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Abstract

Krein’s formula provides a parametrization of the generalized resolvents and Straus
extensions of a closed symmetric operator with equal possibly infinite defect num-
bers in a Hilbert space in terms of Nevanlinna families in a parameter space. The
aim of this note is to give a simple complete analytical proof of Krein’s formula.
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1 Introduction

Let S be a closed symmetric operator in a Hilbert space $. Then S admits self-
adjoint extensions in $) if and only if the deficiency indices of S coincide. These
canonical selfadjoint extensions and their resolvents can be parametrized via
the so-called Krein’s formula

(Ar = N7 = (A= N =N (MOK) ~T) () (1.1)

with the help of selfadjoint operators and relations 7 in a defect subspace of
S. Here Ay is a fixed selfadjoint extension of S, M is a @Q-function or Weyl
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function of the pair {5, Ag}, and ~(-) is a defect function. However, in [12,13]
M.G. Krein proved the far more general formula
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Po(A=2) " To= (A = N7 =y (M) +7(0) () (12)

which gives a description of the compressed resolvents of selfadjoint exten-
sions A of S in larger Hilbert spaces § in terms of Nevanlinna functions
and Nevanlinna families 7()\); see also [23] for the case of infinite defect
numbers. Krein’s formula has been extended to various settings, see for in-
stance [3,11,14,16,17,24], and [18-20] for a different parametrization due to
M.A. Naimark; cf. [1].

Krein’s formula has an interpretation in terms of the boundary triplets and
Weyl functions due to V.A. Derkach and M.M. Malamud [8,9]. In this setting
the Nevanlinna family 7(A) in (1.2) plays the role of an abstract boundary
condition. A geometric interpretation of Krein’s formula involving boundary
triplets and boundary relations can be found in [5-7].

Krein’s formula (1.2) for the generalized resolvents is an important tool in
many applications in modern analysis and mathematical physics, see, e.g.
[2,15,21,22], and it is the aim of this note to provide a simple analytical proof
of (1.2). In Section 3 a variant of Krein’s formula for compressed coresolvents
of unitary extensions of an isometric operator is proved. Here the parameter
functions belong to the Schur class. Cayley transformation leads to Krein’s
formula for symmetric operators and relations in a special case, see Section 4.
In Section 5 the connection with boundary triplets is made and an example
from Sturm-Liouville theory is discussed.

2 Preliminaries
2.1 Linear relations

A (closed) linear relation in a Hilbert space $) is a (closed) linear subspace
of the Cartesian product $ x $. The elements of a linear relation 7" will be
denoted by f = {f,f'} €T, f,f € 9. Furthermore, domT', ker T, ranT,
and mul T’ stand for the domain, kernel, range, and multi-valued part of T,
respectively. The inverse relation T~ is defined by T-' = {{f", f} : {f, f'} €
T%}. The sum Ty + Ty, the componentwise sum Ty F Ty, and the product ToT;



of two linear relations T} and T3 are defined by

T+ T = {{f.g+k}: {f.9} €1, {} .k} € Tb},
T+ Ty= {{f—i—h,g+k} A{f.9} € Th, {h,k} €T2}7
LT = {{fv k}:{f,g} €11, {g9,k} € T2}7

respectively. Linear (closed) operators in $ will be identified with linear
(closed) relations via their graphs. The linear space of everywhere defined
bounded linear operators from $) into a Hilbert space K will be denoted by
B($, 8) and by B($) if $§ = K. A linear relation 7" in a Hilbert space $ is said
to have the eigenvalue v € C if ker(T'—v) is nontrivial. The following notations
will be used: M, (T) = ker(T — v) and N,(T) := {{f,vf} € T: f € N,(T)}.
The resolvent set p(T') of a closed linear relation 7" in $) is the set of all A € C
such that (T — \)~! € B(9); and (T'— \)~! is called the resolvent operator.
Observe that for each A € p(7):

T={{(T=N)"h(I+NT=N""h}: hes} (2.1)
For 1/X € p(T) the operator (I — AT')~! is called the coresolvent of T.

Lemma 2.1 Let T and Q) be linear relations in a Hilbert space $) and assume
kerT'= {0}. Then

@+ =T (QT ' +1) .

If, in addition, Q, T, and (Q + T)~! belong to B(9), then (QT 1 +1)7! €
B(9).

2.2 Special relations

The adjoint relation 7™ of a linear relation T is defined by

T = {{g,9}: (f,9) = (f.¢) forall {f,f} €T},

A linear relation 7' is isometric if T-* C T* and unitary if T-* = T*. Ob-
serve that T is isometric if and only if 7" is an operator with ||[T'f]| = || f||
for all f € domT, and that T is unitary if and only if 7" is isometric with
domT = ranT = $. A linear relation 7" is symmetric it T" C T* and self-
adjoint if T = T*. Observe that T is symmetric if and only if (f', f) € R
for all {f, f'} € T. A linear relation T" is accumulative if Im (f', f) < 0 and
dissipative if Im (f’, f) > 0 for all {f, f'} € T. The relation T" is mazimal ac-
cumulative (mazimal dissipative) if T is accumulative (dissipative) and there
exists no proper accumulative (dissipative, respectively) extension of 7" in §.



Note that 7" is maximal accumulative (maximal dissipative) if and only if T’
is accumulative (dissipative) and C; C p(T) (C_ C p(T), respectively).

2.3  Cayley transforms

Let T be a linear relation in $ and let ¢ € C, be a fixed point in the upper
halfplane C. The Cayley transform C,,(T) of a linear relation 7" in § is defined
by

Cul) = {{f' —puf. /' —af}: {f.fYeT}

and the corresponding inverse Cayley transform of a linear relation V' in § is
given by {{h'—h, ph'—ph} : {h,h'} € V'}. Note that dom C,,(T") = ran (T'— )
and ranC,(T) = ran(T — p), and that (domC,(T))* = N (T*) and
(ranC,(T))* = M, (T*). Clearly, T is a symmetric (selfadjoint) relation if
and only if C,(T') is an isometric (unitary, respectively) operator. Moreover,
T is accumulative (dissipative) if and only if C,,(T") (C,(T)™', respectively) is
a contractive operator and 7' is maximal accumulative (maximal dissipative) if
and only if C,,(T") (C,(T)~!, respectively) is an everywhere defined contractive
operator. If T' is a relation with a nonempty resolvent set, then the resolvent
of T" and the coresolvent of the Cayley transform C),(7") are connected via

%(I - ZCu<T))_1 =I+A=p)(T =N Xep(D). (2.2)

Here the mapping z is defined by

z(A) = —u A # [i. (2.3)

Clearly, z maps the upper halfplane C, onto the unit disk ID. The argument
A in the mapping 2z will often be suppressed.

2.4 Nevanlinna families and Schur functions

Let G and G’ be Hilbert spaces. A B(G, G’)-valued function © holomorphic on
D={z€C:|z| <1} is called a Schur function if ||©(2)| <1, z € D, and ©
is called a uniformly contractive Schur function ||©(2)|| < 1, z € D. The class
of B(G, G’)-valued Schur functions will be denoted by S(G,G’) and by S(G) if
G=4¢d

A family of linear relations 7(A), A € C\ R, in the Hilbert space G is called a
Nevanlinna family if:



(i) for every A € C; (A € C_) the relation 7()) is maximal dissipative
(maximal accumulative, respectively);
(ii) 7(A) = 7(\)* holds for all A € C \ R;
(iii) for some, and hence for all, v € C, (v € C_) the B(G)-valued function
A (7(\) +v)~! is holomorphic on C, (C_, respectively).

If, in addition, 7(A) € B(G), A € C\ R, then 7 is called a Nevanlinna function.
A Nevanlinna family 7()\) is said to be wuniformly strict if 7 is a Nevanlinna
function and Im7(\) is uniformly positive (uniformly negative) for A € C,
(A € C_, respectively). Note (M(A\) +7(\))"t € B(§), A € C\ R, if 7()) is a
Nevanlinna family and M is a uniformly strict Nevanlinna function.

Schur functions and Nevanlinna families are closely connected. In fact, if u €
C, and z is as in (2.3), then for v € C, the formula

O(z) =1~ (v—0)(t(\) +v), AeCy, (2.4)

provides a one-to-one correspondence between (uniformly strict) Nevanlinna
families 7 in G and (uniformly contractive) Schur functions © from S(G).

3 Unitary extensions of isometric operators

Let V be a closed isometric operator in a Hilbert space $). The defect numbers
of V are the dimensions of the spaces (dom V)* and (ranV)+. The adjoint
relation of V' has a decomposition in terms of relations in the Cartesian product

H X N:
VF=V"1tF ((ran V)t x {0}) T ({O} X (dom V)l), direct sum.

Note that V admits unitary extensions in § if and only if the defect numbers
of V' coincide.

3.1 Unitary extensions in exilt spaces

Let U be a unitary extension of V' in a Hilbert space $ @ K. If K is nontrivial,
then U is called an exit space extension and the Hilbert space £ is the exit
space. Observe that V always admits unitary exit space extensions. The Straus
extensions W(z), z € D, of V' corresponding to U are defined by

W(z) = {{Psf, PsUf}: f €9 DR, (I-20)f € H}. (3.1)



The generalized coresolvent Po(I — 2U)7! | of V satisfies
~ -1
Po(I = 2U0)7" [g= (I =2W(2)) , z€D.

Let the unitary extension U in $H @ K have the matrix decomposition

TFO0 R R
U=|GHo|: (dom V)+ | — | ran V)* |, (3.2)
00V dom V ran V'

where the entries are bounded linear operators. The transfer function
O(z) = H+2G(1 - 2T)"'F, z€D, (3.3)

of the unitary colligation

A P )
; — (3.4)
G H (dom V)* (ran V)*

belongs to the Schur class S((dom V), (ran V)1). Note that the exit space &
is considered as the state space of the colligation. Conversely, every function
from the class S((dom V)%, (ran V)1) can be realized as the transfer function
(3.3) of a unitary colligation (3.4), see, e.g., [4]. Associate with © and V' the
function

é(z) = (@(z) 0) : ((domV)L) — ((ranV)L) , ze€D. (3.5)
0o Vv dom V' ranV

Then the generalized coresolvent of V' is given by
Po(I —20)"  lg= (I —20(2))", 2eD (3.6)
and, clearly, the Straus extensions W (z) satisfy
W(z) =06(z), zeD. (3.7)

Theorem 3.1 Let V be a closed isometric operator in ). Then (3.7) estab-
lishes a one-to-one correspondence between the Straus extensions W(z), z €D,
of V and the Schur functions © € S((dom V)*, (ranV)1). In particular, if the
defect numbers of V' coincide, then there is a one-to-one correspondence be-

tween the canonical unitary extensions U of V' and the (constant) unitary
mappings © € B((dom V)*, (ran V')+).



3.2 A special unitary colligation

Let V be a closed isometric operator in $ and denote by V the trivial extension
of V to the whole space §, i.e. Vh = Vh for h € domV and Vh = 0 for
h € (dom V)t so that V € B(§) is a partial isometry. The Hilbert space $
admits the direct sum decomposition

9 =ran (I —2V) + (domV)*, direct sum, (3.8)

and the operator Pgom ) (1 — 2V)~1is the projection onto (dom V)* parallel
to ran (I — 2V). Associated with the trivial extension of V is the unitary
operator

[7 _ ‘7 - r(ranV)J- . 9 . 9
—Plaom )+ 0 ' (ran V)+ (dom V)* '

Consider this colligation as a unitary extension of the trivial isometric operator
from (ran V)" to (dom V). In this case the Hilbert space §) serves as the state
space and the transfer function X is given by the Schur function

~\ —1
X(2) = 2Paomvy (I = 2V) " Teanvye, 2 €D (3.9)

It follows from the Schwarz lemma that X is a uniformly contractive Schur
function.

Now assume that V' has equal defect numbers. Fix some unitary operator
O € B((dom V)*, (ran V)*) and let Uy be the canonical unitary extension of
V' with matrix decomposition

Oy 0 (dom V)*+ (ranV)+
Up = : — . (3.10)
oV dom V' ran V'
Then the identity

Paomvy (I = 2V) (I = 2U5) = (I = X(2)00) Plaom )2 (3.11)

holds for all z € D. Indeed, (3.11) is clear for h € dom V. If h € (dom V')*,
then

Paomvye (I = 2V) (I = 2U)h = Plagmuy: (I = 2V) " b — X (2)Oph.

Now let k = (I—2V) 'h so that b = (I —2V)k. With k = ko+ky, ko € dom V,
ki € (dom V)t it follows h = (I — 2V )k + k; which together with the direct



sum decomposition (3.8) shows k; = h. Hence Pgomv) (1 — zV)‘lh = h and
(3.11) is true. Observe that (3.11) leads to the following identity

Paomvye (1= 2V) " = (I = X(2)80) Paomv)s (I~ 2U0) ", z€D. (3.12)

Lemma 3.2 The Straus extensions corresponding to the unitary extension

[7@ _ ‘7 - r(ranV)J- 60 : ) R 9 (313)
’ —Plaom v 0 (dom V)+ (dom V)+

of the trivial isometric operator in (dom V)* are given by X ()0, z € D. In
particular,

P(domV)J- (I - Zﬁ@o)il r(domV)J-: ([ - ZX(Z)@O)il. (314)

3.3  Krein’s formula for isometric operators

Assume that the closed isometric operator V has equal defect numbers. The
following theorem parallels Theorem 3.1 for the generalized coresolvents of V',
cf. [10].

Theorem 3.3 Let V be a closed isometric operator with equal defect numbers
and let Uy be a fized canonical unitary extension of V' as in (3.10). Then

Pﬁ([ - Zﬁ)_l M:(I - ZUY())_1 + Z(I - ZUo)_l r(ranV)J- (@(Z) - @0) :

(1= X(2)0(2)) " (I = X(2)00) Paomvy (I — 2T0)~
(3.15)

1

establishes a one-to-one correspondence between the generalized coresolvents

of V and the Schur functions © € S((dom V)*, (ran V)1).

Proof. Let U be a unitary extension of V in § @ R as in (3.2) and let the
function © be as in (3.5). Due to (3.6) it follows that

1 1

Py(I=20) 1o —(I—2U0)
= Z(I — ZU(])_I ((:)(z) — U(]) (I — z(:)(z))_l (3.16)
= Z([ - ZUO)_I [(ranV)L (@(Z) — @O)P(domV)L (] - Zé(2)>_1



It suffices to rewrite the expression Plom L (] — 20(z))"". First observe that

Plaomvy+ (I — Zé(Z)>_1<I — ZV) = (I — X(Z)@(Z)>_1P(domv)L, z € D.
(3.17)

In fact, (3.17) is clear for h € dom V. For h € (dom V')* and
k= (I — z(:)(z))_l(] - zf/)h = (I - z(:)(z))_lh

it follows h = (I —20(2))k. With k = ko+ky, ko € dom V', k; € (dom V)", this

gives h = (I —2V)ko+ (I —20(z2))ky, i.e. 20(2)ky = (I — 2V ) ko + k1 — h which

together with (3.8) implies k; —h = X (2)O(2)k; or ky = (I — X (2)0(z))'h.

Thus (3.17) is valid and this leads to

-1 1

Plaomvy: (I =2V) ", zeD.
(3.18)

Paomvy: (1= 20(2)) " = (I - X(2)0(2))

By means of (3.18) and (3.12) the term Pgomv)r({ — 20(z))"" in (3.16) is
given by

(I - X(2)0(2)) " (I~ X(2)80) Paomvy: (I — 2Us) . (3.19)
Substitution of (3.19) in (3.16) leads to (3.15).

Conversely, if © belongs to S((dom V)*, (ran V)*), then there exists a Hilbert
space & and a unitary colligation of the form (3.4) such that © is the corre-
sponding transfer function, [4]. Define U by (3.2); then (3.16) holds and by
means of (3.12), (3.18), and (3.19) it follows that the generalized coresolvent
of U satisfies (3.15). O

4 Selfadjoint extensions of symmetric relations

Let S be a closed symmetric relation in a Hilbert space $ and let u € C,
be fixed. The defect numbers of S are the dimensions of M;(S*) and N, (S*).
The adjoint relation S* has the von Neumann decomposition

S* =8 F NM,(S*) F Nu(SH), direct sum. (4.1)

Note that S admits selfadjoint extensions in ) if and only if the defect numbers
of S are equal. These and the following observations parallel those for closed
isometric operators via the Cayley transform.



4.1 Selfadjoint extensions in exit spaces

Let A be a selfadjoint extension of S in the Hilbert space $§ ® K. If R is
nontrivial, then A is called an exit space extension and the Hilbert space R is
the exit space. Observe that S always admits selfadjoint exit space extensions.
The Straus extensions T(\) of S corresponding to A are defined by

T = {{Pof Pof'}: {f./} €A ['=Af€9H}, VeC\R
The generalized resolvent Py(A — X\)~'] ¢ of S satisfies

Po(A=2) 1o=(T() -A) ", AeC\E (4.2)

and hence T'(A)" = T'(A) holds for A € C\ R. Therefore it suffices to consider
the Straus extensions for A € C,.

Clearly the Cayley transform U = Cu(ﬁ) of A is a unitary extension of the
isometric operator V' = C,(5) in §. Observe that the Straus extensions W (z)
of V' corresponding to U (see (3.1)) and the Straus extensions T'(\) of S
corresponding to A are connected via W (z) = C,(T()\)), where z is as in
(2.3). This also gives the following translation of Theorem 3.1.

Theorem 4.1 Let S be a closed symmetric relation in a Hilbert space $ and
let p € C,.. Then there is a one-to-one correspondence between the Straus ex-

tensions T'(X), A € C4, of S and the Schur functions © € S(M;(S*), N, (S*)),

T(\) =8 F{{(O() = 1) fa, (1O(2) — ) fa} : fa € Ma(ST)},  direct sum.
(4.3)

In particular, if the defect numbers of S coincide, then there is a one-to-one
correspondence between the canonical selfadjoint extensions A of S and the
unitary mappings © € B(M;(5*), N,(S*)), via

A=SF{{O=Dfs (O — i) fa} : fn € Ma(S7)},  direct sum.  (4.4)
4.2 A special selfadjoint relation

Assume that the defect numbers of the closed symmetric relation S in $) are
equal, let 1 € C4, and fix a unitary operator ©y € B(Mz(S*),91,(5*)). The
elements f € S* will be decomposed in

F={f Y=o £} + {funf} + {fa ifal €S F 0M(S) %(S’;) |
4.5

10



according to (4.1). Define the relation A in $ @ 9;(S*) by

i U N Fe{irres )y, @)
fi+031) \uhu+ 163,

with the notational convention as in (4.5). The Cayley transform of A is given

by
o= T T ey es b
(B=wO5fu) \(b—1)fa

Set V = C,(5), so that Mz(S*) = (dom V)* and M, (S*) = (ran V)*, and let
V' be the trivial extension of V onto $ (see Section 3.2). The identities

PoCu(A) 1 ={{F —uf /' —if}: T={f.1'} €S fu=0}
= Cu(S F Ma(57)) = V.,
P59 CulA) To = {{f' = uf. (=) f} - F={f. '} €S, f,=0}

= _P‘ﬁg(S*) = _P(domV)J-v

PsCu(A) Toa(s) = { { (B = WO fu, /' =B} : T ={f:nf} € 5°}

- fm(s*) O = — r(ranV)L @Ov
Py, (59 Cu(A) Tovusmy = { {(a = )O3 fus (n =) fu} - F = {f,nf} € 5} =0,

show that Cu(ﬁ) — Us,, cf. (3.13), and, in particular, that A is selfadjoint.
The following result parallels Lemma 3.2.

Lemma 4.2 The Straus extensions of the trivial _symmetric operator in

MN;(S*) corresponding to the selfadjoint extension A are given by —Mjz(N),
where

Ma(\) = { {fa+ Opfus —uifs — O3 fu} : FEM(SH ). (47)
In particular,
Posy(A=N) " loso= —(Ma(V) +X) ", A€ C\R, (4.8)

and My is a uniformly strict Nevanlinna function connected with the uniformly
contractive Schur function X (-)©q (see (3.9)) by

My(\) =+ (u =) (I = X()0s) . A€Cs. (4.9)

11



Proof. It follows from (4.6) that the Straus extensions of the trivial symmetric
operator {0,0} in 9;(S*) have the form (4.7) and then (4.2) coincides with
(4.8). From C,,(A) = Ug, and (2.2) one concludes that

— 1 R _1 R
l;—_ Z P‘ﬁp(S*)([ — ZU@O) rmﬁ(s*): I+ (/\ — N)Pmﬁ(s*)(z‘l _ )\)—1 r‘ﬁﬁ(S*)

holds. Now use (3.14), (4.8) and (2.4) with v = p to obtain (4.9). O

4.3  Krein’s formula for symmetric relations

Let the defect numbers of S be equal, fix p € C, and a unitary operator
O € B(M;(5*),91,(5)), and let

Ao = S F{{ (80 = Dy (1400 = ) fy} = fu € MalS7) | (4.10)

be the corresponding selfadjoint extension of S in $ via (4.4). Furthermore,
define the function A — ~v;(\) € B(My(S*), 9H) by

Ya(A) = (T+ (A= i) (Ao = X)) Taoyu(se) - (4.11)
It follows from the resolvent identity and (4.11) that
Wa(A) = L+ (A= ) (Ao = N alp), A€ p(Ao). (4.12)

Theorem 4.3 Let S be a closed symmetric relation with equal defect numbers
in the Hilbert space §, let Ay be the canonical selfadjoint extension of S in
(4.10), and let the functions v and My be as in (4.11) and (4.7), respectively.
Then

Py(A= )7 18 = (Ao = N7 = 3N (Ma(h) + 7(N) (D", A€ CT\R,
(4.13)

establishes a one-to-one correspondence between the generalized resolvents of
S and the Nevanlinna families T in N;(S*). Moreover, the Nevanlinna family
7 in (4.13) and the Schur function © in (4.3) are connected via

0(2) =00 (I = (n=m((N) — A7), reCx (4.14)

12



Proof. Let A be a selfadjoint extension of S in $ @ &, let U = C,(A) and
Uy = C(Ap). Then it follows from (2.2) that

Po(A=N)"1 g —(Ag = A)7!

B = i ~\ -1 -1 (4.15)
_()\_m()\_ﬂ){P;,(I—ZU) [ — (I — 2U0) }

According to Theorem 3.3 there exists a Schur function © €
S(M;(S5*),91,(S*)) such that the term Pg(I —2U)"" [ —(I —2Up) "1, A € C4,

coincides with

Z(I — ZUo)_l rmu(s*) (@(Z) — @0) .

B L (4.16)
(I =X(2)0(2)) (I = X(2)80) Pays) (I = 2Us)

It follows from (2.2), (4.12), va(1) =Im,(s+) O, and Py, (s+) = va(jt)*, that

-1 A— * -1 3\ *
Z([ - ZUO) fo,(5%)= ﬁ%@\)@o, Pmﬂ(S*)(I — ZUO) = ——7a(N)".

Insertion of (4.17) into (4.16) shows that the lefthand side of (4.15) is given
by

) (830(2) = 1) (1= X(2)0(2)) (1 = X(:)80) }ru()"

(4.18)

It will be shown that the term {---} in (4.18) is equal to (Mu(\) +7(\)) ™",
where

(A) = {{(870(2) = 1)h, (AOFO() — j)h} : h € My(S57) }.

Observe first that since O3O(-) is a Schur function in M;(S*) (2.4) withv = —f
implies that 7(A), A € C\ R, is a Nevanlinna family in 91;(S5*) and that (4.14)
holds. Note in particular

. 1 .
(TN =) = ——(050(2) - I). (4.19)
i — pu
Recall that the relation Mj(A) + 7(A) is boundedly invertible and apply
Lemma 2.1 to M;(X) +7(X) = Mu(A) + i+ 7(A\) — o to obtain

-1

(MaN) +7(0) " = =——(€50(2) = 1) (Ma(V) + D) (N) = )™ +1)

(4.20)

1
fi—

13



According to Lemma 4.2 M (N +p = (u— i) (I — X (2)00) ' X (2)O0, A € Cy,
and this together with (4.19) implies

(Mp(N) + (V) = )" + 1= (I-X(2)80) (I - X(2)0(2)):

Therefore (4.20) can be written as

(M) + 7)) ' = ﬁ(@é@(z) ~1)(1-X(:)8(:)) " (1= X(2)80).

(4.21)
Now (4.21) and (4.18) give rise to (4.13).

For the converse statement, let 7 be a Nevanlinna family in 91;(5*) and define
0 € S(M;(S*), M, (S*)) by (4.14). Define © by the right hand side of (3.5)
and let U be a unitary colligation in $ @ & whose transfer function is ©.
The above calculations show that the inverse Cayley transform AofUis a
selfadjoint extension of S in $ & R giving rise to the generalized resolvent in
the right hand side of (4.13). O

5 Boundary triplets and Krein’s formula
5.1 Boundary triplets and their Weyl functions

Let S be a closed symmetric relation with equal defect numbers in the Hilbert
space $). A triplet {G, [y, I'1} is said to be a boundary triplet for S*, if G is a
Hilbert space and I'y, I'y : S* — G are linear mappings such that the mapping
[:= (T, I1)" : S* — G x G is surjective, and the abstract Green’s identity

(flag) —(f, g’) = (Flf, ['o0g) — (Foﬁ I'ng) (5.1)

holds for all f = {f,.f'}, 9 = {9,9'} € S*. The surjectivity condition and
the identity (5.1) imply that the mappings 'y, I’y : S* — G are closed and
therefore continuous. Note that S = kerI" and that dim G coincides with the
defect numbers of S. The mapping

T Ap =TT ={fe s {T,f I f} €T}

establishes a one-to-one correspondence between the closed linear relations
7 in G and the closed extensions Ay with S C A7 C S*. Furthermore, Ay
is symmetric (selfadjoint, (maximal) accumulative, (maximal) dissipative) if
and only if 7 is symmetric (selfadjoint, (maximal) accumulative, (maximal)
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dissipative, respectively) in G. In particular, Ag := ker 'y and A; := ker I'; are
selfadjoint extensions of S. It is not difficult to see that

S = A; F (S, Aep(d;), i=0,1, direct sum. (5.2)
In particular, I'y | ‘fIA(S *) is a one-to-one mapping onto G. Denote the orthog-

onal projection in @ $ onto the first component by ;. The y-field A — ()
of {G,Ty, 'y} is defined by

/) =7 (Tl (%) = {{Tofu i}« FreTuls)). A€ p(4y).
(5.3)

and the Weyl function A — M ()) is defined by

M) =T1(Tol M(5") " = {{TofuTih} - e (s} Ae p(d).
(5.4)

Since I'y and I'y are bounded and surjective it follows that v(\) € B(G, $)
and M(\) € B(G) for all A € p(Ap). It is not difficult to see that

LCo{v(Mh, Ay (MNh}t =k, Ti{y(Nh, Ay(Ah} = M(Ah, he$H,  (5.5)
holds. Furthermore, for all h € $:

To{ (Ao — A)7h, (I + M(Ag — \)"Hh} =0,

o (Ag = N7 (1 + MAy — AR} = 4. (56)

The first identity is clear, cf. (2.1). The second identity follows from (5.1),
(5.2), (5.3), and (2.1), with f = {(Ag — A)"'h, (I + M(Ag — A)"1)h} and g =
{g,Xg} € M5(S*). The identities

Y = (T+ A=) (A= N ), M) = M) = (A= 0)y(»)y(N)
hold for all A\,v € p(Ap), and, hence, v and M are holomorphic on p(Ay).
Therefore M is a uniformly strict B(G)-valued Nevanlinna function and (5.7)
implies

M(\) =Re M (@) +v(»)*((A = Rev) + (A = »)(A = 7)(Ag — X) 7 )(v)
(5.8)

for all A\, v € p(Ay), cf. [16]. For further details, see [8] and [9].
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5.2 Transformations of boundary triplets

Let G and G’ be Hilbert spaces and let W = (W;;)7,_, € B(G®G,G' & G') be
boundedly invertible and satisfy

0 —ilg 0 —ilg
W W = . (5.9)
ilg 0 ilg 0

Then it is not difficult to see that W[r(\)] defined by
WIr(N)] = {{With + Wigk, Warh + Wask} : {h,k} € 7())} (5.10)
is a Nevanlinna family in G’ if and only if 7 is a Nevanlinna family in G.

Let S be a closed symmetric relation with equal defect numbers in a Hilbert
space $). Let {G,I'0,I"1} and {G', I, [} be boundary triplets for S*. Let
Ap = kerI'g and Aj = ker I}, and let v and ' be the corresponding ~-fields
and let M and M’ be the corresponding Weyl functions, respectively. Then
there exists a boundedly invertible operator W = (W;;)?,_, € B (g &®a, g/@g/)
with the property (5.9) such that

I Wiy Wi\ (T
L I e (5.11)
Fll W21 WQQ Fl

To see this, consider I' = (g, ') " and I = (I'), )" on the quotient space
$*/S so that they are bijective. For fy € 9M,(S*) (5.11) and (5.4) yield T f, =
(W1 + WiaM(X)Co fr. Now the restrictions of Ty and T to 9, (S*) are one-
to-one mappings onto G and G’, respectively. Hence (Wi, + WiaM(\))™! €
B(G',G) for all A € p(Ay) N p(Ap). This implies that

) =90 (Wi + W M)
M'(N) = (W + Waa M(N) (Way + WiaM (V).

5.8 A special boundary triplet

Let S be a closed symmetric relation with equal defect numbers in the Hilbert
space $). In the following decompose the elements f= {f, f'} € S* according
to von Neumann’s formula (4.1) and (4.5). In the next proposition a boundary
triplet is constructed where the y-field and Weyl functions appear in Krein’s
formula in Theorem 4.3.
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Proposition 5.1 Let S be a closed symmetric relation with equal defect num-
bers in the Hilbert space $) and let ©g € B(My(S*), N, (S*)) be a unitary
mapping. Then {Mz(S*), Loz, 15}, where

Touf = fa +Oifu, Tinf:=—pfs —a©sfs, feS, (5.12)

is a boundary triplet for S* and the selfadjoint extension kerI'y; coincides
with the relation Ay in (4.10). The corresponding v-field and Weyl function
are gwen by v and My in (4.11) and (4.7), respectively.

Proof. Since A in (4.6) is selfadjoint the abstract Green’s identity (5.1) fol-
lows. Now let h,k € M;(S*) and define f € S* by (4.5) with arbitrary

{fo, fi} € S and
fa=—(w—p) " (k+ph), fo=(u—pn)""Ok+ puh).

Then {Fo,ﬂf, Flyﬂf} = {h, k} and the mapping (I'p 5,1 z) " is onto. Therefore
{M:(5*),To4,T1 4z} is a boundary triplet for S*. It follows from (4.10) that
ker 'y z = Ap.

From the definition (5.4) one obtains that M} in (4.7) is the Weyl function of
the boundary triplet in (5.12). Since the value of the 7-field of the boundary
triplet {Mz(S*), Lo, '} at fiis [;,(s+) the first relation in (5.7) with v = [
implies that the y-field is given by (4.11). O

Proposition 5.2 The Straus extension in (4.2) corresponding to the gener-
alized resolvent in (4.13) is given by

T(\) ={fe s {Toaf.Tiaf } € —7(N)}, A€C\R (5.13)

Proof. Recall that S* = A, + M, (S*) and observe that according to Theo-
rem 4.3 an element f = {f, f'} € $ x H belongs to the Straus extension T'(\)
in (4.2) if and only if there exists an element g € § such that

{f7 f/} = {(AO - )‘)_lgag + )‘(-’40 - )‘)_lg}

— L (ML) + 7)) (), M) (Ma(V) + (V) 77 g)-
(5.14)

Note that the first element in the righthand side belongs to Ay.
First the inclusion T(\) € {f € S*: {Toaf,T1f} € —7(N)} will be verified.
Let f = {f, f'} € T(\) be as in (5.14). Then Ay = kerI'y 5, (5.6), and (5.5)
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imply that the element {Fovﬁf, Flﬂf} is given by

(= (M) +700) 50 07079 = Ma() (Ma(2) +7(0) " 7079},

which shows that {To;f, Ty if} € —(Ma(A) 4+ 7(\) + Mz(\) = —7()).

Now the converse inclusion in (5.13) will be shown. Let f = {f, f'yes
satisfy {To. uf Iy “f} € —T()\) Decompose f as f = fo + fr with f, € Ay
and fy = {f,\,)\fA} € ‘ﬁ,\(S*) Choose an element g € § such that f, =
{(Ag—XN)"tg, 9+ AM(Ag — N)"tg}. Then it follows from (5.6) that

{Poafurm() g+ MaWTopfs} = {Topl . Tialfo + 1)} € —r(V). (5.15)

Since My is a uniformly strict Nevanlinna function and 7 is a Nevanlinna
family (M (A) + 7(N)~! € B(G) and (5.15) implies Toufy = —(Ma(\) +
(M) 1a(N)*g. By fo = 7a(MNToafy, so that

fr= =N (Ma(X) +7(A) (V)9

Therefore f = {f, '} = fo + fa is of the form (5.14) and hence f € T(\). O

5.4 Krein’s formula

The following theorem is a reformulation of Theorem 4.3 and Proposition 5.2
in terms of general boundary triplets and associated Weyl functions.

Theorem 5.3 Let S be a closed symmetric relation with equal defect numbers
in the Hilbert space $ and let {G,o,I'1} be a boundary triplet for S*. Let
Ap = ker 'y and denote the y-field and Weyl function of {G,To,I'1} by v and
M, respectively. Then the formula

Po(A=2) 15 = (A= N =N (MO) + 7)) 7D, A€ C\R
(5.16)

establishes a one-to-one correspondence between the generalized resolvents of
S and the Nevanlinna families T in G. Furthermore, the Straus extension cor-
responding to the generalized resolvent in (5.16) via (4.2) is

T(\) ={fes :{Tf T1f} e -7}, A€C\R. (5.17)

Proof. For the special boundary triplet {9;(5*), 0,14} from Proposi-
tion 5.1 this has been shown in Theorem 4.3 and Proposition 5.2. Now let
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{G,Ty,T'1} be an arbitrary boundary triplet for S*. Then there exists a bound-
edly invertible operator W = (W;;)7,_; € B(Mu(S*) ® Nu(S*),G @ G) which
satisfies

0 —il 0 —ily s r T
W TNw = WEN T 2w [, (5.18)
il 0 ily sy 0 I, Ty,

cf. (5.9) and (5.11). Observe that the Straus extension 7'(\) in (5.13) with re-
spect to the boundary triplet {M;(S*), Tz, 1z} coincides with the extension

{fes {Tf.Tify € =F(N) }. 7(N) = W[r(N)

with respect to {G,To,T"1}, cf. (5.10). Thus it remains to show that (T'(\) —
A)~! coincides with the righthand side of (5.16). For this let f = {f, f'}
T()N), and decompose fas f=fo+ fr with fo € 4y and f = {f, AL} €
9M,(S*). Choose an element g € § such that fo = {(Ag — A)"'g, 9 + M4y —
A)~tg}. Then it follows from (5.6)

{Tofav(N)7g + ML fi} = {Tof. Ti(fo + F)} € =7(V)
and the same arguments as in the proof of Proposition 5.2 yield
fr= =1 (M) + 7)) (V).
Therefore f = {f, '} = fo + fa is of the form
{£, ' ={(A - N9, 9+ A — N9}

(M) + 7)) g M) (M) + 7)) (R}

and f' — A\f = g holds. Hence f = (T'(\) — \)"lg is given by the righthand
side of (5.16). O

Of particular importance in many applications is the following special case of
Krein’s formula for canonical extensions.
Corollary 5.4 Let the assumptions be as in Theorem 5.3. Then the formula
1 _
(A7 = N7 = (4 = N +9(N)(T = M(N) (1), A€C\R,

establishes a one-to-one correspondence between the canonical selfadjoint ex-
tensions Ax = {f € S*: {Tof,T1f} € T} of S and the selfadjoint relations
7T ingG.

The relation between the parameters in Krein’s formula (5.16) and the von
Neumann formula (4.3) is given via 7(\) := W[r(\)] and (4.14); see also [11].
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5.5 An example

Let ¢, € L .(R,) and q_ € L{.(R_) be real functions and suppose that the
differential expressions —% + ¢+ and —% + q_ are regular at the endpoint 0
and in the limit point case at the singular endpoints +00 and —oo, respectively.
Denote by DE__the linear space of all functions fi € L?(R.) such that fi and

[l are absolutely continuous and — f + ¢4 f+ belongs to L?*(R4.). Functions in
L*(R) will be written in the form f = {f,, f_-} € L*(R), f+ = f |r. € L*(Ry).

It is well known that
Sf+:_f-/|i+q+f+7 domS:{f+€D$ax:f+<o):f-/|-(0):0}7

is a densely defined closed symmetric operator in L?(R, ) with defect numbers
(1,1). The adjoint

S*fr = —f +a [+, dom S* = Dy,

is the usual maximal operator and {C,To,T'1}, where I'of, = f,(0) and
I'ify = fL(0), f+ € Df,. is a boundary triplet for S*. The Weyl func-
tion M coincides with the usual Titchmarsh-Weyl function associated to
the differential expression —% + ¢4, ie., if ¢y 4 and 9, 4 are solutions of
—u/] + qruq = Auy on R, satisfying

ox+(0) =1, 95 1 (0) =0 and ¢, (0) =0, ¢3 (0) =1, (5.19)

then for all A € C\ R the function z — ¢, 4 (x) + M () +(z) belongs to
L*(R,). Similarly, if ¢, _ and ¢, _ are solutions of —u” +¢_u_ = Au_ on R_
satisfying the same boundary conditions as in (5.19), then the Titchmarsh-
Weyl function of the differential expression —% + ¢_ is defined as the unique
Nevanlinna function 7 such that z — ¢y _(z) —7(A\)s - (z) belongs to L*(R_)
for all A € C\ R.

The next well-known statement shows how the Titchmarsh-Weyl function 7
is connected with Straus extensions of S.

Proposition 5.5 The mazimal differential operator

o _ Jap(z) forz >0,
Af ==f"+aqf.  qlz):= {q_@) for < 0,
dom A = {f ={f, f-}: fr € DLy, £1(0) = £-(0), £1(0) = f(0)},

in L*(R) is a selfadjoint extension of S where the exit space is L*(R_). The
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Straus extensions T(N\), A € C\ R, of S corresponding to A are given by

TNfy ==L +a:fe, domT(\) = {f1 € Dip s (N £4(0) + f1(0) = 0}

Proof. It is clear that dom A coincides with the usual maximal domain con-
sisting of all functions f € L*(R) such that f and f’ are absolutely continu-
ous and —f” + ¢f belongs to L?*(R). Furthermore, the differential expression
—% +¢q is in the limit point case at =00 and hence Aisa selfadjoint extension
in L*(R) of the symmetric operator S in L?(R,).

In order to calculate the Straus extensions T()\), A € C \ R, of S corresponding
to A observe that —f” + qf — Af, f = {f4,f-} € dom A, can be identified
with an element in L?(R,) if and only if —f” + ¢_f_ = Af_ holds. Hence
f+ = P2,y f belongs to domT'(X) if and only if f_ is an L*(IR_)-solution of
—u” + g_u_ = Au_. Observe that

f-(@) = f-(0)(pr-(@) =r(Nr-(2)), zeR,

and hence f/(0) = —7(X\)f_(0). Therefore, if f = {fy,f-} € dom A and
f+ € domT'(\), then the function f, € Dy . satisfies the boundary condition

TN f+(0) = 7(A) f-(0) = —f2(0) = = f1.(0)

and T'(\) f+ = —fL 4+ q4 f+ holds. O
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