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Abstract. For an operator-valued block-matrix model, which is called in quan-
tum physics a Feshbach decomposition, a scattering theory is considered. Un-
der trace class perturbation the channel scattering matrices are calculated.
Using Feshbach’s optical potential it is shown that for a given spectral param-
eter the channel scattering matrices can be recovered either from a dissipative
or from a Lax-Phillips scattering theory.
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1. Introduction

Let L and Ly be self-adjoint operators in a separable Hilbert space £ and denote
by P*¢(Lg) the orthogonal projection onto the absolutely continuous subspace
£2¢(Lg) of Lg. One says that the pair {L, Lo} of self-adjoint operators performs a
scattering system if the wave operators Wy (L, Ly),

Wi(L, L) := s — lim etleikopac(r) (1.1)

t—+oo

exist, cf. [5]. If the wave operators exist, then they are isometries from the ab-
solutely continuous subspace £%°(Lg) into the absolutely continuous subspace
£%¢(L), i.e. ran (W4 (L, L)) C £2¢(L). The scattering system {L, Lo} is called
complete if the ranges of the wave operators Wi (L, L) coincide with £2¢(L), cf.
[5]. The operator

S(La LO) = W+ (Lv LO)*W* (Lv LO)

is called the scattering operator of the scattering system {L, Lo}. One easily ver-
ifies that the scattering operator acts from £%¢(Lg) into £%¢(Lg) and commutes



2 J. Behrndt, H. Neidhardt and J. Rehberg

with Lg. If the scattering system {L, Lo} is complete, then S(L, L) is an isometry
from £%¢(Ly) onto £%¢(Lg). In physical applications L is usually called the un-
perturbed or free Hamiltonian while L is called the perturbed or full Hamiltonian.
Since S(L, Ly) commutes with the free Hamiltonian Hy the scattering operator is
unitarily equivalent to a multiplication operator induced by a family {S(A\)}aecr
of unitary operators in the spectral representation of Hy. This family is called the
scattering matrix of the complete scattering system and is the most important
quantity in the analysis of scattering processes.

In this paper we investigate the special case that the Hilbert space £ splits
into two subspaces $)1 and o,

1
£= & ,
a2
and the unperturbed Hamiltonian Lg is of the form
1 1
H
Loz(ol 13): ® — D . (1.2)

? o2 o

In physics the subspaces £, and the self-adjoint operators H;, j = 1,2, are often
called scattering channels and channel Hamiltonians, respectively. With respect to
the decomposition (1.2) one introduces the channel wave operators
_7 . itl 7. —itH; pac
Wi (L, Hj) :=s— tl}inoo e Jje” """ PA°(H;)
where J; : $; — £ is the natural embedding operator. Introducing the channel
scattering operators

Sig = Wi (L, Hi)"W_(L, Hj) : 9; — $i, i, =12,
one obtains a channel decomposition of the scattering operator

S S
s = (5 52)

In physics the decomposition (1.2) is often motivated either by the exclusive in-
terest to scattering data in a certain channel or by the limited measuring process
which allows to measure the scattering data only of a certain channel, say ;.
Thus, let us assume that only the channel scattering operator Si; : H7¢ — H§¢ in
the scattering channel $; is known. This rises the following problem: Is it possible
to replace the full Hamiltonian L by an effective one H acting only in $; such
that the scattering operator of the scattering system {H, H1} coincides with S117
Since S1; is a contraction, in general, this implies that either the scattering system
{H, H1} cannot be complete or H is not self-adjoint.

The problem has a solution within the scope of dissipative scattering systems
developed in [18, 19, 20] for pairs { H, H; } of dissipative and self-adjoint operators

(1.3)
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in some separable Hilbert space. For such pairs the wave operators WP (H, H;)
are defined by

WP (H,Hy) =5 — Jim et gty pac(pr )
and

WP(H, Hy) =5~ lim e "HeitHpoe(py

t——4o0

and the notion of completeness is generalized, cf. [18, 19, 20]. The scattering op-
erator of a dissipative scattering system {H, H1} is defined by

Sp =WP(H, H)*WP (H, Hy).

It turns out that Sp is a contraction acting on the absolutely continuous sub-
space ¢ of Hy which commutes with H;. In [17, 18] it was shown that for any
self-adjoint operator H; in $; and any contraction Sp acting on the absolutely
continuous subspace ${¢ and commuting with H; there is a maximal dissipa-
tive operator H on $; such that {H, H;} performs a complete scattering system
with scattering operator given by Sp. In particular, this holds for the self-adjoint
operator H; and the channel scattering operator S1;. That means, there is a max-
imal dissipative operator H on $); such that the channel scattering operator Si;
is the scattering operator of the complete dissipative scattering system {H, H;}.
Hence, roughly speaking, the scattering operator S1; can be always viewed as the
scattering operator of a suitable chosen dissipative scattering system on $;. The
disadvantage of this fact is that H is not known explicitly.

Another approach to this problem was suggested by Feshbach in [10, 11],
see also [6, 9]. He proposes a concrete dissipative perturbation V; of the channel
Hamiltonian Hy, called “optical potential”, such that the scattering operator S7 of
the dissipative scattering system {H; + Vi, H;} approximates S1; with a certain
accuracy. To explain this approach in more detail let us assume that the full
Hamiltonian L is obtained from Ly by an additive perturbation, L = Ly + V,
where V' is given by

1 ok}

v<GO (0;) o — o . (1.4)
a2 a2

Introducing the “optical potential”

Vi(\) := —G(Hy — A —i0)"'G*, NeR, (1.5)
it was shown in [8, Theorem 4.4.4] that under strong assumptions indeed the scat-
tering operator Sy[A] of the (in general dissipative) scattering system {H;(X), H1 },

Hi(\) :=Hi +Vi(\), XeR, (1.6)

coincides with the scattering operator Si; with an error of second order in the
coupling constant.

We show that Feshbach’s proposal can be made precise in another sense.
Note first that the decomposition (1.2) leads not only to the decomposition (1.3)



4 J. Behrndt, H. Neidhardt and J. Rehberg

of the scattering operator S but also to a decomposition of the scattering matrix

{S(M)}MER’

[ Su(p) Siz(w)
Sl = <521(M) 522(#)) ’

where {S;;(1t)},er are called the channel scattering matrices. Denoting the scat-
tering matrix of the dissipative scattering system {H;(X), H1} by {Si[A](1)}uer
we prove that

S11(A) = 51[Al(A) (1.7)

holds for a.e. A € R. This shows, that Feshbach’s proposal gives in fact a good
approximation of the channel scattering matrix {511 (1)} .er in a neighborhood of
the chosen spectral parameter A of the optical potential V7 (\).

Moreover, Feshbach’s proposal implies a second problem. Similarly to the
optical potential V; (A) in the first channel $; one can introduce an optical potential
V2(\) in the second channel,

Va(A) := —G*(H, — A —1i0)"'G, MN€R, (1.8)
and define a perturbed operator Ha()),
Hy(X\) := Hy + Vo(N), M€R, (1.9)

in $2. We show below that the characteristic function ©5[\|(£), £ € C_, of the
dissipative operator Ha(\) and the scattering matrix {S11(\)}rcr are related by

S11(A) = ©2[A](N)” (1.10)

for a.e. A € R. By [1]-[4] the last relation also yields that the scattering matrix
{511(A\) }arer can be regarded as the scattering matrix Sy p[A](u) of a Lax-Phillips
scattering system at the point .

Below we restrict ourself to a complete scattering system {L, Lo},
L = Lo+ V, where the perturbation V is a self-adjoint trace class operator. The
assumption that V is a trace class operator is made for simplicity. Indeed, it would
be sufficient to assume that the resolvent difference (L—z) P —(Lo—z) P is nuclear
for a certain p € N or, more generally, that the conditions of the so-called “station-
ary” scattering theory are satisfied, cf. [5, Section 14]. However, we emphasize that
in contrast to [8] the smallness of the perturbation V is not assumed. Following
the lines of [5] we show in Section 2 how the scattering matrix of the scatter-
ing system {L, Lo} can be calculated. Under the additional assumptions (1.2) and
(1.4) we find in Section 3 the channel scattering matrices {S;; ()} xer. In Section 4
we prove relation (1.7). Section 5 is devoted to the proof of (1.10). Moreover, the
Lax-Phillips scattering theory for which {©2[A](1)*},er is the scattering matrix
is indicated.
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2. Scattering matrix

In this section we briefly recall the notion of the scattering matrix {S(\)}xer of
a scattering system {L, Lo}, where it is assumed that the unperturbed operator
Ly is self-adjoint in the separable Hilbert space £ and the perturbed operator L
differs from Lo by a self-adjoint trace class operator V € B(£),

L=Ly+7V, V=V*eBi(L). (2.1)

Let Ey(-) be the spectral measure of Ly and denote by B(R) the set of all Borel
subsets of the real axis R. Without loss of generality we assume throughout the
paper that the condition

£ = clospan{Ep(A)ran (|V]) : A € B(R)} (2.2)
is satisfied, where |V| := (V*V)/2. By Theorem X.4.4 of [13] the scattering system
{L, Lo} is complete, that is, the ranges of the wave operators W4 (L, Lo) in (1.1)

coincide with the absolutely continuous subspace £%¢(L) of L. The operator V
admits the representation

V = |VIY2CIVIYR, V= (V)2 C = sgn(V), (2.3)

where |V|'/2 belongs to the Hilbert-Schmidt class By(£) and sgn(-) is the signum
function. By Proposition 3.14 of [5] the limits

VYL — X +i0)"HV|V2 = lim [VIYV2(L — X +ie) YV |2 (2.4)
exist in By (L) for a.e. A € R. The same holds for the limits
[VIV2(Lo — X £40)"HV|Y/2,
Moreover by Proposition 3.13 of [5] the derivative

1/2 1/2
_ IVIPE@V
dX\ -

Mo(A) :
exists in B1(L) for a.e. A € R. We set
Qy = clo{ran (My(\))} C £.
By {Q(A\)}rer we denote the family of orthogonal projections from £ onto Q.
One verifies that {Q(A\)}er is measurable. Let us consider the standard Hilbert
space L2(R,d), £). On L%(R,d), £) we introduce the projection Q
QN =QWF(N), AeER, feL*(R,d) L),
and set Q = ran (Q). Further, in L?(R, d\, £) we define the multiplication operator
Mg by
(Mcf)(A) = Af(A), A€R,
dom (Mg) = {fe€L*(R,d\L):Af(N) € L*(R,d\, L)}
Obviously, the multiplication operator Mg and the projection () commute. We set

MQ = Mg [dom(M,g)ﬂQ.
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From Section 4.5 of [5] one gets that the absolutely continuous part L*¢ of the per-
turbed operator L and the operator Mg are unitarily equivalent. In the following
we denote the subspace Q by L?(R,d\, Q) which can be regarded as the direct
integral of the family of subspaces {Q} cr With respect to the Lebesgue measure
dX on R, cf. [5].

Since the scattering operator S = W, (L, Lo)*W_(L, Lg) acts on L§° and
commutes with L3¢ there is a measurable family {S(\)}aer of operators

S(A) 1 9\ — Q.
such that S is unitarily equivalent to the multiplication operator

(Ma(S))(A) = SNV,
dom (Mq(S)) := L*(R,d\ Q)).

The family {S(A)}aer is called the scattering matriz of the scattering system
{L,Lo}. Since the scattering system {L, Lo} is complete the operator S(A) is
unitary on 9, for a.e. A € R.

The following representation theorem of the scattering matrix is a conse-
quence of Corollary 18.9 of [5], see also [5, Section 18.2.2].

Theorem 2.1. Let L, Lo and V be self-adjoint operators in £ as in (2.1). Then
{L, Lo} is a complete scattering system and the corresponding scattering matriz
matriz {S(A\)}raer admits the representation

SO\) = Ia, — 2mi M) {C — VYL - A - z'o)*1|V|1/2c} M2 ()
for a.e. X € R.

3. Channel scattering matrices

Let us now assume that the Hilbert space £ is the orthogonal sum of two subspaces
91 and Ho, £ = H1 B Ha, that Ly is a diagonal block operator matrix of the form

1 1
LOZ(H1 O): & — &, (3.1)
0 H 2 2

cf. (1.2), where H; and Hs are self-adjoint operators in $; and $2 and that
V € B1(£) is a self-adjoint trace class operator of the form

1 k3]
V:(c(:)* g); & — @, (3.2)
2 o

see (1.4). The operator G : 5 — $; describes the interaction between the
channels. Since V is a trace class operator we have

G € B1(92,91).
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The perturbed or full Hamiltonian L has the form

1 1
L;L0+V<gi g) ® — D . (3.3)
2 2 o

The following lemma is known as the Feshbach decomposition in physics, cf. [10,
11]. We use the notation

Hi(z) = H, +Vi(z) and Hy(z)= Ho+ Va(z), zecC\R, (3.4)
where
Vi(z) = —G(Hy — 2)7'G*  and Via(2) = —G*(H, — 2)"'G, (3.5)
see (1.6), (1.9), (1.5) and (1.8).

Lemma 3.1. Let L, Hi(z) and Hz(z), z € C\R, be given by (3.3) and (3.4), re-
spectively. Then we have z € res(H;(z)), 1 = 1,2, for all z € C\R and

Hi(z) —2)7! —(Hy — 2)"'G(Ha(2) — 2)7 ¢
(Lz)1_< (LG =97 =) GUR) ) ) 5o
—(Ha(z) —2)” G"(H1 — 2) (Ha(2) - z)

Proof. From
Im ((Hl(z) — Z)hl, hl) = ImEthHQ + ImEH(HQ - Z)ilG*hlnz,

z € C\R, h1 € 91, we conclude that (H;(z) — 2)~! exists for z € C\R. Analo-

gously one verifies that (Hz(z) — 2)~! exists for all z € C\R. A straightforward
computation shows

(L—2)"1=
(Hi —2)7' + (H1 — 2)"1G(H2(2) — 2)7'G*(H1 — 2)™!  —(H1 —2)"'G(H2(z) — 2)~!
—(Ha(2) —2)7'G*(H1 — 2)~" (Ha(z) — 2)~*
for z € C\R. From the identity

-1 -1

(I-G"(Hy—2) 'GH2—2)"") G =G (I-(Hi —2) 'G(H2—2)"'G")
we obtain
(Hi —2)" ' 4+ (H1 — 2) 'G(H2(2) — 2) 'G*(H1 — 2) "
— (H) — z)*l{z +G(Hy —2) (I = G*(Hy — 2) " G(H — 2)™ ) ' G*(Hy — z)*l}
= (Hi—2) {I + G(H2 = 2)7'G"(Hi(2) —2) 7'} = (Hi(2) —2) ™"
for all z € C\R, which proves (3.6). O

In the next lemma we calculate the limit [V[/2(L — X —40)~'V|'/2, X\ € R,
cf. (2.4). Here and in the following it is convenient to use the functions

Ni(z) = |G*|'2(Hy —2)7H|G¥|2,

Nao(z) = |G|Y2(Hy — 2)7YG|V2, z € C\R, (3.7)
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and
Fi(z) = |G*['2(Hi(2) — 2) "t |G*|'/2,
Fy(z) = |G|'?(Ha(z) — 2)7Y|GI'/2,
Lemma 3.2. Let V € B1(£) be given by (3.2) with G € B1($z2,91). Then the limits
NN = lim Ni(A+ie) and Fi() = lim Fi(A+ie), i=12,  (3.9)

2 € C\R. (3.8)

exist in Ba($i) for a.e. A € R and the representation

iR -a- e = (_p S o TNONEY) e

holds for a.e. A € R.

Proof. By |G|'/? € Ba($2) and |G*|'/? € By(H)1) the existence of the limits N;(\)
in (3.9) for a.e. A € R follows from Proposition 3.13 of [5]. Using the representations
Fi(2) = [G* 2Py (L - ) [, |G*[V/? and Fy(2) = |G| Po(L—2) " I, GI'/2,
z € C\R, which follow from (3.6), and taking into account [5, Proposition 3.13] we
again obtain the existence of F;()), i = 1,2, for a.e. A € R. It is easy to see that

|G*|1/2 0
0 |G|1/2
holds. Let U be a partial isometry from $)2 into $); such that G = U|G|. Making

use of the factorizations

G = |G*Y?*U|G1Y? and G = |G)V2U*|G*|Y?, (3.12)

VY2 = (V1) = ( (3.11)

the block matrix representation of (L —z)~! in Lemma 3.1 and relation (3.11) one
verifies (3.10). O

We note that if U is a partial isometry such that G = U|G| holds and C' is defined

by
0 U
C = (U* 0) , (3.13)

then the operator V in (3.2) can be written in the form |V|'/2C|V|Y/2, cf. (2.3).
Let Eq(-) and Es(-) be the spectral measures of H; and Ha, respectively. The
operator function My(-) from (2.5) here admits the representation

My(\) = <M10(’\) Mf( A)) (3.14)

for a.e A € R, where the derivatives

G+ 1/2E A\ G* 1/2
_ e 16; NG My(\) = . (3.15)
exist in B1($1) and By ($2) for a.e. A € R, respectively. Setting

Q. :=clo{ran (M;(\)}, j=1,2,

_ G2 By (dN)| G2

M, ()\)
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and
Q= Q1,0 © Qa2 (3.16)
for a.e. A € R we obtain the decomposition
L*(R,dX,Qy) = L*(R,d\, Q1)) ® L*(R,dA, Q2.5),
cf. Section 2. From (2.2) the conditions

1 clospan{ F1 (A)ran (|G*|) : A € B(R)},
$H2 = clospan{FEy(A)ran (|G|) : A € B(R)}
follow. Moreover, the converse is also true, that is, condition (3.17) implies (2.2).

Hence, without loss of generality we assume that condition (3.17) is satisfied.
Therefore the reduced multiplication operators Mg,

MD]‘ = Mﬁj f dom (Mﬁj) N L2(R7 d/\,Qj,)\),

(3.17)

where
(Mf.)j f)()\) )‘f()‘)7 A€ R7
dom (Mg;) := {f € L*(R,d\, 9;) : A\f(\) € LQ(R,d)\,ﬁj)}.
are unitary equivalent to the absolutely continuous parts H{“ of the operators Hj,
7 =1,2.
With respect to the decomposition (3.16) the scattering matrix {S(A\)}rer
admits the decomposition

Q1,2 Q1,2
_(Su(A) SN . T ’
SO\ = <521(A) Sm@))' ka . ka (3.18)

for a.e. A € R. The entries {S;;(A\) }aer, i, 7 = 1,2, are called channel scattering ma-
trices. We note that the multiplication operators induced by the channel scattering
matrices are unitary equivalent to the channel scattering operators S;; = P;SPF;,
i,j = 1,2, where P; is the orthogonal projection in £ onto the subspace $; and S
is the scattering operator of the complete scattering system {L, Lo}.

In the next proposition we give a more explicit description of the channel
scattering matrices S;; (). The proof is an immediate consequence of Theorem 2.1,
Lemma 3.2 and relations (3.14), (3.15) and (3.13).

Proposition 3.3. Let Lo, V and L be given in accordance with (3.1), (3.2) and
(3.3), respectively. Then the scattering matriz {S(X)}aer of the complete scattering
system {L, Lo} admits the representation (3.18) with entries S;;(\) given by

S1(A) = Ia,, +2miM (N PUFRA\U*My(M)V2,

S1a(\) = —2miM(N)Y2{U + UF(\)U* N (\U} M2 (M2, (3.19)
So1(N) = —2miMo(N)Y2{U* + U* Ny (\UF (N U*YM; (N2, '
Saa(N) = Ia,, +2miMa(N\)2U*Fy (A)UMa(N)Y2

for a.e. X € R.
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4. Dissipative channel scattering

In this section we consider the (dissipative) scattering system {H;(\), H1} for a.e.
A € R, where

Hi(\) = Hy + Vi(\), (4.1)

is defined for a.e. A € R, and H; is the self-adjoint operator in $); from (3.1). The
limit V3 (A) = lime— 40 Vi (A + i€) (see Lemma 4.1) is called the optical potential
of the channel $;. In Theorem 4.4 below we establish a connection between the
scattering matrices corresponding to the scattering systems {H;(\), H1} and the
channel scattering matrix S11(A) from (3.18) and (3.19).

Lemma 4.1. Let Vi(2) = —G(Hz — 2)7'G*, z € C\R, be defined by (3.5) with
G € B1(H2,91). Then the limit V1(N\) = lime_, o Vi(\ + i€) exists in B1(9H1) and
Vi(\) is dissipative for a.e. A € R.

Proof. Using the factorizations (3.12) of G and G* we find
Vi(z) = —|G* VAU No(2)U*|G* Y2, 2 € C\R, (4.2)

where N (z) is given by (3.7). According to Lemma 3.2 the limit lim._, ;¢ No(A+i€)
exists in By (1) and since |G*|'/2 € By($1) we conclude that the limit

Vi(\) = lim Vi(A+ie) = lim —|G*[Y2UNy(\ + ie)U*|G*|1/?
e——+0 e——+0

exists in Bi($1) for a.e. A € R. It is not difficult to see that Im V;(z) < 0 for
z € C* and therefore also the limit V3 ()) is dissipative for a.e. A € R. O

It follows from Lemma 4.1 that for a.e. A € R the operator Hy(\) = H1+V; ()
is maximal dissipative and therefore { Hy(\), H1} is a dissipative scattering system
in the sense of [19, 20]. By Theorem 4.3 of [20] the corresponding wave operators

WR(HL(X), Hy) =5 = lim oM =80 pec()
and
WP (H(\),Hy) =5 — lim e Hi(Neitth pac(py))

t——+oo

exist and are complete which yields that {H;(\), Hy} performs a complete dissi-
pative scattering system for a.e. A € R. The associated scattering operators are
defined by

Sp[N == WP (Hi(\), H)*WE(Hq(N), Hy)

and act on the absolutely continuous subspaces $§°(Hy). Since Sp[\] commutes
with H; the scattering operator is unitary equivalent to a multiplication operator
in the spectral representation L*(R,d\, Q1 ,,) of H; induced by a family of con-
tractions {Sp[A](1)} uer. The family {Sp[A](1)}er is called the scattering matriz
of the complete dissipative scattering system {H;()\), Hy}.

Using the fact that every maximal dissipative operator admits a self-adjoint
dilation, i.e., there exists a self-adjoint operator in a (in general) larger Hilbert
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space such that its compressed resolvent coincides with the resolvents of the maxi-
mal dissipative operator for all z € CT, cf. [7, Section 7], see also [12], one concludes
from Proposition 3.14 of [5] that the limit

$100) = lim 51[3](s-+ i)
exist in B1($1) for a.e. p € R, where
F1N(2) == [G*[V2(H(N) — 2) M G*V?, 2z eCy,

is defined for a.e. A € R. The next proposition is a direct consequence of Theorem
2.2 of [16], see also [15].

Proposition 4.2. Let G € B1(92,91) and Hi(\) be given by (4.1). Then for a.e.
X € R the scattering matriz {Sp[N(p)}uer of the complete dissipative scattering
system {Hy(X\), H1} admits the representation

SN () = Ty, + 27iMy (1) 2U{ N2 (3) + Na ()T G N (1) UN2 (A) JU* M ()2
for a.e. (u,\) € R? with respect to the Lebesque measure in R2.
In the next lemma we show that the limit §1[A\]()),
FIA) = Jim A +ie) = lim |GH[V2(HL(A) = A —ie) MG, (4.3)
exist in Ba($1) for a.e. A € R.

Lemma 4.3. Let Lo, V and L be given by (3.1), (3.2) and (3.3), respectively, with
G € B1(92,91). Further, let F1(\) be as in Lemma 3.2 and let Hi(\) be defined
by (4.1). Then the limit F1[A\](N\) in (4.3) exists in Ba(H1) for a.e. A € R and the
relation

S1AI(A) = Fi(A) (4.4)
holds for a.e. A € R.
Proof. We have
Fi(2) = 31N (=) = G2 ((Hi(2) = 2) 7" = (Hi(A) = 2) 1) |67 [/?
=GP (Hi(2) = 2) 7 (Vi(V) = Vi(2)) (Hi(A) = 2) 1 G| V2.
From (4.2) we obtain
Vi(A) = Vi(z) = |G*|V2U (N2 (z) — No(N))U*|G*[H/2

(4.5)

and inserting this expression into (4.5) and using the definitions of Fy(z) in (3.8)
and F1[\](z) yields

Fi(z) = $1[A(2) = F1(2)U(Na(z) — N2(A)US1[A] ().
Hence

Fi(z) = {Ig, + F1(2)U(N2(z) — N2(A\)U"} §1[A](2)
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and for z = A\ + i€, € > 0 sufficiently small, the operator
{15, + F1(2)U(N2(2) — N2(A)U™}
is invertible. Therefore we conclude
{Ig, + Fy(A + i€)U(Na(X + i€) — No(\)U*} " Fy (A +i€) = 1[N (A + ie).

From this representation we get the existence of F1[A](A) in B2(91) and the equality
(4.4) for a.e. A € R. O

The next theorem is the main result of this section. We show how the channel
scattering matrix S11(\) of the scattering system {L, Lo} is connected with the
scattering matrices Sp[A](u) of the dissipative scattering systems {Hq(\), H1}.

Theorem 4.4. Let {L, Lo} be the scattering system from Section 3, where Lgo, V
and L are given by (3.1), (3.2) and (3.3), respectively, and G € B1(H2,91). Fur-
ther, let {Si;(N\)}, 4,5 = 1,2, be the corresponding scattering matriz from (3.18)
and let Sp[A](u) be the scattering matrices of the dissipative scattering systems
{H1(X\), H1}. Then the scattering matriz Sp[A|(A\) ezists for a.e X € R and satis-
fies the relation

Sp[A(A) = S11(A)
for a.e. X € R.

Proof. From Proposition 4.2 and Lemma 4.3 we obtain that Sp[A](A) exists for
a.e A € R and has the form

SpN(n) = I, , + QWiMl(u)l/QU{Ng()\) + NQ(A)U*Fl()\)UNQ()\)}U*Ml(u)I/Q (4.6)
A similar calculation as in the proof of Lemma 3.1 shows
F5(z) = Na(z) + No(2)U*F1(2)UNa(z), z€Cy.
If z tends to A € R, then we get
F5(A) = Na(A) + No(MNU*Fr(AN)UN2(X) (4.7)
for a.e. A € R. Inserting (4.7) into (4.6) we obtain
SpIN(N) = Ia, , + 21 My (N 2UR(NU* My (V)2
and by Proposition 3.3 this coincides with S11(A) for a.e. A € R. O

5. Lax-Phillips channel scattering

Similarly to Lemma 4.1 one verifies that Va(A\) = lime_,1o Va(A + i€) exists in
B1($2) for a.e. A € R. The limit V2(\), which is called the optical potential of the
channel $)s, is dissipative for a.e. A\ € R. The optical potential defines the maximal
dissipative operator

Hy(X\) := Ha + Va(A)
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for a.e. A € R. The operator Ha(\) decomposes for a.e. A € R into a self-adjoint
part and a completely non-self-adjoint part. Let ©2[A](€), & € C_, be the charac-
teristic function, cf. [12], of the completely non-self-adjoint part of Ha(A). We are
going to verify S11(A\) = O2[A](A)* for a.e. A € R which shows that for a.e. A € R
the scattering matrix S11(\) can be regarded as the result of a certain Lax-Phillips
scattering theory, cf. [1, 2, 3, 4, 14].
There is an orthogonal decomposition
2 = 955 © 955

for a.e. A € R such that 5"/\5 and ﬁgff\f reduce Hy(\) into a completely non-self-
adjoint operator H5"*(\) and a sclf-adjoint operator H5/ ()),

Hy(\) = H5™(\) @ H5" ().
Taking into account Proposition 3.14 of [5] we get that

Sm (Va(N)) = —7|G|V2U* My (A U|G|H?

for a.e. A € R. Let us introduce the operator

a(\) == \/2rM,(\) U|G|Y2. (5.1)
Notice that

clof{ran («(\))} = Q1.

for a.e. A € R. With the completely non-self-adjoint part H**(\) one associates
the characteristic function O2[A](-) : Q1 » — Q1) defined by

02N (€) = Ia, , —ia(\)(Hz(N)" =& a(N)",
& € C_. The characteristic function is a contraction-valued holomorphic function
in C_. From [12, Section V.2] we get that the boundary values

Oa[A](1) = 5 — lim, @[] (1 o)
exist for a.e. p € R.

Theorem 5.1. Let Lo, V and L be given by (3.1), (3.2) and (3.3). If the condition
G € B1(92,91) is satisfied, then the limit O2[A](N),

O2[AJ(N) =5 — LiIEo O2[AJ(A — i€)
exists for a.e. A € R and the relation
S11(A) = ©:2[A](A)”
holds for a.e. A € R.
Proof. We set
O3N(€) == O2[N(€)" = Ia, , +ia(N)(H2(N) — &) a(\)"
¢ € C,. Using (5.1) we get
O5[M(§) = Ia, , + 2miy/ Mi(A) US2[A[(E)UT v/ Mi(X)
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for a.e. A € R, where
52N(©) = G2 (H(0) = THGIY?, €€ Cy
Similar to the proof of Lemma 4.3 one verifies that the limit F2[A](\)
$2A(V) = lim F2[A](A + ie)

exist in Bz(92) for a.e. A € R and satisfies the relation §2[A](A) = F()). Hence the
limit O3[A](A\) = s — lime_, 40 O2[A](A — i€)* exists for a.e. A € R and the relation

O3[AJ(N) = Ia, , + 2mi/ Mi(A) US2[A|(NU"VMi(A)
holds for a.e A € R. From (3.19) we obtain that S11(\) = ©5[A\]()) for a.e. A € R.
Since the limit ©3[A](\) exists for a.e. A € R one concludes that

O2[A](N) =5 — E1_i>r_r%10 O2[AJ(A — i€)

exists for a.e. A € R and O5[A\](\)* = ©3[A](}) is valid. This completes the proof
Theorem 5.1. (]

The last theorem admits an interpretation of the scattering matrix S11(\) as the
result of a Lax-Phillips scattering. Indeed, let us introduce the minimal self-adjoint
dilation K3(\) of the maximal dissipative operator Ha(\). We set

For=D_ 0N DDy ),

where

Further, we define

f- —idf
Ko(A) [ f )= Re(Ha(N)f = 5a(N)*[£+(0) + f-(0)]
I+ —idfy
for elements of the domain
f- f € dom (Ha(X))
dom (K2())) = f © fr e WH2(Ry,dz, Q1))

f+ f+(0) = f-(0) = —ia(N) f
The operator Ks(A) is self-adjoint and is a minimal self-adjoint dilation of the
maximal dissipative operator Ha()\), that is,

(Ha(N) = 2)7" = P (Ka(A) = 2) 7" [ 92
for z € C1 and
Ra\ = clospan{ E,(\)(A)H2 : A € B(R)},

where Eg,(x)(-) is the spectral measure of K3(A). It turns out that D ) are
incoming and outgoing subspaces with respect to Ka()), i.e.,

67#1{2(/\)@4—,)\ CDiN t2>0,



Block matrix scattering 15

and
eTtWNp_ Ccd_y, t<O0.
However, we remark that the completeness condition
Ro = clospan{e*it&(/\)@i)\ :t e R} (5.2)

is in general not satisfied. Condition (5.2) holds if and only if the maximal dissipa-
tive operator Ha(\) is completely non-selfadjoint and Hs is singular, that means,
the absolutely continuous part H§¢ of Hy is trivial.

On the subspace D,

Dy = @71,\ D @Jﬁ,\ = LQ(R, d:E,QL,\) - .sz)\,
let us define the operator Ko(\),

(Ko(N)g)(z) := fi%g(z), dom (Ko()\)) := WH3(R, dz, Q1)

The self-adjoint operator Ky(\) generates the shift group, i.e,
("KW g) (@) = g(x — 1), g€ D
Using the Fourier transform F : L*(R,dz, Qi ) — L*(R,dp, Q1 »),

1 —ipT T
FN) = o= [z e sa),

the operator Ky(A) transforms into the multiplication operator on the Hilbert
space L3(R,du,Q1,5). Furthermore, one has

e*itKQ(A) r©+1A —_ efitKg()\) r©+1A, t > 0

and
emitR2N 1D = TN 1D ¢ <.

The last properties yield the existence of the Lax-Phillips wave operators
WEP[N = s — tggloo K200 1, (\)em Ko

cf. [5, 14] where Ji(A) : ®4 x — Rz, is the natural embedding operator. The
Lax-Phillips scattering operator Sy p(A) is defined by

SepA = WET N WEP N,

cf. [5, 14]. With respect to the spectral representation L*(R,du,Q; ) the Lax-
Phillips scattering matrix {Szp[A(p)}uer coincides with {©2[A](1)*}uer, see [1,
2, 3, 4]. Hence the scattering matrix {S11(\)}rer can be regarded as the result of
a Lax-Phillips scattering for a.e. A € R.
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