonal projection
in H onto the defect subspace N, (A*) will be denoted by P,).

In the next lemma a special boundary triple and quasi-boundary triple are con-
structed. The restriction 7 € R below is for convenience only, an example of a similar
ordinary boundary triple with 7 € C\ R can be found in, e.g. [27] or the monographs
(38,69].

Lemma 2.5. Assume that the deficiency indices of A are equal and let G be a Hilbert space
with dim G = ny(A). Let Ay be a self-adjoint extension of A in H, assume that there
exists 1 € p(Ag) NR and fix a unitary operator ¢ : N,,(A*) — G. Then the following
statements hold.

(i) The triple {G, Iy, I}, where

Iof:==¢fy, and Iif:=@P,(Ao—n)fo,

and f € dom A* is decomposed in f = fo + f, € dom Ay + N, (A*), is an ordinary
boundary triple for A* with Ag = A* | ker [.

(ii) If T is an operator such that Ay C T and T = A*, then the triple {G, I}, 'L},
where

Iy f=¢fy and IYf:=¢@P,(Ay—n)fo,

and f € domT is decomposed in [ = fo+ f, € dom Ag+N,,(T), is a quasi-boundary
triple for T with Ao =T [ker I{ and ran Il =ranly =G.

Proof. (i) Let f,g € dom A* be decomposed in the form f = fy + f, and g = go + gy,
with fo,g0 € dom Ay and f,,g, € N,;(A*). Making use of A4g = Aj and n € R a
straightforward computation yields

(A*f,9),, — (£, A%9) 5, = ((Ao = 0) fo, 9n) 4, — (o, (Ao — 1)g0),,
= (Py(Ao —1)fo,091) g = (fn, ¢ Py(Ao = 1)g0) g
= (Flfa Fog)g - (Fofyrlg)g7

i.e., the abstract Green’s identity holds. Moreover, I : dom A* — G is surjective and
since ran(Ag —n) = H it follows that also I" : dom A* — G x G is surjective. This implies
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that {G, Iy, 1} is an ordinary boundary triple for A. It is obvious that Ay = A* | ker I
holds.
(ii) follows from (i) and Proposition 2.3. O

2.2. Weyl functions and ~y-fields of quasi-boundary triples

In this subsection the notion and some properties of ~-fields and Weyl functions
associated to quasi-boundary triples are briefly reviewed. Furthermore, a simple but
useful description of the range of the boundary mappings is given in terms of the Weyl
function in Proposition 2.8.

Let {G, Iy, 1} be a quasi-boundary triple for T'C A* and let Ay = T | ker I'y. Note
that by (2.3) the restriction Iy | Ny(T) is invertible for every A € p(Ay).

Definition 2.6. The ~-field and the Weyl function corresponding to the quasi-boundary
triple {G, Iy, Il } are defined by

A y(A) = (To TNA(T)) ™ and A M(A) := Tiy()), A € p(Ao).

It follows that for A € p(Agy) the operator () is continuous from G to H with dense
domain dom~(\) = ranlp and range ran~y(\) = N,y (T), the function A — v()\)g is
holomorphic on p(Ag) for every g € ran Iy, and the relations

YA) = T+ A=) (Ag—X)"")y(p) and (A" =TI1(A— )" (2.4)

hold for all A\, € p(Ap); cf. [11, Proposition 2.6]. Note that v(A)* : H — G is continuous
and that (kery(A\)*)1 = ran~y()\) = Ny (A*) yields the orthogonal space decomposition

H =kery(\)* & Ny (A"). (2.5)

For A € p(Ap) the values M () of the Weyl function are operators in G with dense domain
ran Iy and range contained in ran I'y. If, in addition, A; =T [ ker I} is self-adjoint in H
then M (A) maps ran Iy onto ran I for all A € p(Ag)Np(A;). Furthermore, M (X))o fy =
Iy fy holds for all f) € N\(T) and this implies the identity

Iif =M\ Iof +I'fo, f=fo+ fr€domAg+N\(T). (2.6)

We also mention that for A\, u € p(A4g) the Weyl function is connected with the ~-field
via

MMz —Mp)*z= - @)y y(N)z, =z €ranly, (2.7)

and, in particular, M ()) is a symmetric operator in G for A € RN p(Ap). It is important
to note that
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ran Iy = dom M(A) C dom M (p)*, A, p € p(Ap). (2.8)

The subspaces ¢ and 4 of G in the next definition will play a fundamental role
throughout this paper.!

Definition 2.7. Let {G, Iy, I1} be a quasi-boundary triple for T' C A*. Then we define
the spaces

% :=ran(ly [ kerI1) and % :=ran(ly | ker Ip).

Observe that for the spaces ¢, and ¢, in Definition 2.7 we have ¢ x ¢4, C ranI'. Note
also that the second identity in (2.4) implies

rany(A)* =%, A€ p(Ao). (2.9)

Proposition 2.8. Let {G, Iy, 1} be a quasi-boundary triple for T C A* with Ag = T |
ker Iy and Weyl function M, and let %y and % be as in Definition 2.7. Then the following
assertions hold for all A € p(Ay).

(i) M(X) maps 9 into 4 and if, in addition, Ay = T | ker I} is self-adjoint, then
M) | % is a bijection onto 4 for X € p(Ag) N p(A1),
(ii) The range of the boundary mapping I' = (I, I'y) " is

ranl = {(;) ceranly xranly: 2’ = M(N)z +y, y Egl} (2.10)

and, in particular, dom M (\)* N ¥+ = {0}.

Proof. (i) We verify M(A)x € 4 for x € 4. By definition of 4, there exists f; € ker I
such that Iy f1 = x. Together with I'yy(A)ax = z we conclude y(\)z — f1 € ker I'y and

MN)z =Ty(Nz = (v(Nz — f1) € .

Assume now that Aj is self-adjoint and let A € p(Ag) N p(Ay). Since M(A) : ran Iy —
ran I is a bijection it suffices to check that M(\) [ % maps onto 4. For y € 4 there
exists fo € ker Iy with Iy fo = y and = € ran Iy with M (\)z = y. Hence we obtain

Nfo=y=MNz=ITvyNz

and therefore y(\)x — fo € ker I'1 and Iy(y(N)z — fo) = x € 4. This completes the proof
of item (i).

L We emphasize that ¢ and %; in Definition 2.7 do, in general, not coincide with the spaces Gyp = ran I
and G; = ran I'y; this notation was used in [11,12]. The symbols Gy and G; will not be used in the present
paper.
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(ii) We show first that ran " is contained in the right hand side of (2.10). Let & =
(z, 2')T € ranI" and choose f = fo + f» € domT = dom A + N (T) such that I'f = 7.
From (2.6) and I'yf = x we conclude

o' =N f=MMNIof+Ifo=MNz+y, wherey:=TI1fo€%,

and hence & belongs to the right hand side of (2.10).

Conversely, let z € ran Iy and ' = M(\)z + y with some y € 4. Then there exist
fo € ker I'y with It fo = y and f) € N\(T) with Iy fy = z. Setting f := fo+ f\ € domT
we find Iy f = z and from (2.6) we obtain

¥ =MNz+y=MNIof+Iifo=1I1f,

that is, (z,2')" € ranI" and the identity (2.10) is proved.
The remaining assertion in (ii) follows from the representation (2.10) and the fact
that ranI" is dense in G x G. O

Let again {G, I'y, 1} be a quasi-boundary triple for T' C A* with Ay = T | ker I and
Weyl function M. For A € p(Ap) define the operators

ReM(X) := = (M(X) + M(X\)*), dom(ReM (X)) = ran Iy,

DN | =

(2.11)

ImM () := —(M(X) —M(\)*), dom(ImM(\)) =ranIy.

W=

Then M(A) =Re M(\) + iIm M(\) and it follows from (2.7) that
Im M(A) =ImAy(A)"y(A), A € p(Ao),

holds. Hence Im M()\) is a densely defined, invertible bounded operator in G with
ran(Im M (X)) C % ; cf. (2.4). Therefore we may rewrite Proposition 2.8(ii) in the form

ranl’ = {(;) eranly xranly : 2’ = ReM(\)z +y, yE%}.

The continuous extension of Im M () onto G is given by the closure

Im M(A\) =Im Ay(N)*y(N), A€ p(Ap). (2.12)

It is important to note that for A € C\ R we have

ker (Im M (X)) = ker y(A) = (ranv()\)*)L =9t (2.13)

which may be nontrivial; cf. Proposition 2.17.
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2.3. Extensions of boundary mappings, v-fields and Weyl functions

Let {G, Iy, 1} be a quasi-boundary triple for T C A*. In this section we investigate
the case where the space 4 = ran(I | ker Iy) in Definition 2.7 is dense in G. Under
this assumption we show that the boundary map Iy and the v-field admit continuous
extensions. If, in addition, % = ran(ly | ker I7) is dense in G and A; = T | ker I} is
self-adjoint in H then also I} and the Weyl function M admit continuous extensions.
We point out that in general 4 (or %) is not dense in G, see Proposition 2.17 for a
counterexample.

The next proposition is a variant of [28, Proposition 6.3] (see also [26, Lemma 7.22]) for
quasi-boundary triples and their Weyl functions. It was proved for generalized boundary
triples in [28], where the additional assumption that ¢ is dense in G is automatically
satisfied; cf. (2.13) and [28, Lemma 6.1]. In the following ¥, stands for the anti-dual
space of 4.

Proposition 2.9. Let {G, Iy, 1} be a quasi-boundary triple for T C A* with Weyl function

M, set A:=1Tm M (i) and assume, in addition, that 4, is dense in G. Then
4, = ran A/?
and if 4 is equipped with the norm induced by the inner product
(A*l/%,/rlﬂy)g, T,y €Y, (2.14)
then the following assertions hold.

(i) (i) extends to an isometry (i) from 4| onto N;(A*),

(ii) Im M (i) extends to an isometry from ¢ onto 4.
Proof. Since the space 4 is dense in G the bounded self-adjoint operator A = Im M (i) =
v(i)*y(i) is injective and non-negative; cf. (2.12) and (2.13). Hence ran A and ran A'/2
are dense in G. As in the proof of [28, Proposition 6.3] we equip ¢4 := ran A*/? with the
inner product

(/171/250, A71/2y)g, T,y €Y.

Then ¢ is a Hilbert space which is densely embedded in G and hence gives rise to
a Gelfand triple 4 — G — ¢’ where ¢’ is the completion of G equipped with the
inner product (A'2x, A'/2y)g, x,y € G. As in [28, Proposition 6.3] one verifies that
the mapping ~(7) admits a continuation to an isometry ¥(i) from ¢’ onto N;(A*) and
the mapping Im M (i) admits a continuation to an isometry A from %’ onto ¢ with
A C A =~(i)*3(i). This implies ¥ = ran~(i)* = % by (2.9) and assertions (i) and (ii)
follow. O
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The next proposition contains a simple but far-reaching observation: If ¢4 is dense in
G and 9 is equipped with a Hilbert or Banach space norm such that (4, || - ||, ) is a
reflexive Banach space continuously embedded in G then the boundary map Iy can be
extended by continuity onto dom A*. Although Proposition 2.9 provides a possible norm
on ¥ it is essential for later applications to allow other norms which are a priori not
connected with the Weyl function.

Proposition 2.10. Let {G, Iy, 1} be a quasi-boundary triple for T C A* with Ag =T |
ker I'y and assume, in addition, that 4 is dense in G. Then for any norm || - ||, such
that (41, || - |l¢,) is a reflexive Banach space continuously embedded in G, the boundary
mapping Iy admits a unique surjective, continuous extension

Fo: (domd”, | -la-) — 4.
where 4] is the anti-dual space of 4. Moreover, the norm ||| - |||« induced by the inner
product (2.14) is equivalent to any norm |- ||¢, such that (41,]-|l«,) is a reflexive Banach

space continuously embedded in G.

Proof. Fix some A € p(Ag) and define S := I';(Ag — A\)~' = y(\)*. We show first that
S :H — % is closed and continuous. In fact, let h,, — h for n — oo be a sequence in H
and assume that Sh, — k, n — oo, in 4. Then Sh,, — k in G as the embedding of ¥
into G is continuous, and

Shy, = vy(A)hy, = y(A)*h = Sh, n — oo,

in G due to the continuity of v(A\)* : H — G; cf. Section 2.2. Thus k = Sh and hence S
is closed as a mapping from H into 4. As dom S = H we conclude that S : H — 4 is
continuous. Moreover, since

ker S = kery(\)* = (raIl’Y()\))L :N’/\(A*)l

the restriction of S onto Ny(A*) is an isomorphism from N)(A*) onto % . Hence the
adjoint operator S’ : ¢4/ — H is bounded, invertible and by the closed range theorem
ran S’ = Ny (A*). The inverse (S’)~! is regarded as an isomorphism from N (A*) onto
¢, in the sequel. For z € ranI'y C ¢4/ and h € H it follows from

(S'@,h),, = (2, Sh)ayxeg, = (2,5h)g = (z,T1(Ao — A)7'h) 5 = (Y(N)z, h),,,
that S’ | ran I = (). We define the mapping
Ty:domA* =4, feTof=(8)"fr

where f = fo + fi € dom Ay + Ny(A*) = dom A*. For f € dom T decomposed in the
form f = fo + f\ with fo € dom Ag and f\ € Ny\(T) we have
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If = (S/)_lfA = (5/)_17(>\)F0f,\ = (S')_lslfof,\ =Ivfrx=1Iv/f,

and hence fo is an extension of Iy. It remains to check that fo is continuous. For this
let f = fo+ fn € dom A* and note that fy = f — (Ag — A\) 71 (A* — \)f holds. Since
(S")71: No(A*) — ¢/ is bounded we find

ITofllay = 11(S") " £

< | flla-

gt IS T AN+ 110 = V)~ (A" = M) £],)

with some constant ¢ > 0.

Let || - |||, be the norm induced by the inner product (2.14) and let || - ||, be an
arbitrary norm on % such that (4, || - ||« ) is a reflexive Banach space densely embedded
in G. Recall that ker v(7)* = N;(A*)*; cf. (2.5). It follows from Proposition 2.9 that (i)*
is an isometry from N;(A*) onto (%4, ||- |l«, ) and hence (y(i)* | N;(A*))~! is an isometry
from (4, || - |l#,) onto N;(A*). Therefore we obtain

lzllle, = [|(v()* TN (A7) 2|, < ¢llzlle,

with ¢ > 0 for all z € 4. Hence I : (4, | - ll¢y) — (4, ||l - /|« ) is continuous and this
implies the norm equivalence ||| - [|¢, ~ || - [|¢y- O

If {G, Iy, I} is a quasi-boundary triple for T C A* with Weyl function M and the
additional property that A7 = T [ ker I is self-adjoint, then the triple {G, —I1, Iy} is
also a quasi-boundary triple for 7' C A* with Weyl function A — —M(X)~!, X € p(4;).
This fact together with Proposition 2.10 implies the following statement.

Corollary 2.11. Let {G, Iy, I1} be a quasi-boundary triple for T C A* and assume, in
addition, that Ay =T | ker Iy is self-adjoint in H and %y is dense in G. Then for any
norm || - ||, such that (%, | - |l%,) is a reflexive Banach space continuously embedded in
G the boundary mapping I'y admits a unique surjective, continuous extension

I (dom A*, || - |

A*) —> g(;,
where 94 is the anti-dual space of 9.

We note that in the situation of the above corollary it follows that the closure of
Im(—M(i)~1) is an invertible bounded operator defined on G. Making use of Proposi-

tion 2.9 for the quasi-boundary triple {G, —I1, I} and setting X' := Im(—M(i)~1) we
then conclude that the norm ||| - |||¢, induced by the inner product

(2_1/2$52_1/2y)g7 xayeg(h
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is equivalent to any norm || - ||¢, on % such that (%, || - ||«,) is a reflexive Banach space
continuously embedded in G.

The next theorem is strongly inspired by regularization techniques used in extension
theory of symmetric partial differential operators; cf. [39,72]. It will be shown that a
quasi-boundary triple {G, Iy, I'1} with the additional property that ¢4 is dense in G can
be transformed and extended to an ordinary boundary triple. Such a type of transform
appears also in [12,17] and in a more abstract form in [26], see also [74,75]. Here we
discuss only a situation which is relevant in applications, namely we assume that the
spectrum of the self-adjoint operator Ag = T [ ker I'y does not cover the whole real line.
The more general case is left to the reader; cf. Remark 2.13. Recall that for the Gelfand
triple 4 — G — ¥, there exist isometric isomorphisms ¢y : 4 — Gand v : 4 — G
such that

(ea’, L+Q?)g = (2, x>g,x% forallz € %, o' € 9. (2.15)
1

Here and in the following ¢ is equipped with some norm || - ||, such that (¥4, | - ||« ) is
a reflexive Banach space continuously embedded in G; cf. Proposition 2.10. Recall that
according to Proposition 2.9 such a norm always exists (if % is dense in G) and that all
such norms are equivalent by Proposition 2.10.

Theorem 2.12. Let {G, Iy, 1} be a quasi-boundary triple for T C A* with Ay = A* |
ker Iy, assume that there exists n € p(Ag) "R and that 4, is dense in G. Then the triple
{G, 7y, 11} with boundary mappings ¥p,7 : dom A* — G given by

Yof =u-Iof,  Tif:=uilifo, f=fo+ fy € domAg + N, (A7),
is an ordinary boundary triple for A* with
A" TkerYy = Ay and A* [ker?y = A —FNW(A*).
Proof. We verify that the restriction {G, Y, 71},
YEf =1 Iof, YL f=u:Iifo, f=fo+ [y €domAg+N,(T),

of the triple {G,7y,71} on T is a quasi-boundary triple for T C A*, such that the
boundary mapping T = (Y¢, 7)) : domT — G x G is continuous with respect to the
graph norm of A*. Then Proposition 2.4 implies that {G, 2,77} is an ordinary boundary
triple for A*.

Note first that ker V' = ker Iy holds. Thus T' | ker 7 coincides with the self-adjoint
linear operator Ay in H and (iii) in Definition 2.1 holds. In order to check Green’s
identity observe that for all f € dom T the identity 7 f = ¢ (It f — M (n)Iof) holds by
(2.6). Here M is the Weyl function of the quasi-boundary triple {G, I'y, 1} and since by
assumption 7 € RN p(Ap) the operator M (n) is symmetric in G; cf. (2.7). Making use of
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(2.15) and the fact that (-, )« x4 is the continuous extension of the scalar product in
G we compute for all f, g € domT

(071 18g), - (F11Tg),
= (I f = Mo f, T09)y, gy — (Lo.f. T1g = M) T0g) o,
= (Inf = Mo f, Tog) g — (Iof, g — M(n)Iog)
Inf, Ivg)g — (Iof. 119)g

=(
= (T, 9)u — (. To)n.

Now we verify that ran 77 is dense in G x G. For this let & = (, ac’)T € G x G. Then
there exists &’ € 4 such that ¢+, & = 2’ and fy € ker Iy = dom Aq such that I fo = &'.
Note that ran TOT is dense in G since ran Iy is dense in G. Hence we find a sequence
(fn) C N, (T) such that 77 f,, — z, n — oc. It follows from 7 fo = 0 and the definition

of 71 that
(ﬂh#%):(ﬁﬁ>:<ﬁﬁ)
1 (fo+ fn) eI fo !
tends to & for n — oo. Hence (ii) in Definition 2.1 holds and it follows that {G, Y, 7'}
is a quasi-boundary triple.

Now we have to check that Y, 7 : domT — G are continuous with respect to the
graph norm. It follows from Proposition 2.10 that this is even true for 7y = ¢_Iy, and
hence also for the restriction ¥¥. For f = fo + fn € domT with fy € dom Ay and
fn € N, (T') we have

TT(fO + fn)

Y= Difo=i (Ao —n) (T =n)f.

Since I'1(Ag —n)~t : H — % is continuous (see the proof of Proposition 2.10) we
conclude that Y{ is continuous with respect to the graph norm.

It remains to check that ker 7y = dom A+N; (A*). For the inclusion “C” let f € ker 1}
with f = fo + f, € dom Ay + N, (A*). Since I fo = 0 we find fy € dom Ag Nker I} =
dom A and hence f € dom A 4 N, (A*). The inclusion “D” follows immediately from
dom A C ker Iy and Iy f,, = 0 for f,, € N,,(A*). O

Remark 2.13. We note that the assumption 1 € R in Theorem 2.12 can be dropped. In
fact, if n € C\ R replace M(n) and N, (A*) by Re M(n) (see (2.11)) and

Q,(A%) = {fy + fs: [ € dom A"},

respectively. Here f = fo, + f;, = fos + f7 € dom A* with fo,, fo; € dom Ay and
fn € Ny(A%), f7 € N;;(A*). Instead of (2.6) use the following formula
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1 . i
FlfO = Flf — ReM(’l’])Fof, f = fo + §(f77 + fﬁ) S dOHlAO + Qn(A ),
when verifying Green’s identity in the proof of Theorem 2.12.

With the help of the extensions I o and I 1 of the boundary mappings Iy and I7,
respectively, also the y-field and Weyl function can be extended by continuity. Observe
that by Theorem 2.12 we have ker fo = kerYy = dom Ay and hence fo I Na(4%),
A € p(Ap), is invertible.

Definition 2.14. Let {G, Iy, I} be a quasi-boundary triple for T C A* with v-field ~,
Weyl function M and A; =T [ker I}, j =0,1.

(i) Assume that % is dense in G and let Iy : dom A* — ¢ be the continuous exten-
sion of Iy from Proposition 2.10. Then the extended ~-field 4 corresponding to the
quasi-boundary triple {G, Iy, I'1} is defined by

A 3N = (To TNA(A) 79 = H, A e p(Ag).

(ii) Assume that ¢ and 4 are dense in G, that A; is self-adjoint in #, and let I 1
dom A* — ¥} be the continuous extension of Iy from Corollary 2.11. Then the
extended Weyl function M corresponding to the quasi-boundary triple {G, Iy, I}
is defined by

A M) =N : 9 = 9, A€ p(Ay).

We mention that the values of the extended v-field 7 are bounded linear operators
from ¥ to H, where 4 is equipped with a norm ||-||¢, such that (4, |||« ) is a reflexive
Banach space continuously embedded in G. If also ¢ is equipped with a norm || - ||«,
such that (%, | - ||l«,) is a reflexive Banach space continuously embedded in G then the
values of the extended Weyl function M are bounded linear operators from %/ to &,
Therefore the adjoints

JN H—=% and MO % — %
are continuous for all A € p(Ap). Moreover we obtain the simple identity
M\ Tofs =1 fy forall fy € Ny(A*), A € p(A). (2.16)
In the next two lemmas some basic, but important, facts about the extended boundary
mappings, the extended 7-field and the extended Weyl function are summarized. As

above it is assumed that ¢ is dense in G and that ¢ is equipped with a norm such that
(1, | - |l#, ) is a reflexive Banach space continuously embedded in G.
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Lemma 2.15. Let {G, I, 1} be a quasi-boundary triple for T C A* with y-field vy, and
Ag = T | ker Iy such that p(Ag) NR # 0. Assume that 4 is dense in G. Then the
following statements hold.

(i) ker fg =ker Iy = dom Ag,

(i) ¥(N) is an isomorphism from 4| onto N\(A*) C H for all X € p(Ay),
(iii) FA) = I'(Ag — N7 : H — % is continuous and surjective for all X € p(Ay),
(iv) the identity

FA) = (I + (A= @) (Ao = X)) F(n)

holds for all X, i € p(Aop).

Proof. Let {G,70,71} be the ordinary boundary triple for A* from Theorem 2.12 and
denote the corresponding ~-field with 8. Then according to Theorem 2.12 statement (i)
follows from

ker I'y = dom Ay = ker 1y = keI‘L_fo = kerfo,

see the text before Definition 2.14. From Proposition 2.10 we obtain that IN})
(dom A*, || - |

I : Na(A*) — ¢/ is bijective and continuous and this implies (ii). The identity

A-) — @/ is continuous and surjective with ker Iy = dom Ay; cf. (i). Hence

BOY = (I+ (A=) (4o =N, A€ p(Ao),
(see (2.4)) together with the straightforward computation

1 1

BN = (Yo TNA(A%) T = (1o T NA(AY)) T =7\

implies (iv). To prove statement (iii) we only have to show that the identity J(\) =

I''(Ag — A\)~! holds. With f € H and z € G it follows from

BN, @) = (£,BNz),, = (£3N "),
=W\, L:1x>%xg{ = (7N f, L_lex)g
= (LJr?()‘),f? CL’)g

that (. 7(\) = B(N)* = T1(Ag — A\)~' = 1, T (Ao — N) L. Hence we obtain statement
(if)). O

Lemma 2.16. Let the assumption be as in Lemma 2.15 and assume, in addition, that %
is dense in G and that Ay = T | ker I is self-adjoint in H such that p(A;) NR # 0.
Moreover, equip 4y with a norm || - ||g, such that (%, || - ||« ) is a reflexive Banach space
continuously embedded in G. Then the following statements hold for all X € p(Ap).
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) kerfl =kerI7 = dom A,,
) I'if = M(\ITof + Iifo for all f = fo+ fr € dom Ag + N3\ (A7),
(i) M(\)z = M(\)*z = M(Naz for all z € %,
) if, in addition, A € p(Ay) then M(N) : 4 — 4} and M(\) | % : % — % are
isomorphisms,
(v) the range of the boundary mapping I s given by

ran [ = {(;,) €Y XG0’ =MNz+y, ye%}.

Proof. Statement (i) follows in the same way as in Lemma 2.15 and from the fact that
{G,—TI1, I} is a quasi-boundary triple for T' C A*.
The identity (2.16) together with f = fo + fn € dom Ay + Ny (A*) yields the identity

Dif =Lifo+Tify=ifo+ M Iofy = i fo + M(A) Do,

therefore (ii) holds; cf. (2.6). In order to verify (iii) note first that according to (2.8) we

have 4 C ran Iy = dom M (A) = dom M (\) C dom M (A)*. For z € % and y € ran Iy C
Ggc¥9/,j=0,1, we compute

(M) 2,y)g = (2, MOVy) g = (2. MN)Y)g, .o

=(M(\)z, y>%x%, = (M(\)z, y)g.
As ran I is dense in G this implies M(\)*z = M(\)'z and M(X)z = M(\)*z holds by
(2.7)-(2.8).

By Lemma 2.15(ii) the operator () is an isomorphism from ¥, onto Ay (A4*). Since
Aj is self-adjoint in H we have dom A* = dom A; + N, (4*) for A € p(A;). Therefore the
first assertion in (iv) follows from (i) and Corollary 2.11. The second assertion in (iv) is
a consequence of (iii). Finally, statement (v) follows from (ii) in the same way as in the
proof of Proposition 2.8(ii). O

Since ker I'; = ker I and ker Iy = ker I, hold by Lemma 2.16(i) and Lemma 2.15(i)
we conclude that the spaces % and ¢ in Definition 2.7 remain the same for the extended
boundary mappings, i.e.,

4 =ran(lp | kerI7) = ran(fo [ kerfl),

@ =ran(ly | kerIp) = ran(fl [ ker fo).
For later purposes we also note that for a quasi-boundary triple {G, I'h, It } as in Lem-
mas 2.15 and 2.16, with ~-field v, Weyl function M, their extensions J(\) : 4 — H

and M (A : ¢4 — ¥, and the corresponding ordinary boundary triple {G, 7,731} from
Theorem 2.12 with ~-field 3, Weyl function M the following relations hold:
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BO)=F(AZt and M) = o (M(A) = M(n))eZ', Aep(Ao),  (2.17)

where 7 € p(Ag) NR is as in Theorem 2.12. In fact, the identity S(\) = F(A).~! was
already shown in the proof of Lemma 2.15 and the second relation in (2.17) is a direct
consequence of the definition of the Weyl function M, Lemma 2.16(ii), and the particular
form of the ordinary boundary triple {G,7p,71} in Theorem 2.12. More precisely, for
fr € Na(A*) decomposed in the form fy = fo + f, with fo € dom Ay, f,, € N, (A*), one
has

vy (M(X) = M(n))e =" Yo fx = 1y (M(X) = M(n)) To f
=1 (Tifa - /M(U)fofx)
= Ifo=T11x.

2.4. A counterexample

In this supplementary subsection we show that the assumption 4;* = {0}, which is
essential for Proposition 2.9, Proposition 2.10, Corollary 2.11 and Theorem 2.12, is not
satisfied automatically. For this we construct a quasi-boundary triple {52, 1y, 77} with
the property 4~ # {0} as a transform of the quasi-boundary triple in Lemma 2.5(ii).

Proposition 2.17. Let {N,(A*), [, I'T'} be the quasi-boundary triple for T C A* from

Lemma 2.5(ii) with ¢ = I, G = N, (A*), and let S be an auziliary Hilbert space. Choose
a densely defined, bounded operator y : H — Ny (A*) such that

kery = {0}, rany = N, (T) and kery # {0},

and let M be an (unbounded) self-adjoint operator in € defined on dom~y. Then
{0,705, 11}, where

Tof =~v"'Igf, Nf=yT{f+My'I{f f€domT,
is a quasi-boundary triple for T C A* such that Ag =T | ker 1y,
4 =ran(Y) [ kerYp) =rany* and 9" =kery # {0}.

In particular, if M(-) is the Weyl function corresponding to the quasi-boundary triple

{0, 0,11} then we have M(n) = M and Im M (X) is not invertible for any A € C\ R.

Proof. We verify that {5¢,7,,71} is a quasi-boundary triple for 7" C A*. Since M is
self-adjoint in 7 and {N,,(A*), ], I'l'} is a quasi-boundary triple we have
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(111, Y09) e — (o f, 119) e
= (VA 9) e — (G £ T g) L,
= (L7 G 9) vy aey — VTG £ T 9) o ey
= (I f, FOTQ)N,,(A*) — (I f, Fng)Nn(A*)
=Tf,9n— ([ Tgn

for all f, g € dom T, and hence the abstract Green’s identity holds. Observe that
Ag=T [kerFOT =T [ kerTy

holds since by assumption + is a bijection from dom~ onto N,,(T).
Next it will be shown that the range of 7 := (1p,71) " is dense in J# x . Since 1
is a bijection from N, (T') onto dom~ we have

—1pT
_ v Iy f .
ranl = {(’V*FleJrM’ylFOTf) 1 fe domT}

1
- {<7*F1TfZ+JJ£\anfn> = Jot o € kerTo +N"(T)}

—{( v )'medomfy yeran'y*}
N y+Mx )~ ’ '

Here we have used in the last step that ran Il = N (A*) by Lemma 2.5(ii). Suppose
that (z,2') € (ran?)*. Then

(z,2) ¢ + (z’,y)jf + (¢, Mz) , =0 (2.18)

for all x € dom~ and all y € ran~y*. We note that if 2’ = 0 then z = 0 as dom+y is dense
in . Assume first that 2/ € kery = (ranvy*)*. Then (2,y)» = 0, y € ran~*, and
(2.18) yields

(2", Mz) , = (=2,2)

for all x € dom M. As M is self-adjoint we conclude 2’ € dom M = dom~ and from
kery = {0} we find 2’ = 0. Assume now that 2’ ¢ kery = (ran~*)*. Then there exists
y € rany* such that (z/,y). # 0 which is a contradiction to (2.18) when setting x = 0.
Thus we conclude 2z’ = z = 0 and hence ran 7" is dense in J# x 2.

Since ker 7y = ker I'Y and ran(I'f | ker [{) = N, (A*) we have

@ =ran(T | ker7p) = ran(v*IHT I ker FOT) =ran~”

and therefore 4;* = kery # {0} by assumption. Finally, if M(-) is the Weyl function
corresponding to the quasi-boundary triple {5, 7,71} then it follows from I'{ f, = 0,
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In € Noy(T), and MYy f, = My~ 'I{ f, = 11 f, that M(n) = M holds. The fact that

Im M () is not invertible for A € C\ R is immediate from (2.13). O
3. Extensions of symmetric operators

The main objective of this section is to parameterize the extensions of a symmetric
operator A with the help of a quasi-boundary triple {G, Iy, I'1 } for T C A*. In contrast to
ordinary boundary triples there is no immediate direct connection between the properties
of the extensions

Ay =T | {f edomT : I'f € ¥} (3.1)

and the properties of the corresponding parameters ¥ in G x G, as, e.g. self-adjointness.
The key idea in Theorem 3.3 and Theorem 3.4 is to mimic a regularization procedure
which is used in the investigation of elliptic differential operators and goes back to [39,
72], see also [12,17,26,36,53,60,62]. This also leads to an abstract complete description of
the extensions Ay C A* via the extended boundary mappings I o and I~“1 in Theorem 3.7.
The general results are illustrated with various examples and sufficient conditions on the
parameters to imply self-adjointness, as well as a variant of Krein’s formula is discussed.

8.1. Parameterization of extensions with quasi-boundary triples

Let in the following A be a closed, densely defined, symmetric operator in the Hilbert
space H with equal, in general, infinite deficiency indices. In the first theorem in this
subsection we recall one of the key features of ordinary boundary triples {G, Iy, I} } for
A*: A complete description and parameterization of the extensions Ag of A given by

Ag:=A* 1 {f edomA*: T'f € O}

and their properties in terms of linear relations © in the boundary space G, see, e.g.
[27,28,38].

Theorem 3.1. Let {G, Iy, I'1} be an ordinary boundary triple for A*. Then the mappz'nf
O Ao =A"{fedomA*: I'f € O} = A* | ker(I} — OIy)

establishes a bijective correspondence between the set of closed linear relations © in G
and the set of closed extensions Ag C A* of A. Furthermore,

2 Here and in the following the expression I} — @I is understood in the sense of linear relations if © is
a linear relation, that is, @I is the product of the relation © with (the graph of the mapping) Iy and the
sum of Iy and —OTIY is in sense of linear relations. We refer the reader to [6,23,29,30,46] for more details
on linear relations.
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A@* == AZ)

and the operator Ag is symmetric (self-adjoint, (mazximal) dissipative, (mazimal) ac-
cumulative) in H if and only if the closed linear relation © is symmetric (self-adjoint,
(mazimal) dissipative, (mazimal) accumulative, respectively) in G.

It is not surprising that Theorem 3.1 does not hold for quasi-boundary triples
{G, I, I}, see, e.g. [11, Proposition 4.11] for a counterexample. In particular, ¥ =
{0} x 4 C ranI' (see Definition 2.7 and Proposition 2.8(ii)) is symmetric and not
self-adjoint in G but the corresponding extension Ay of A in (3.1) coincides with the self-
adjoint operator Ay =T | ker I'j in ‘H. Note that for a quasi-boundary triple {G, Iy, I'1}
the range of the boundary map I' = (I, 1) " is only dense in G x G, so that for a
linear relation ¥ in G only the part 9 Nran I can be “detected” by the boundary maps.
However, even for a self-adjoint linear relation ¢ C ran I" the corresponding extension Ay
of Ain (3.1) is in general not self-adjoint, see Example 4.22. Nevertheless, the following
weaker statement is a direct consequence of the abstract Green’s identity (2.1); cf. [11,
Proposition 2.4].

Lemma 3.2. Let {G, Iy, I} be a quasi-boundary triple for T C A*. Then the mapping
V= Ay =T [ {fedomT:I'fecv}

establishes a bijective correspondence between the set of symmetric linear relations ¥ C
ran I’ in G and the set of symmetric extensions Ay CT of A in H.

We also mention that for a quasi-boundary triple {G, Iy, 1} and linear relations
0 C ¥ Cranl one has Ay C Ay C T cf. (3.1).

In the next theorem we make use of a different type of parameterization to characterize
the restrictions of 7" with the help of a quasi-boundary triple. The idea of the proof is
to relate the given quasi-boundary triple {G, Iy, I} to the quasi-boundary triple in
Lemma 2.5(ii) and to transform the parameters accordingly. We also point out that
in contrast to most of the results in Section 2.3 here it is not assumed that the space
% =ran(Iy | ker Iy) is dense in G.

Theorem 3.3. Let {G, o, 1} be a quasi-boundary triple for T C A* with y-field v and
Weyl function M. Assume that for Ag =T | ker Iy there exists n € p(Ap) NR and fix a
unitary operator ¢ : Njy(A*) — G. Then the mapping

O Ay=T|{fedomT:I'fevd} withd=~n)*e"Opy(n)+ M(n)

establishes a bijective correspondence between all closed (symmetric, self-adjoint, (maxi-
mal) dissipative, (mazimal) accumulative) linear relations © in G with dom @ C ran(p |
Ny(T)) and all closed (symmetric, self-adjoint, (mazimal) dissipative, (mazimal) accu-
mulative, respectively) extensions Ay CT of A in H.
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Proof. Let © be a linear relation in G and decompose f € domT in f = fy + f,, where
fo € dom Ay and f,, € N;)(T). Then I'f € v(n)*¢*Opv(n) + M(n) is equivalent to

Iif =~(n)*¢*z+ M(n)lof with (W(’QFOQ co,

and by (2.6) this can be rewritten as

Iifo=~Mn)"¢*x with <¢£n> € 6. (3.2)

Denote the orthogonal projection in H onto N, (A*) by P,. Making use of (2.4) and (2.5)
we find

I fo =~v(n)" (Ao — 1) fo = v(1)* Py (Ao — 1) fo

and as v(n)* | NV, (A*) is invertible we conclude together with (3.2)

I'f e y(n)*¢*Opy(n) + M(n) if and only if 2fn 0 ) €O (33
0

<90P n(AO -
for all f = fo+ f, € domT.

According to Proposition 2.3 and Lemma 2.5 the quasi-boundary triple {G, f
ofns [ = ©Py(Ag — 1) fo} is the restriction of the ordinary boundary triple {G, f —
O fns [ = @Py(Ao — 1) fo} for A*. Now the statement is a consequence of Theorem 3.1.
In fact, if e.g. O is self-adjoint in G with dom © C ran(p | N, (T)), then by Theorem 3.1
the operator

. ; . pf
A + f, = dom Ag + N, (A4 :( K >€@} 3.4
is a self-adjoint restriction of A* in H. As dom® C ran(yp | N, (T)) we conclude that
the domain of the operator in (3.4) is contained in domT". Hence by (3.3) the operator
in (3.4) can be written as

Ay =T [ {fedomT:I'f €9} withd=~n)**"Opvy(n)+ M(n) (3.5)

and Ay is a self-adjoint operator in H. Conversely, by Theorem 3.1 for any self-adjoint
extension Ay of A which is contained in T there exists a self-adjoint relation @ in G
such that Ay can be written in the form (3.4), where N, (A*) can be replaced by N,,(T).
Therefore dom © C ran(p | N, (T)) and together with (3.3) we conclude that Ay can be
written in the form (3.5). O

The next theorem is of similar flavor as Theorem 3.3 but more explicit and relevant
for elliptic boundary value problems; cf. Section 4. Under the additional assumption



3680 J. Behrndt, T. Micheler / Journal of Functional Analysis 267 (2014) 3657-3709

that the space 4 = ran(l} | kerIj) in Definition 2.7 is dense in G a more natural
parameterization of the extensions is found. Here we will again make use of the Gelfand
triple 4 — G — ¥/ and the corresponding isometric isomorphisms ¢4 and ¢_ in (2.15).
We also note that after suitable modifications the assumption 7 € R can be dropped,
see Remark 2.13.

Theorem 3.4. Let {G, Iy, It} be a quasi-boundary triple for T C A* with Ao =T | ker I
and Weyl function M. Assume that there exists n € p(Ap) NR and that 4 is dense in
G. Then the mapping

O Ay=T | {f edomT:I'f €V} withd=17"Ou_+ M(n)

establishes a bijective correspondence between all closed (symmetric, self-adjoint, (maxi-
mal) dissipative, (mazimal) accumulative) linear relations © in G with dom© C ranc_I,
and all closed (symmetric, self-adjoint, (maximal) dissipative, (mazimal) accumulative,
respectively) extensions Ay C T of A in H.

Proof. Let © be a linear relation in G and decompose f € dom T in the form f = fo+ f;,
with fo € dom Ag and f,, € N;(T). Then I'f € 17'Ou_ + M(n) if and only if

Eq. (2.6) implies It f — M (n)Iof = It fo and since f € dom T we have [ f = fof, where
Iy is the continuous extension of Iy to dom A* from Proposition 2.10. Hence (3.6) is
equivalent to

v Tof
<L+F1f0) € 6. (3.7)

According to Theorem 2.12 the triple {G, f — L,foﬁ f = i I1fo} is an ordinary
boundary triple for A*. Now the statement follows from Theorem 3.1 and the same
reasoning as in the proof of Theorem 3.3. O

Corollary 3.5. Let the assumptions be as in Theorem 3.4 and let 9 be a linear relation
in G. Then the extension Ay of A in H given by

Ay =T [ {f edomT : I'f eV} (3.8)

is closed (symmetric, self-adjoint, (maximal) dissipative, (mazimal) accumulative) in H
if and only if the linear relation

O =1 (09— M)z with dom® C rant_T,

is closed (symmetric, self-adjoint, (mazximal) dissipative, (maximal) accumulative) in G.
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Proof. (=) Assume that Ay in (3.8) is a closed (symmetric, self-adjoint, (maximal)
dissipative, (maximal) accumulative) operator in H. According to Theorem 3.4 there
exists a closed (symmetric, self-adjoint, (maximal) dissipative, (maximal) accumulative,
respectively) linear relation © in G with dom © C ran¢_Ij and

Ay=Ap=T | {f edomT : I'f €0} with 6 =.7"0c_ + M(n). (3.9)

From L_T_léb, C ran [y x %) and Proposition 2.8(ii) we conclude 6 C ran I". Furthermore,
we have § = ¥ NranI’, (see the text below Lemma 3.2). Solving Eq. (3.9) leads to the
identity

O =1 (0—Mn)Z =14 (90— M(n))Z".

(<) Let © = 1 (9 — M(n))t=" with dom© C rant I be a closed (symmetric,
self-adjoint, (maximal) dissipative, (maximal) accumulative) linear relation in G. From
¥ —M(n) =1:7"01_ Cranly x % and Proposition 2.8(ii) we obtain § = 17'Ot_ + M ()
with & = ¢ NranI'. According to Theorem 3.4 the extension Ay = Ay given by
(3.8) is closed (symmetric, self-adjoint, (maximal) dissipative, (maximal) accumulative)
inH. O

We recall that a symmetric linear relation © in G with ran © = G is self-adjoint in G
with 0 € p(©). This together with Corollary 3.5 yields the following example.

Example 3.6. Let the assumptions be as in Corollary 3.5 and let 1 be a symmetric linear
relation in G such that ran(d¥ — M(n)) = % . Then

Ay =T [ {f €domT:I'f €9}
is a self-adjoint extension of A in H.

In the next result the assumptions on the quasi-boundary triple are strengthened
further such that both boundary maps I and I extend by continuity to dom A*. In
that case one obtains a description of all extensions Ay C A* which is very similar to
the parameterization in Theorem 3.4. The additional abstract regularity result will turn
out to be useful when considering the regularity of solutions of elliptic boundary value
problems in Section 4.

Theorem 3.7. Let the assumptions be as in Theorem 3.4 and assume, in addition, that

Ay =T | ker I is self-adjoint in H, n € p(Ao) Np(A1) NR, and that % dense in G. Let
M be the extension of the Weyl function M from Definition 2.14(ii). Then the mapping

O Ay = A" [ {f edomA* : T'f €9} with 9 =17 O_ + M(n)
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establishes a bijective correspondence between all closed (symmetric, self-adjoint, (mazi-
mal) dissipative, (maximal) accumulative) linear relations © in G and all closed (symmet-
ric, self-adjoint, (mazimal) dissipative, (mazimal) accumulative, respectively) extensions
Ay C A* of Ain .

Moreover, the following abstract regularity result holds: If © is a linear relation in G
and S is an operator in H such that T C S C A* then

dom® C ran(:_Iy | dom S) implies dom Ay C dom S.

Proof. The proof of the first part is very similar to the proof of Theorem 3.4 and will
not be repeated here. We show the abstract regularity result. Let @ and S be as in the
theorem and assume that dom @ is contained in the range of the map ¢_ Iy | dom S. Let

Ag=A* 1 {f edom A*: 'f € 17'0u_ + M(n)}
be the corresponding extension and let f € dom Ay. As I'f € 1710 + M (n) we have
t_Tof € dom®. Since dom© C ran(c_Ip | dom S) there exists an element g € dom S

such that L_fof = L_fog holds. Hence we conclude f — g € ker Iy = dom Ay C dom S,
sothat f=g+ (f —g) €domS. O

The next corollary is a counterpart of Corollary 3.5 and can be proved in the same
way using Lemma 2.16(v) instead of Proposition 2.8(ii).

Corollary 3.8. Let the assumptions be as in Theorem 3.7 and let ¥ be a linear relation
in 9] x 4}. Then the extension Ay of A in H given by

Ag=A* [ {fedom A" : Tf e}

is closed (symmetric, self-adjoint, (mazximal) dissipative, (mazimal) accumulative) in H
if and only if the linear relation

O =14 (9 — M(n)): ="
is closed (symmetric, self-adjoint, (mazximal) dissipative, (mazimal) accumulative) in G.
A simple application of Theorem 3.7 is discussed in the next example.
Example 3.9. Set © = 0 in Theorem 3.7. Then ¥ = M (1) and it follows that
Ay =A* | {f €dom A* : M(n)[of = I f}

is a self-adjoint extension of A in H. From Lemma 2.16(ii) we obtain that the condition
M(n)Iof = If is equivalent to I fo = 0, where f = fo + f, € dom Ay + N, (A*). This
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implies that Ayg=A —i—/\A/n (A*), which coincides with the Krein—von Neumann extension
if A is uniformly positive and n = 0; cf. [51] and, e.g. [47].

3.2. Sufficient conditions for self-adjointness and a variant of Krein’s formula

In this subsection we provide different sufficient conditions for the parameter 9 in
G x G such that the corresponding extension

Ay =T [{fedomT :I'fed}, I=i1'01_+ M(n),

in Theorem 3.4 becomes self-adjoint in H; cf. [11, Theorem 4.8], [13, Theorem 3.11] and,
e.g. Example 3.6. In Proposition 3.10 below we will make use of standard perturbation
results, such as the Kato—Rellich theorem. Thus we will restrict ourselves to operators 1
instead of relations. Recall also the following notions from perturbation theory: If 91 is a
linear operator acting between two Banach spaces then a sequence (zx)geny C dom 9 is
called M-bounded if (x)ken is bounded with respect to the graph norm of 9. A linear
operator 6 is said to relatively compact with respect to 9 if dom 9 C dom # and 6 maps
IM-bounded sequences into sequences which have convergent subsequences.

Proposition 3.10. Let {G, Iy, I} be a quasi-boundary triple for T C A* with A; =T |
kerI';, 7 =0,1, and Weyl function M, and assume that A; is self-adjoint in H and that
there exists n € p(Ap) N p(A1) NR. Furthermore, suppose that % and 4 are dense in
G and equip % and 4 with norms || - |lg, and || - ||l¢, such that both (%, | - ||l«,) and
(4, - |lg,) are reflexive Banach spaces continuously embedded in G.

If ¥ is a symmetric operator in G such that

% C domv and rand [ % C %, (3.10)
and one of the followings conditions (i)—(iii) hold,
(i) 9 regarded as an operator from 4y to 4 is compact,
(ii) 9 regarded as an operator from 4y to 4 is relatively compact with respect to M (n)

regarded as an operator from % to 4,
(iii) there exist c; > 0 and ¢z € [0,1) such that

[9alla, < erllelly +cal| Mzl @ <%,
then Ay =T [ {f € domT : I'f € 9} is self-adjoint in H.
Proof. Note first that condition (i) is a special case of condition (ii). Hence it suffices to

prove the proposition under conditions (ii) or (iii). By (3.10) the restriction 6 := ¥ | %
maps into ¢4 and the corresponding extensions of A in H satisfy Ag C Ay. We show
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below that (ii) or (iii) imply the self-adjointness of Ay and hence, as Ay is symmetric by
Lemma 3.2, the self-adjointness of Ay.

By Corollary 3.5 the operator Ag = T | {f € domT : I'f € 0} is self-adjoint in
H if and only if © = 1, (6 — M(n))._*

is self-adjoint in G. Since 1 is assumed to be
a symmetric operator the same holds for 6, 1,6:~' and 6. From Lemma 2.16(iv) we
obtain that M := M(n) | % is an isomorphism onto ¥;. Thus the symmetric operator
—1. =" defined on (%, is surjective and hence self-adjoint in G. Therefore

O=1 (0 —Mu =, + 007" (3.11)

can be regarded as an additive symmetric perturbation of the self-adjoint operator
—L+9ﬁL:1, and the assertion of the proposition holds if we show that © is self-adjoint
ing.

Assume first that condition (ii) holds, that is, 6 is relatively compact with respect
to 9, and hence also with respect to —9t. Making use of the fact that vy : 4 — G
and ¢_ : 9] — G are isometric isomorphisms it is not difficult to verify that 140" is
relatively compact with respect to — 0 ~" in G. Hence by well known perturbation
results the operator © in (3.11) is self-adjoint in G, see, e.g. [73, Theorem 9.14].

Suppose now that (iii) holds and set £ = c_z for € %. Then

[e40: 21|, = 162, < erllzllgg + callMllg, = eal|€llg + cal ey M,

shows that the symmetric operator ¢4 0:~" is ¢, 9~ '-bounded with a relative bound
¢o < 1. Hence the Kato—Rellich theorem [65, Theorem X.12] implies that © in (3.11) is
a self-adjoint operator in G. 0O

The next proposition is of the same flavor as Proposition 3.10. It can be proved
similarly with the help of a variant of the Kato—Rellich theorem due to Wist; cf. [65,
Theorem X.14] and [77].

Proposition 3.11. Let the assumptions be as in Proposition 3.10 and assume that there
exists ¢ > 0 such that

[0z||g, < cllzllgy + |M()z]ly,, = €%.
Then Ag =T | {f edomT : I'f € ¥} is essentially self-adjoint in H.

Example 3.12. Let 9 be a symmetric operator in G with 4 C dom, such that ¥ is
continuous from (%, | - [l«;) to % . Then condition (iii) in Proposition 3.10 is satisfied
with co = 0 and hence the extension Ay of A is self-adjoint in H.

Now consider ¢ := M(n) | % as an operator from ¥, to 4. Then Proposition 3.11
implies that Ay is essentially self-adjoint in #H. In fact, as in Example 3.9 one verifies
Ay =A —i—./\A/',,(T)7 which is a proper restriction of Ay = A+ J\A/,,(A*) from Example 3.9.
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For completeness we provide a version of Krein’s formula for quasi-boundary triples
in Corollary 3.14 which can be viewed as a direct consequence of Krein’s formula for the
ordinary boundary triple in Theorem 2.12. A similar type of resolvent formula can also
be found in [26, Theorem 7.26] for generalized boundary triples. For the convenience of
the reader we first recall Krein’s formula for ordinary boundary triples, see, e.g. [27].
The point, continuous and residual spectrum of a closed linear relation is defined in the
same way a for a closed linear operator; cf. [29,30].

Theorem 3.13. Let {G, o, I} be an ordinary boundary triple for A* with y-field v and
Weyl function M and Ag = A* | ker Iy, let © be a closed linear relation in G and let
Ag be the corresponding closed extension in Theorem 3.1. Then for all X € p(Ay) the
following assertions (i)—(iv) hold.

(i) X € 0,(Ae) if and only if 0 € 0,(© — M (X)), in this case
ker(Ao — A) = y(A) ker(© — M()\)),

(ii) X € 0.(Ag) if and only if 0 € 0.(© — M(N)),
(iii) A € 0.(Ao) if and only if 0 € 0.(© — M()N)),
(iv) X € p(Ao) if and only if 0 € p(© — M (X)) and the formula

(Ao = N7 = (Ao = N +9(N)(© = M(N) (V)
holds for all A € p(Ap) N p(Ag).

The next corollary contains a variant of Krein’s formula for quasi-boundary triples;
cf. [11, Theorem 2.8], [13, Theorem 3.6], and [12, Theorem 6.16] for other versions of
Krein’s formula for the resolvent difference of canonical extensions in the quasi-boundary
triple framework.

Corollary 3.14. Let {G, Iy, I1} be a quasi-boundary triple for T C A* with y-field ~,
Weyl function M, A; = T | kerIy, j = 0,1, such that Ay is self-adjoint in H, there
exists n € p(Ag) NR and %, 4 are dense in G. Equip % and 4 with norms || - ||¢, and
|-l such that both (%o, ||~ ||«,) and (41, || |l«,) are reflezive Banach spaces continuously

embedded in G, and let 7 and M be the extensions of v and M, respectively. Moreover
let Y C 9 x4 be a linear relation in ranI" such that the extension

Ag=A* 1 {f edom A" : Tf v}
is closed in H. Then for all A € p(Ap) the following assertions (i)—(iv) hold.

i) Aeo,(Ay if and only if 0 € o, (L4 ¥ — M(\ =Y, in this case
P P
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ker(Ay — A) = F(A) ker (9 — M(N)),

(iii) A € 0.(Ay) if and only if 0 € o, (¢4 (9 — M (A
(iv) A € p(Ay) if and only if 0 € p(vy (¥ — M(/\))L:

(ii) A e O'C<1f1t19) if and only if 0 € oot (0 — M(N)
)

(Ag = )71 = (Ao =) +FN (0 = M) 7
holds for all X € p(Ag) N p(Ay).

Proof. Let {G,7,,71} be the ordinary boundary triple for A* in Theorem 2.12 with
Ag = A* | ker 1y, y-field 8 and corresponding Weyl function M in (2.17). By assumption
we have 9 C ran I'. According to Corollary 3.8 the linear relation © = 1y (1) — M(n))[l
is closed in G and it follows that 1&9 and

Ao =A" | {fedomA*:TfecO}

coincide. Since M(\) = L_;,_(M()\)*M(?]))L:l by (2.17) we obtain the identity ©—M(X) =
1y (0 — MN)e=t and from B(N) = F(A)e =t and B(A\)* = 14 F(N\) we then conclude

—1 T . — _
BN(O = M) BN =FN) (0 —M0N) TN (3.12)
Now the assertions follow from Theorem 3.13, Ay = Ao and (3.12). Note that (9 —
M)t C 9 x ¥ in (3.12) since 9 — M(\) C 9] x % by Lemma 2.16(v). O

4. Applications to elliptic boundary value problems

In this section the abstract theory from Section 2 and Section 3 is applied to elliptic
differential operators. In Section 4.1 we first study the Laplacian on bounded Lipschitz-,
quasi-convex and C1'"-domains with r € (%, 1]. Then we investigate 2m-th order elliptic
differential operators on bounded smooth domains in Section 4.2 and second order elliptic
differential operators on domains with compact boundary in Section 4.3.

Throughout this section let 2 C R™, n > 2, be a domain with boundary 92 (which
is at least Lipschitz). In Section 4.1 and Section 4.2 the domain (2 is assumed to be
bounded, in Section 4.3 the domain {2 may be unbounded as well but its boundary 92
is assumed to be compact. We denote by H*({2) the Sobolev spaces of order s € R on
2 and by H*(942) the Sobolev spaces on 942 of order s (with at least s € [—1, 1] in the
Lipschitz case). By H§(§2) we denote the closure of C§°(£2) in H*(2), s > 0, and with
C*>(£2) the functions in C§°(R™) restricted to £2; see, e.g. [57, Chapter 3].
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4.1. A description of all self-adjoint extensions of the Laplacian on bounded Lipschitz
domains

In this subsection we give a complete description of the self-adjoint extensions of
the Laplacian —A = — Z?Zl 8J2- on a bounded Lipschitz domain {2 in terms of linear
operators and relations © in L?(9f2) with the help of Theorem 3.7. This description
extends the one by Gesztesy and Mitrea in [36], where the class of so-called quasi-convex
domains was treated; cf. [36, Definition 8.9]. In addition we introduce Hilbert spaces
%y and ¢ such that the Dirichlet- and Neumann trace operator admit continuous and
surjective extensions from the maximal domain of the Laplacian onto the anti-dual spaces
¢ and ¥ respectively.

Let 2 C R™, n > 2, be a bounded Lipschitz domain. For s > 0 we define the Hilbert
spaces

H4(02):={feHN): Af € L*(2)}
equipped with the norms induced by

(f, Dus2) = (£, ms ) + (Af, Ag)r2 (), f,9 € HA(S).

Note that for s > 2 the spaces H%(f2) coincide with H?*(f2). Define the minimal and
maximal realization of the Laplacian in L?(£2) by

Apin == —A [ H3(2) and Apay = —A | HY(2),

respectively, and let A := Ap;,. It follows from the Poincaré inequality that the norm
induced by HY(£2) is equivalent to the H?-norm on HZ({2). Hence a usual distribution
type argument yields

A=Ay, = A

max

and A = A*.

= Amax;

cf. [70, VI. § 29]. We mention that A is a closed, densely defined, symmetric operator in
L?(02) with equal infinite deficiency indices. Let n = (ny, na, ..., n,) " be the unit vector
field pointing out of 2, which exists almost everywhere, see, e.g. [57,76]. The Dirichlet
and Neumann trace operator 7p and 7 defined by

f=flo,  Tnfi=0-Vflag, [eC¥R),

admit continuous extensions to operators

o H5(2) — H"Y2(002) and 7y : H(2) — H*3/2(002) (4.1)
for all s € [%, %} In particular, according to [36, Lemma 3.1 and Lemma 3.2] the exten-

sions 7p and Ty in (4.1) are both surjective if s = 3 and 5 = 2.
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In the next theorem we define a quasi-boundary triple for the Laplacian
T:=—A|HY?(2)= A" | HY*(2) C Apax (4.2)
on the bounded Lipschitz domain {2 with Iy and I as the natural trace maps. In this
setting it turns out that the spaces 4 and ¢; from Definition 2.7 are dense in L?(912), the
~-field coincides with a family of Poisson operators and the values of the Weyl function
are Dirichlet-to-Neumann maps (up to a minus sign).
Theorem 4.1. Let {2 be a bounded Lipschitz domain, let T be as in (4.2) and let
Lo,y HY*(Q) = L2(09),  Lof:=7of,  Iif :=-7f.
Then {L?(012), Iy, I} is a quasi-boundary triple for T C A* = Apax such that the
minimal realization A = Anin coincides with T | ker I and the following statements

hold.

(i) The Dirichlet realization Ap and Neumann realization Ay correspond to ker Iy
and ker I,

Ap =T [ ker Iy = Apay | {f € HY?(2) : 7pf = 0},

Ay =T [ker Iy = Apax | {f € HY*(2) : 7 f = 0}, )
respectively, and both operators are self-adjoint in L?(2).
(ii) The spaces
%, = ran(Ip | ker 1) and % = ran(I} | ker Ip)
are dense in L?(012).
(iii) The values y(\) : L?(9£2) D HY(902) — L*(£2) of the y-field are given by
YW =1f, ¢eH (002), X€p(Ap),
where f € L*(£2) is the unique solution of the boundary value problem
(—A-=XN)f=0, ™f = p. (4.4)

(iv) The values M(X) : L2(02) > HY92) — L*0R2) of the Weyl function are
Dirichlet-to-Neumann maps given by

M\ =—71nf, @€ H(02), A€ p(Ap),
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where f = v(N)g is the unique solution of (4.4). The operators M(\) are bounded
from HY(002) to L*(902) and if, in addition, X € p(Ay) then the Neumann-to-
Dirichlet map M(\)~! is a compact operator in L?(052).

Proof. We check that {L?(9£2), I'v, I'1} is a quasi-boundary triple for T C A*. From [33,
Theorems 2.6 and 2.10, Lemmas 3.4 and 4.8] we obtain that the Dirichlet and Neumann
Laplacian in (4.3) are both self-adjoint in L?(£2); for the H3/?-regularity of the Dirichlet
domain see also [48] or [49, Theorem B.2]. In particular, item (iii) in Definition 2.1 is
valid and assertion (i) of the theorem holds.

The fact that ranI" is dense in L2(9§2) x L?(92) will follow below when we verify
assertion (ii) of the theorem. For the moment we note that item (ii) in Definition 2.1
holds.

The continuity of the trace maps 7p, Ty : HZ/Z(Q) — L%(012) and the fact that
C>=(2) is dense in HZ/Z(Q) (see [22, Lemme 3]) yield Green’s identity

(Tf,9)r2(2) — (,T9)12(2) = (A, 9)r2(2) — (f, —A49) L2 (2)
= (=7~ f,™p9)12002) — (TD.f, —TNG)12(802)
= (I'f, Tog)r200) — (Iof, 119)12(00)

forall f, g € HZ/Q(.Q), that is, condition (i) in Definition 2.1 holds.

Furthermore, as C™(£2) is dense in H(£2) = dom A* it follows that T = A* = Aax
holds. Therefore {L?(012), I, I'1} is a quasi-boundary triple for T'. Hence we also obtain
T [ kerI' = A = Ay, from the fact that ker I" = dom A holds in every quasi-boundary
triple.

Next we verify assertion (ii) (which also implies property (ii) in the definition of a
quasi-boundary triple). Recall that ran I} = L?(9£2) by (4.1) and suppose that h 1 %,.
Choose f € dom I} such that h = I f. Then for all g € ker I} = dom Ay Green’s
identity yields

0= (h,109)r200) = (I f, T09) L2(00) — (Tof, 119)L2(002)
=(Tf,9)r2(2) — (f, ANg)r2(2)

and since Ay is selfadjoint by (i) we obtain f € dom Ay = ker I'y and hence h = I} f =
0, that is, % is dense in L?(942). The fact that ¢, is dense in L%(9£2) follows from [36,
Lemma 6.3 and Corollary 6.5] since the subspace ran(rx | {f € H?(2) : 7pf = 0}) of
¢, is dense in L%(042). This shows assertion (ii). Since % x ¢ C ranI also ran[l is
dense in L?(0£2) x L?(02) as noted above.

Most of the assertions in (iii) and (iv) are immediate consequences of the defini-
tion of the v-field and the Weyl function corresponding to the quasi-boundary triple
{L?(02), Ty, I'}. For the boundedness of M (\) regarded as an operator from H!(912)
into L2(942) and the compactness of M (\)~! as an operator in L?(9£2) we refer to [33,
Theorem 3.7 and Remark 3.8]. O
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Let {L?(002), Iy, I} be the quasi-boundary triple for T C A* = Ay from Theo-
rem 4.1 with Weyl function M. Equip the spaces % and ¢; with the norms induced
by

(@) = (2720, Z7129) gy £ =Im(=M()7),

o (4.5)
(9 0)g = (4720, 47129) 1 A=TmM(i);

cf. Section 2.3. As an immediate consequence of Proposition 2.10 and Corollary 2.11, see
also Definition 2.14, Lemma 2.15 and Lemma 2.16, we obtain a trace theorem for the
Dirichlet and Neumann trace operator on the maximal domain of the Laplacian.

Corollary 4.2. Let {2 be a bounded Lipschitz domain. Then the following statements hold.

(i) The Dirichlet trace operator Tp and Neumann trace operator Ty can be extended
by continuity to surjective mappings

o HY(2) = 4] and 7n:HY(2) = 9
such that ker Tp = ker 7p = dom Ap and ker Ty = ker 7y = dom Ay . In particular,
Hi(2) = {f e HA(R2) : Tpf =7~ f = 0}.

(if) For all X € p(Ap) the values of the y-field v from Theorem 4.1 admit continuous
extensions

YA 19— L2(09), =T Ne =T,

where f € L(2) is the unique solution of (4.4) with ¢ € ¢]. In particular, the space
¢/ is mazimal in the sense that whenever f € L*(£2) is a solution of the Dirichlet
problem (4.4) then the boundary value ¢ belongs to 4.

(iii) For all A € p(Ap) the values M(X) of the Weyl function M from Theorem 4.1
admit continuous extensions

M) 9 >4, ¢ Mg =—7vf, A€ p(4p),
where f =7(\)g is the unique solution of (4.4) with ¢ € 4.

Applying Theorem 2.12 to the quasi-boundary triple {L?(942), Iy, I'1} from Theo-
rem 4.1 we get a Lipschitz domain version of the ordinary boundary triple for the
Laplacian as it appears already in the smooth case in [39], see also, e.g. [10,12,17,53].
Recall that there exist isometric isomorphisms ¢y : 4 — L*(002), 1_ : 4] — L?(092)
such that (v_2',14.2)1200) = (T, T)grx@; cf. (2.15).
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Corollary 4.3. Let n € p(Ap) NR and let Vo, 11 : H4(2) — L%(912) be given by

Yof :=1_7pf, Yf:=—w1nfp, f=[fp+ fy€domAp +./\/'7,(A*)

Then {L?(082), Yy, 11} is an ordinary boundary triple for A* = Ayax with A* | ker Ty =
Ap and

A* rkerTI - Amin+{(fnanfn)T : _Afn = nfﬁ’ f77 € H%(Q)}

In the present setting Theorem 3.7 can be applied to the quasi-boundary triple from
Theorem 4.1. This yields a description of all self-adjoint extensions Ay C Apy of the
minimal Laplacian A, in L2(£2) on bounded Lipschitz domains.

Corollary 4.4. Let {2 be a bounded Lipschitz domain, %, % be as in Theorem 4.1,
ne€RNp(Ap)Np(An) and M(n) : 4] — 9 be the extended Dirichlet-to-Neumann map.
Then the mapping

O 5 Ay = Apax | {F € HA(Q) : 07pf +7nf =0}, 9 =13'00_ + M(n),

establishes a bijective correspondence between all closed (symmetric, self-adjoint, (maz-
imal) dissipative, (mazimal) accumulative) linear relations © in L?(982) and all closed
(symmetric, self-adjoint, (mazximal) dissipative, (mazimal) accumulative, respectively)
extensions Ay C A* = Apax of A = Apin in L2(£2). Moreover, the following regularity
result holds: If Ag is an extension of T in (4.2) such that Ay C A* = Apax then

dom® Cran(:_7p | dom Ag) émplies dom Ay C dom A,. (4.6)

We note that the abstract propositions from Section 3.2 can be applied to the quasi-

boundary triple {L?(912), Iy, I}, see also Section 4.3. We leave the formulations to the
reader and state only a version of Krein’s formula as in Corollary 3.14.

Corollary 4.5. Let 2 be a bounded Lipschitz domain, 5()\) : 4] — L?(£2) and M()\) :

G — 9} be the extended y-field and Dirichlet-to-Neumann map from Corollary 4.2. Let
9 C Y x Y} be a linear relation in ran(Tp, —7Tn) such that

Ay = Apax | {f € HA(2) : 97pf + 7 f =0}
is closed in L*(£2). Then for all X\ € p(Ap) the following assertions (i)-(iv) hold.
(i) X € 0,(AQAy) if and only if 0 € op (14 (P — M(N)e™Y), in this case

ker(Ay — X) = F(A\) ker (9 — M(X)),
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(i) A € 0.(Ay) if and only if 0 € oo(ts (9 — M(N))Zh),
(i) A € 0,(Ayg) if and only if 0 € o (1p (9 — M(N))=b),
(iv) A € p(Qy) if and only if 0 € p(ty (9 — 1\7(/\))51) and

1o ,—

(Ag =N =(Ap =N +FN (W - M)A
holds for all X € p(Ayg) N p(Ap).

In the following we slightly improve Lemma 3.2 by using the fact that ker7y =
ker 7y = dom Ay

Lemma 4.6. Let (2 be a bounded Lipschitz domain and let 9 be a linear relation in L(052).
Then

Ay = Amax | {f € HA(R2) : 97pf +7nf = 0}

has regularity dom Ay C Hi/z(.()). Moreover, Ay is symmetric in L?(82) if and only if
9 is symmetric L?(012).

Proof. For f € dom Ay we have 97pf = —7n f € L?(02) as ¥ is assumed to be a linear
relation in L2(92). By (4.1) there exists g € HZ/Z(Q) such that Tyg = 7n f and hence

f—g€kerty =kerty = dom Ax C HZ/Q(Q).

Therefore f = (f —g)+g € HZ/Z(Q) and dom Ay C HZ/Z(Q) holds. In particular, we
have

Ay = Apax | {f € HY?(2) : 9T f — I f =0}, (4.7)

where {L?(0f2),1p,I1} is the quasi-boundary triple from Theorem 4.1. Then by
Lemma 3.2 Ay is symmetric in L?(£2) if and only if ¢ is symmetric L?(0£2). O

The next theorem is a slightly improved Lipschitz domain version of [11, Theorem 4.8],
see also [12, Theorem 6.21].

Theorem 4.7. Let {2 be a bounded Lipschitz domain and let ¥ be a bounded self-adjoint
operator in L?(0(2). Then

A = Duax | {f € HA(R2) : 07p f + 7 f = 0} (4.8)

is a self-adjoint operator in L*(£2) with compact resolvent, semibounded from below and
reqularity dom Ay C HZ/2(Q).
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Proof. It follows from Lemma 4.6 that dom Ay C HZ/ 2(!2) holds and hence Ay is given
by (4.7), where {L2(02), I, I} is the quasi-boundary triple for T C Apax from Theo-
rem 4.1 with Weyl function M. According to Theorem 4.1(iv) the Neumann-to-Dirichlet
maps M(\) 71, A € p(Ap) N p(Ay), are compact operators in L?(9£2), and hence [12,
Theorem 6.21] implies that Ay is a self-adjoint operator in L?(§2). The compactness of
the resolvent of Ay follows from [11, Theorem 4.8] applied to the quasi-boundary triple
{L*(002),I'1,— I} and the parameter © = —9~ 1.

It remains to show that Ay is semibounded from below. If ¥ = 0 this is obviously
true. Suppose ¥ # 0, let 0 < € < 1/]|9|| and choose ¢, > 0 such that

0917 200) < elVallizayn + cllglz0)y g€ H' (2);

see, e.g. [35, Lemma 4.2]. For f € dom Ay Green’s identity together with —7n f = d7p f
(see (4.8)) implies

(Aofs 2oy = IV f 2200 + S, D F) 12 (002)
> IV flIZ2an = 19 17D F 112200
> V120 = elIIV 720y — 920

> —c|lOl I f72009- O

In the next corollary we formulate a version of Theorem 4.7 for Robin boundary
conditions.

Corollary 4.8. Let {2 be a bounded Lipschitz domain and let o« € L*°(92) be a real
function on 052. Then

Ay i= Aoy [ {f € HA(Q) s a-Tpf +7nf =0} (4.9)

is self-adjoint operator in L?(§2) with compact resolvent, semibounded from below and
reqularity dom A, C HZ/Z(Q). In (4.9) the multiplication with « is understood as an

operator in L?(052).

In the end of this subsection we establish the link to [36] and briefly discuss two
more special cases of bounded Lipschitz domains: so-called quasi-convex domains in
Theorem 4.9 and C'*"-domains with r € (%, 1] in Theorem 4.10.

For the definition of quasi-convex domains we refer to [36, Definition 8.9]. We mention
that all convex domains, all almost-convex domains, all domains that satisfy a local
exterior ball condition, as well as all C'"-domains with r € (%, 1] are quasi-convex,
for more details on almost-convex domains see [58]. The key feature of a quasi-convex
domain is that the Dirichlet- and Neumann Laplacian have H?2-regularity,

dom Ap C H?(12), dom Ay C H*(02). (4.10)
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For the next theorem we recall the definition of the tangential gradient operator

n T
Vian : HH(002) = L2(002)",  Viauf = (Z noy f)

j=1 k=1,...,n

from [36, (6.1)]. Here 0., , := n;0, —nx0;, j, k € {1,...,n}, are the first-order tangential
differential operators acting continuously from H!(982) to L?(052).

Theorem 4.9. Let 2 be a quasi-convexr domain. Then the following statements hold.

(i) The spaces % and % in Theorem 4.1 are given by

Go = {p € H(002) : Vianp € H'*(002)"},

G = {4 € L*(02) : Yyn € H'/*(002)"},
and for the norms || - ||lg, and || - ||« induced by the inner products in (4.5) the
following equivalences hold:

lellgy ~ lellLzo0) + IVianell aizom: ¢ € %,
[Vllg, ~ N allgre@om, ¥ € %.

(ii) The Dirichlet trace operator Tp and Neumann trace operator Ty admit continuous,
surjective extensions to

7ot HA(2) — ({v € L*(092) : yn e H2(02)"}),

vt HY(Q) = ({p € HY(092) : Vianp € HY2(002)"}) .
Proof. Let {2 be a bounded Lipschitz domain. It follows from the considerations in [55,
Section 7] (see also [36, Theorem 6.1]) that the trace operator f + (tpf,7nf)T, f €
C*>(§2), admits a continuous extension to a mapping from H?2({2) onto the space of all

()" € H'(002) x L*(912) such that Vianp+vn € HY2(962)"; here H(082) x L*(912)
is equipped with the norm

lellara0) + 1Yl20) + [ Viane + ¥l gi/200)m-

The kernel of this extension of (7p, 7n) " is HZ(£2). This implies that the Dirichlet trace
operator 7p admits a continuous extension to a surjective mapping from

{feH*(Q):7nf =0} onto {p€ H(02): Viamp € H/*(002)"}

and the Neumann trace operator 7y admits a continuous extension to a surjective map-
ping from
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{feH*Q2):7pf =0} onto {y € L*002):¢ne H/*00)"};

cf. [36, Lemma 6.3 and Lemma 6.9]. Now let {2 be a quasi-convex domain. Then ac-
cording to [36, Lemma 8.11] the regularity properties (4.10) hold, and since %, ¥4 are
Hilbert spaces, which are dense in L?(9f2) the assertions follow from Proposition 2.10
and Corollary 2.11. O

We note that Theorem 4.9 is essentially the same as [36, Theorems 6.4 and 6.10],
and also implies [36, Corollaries 10.3 and 10.7]. Theorem 4.9 together with Corollary 4.4
yields results of similar form as in [36, Sections 14 and 15]; the Krein type resolvent
formulas in [36, Section 16] can also be viewed as consequences of Corollary 4.5.

In the next theorem we treat the case of C'"-domains with r € (3,1]. In a similar
manner as above this theorem combined with the earlier abstract results leads to various
results on self-adjoint realizations or Krein type resolvent formulas in the flavor of [36].

Theorem 4.10. Let 2 be a CY"-domain with r € (%, 1]. Then the following statements
hold.

(i) The spaces % and 4, in Theorem 4.1 are given by

Gy = H>?002) and % = HY*(00)

and the norms induced by the inner products in (4.5) are equivalent to the usual

norms in H3/2(002) and HY?(02), respectively.
(ii) The Dirichlet trace operator Tp and Neumann trace operator Ty admit continuous,
surjective extensions to

o HY(2) = H Y2(002) and 7 : HY(2) - H3/2(802).
Moreover, the following reqularity result holds: For 0 < s < %
dom® C H®(02) implies dom Ag C H(12). (4.11)

Proof. Note that (4.10) holds for the Dirichlet and Neumann Laplacian and that the
trace operator f ~ (7p,7n) ", f € C>(£2), admits a continuous extension to a mapping
from H?(§2) onto H3/2(002) x HY?(912), see, e.g. [54, Theorem 2|. Hence statements
(i) and (ii) follow from Proposition 2.10 and Corollary 2.11. It remains to verify the
regularity result (4.11). Let Ay := Apax [ H5(2) with 0 < s < 3, so that 7" in (4.2)
is contained in A, C A* = Apax. Since ran(7p | dom A,) = H*~Y/2(982) and «_ is an
isometry from H*~/2(982) onto H*(9§2) the assertion (4.11) follows from the abstract
regularity result (4.6) in Corollary 4.4. O
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4.2. Elliptic differential operators of order 2m on bounded smooth domains

In this subsection we briefly illustrate some of the abstract results from Section 2 and
Section 3 for elliptic differential operators of order 2m on a bounded smooth domain.
The description of the selfadjoint realizations in this case can already be found in Grubb
[39], other extension properties obtained below can be found in the monograph of Lions
and Magenes [52]. We also refer the reader to the classical contributions [8,9,16,32,39,
52,68] for more details on the notation and references, and to, e.g. [17,45,53] for some
recent connected publications.

Let 2 C R™, n > 2, be a bounded domain with C*°-boundary 0f2. Let A and T
be the realizations of the 2m-th order, properly elliptic, formally self-adjoint differential
expression

Zim Y ()00, an € CX(@)

lal,|B]<m.

on H3™(2) and H?*™(2), respectively; cf. [52, Chapter 2.1] for more details. As in
Section 4.1 we define the Hilbert spaces

HY(2):={feH(Q): Lf € L*(2)}, s=>0, (4.12)
with norms induced by the inner products given by

([ nms ) = (f,9u2) + (Lf,ZL9)12@), f.9€ Hy(92). (4.13)

We note that H$,(£2) = H*(£2) with equivalent norms if s > 2m and that C>°(2) is
dense in H }(Q) for s > 0. The minimal and the maximal realization of the differential
expression .Z are given by

Lnin = A=ZL [ HZ(2) and Lpax := A" =2 | H(92),

respectively. We mention that A is a closed, densely defined, symmetric operator in
L?(02) with equal infinite deficiency indices.

In the next theorem a quasi-boundary triple for the elliptic differential operator T
is defined. Here we make use of normal systems D = {D; };”:_01 and N = {N; };.”:_01 of
boundary differential operators,

Dif:= > b3gd°f loq, fe€H™), mj<2m-—1, (4.14)
|B]<m;

Nif= > ¢3dfloq, fe€H™), pj<2m-1, (4.15)
1B]<p;

with C° coefficients b;g, c;s on 02 and which cover .Z on 9(2; cf. [52, Chapter 2.1].



J. Behrndt, T. Micheler / Journal of Functional Analysis 267 (2014) 3657-3709 3697

Theorem 4.11. Let D be a normal system of boundary differential operators as in (4.14).
Then there exists a normal system of boundary differential operators N of the form (4.15)
of order p; = 2m —mj — 1, such that {L?(082)™, Iy, I},

Ty, Iy : H*™(2) — L*(02)™, Iof = Df, If :=Nf,

is a quasi-boundary triple for T C A*. The minimal realization A = Lnin coincides with
T | ker I' and the following statements hold.

(i) The Dirichlet realization £p and Neumann realization £y correspond to ker I
and ker Iy,

Zp =T [ker Iy = Lax | {f € H*™(2) : Df =0},
Ly =T [ ker [N = Lax | {f € H*™(2) : Nf =0},

respectively, and Zp is self-adjoint in L*(12).
(ii) The spaces

m—1
Gy :=ran(ly [ ker 1) = [ H>™ ™ ~1/2(802),
j=0
m—1
@ :=ran(l [kerIy) = || H™1/2(802), (4.16)
7=0

are dense in L?(082)™.
(iii) The values y(X) : L2(02)™ D HT;OI H2m=m5=12(90) — L*(02) of the y-field are
given by

m—1

YNe =1, pe [[ H™ ™72(09), A€ p(Lp),
=0

where f € L*(£2) is the unique solution of the boundary value problem
(Z-Nf=0, Df=e¢. (4.17)

(iv) The values M(\) : L2(0§2)™ D H;-n:_ol H2m=m5=12(90) — L?(02)™ of the Weyl
function are given by

m—1
M(\g=Nf, pe [[ H™ ™ 200), X€p(Lp),
j=0

where f = ~v(A)p is the unique solution of (4.17).
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Proof. First we remark that C°°(£2), and hence H?™({2), is dense in H%(£2). This
implies T = A*. According to [52, Chapter 2.1] for a given normal system D of boundary
differential operators as in (4.14) there exists a system a normal system N of boundary
differential operators of the form (4.15) of order p; = 2m —m; — 1 such that {D, N} is
a Dirichlet system of order 2m, which acts as a mapping from H?™({2) onto

m—1 m—1
H H2m*mi*1/2(8(2) % H Hmj+1/2(5~9) — L?(002)°™. (4.18)
j=0 Jj=0

The kernel of this map is HZ™(£2) and Green’s formula

(&1, 922 — (f, Z9)122) = (Nf,Dg)r2(00ym — (D f, Ng)r200)m

holds for all f, g € H?™(£2); cf. [52, Theorem 2.2.1]. From (4.18) we conclude that (4.16)
holds and the spaces % and %; are dense in L?(9§2)™. This also implies that ran I is
dense in L2(902)™ x L?(02)™. Moreover Ag := T | ker I'y = Zp is self-adjoint in L?(§2)
by [52, Theorem 2.8.4]. Hence {L?(042)™, Iy, I} is a quasi-boundary triple for T C A*
with T' [ ker I' = Zpin = A. The remaining statements follow from the definition of the
~-field and the Weyl function. O

The next two corollaries show that the abstract theory from Section 2.3 implies some
fundamental extension results due to Lions and Magenes. The proofs immediately fol-
low from Proposition 2.10, Corollary 2.11 and standard interpolation theory of Sobolev
spaces, see also Lemma 2.15 and Lemma 2.16.

Corollary 4.12. Let {L?(02)™, Iy, 11} be the quasi-boundary triple for T C A* from
Theorem 4.11 with Weyl function M. Then the following statements hold.

(i) The mapping Iy = D admits a continuous extension to a surjective mapping

m—1
D:HY ()~ [[ H ™ *092) (4.19)
j=0
such that ker D = ker D = dom Zp.
(ii) The norm
m—1
AT 2 ooy A:=TmM(i), fe [ H™TV2(092),

§=0

defines an equivalent norm on H?:Ol H™i+1/2(00).

In the next corollary we assume, in addition, that £y = T | ker I} is self-adjoint.
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Corollary 4.13. Let {L?(002)™, Iy, I} be the quasi-boundary triple for T C A* from
Theorem 4.11 with ~v-field v and Weyl function M. Assume that the realization £y of
& is self-adjoint in L*(§2). Then the following statements hold.

(i) The mapping I'1 = N admits a continuous extension to a surjective mapping

m—1

N:HY ()~ [[ H2mmt2(00) (4.20)
=0

such that ker N = ker N = dom LN
(ii) The norm

m—1

15 s = IC @D, £ € [T H2=200)
=0

defines an equivalent norm on Hm L gom— mi=1/2(902).

(iii) The values of the y-field v and the Weyl function M admit continuous extensions

m—1
FN = [T B ™2 002) —» LP(02),
j=0
m—1
H H™ m171/2(89 4) H H™ 2m+m]+1/2(89)
j=0 j=0
for all A € p(Zp).
(iv) The restrictions
" m—1
D[ Hiy(Q): Hy(2) — [[ H™712(092),
j=0
N m—1
N [ Hy(2): Hy(2) — [ H2Hmt12(002), (4.21)
j=0

are continuous and surjective for all s € [0,2m).

Corollary 4.12 and Corollary 4.13 imply that the maximal possible domain for a quasi-

boundary triple with boundary mappings D and N is given by the space H2m 1/2(.(2),
see also [9].

Proposition 4.14. Let s € [0,2m], T := Lhnax [ H3(12), assume that Ly is self-adjoint
and let
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m—1
Iy Hy(02)— [[ H™2(00), Iyf:=Df,
=0
m—1 ~
Iy Hy () — [[ B2t t2(00), Iif = Nf.
=0
Then the spaces
m—1
Gy =ran (I3 [ ker I7) = [ H>™ ™ 7/2(00),
7=0
m—

4 = I"an(F1 kerFO H m1+1/2 (092)

are dense in L*(082) and do not depend on s. Moreover, if s € [2m — §,2m] then
ran I§ C L2(02)™, ran Iy C L*(002)™, and {L*(02)™, I§,I$} is a quasi-boundary
triple for Ty C A* = Lnax-

By applying Theorem 2.12 to the quasi-boundary triple {L?(02)™, Iy, I'1} from The-
orem 4.11 one obtains an ordinary boundary triple which appears implicitly already in
[39], see also [17,41] and [53, Propositions 3.5, 5.1]. The details of the formulation are left
to the reader. As an example of the consequences of the abstract results from Section 2
and Section 3 we state only a version of Krein’s formula for the case of 2m-th order
elliptic differential operators. We leave it to the reader to formulate the other corollaries
from the general results, e.g. the description of the closed (symmetric, self-adjoint, (max-
imal) dissipative, (maximal) accumulative, respectively) extensions £y C Zmax Of ZLmin
in L?(2), regularity results or sufficient criteria for self-adjointness, see also Section 4.3
for the second order case.

Corollary 4.15. Let {L?(002)™, Iy, I'1} be the quasi-boundary triple from Theorem 4.11,
and let ¥(A\) and M(N), X € p(Zp), be the extended y-field and Weyl function, respec-
tively. Assume that Ly is self-adjoint, that

m—1 m—1
9 C H H-™5~12(902) x H H™2mmit1/2(90)
j=0 J=0

is a linear relation in ran(ﬁ, K/') and that the corresponding extension
Ly = Linax | {f € HY(2) : 9Df — Nf =0}

is closed in L*(2). Then for all X € p(£p) the following assertions (i)—(iv) hold:
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(i) A€ op(Ly) if and only if 0 € op(Ly (Y — M(N)e=Y), in this case

ker(Zy — A) = F(\) ker (9 — M (M),

(i) A € (L) if and only if 0 € oe(ty (9 — M(N) 1),
(iii) X € 0.(Ly) if and only if 0 € o (14 (Y ;M()\))Lzl),
(iv) X € p(Z) if and only if 0 € p(ty (9 — M(N)=') and

(Lo~ N1 = (Lo = NHHFN (0 - MO) AN

holds for all X € p(Ly) N p(ZLp).

4.3. Second order elliptic differential operators on smooth domains with compact
boundary

In this section we pay particular attention to a special second order case which appears
in the literature in different contexts, see, e.g., [10,12-14,42-44].

Let 2 C R", n > 2, be a bounded or unbounded domain with a compact C'°*°-smooth
boundary 02 and consider the second order differential expression on {2 given by

L =— Z 0ja;k0r + a

Jy k=1

with coefficients a;j, € C°°(£2) such that aji(z) = ayj(z) for all x € 2 and 4, k €
{1,...,n}, and a € L>°(£2) real. In the case that {2 is unbounded we also assume that
the first partial derivatives of the functions a;, are bounded in 2. Furthermore, the
ellipticity condition =7, _; a;i(2)€;& > ¢ 375, & is assumed to hold for some ¢ > 0
and all £ € R™ and « € (2. As in Section 4.2 we define the Hilbert spaces H%,(f2) and
inner products via (4.12) and (4.13), respectively. The minimal and maximal realization
of the differential expression .Z are

A=Lpin=L | HX(NQ) and A* = Lpax =L | HL(Q),

and we set T := . | H?({2). The minimal operator A is a closed, densely defined,
symmetric operator in L?(£2) with equal infinite deficiency indices. The Dirichlet and
Neumann trace operator are defined by

n

o =flog and Tnf= ) aunOkf loq, fe€C® (1),

Jik=1

and extended by continuity to a surjective mapping (1p,7n)" : H?(02) — H3/2(012) x
H'2(02); cf. [52]. Here n = (ny,ny,...,n,) " denotes the unit vector field pointing out
of 2.
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The next theorem is a variant of Theorem 4.1 and Theorem 4.11 with D = 7p and
N = —7y; cf. [12,13]. We do not repeat the proof here and refer only to [16, Theorem 5]
and [9, Theorem 7.1] for the self-adjointness of Zp and £y, respectively. As in the
previous theorems the spaces 4, and ¥ from Definition 2.7 turn out to be dense in
L?(092), the y-field coincides with a family of Poisson operators and the values of the
Weyl function are (up to a minus sign) Dirichlet-to-Neumann maps.

Theorem 4.16. Let T = . | H?(02) and let
Io, Iy« H?(2) — L?(092), Ivf=7pf, If:=—-rnf.
Then {L?(012), Iy, I} is a quasi-boundary triple for T C A* = Zmax such that the

minimal realization A = Lnin coincides with T | ker I' and the following statements
hold.

(i) The Dirichlet realization £p and Neumann realization Ly correspond to ker I'y
and ker I,

Zp =T [ ker Iy = Lnax | {fGHQ(Q):TDfZO}’
Ly =T [ker I\ = Lonax | {f € H*(2) : 7 f =0},

respectively, and both operators are self-adjoint in L*(12).
(ii) The spaces

&y :=ran(Iy | ker I) = H3/2(892),
@ :=ran(I | ker I) = HY?(892),

are dense in L?(012).
(iii) The values y(\) : L*(92) D H?/%(862) — L?*(R2) of the y-field are given by

YNe =1, e HY?00), A€ p(Lp),
where f € L*(£2) is the unique solution of the boundary value problem
(Z-Nf=0, ™f = . (4.22)

(iv) The values M(X\) : L*(002) D H3/2(002) — L*(902) of the Weyl function are given
by

M\)p=—1xf, € HY?(002), € p(Lp),

where f = y(A)p is the unique solution of (4.22).
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Let {L?(002), Iy, I} be the quasi-boundary triple from Theorem 4.16. In the same
way as in (4.19) and (4.20) we obtain that (7p,7n)' admits a continuous extension to
a mapping

(7p,7n) " HY(2) = HV2(002) x H3/2(002),
where for all s € [0, 2] the restrictions

7o | H(2) : H(2) — HY2(00),
Tn | H(2): HL(02) — H3/2(002),

are continuous and surjective; cf. (4.21).

The quasi-boundary triples in the next proposition were first introduced in [11] on
the domains H?(£2) and HZQ(Q) We note that the latter space coincides with the first

order Beals space %L, ({2), see [9].
Proposition 4.17. Let s € [0,2], Ts := Lmax | H3(£2), and let

Iy Hy(2) = HTY200),  Ijf=7pf
IV Hy(2) > HT200),  Iif:=—7nf.

Then the spaces

Gy =ran(Iy | ker I7) = H3/?(802),
@ =ran(I7 [ ker I§) = HY?(092),

are dense in L*(082) and do not depend on s. Moreover, if s € [3,2] then ranI§ C

L2(092), ran I} C L*(002), and {L*(002),13, I} is a quasi-boundary triple for Ty C
A* = Lax-
Next we apply Theorem 2.12 to the quasi-boundary triple from Proposition 4.17. This

boundary triple appears already in [39] in an implicit form, see also [10,12,17,41,53,62].
Let ¢y : H¥'/2(002) — L?(912) be a pair of isometric isomorphisms such that

(2 L+$)L2(an) = <x/’$>H—1/2(89)><H1/2(8Q)
holds for all 2 € H'Y/2(9§2) and 2’ € H=Y/2(912); cf. (2.15).
Corollary 4.18. Let n € p(Zp) NR and define 1,11 : HY(£2) — L*(012) by

Tof =1 pf.  Nifi=—winfp, [ =fp+ [, € dom ZLp + N (A7),
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Then {L?(092), Yy, 11} is an ordinary boundary triple for A* = Lmax with A* | ker Ty =
%p and

A* rkerTl - -é/ﬂmilrl‘;‘{(f'm'flfn)T :.,Sffn = ’r]f'r]a f’r] € H%(Q)}

As in Section 4.1 we apply Theorem 3.7 to the quasi-boundary triple from Theo-
rem 4.16. The regularity statement can be proven in the same way as in Theorem 4.10.

Corollary 4.19. Let n € RN p(Zp) N p(Ly) and M(n) : H-Y/2(002) — H=3/2(12) be
the extended Dirichlet-to-Neumann map. Then the mapping

O s Ly = Linax | {f € HL(2) : 07pf +7nf =0}, 0 =15'0u_ + M(n),

establishes a bijective correspondence between all closed (symmetric, self-adjoint, (maz-
imal) dissipative, (mazimal) accumulative) linear relations © in L*(90§2) and all closed
(symmetric, self-adjoint, (mazximal) dissipative, (maximal) accumulative, respectively)
extensions Ly C Lmax 0f Lin in L2(£2). Moreover, the following regularity result holds:
For s € ]0,2]

dom® C H®(082) implies dom.%y C H,(£2).

The next corollary is a consequence of Proposition 3.10 and Proposition 3.11. In item
(i) we obtain an additional regularity statement.

Corollary 4.20. Let n € RN p(Lp) N p(Ly) and M(n) : H3/2(882) — HY?(00) be the
Dirichlet-to-Neumann map from Theorem 4.16(iv). Let & be a symmetric linear operator
in L*(082) such that

H3%(002) C dom? and ran(v | HY*(02)) ¢ HY?(01), (4.23)
and assume that there exist c; > 0 and co € [0,1] such that

192l 200 < etllzli vz + e[ MO] yongy @ € HY2(00).
Then the following statements hold.
(i) If c2 €10,1) then
Ly = Linax | {f € HY(2) : 97pf +7n [ =0} (4.24)
is self-adjoint in L?(£2) with regularity dom £y C H*(12).

(i) If co = 1 then Ly in (4.24) is essentially self-adjoint in L*(2) with regqularity
dom.%y C H:;{Q(Q)
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Proof. (i) The restriction 0 := o | H3/2(002) : H3/2(002) — H'Y?(00) satisfies the
assumptions in Proposition 3.10(iii) and hence we conclude that

Ly = Lax {{feHz(“Q):gTDf%_TNf:O}

is self-adjoint in L?(£2). As in Lemma 4.6 one verifies that the operator % is a symmetric
extension of the self-adjoint operator %) and hence both coincide.

(ii) follows in the same way as (i) from Proposition 3.11 and the reasoning in
Lemma 4.6. O

In the next example we consider a one parameter family % _ of extensions of Znin
which correspond to ¥, = aM(n). It turns out that for a # 1 the extensions are
self-adjoint and for o = 1 essentially self-adjoint.

Example 4.21. Let M(n) : H3/?(02) — H'Y?(812) be as in Corollary 4.20 and consider
the symmetric operators ¥, := a M (), a € R, in L?(9£2) with dom¥, = H>/?(012)
and a € R. Then according to Corollary 4.20 the extension
Lo = Lax | {f € HL(2) : 9oTpf +7nf =0}
= Dax | {f € H*() : aM(n)tpf + 75 f :0}
in (4.24) is self-adjoint if |a| < 1 and essentially self-adjoint if || = 1. Here we have used
Tpf =7pf and Tn f = 75 f for f € H?(§2). It follows in the same way as in Example 3.9
that
Ly, = Lmax | {f S HZ(Q) : M(n)TDf +7nf = 0}
= min'i‘{(fmnfn)T : gfn = nfn’ f77 € HZ(Q)}

We also remark that
Lo, = LoinH{ Fyonfa) " LIy =0k fy € HY(2)} = Linint N, (47).
For a < —1 and o > 1 we make use of Corollary 3.5. For this we set
Ou =14 (Va — M(n)) =" = (a = 1) M(n)Z",  domO, = H?(912),

and note that the operators ©,, are self-adjoint in L?(92). Hence Corollary 3.5 yields
that for « < —1 and a > 1 the extensions .%y,_ are self-adjoint in L?({2).

The following example is related to the case & = 1 in the above example. It contains
an observation which can also be interpreted from a slightly more abstract point of
view. Namely, Example 4.22 shows that there exists a quasi-boundary triple {G, Iy, I'1 }
for T'C A* and a self-adjoint relation ¢ in G with ¢ C ran I such that the extension
Ay :=T 1 {f €domT : I'f € ¥} is not self-adjoint in H; cf. Section 3.1.
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Example 4.22. Let {L?(02), I3, ¥} be the quasi-boundary triple from Proposition 4.17

for s = % defined on the domain of

Tsjy = Linax | HY2(92) C A*,

The values of the corresponding Weyl function Mj/, are mappings from H L(912) to
L2(012). For n € RN p(&p) N p(Ln) set ¥ := Ms,5(n) with dom) = H'(912). Then o
is a bijective symmetric operator in L?(9f2) and hence self-adjoint. As in Example 3.9
one verifies that the corresponding extension %y is given by

Ly = Lo | {f € HY*(2) : 0pf +7nf =0}
= Zmin +./§77](T3/2)

and that Ly = Luin J'r./\Afn(A*) = A* | ker g holds; here 1y is the boundary mapping
from Corollary 4.18. Therefore %y is a proper restriction of the self-adjoint extension

L and it follows, in particular, that %y is essentially self-adjoint, but not self-adjoint
in L?(92).

Proposition 3.10 together with well known compact embedding properties of Sobolev
spaces yield some simple sufficient conditions for self-adjoint realizations of .Z.

Proposition 4.23. Let 9 be a symmetric operator in L?(£2) such that (4.23) holds, and
assume that ¥ is continuous as a mapping from H>'?7%1(90) to H'/?%92(902), where
01 € [0, %L 02 >0 and 61 + 62 > 0. Then

Ly = Lmax | {f S H}(Q) : ﬂ;Df + ?Nf = 0}

is self-adjoint in L*(£2) with regularity dom £y C H*(£2).

Proof. Observe that at least one of the embeddings H?/2(062) — H3/?=9(90) or
H/?%02(90) — H'?(02) is compact; cf. [76, Theorem 7.10]. Hence we conclude that
0= | H32(00) : H32(00) — H'Y?(02) is a compact operator. Therefore Proposi-
tion 3.10(i) yields that .%p is self-adjoint in L?(£2) with regularity dom .%p C H?(£2); cf.
the proof of Corollary 4.20. It follows as in Lemma 4.6 that % is a symmetric extension
of the self-adjoint operator % and hence both operators £y and %) coincide. O

Finally we illustrate Proposition 4.23 with a simple example.

Example 4.24. Let 0 < ¢ < % and assume that

a € M(H3?(092), H/**5(002)) or ae M(H?*5(00), H'/*(0%)),
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where M(-,-) denotes the space of all pointwise multipliers; cf. [56,71]. Then it follows
from Proposition 4.23 that

Lo =Lrnax | {f €HL(2): - Tpf +7nf =0}

is self-adjoint in L?(£2) with regularity dom %, C H?({2). In particular, since C"(942) C
M(HY2(002), HY/?(912)) for v € (3, 1) the assertion holds for all a € C"(002), r €
(3 1).
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