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We investigate some classes of eigenvalue dependent boundary value problems of the form
=X =k t(Nlof+Tif=0, f=(l)ear,

where A C AT is a symmetric relation in a Krein space C, 7 is a matrix function and I'g,T'; are
abstract boundary mappings. It is assumed that A admits a selfadjoint extension in /C which locally
has the same spectral properties as a definitizable relation, and that 7 is a matrix function which
locally can be represented with the resolvent of a selfadjoint definitizable relation. The strict part
of 7 is realized as the Weyl function of a symmetric operator 1" in a Krein space H, a selfadjoint
extension A of A x T in K x H with the property that the compressed resolvent Pic(A — \) ™| k
yields the unique solution of the boundary value problem is constructed, and the local spectral
properties of this so-called linearization A are studied. The general results are applied to indefinite
Sturm-Liouville operators with eigenvalue dependent boundary conditions.

Copyright line will be provided by the publisher

1 Introduction

The main objective of this paper is the investigation of a class of abstract boundary value problems
with boundary conditions depending on the eigenvalue parameter. For this let A be a closed symmetric
operator or relation of finite defect n in some Krein space I, let {C™,I'g,I"'1} be a boundary triplet for
the adjoint A*, and assume that 7 is an £(C")-valued function locally holomorphic in some open subset

of the extended complex plane which is symmetric with respect to the real line such that 7(\) = 7(A)*
holds for all A belonging to the set h(7) of points of holomorphy of 7. We study boundary value problems

of the following form: For a given k € K and A € h(7) find a vector f = (J{,/) € AT such that
f'=Af=k and  T\Tof+T1f=0 (1.1)

holds. Under additional assumptions on 7 and A, a solution of this problem can be obtained with the
help of the compressed resolvent of a selfadjoint extension A of A which acts in a larger Krein space.
Such a selfadjoint relation A is said to be a linearization of the boundary value problem (1.1). Based on
the idea of a coupling method developed in [15] (see also [29, 30]) we construct a linearization of (1.1)
and we study its spectral properties, which are closely connected with the solvability of this boundary
value problem.

In the case that A is a symmetric operator or relation in a Hilbert space and 7 is a Nevanlinna function
or a generalized Nevanlinna function, boundary value problems of the form (1.1) have extensively been
studied in a more or less abstract framework in the last decades (see e.g. [1, 11, 15, 20, 21, 23, 26, 45, 46)).
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2 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

Problems of the type (1.1) with symmetric operators and relations of defect one in Krein spaces and
special classes of scalar functions in the boundary condition were considered in [3, 7] and [10]. In [13]
and [14] symmetric operators or relations of infinite defect in Krein spaces and operator functions in the
boundary condition were allowed. Very general classes of locally holomorphic functions in the boundary
condition can be found in e.g. [14, 20] and [22].

Here we assume - roughly speaking - that A admits a selfadjoint extension in K which locally has the
same spectral properties as a definitizable operator or relation and that 7 is a matrix function which
locally can be represented with the resolvent of a selfadjoint definitizable relation. More precisely,
let Q be some domain in C symmetric with respect to the real line such that Q N R # () and the
intersections of €2 with the upper and lower open half-planes are simply connected. We will suppose
that the selfadjoint extension Ag := ker Ty of A is definitizable over Q, i.e., for every subdomain Q'
of Q with the same properties as €, Q/ C , there exists a selfadjoint projection E which reduces A
such that Ag N (EK)? is definitizable in the Krein space EKX and ' belongs to the resolvent set of
Ao N ((1 — B)K)2. With the help of approximative eigensequences or the local spectral function of Ag
the spectral points of Ag in @ NR can be classified in points of positive and negative type and critical
points, cf. [32, 36]. Furthermore, we assume that 7 is an £(C™)-valued locally definitizable function in
€, that is, for every domain €', ' C Q, 7 can be written as the sum of a definitizable function, see
[34, 35], and a function holomorphic on €. Similarly to selfadjoint operators and relations definitizable
over € the points in 2 NR can be classified in points of positive and negative type and critical points of
7. The well-known representation of Nevanlinna functions and generalized Nevanlinna functions with
the help of resolvents of selfadjoint operators and relations in Hilbert and Pontryagin spaces (see e.g.
[41]) was generalized to locally definitizable functions in [37], i.e., the locally definitizable function 7
can be minimally represented with a selfadjoint relation T definitizable over €', Q/ C €, in some Krein
space H such that the sign types of 7 and Ty coincide in €' NR.

Following the idea of the coupling method for the construction of the linearization A of (1.1) from [15]
we have to realize the function 7 in the boundary condition of (1.1) as the Weyl function corresponding
to a symmetric operator T' C Tp in ‘H and a boundary triplet for 7F. This is possible if the £(C™)-valued
locally definitizable function 7 is strict, that is,

m ker T(A) — T(.uO)* _ {0}

AEQNH(T) A= o

holds for some pg € h(7)NQQ, see Lemma 3.2 and Theorem 3.3. For matrix-valued generalized Nevanlinna
functions this is known from [17] and for scalar and matrix-valued local generalized Nevanlinna functions
from [7] and [8]. We emphasize, that the Weyl function corresponding to a boundary triplet of a
symmetric operator in a Krein or Pontryagin space is in general not strict, c¢f. Example 3.8. In the case
that 7 is a non-strict locally definitizable matrix function we show in Theorem 3.5 that 7 can be written
in the form

AHT(A)—@ TS(())\)>+S, s—(I ;)

where 75 is a strict £(C#)-valued locally definitizable function which is also minimally represented by the
relation Tp, s < n, and S is a symmetric matrix constant. With the help of a suitable (n—s)-dimensional
extension B of A and a boundary triplet {C*,T'§, '} for BT we rewrite the boundary value problem
(1.1) in the form

fr=Af=k 1 NSf+T5f =0, f:(f,)eB# (1.2)

The linearization A of the boundary value problem (1.1), (1.2) will be constructed in Theorem 4.3.
Here A is a finite dimensional perturbation in resolvent sense of the selfadjoint relation Ay x Ty in the
Krein space K x H. If the sign types of Ag and T are d-compatible in Q N R (see Definition 4.1), then
it follows that Ag x T is locally definitizable over €’ and a recent perturbation result from [4] implies
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that the linearization A is also locally definitizable over €' and its sign types are d-compatible with the
sign types of Ag and 7 in Q' NR.

This paper is organized as follows. In Section 2 we first provide some basic definitions and we recall the
definitions of locally definitizable selfadjoint relations and (matrix-valued) locally definitizable functions
as well as the concept of boundary triplets and associated Weyl functions. In Section 3 we show how
strict matrix-valued locally definitizable functions can be realized as Weyl functions corresponding to
symmetric operators of finite defect and suitable boundary triplets. Theorem 3.5 deals with the non-
strict case. A simple example of a symmetric operator of defect one in (C2,][-,:]) and a boundary
triplet where the corresponding Weyl function is not strict will be given at the end of Section 3. The
A-dependent boundary value problem (1.1) is studied in Section 4. First we introduce the notion of d-
compatibility of sign types of locally definitizable functions and locally definitizable selfadjoint relations
in Definition 4.1. The main result in Section 4 is Theorem 4.3. Here we construct a minimal linearization
A of the boundary value problem (1.1), (1.2) such that the compressed resolvent of A onto the basic space
yields the unique solution of (1.1), (1.2). In Theorem 4.5 we show that the eigenvectors corresponding
to an eigenvalue u of A yield solutions of the ”homogeneous” boundary value problem

fouf=0 and r(W)Tof +T1f=0, f—(ji)eA*.

We finish Section 4 with some special cases of Theorem 4.3. In Section 5 we formulate the main result
from Section 4 for the case that A has a selfadjoint extension which locally has the same spectral
properties as a selfadjoint operator or relation in a Pontryagin space and the function 7 is a strict local
generalized Nevanlinna function. Furthermore, in Theorem 5.2, we consider the “global” case, that
is, we assume that A is a densely defined operator in a Pontryagin space and 7 is a (not necessarily
strict) matrix-valued generalized Nevanlinna function. Finally we show in Section 6 that the general
results from Section 4 can be applied to singular indefinite Sturm-Liouville operators with A-dependent
interface conditions.

2 Locally definitizable relations and locally definitizable functions

2.1 Notations and definitions

Let (K,[-,-]) be a separable Krein space. We study linear relations in K, that is, linear subspaces of
K x K. For the elements in_a linear relation we use a vector notation. The set of all closed linear
relations in K is denoted by C(K). Linear operators in K are viewed as linear relations via their graphs.
For the usual definitions of the linear operations with relations, the inverse etc., we refer to [24]. The
direct sum of subspaces will be denoted by +. The linear space of bounded linear operators defined on
a Krein space K with values in a separable Krein space H is denoted by L(K, H). If K = H we simply
write £(KC). The elements of K x H will be denoted in the form {k,h}, k € K, h € H. K x H equipped
with the inner product [{k, h},{k',h'}] :== [k, k'] + [h, }'], k, k' € K, h,h' € H, is also a Krein space. If
S is a relation in /IC and T is a relation in H we shall write S x T for the direct product of S and T
which is a relation in I x H,

SxT = {(é‘f%) ‘ (;,) €s, (f,) € T} . (2.1)

For the pair ({{j";,}g on the right hand side of (2.1) we shall also write {3,1}, where s = (), {= (/).

For a linear relation S in K the adjoint relation S € C(K) is defined as

St = {(gg) 1,61 = 1£,9') for al (Jf) E s}. (2.2)

Note that (2.2) extends the definition of the adjoint operator. A linear relation S is called symmetric

(selfadjoint) if S C ST (resp. S = ST). The resolvent set p(S) of a closed linear relation S € C(K) is
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4 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

the set of all A € C such that (S — A)~! € £(K), the spectrum o (S) of S is the complement of p(S) in
C. The extended spectrum o(S) of S is defined by o(S) = o(5) if S € L(K) and ¢(5) = o(5) U {o0}
otherwise. A point A € C is called a point of reqular type of S € 5(IC), A e r(S),if (S—X)~!is a bounded
operator. We say that A € C belongs to the approzimate point spectrum of S, denoted by 04, (.5), if
there exists a sequence (y) € S, n=1,2,..., such that ||z,| = 1 and limy, . [y, — Azy|| = 0. The

extended approzimate point spectrum oq.p,(S) of S is defined by

5 _ oap(S)U{oc} if 0€ 04p(S™H)
ap(9) : {UGP(S) if 0¢ Uap(Sfl) .

We remark, that the boundary points of 5(S) in C belong to G, (S).

2.2 Locally definitizable selfadjoint relations

In the following we briefly recall the definition and some basic properties of locally definitizable self-
adjoint relations and a perturbation result on the stability of such operators and relations under finite
rank perturbations, see [4, 33, 36].

For this we first remind the reader on the notion of spectral points of positive and negative type
with respect to a selfadjoint relation Ay in the separable Krein space (K, [-,]), cf. [36, 44]. A point
A € 0qp(Ap) is said to be of positive type (negative type) with respect to Ao, if for every sequence
(yr) € Ao, n=1,2..., with [|z,]| = 1, lim, o |y — Azy|| = 0 we have

n

liminf [2,,,2,] >0 (resp. limsup [z,,2,] <0).

n—0oo n—o00
If 0o € G4p(Ap), 00 is said to be of positive type (negative type) with respect to Ay if the point 0 is of
positive type (resp. negative type) with respect to Ay 1 The set of all spectral points of positive type
(negative type) with respect to Ag will be denoted by o4 (Ag) (resp. o__(Ap)). An open subset A
of R is said to be of positive type (negative type) with respect to Ay if each point A € A NG(A) is of
positive type (resp. negative type) with respect to Ag. An open subset A of R is called of definite type
with respect to Ag if A is either of positive or of negative type with respect to Ayg.

Let in the following 2 be a domain in C symmetric with respect to the real line such that QNR #

and the intersections of € with the upper open half plane C* and lower open half plane C~ are simply
connected. The next definition can be found in [33], see also [36].

Definition 2.1 A selfadjoint relation Ag in the Krein space K is said to be definitizable over § if
o(Ap) N (N\R) consists of isolated points which are poles of the resolvent of Ay, no point of QNR is an
accumulation point of the nonreal spectrum of Ay in 2 and the following holds.

(i) Every point € QN R has an open connected neighborhood I 1N R such that both components of
I,\{p} are of definite type with respect to Ay.

(ii) For every finite union A, A C QNR, of open connected subsets there exists m > 1, M > 0 and an
open neighborhood U of A in Q such that

1(Ag = X)7H| < M1+ [A[)*™ 7 [Im A 7™
holds for all A € U\R.

By [36, Theorem 4.7] a selfadjoint relation Ay in K is definitizable over C if and only if Ag is
definitizable, that is, the resolvent set of Ag is non-empty and there exists a rational function r # 0
with poles only in p(Ag) such that [r(Ag)z,z] > 0 holds for all z € K. We refer to [43] for a detailed
investigation of definitizable operators, see also [25, §4 and §5].

It is also important to note, that a selfadjoint relation Ag in K is definitizable over 2 if and only if
for every domain 2’ with the same properties as Q,  C €, there exists a selfadjoint projection E in K
such that Ag can be decomposed in

Ao = (AN (EK)?) F (40 N ((1 = E)K)?), (2.3)
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where Ag N (EK)? is a definitizable relation in the Krein space EX and (A N ((1 — E)K)2) N QY =0
holds, cf. [36, Theorem 4.8]. We shall say that a selfadjoint relation Ay which is definitizable over 2
is of type my (type m_) over Q, if for every domain €', ' C €, in the decomposition (2.3) the space
(EK,[-,]) is a Pontryagin space with finite rank of negativity (resp. finite rank of positivity) and the
resolvent set of the selfadjoint relation Ag N (EK)? is nonempty.

The following theorem from [4] on finite rank perturbations in resolvent sense of locally definitizable

relations will be used frequently in Section 4. It is well known for selfadjoint relations which are
definitizable (over C), cf. [38].

Theorem 2.2 Let 2 be a domain as above, let Ay and By be selfadjoint relations in the Krein space
K such that p(Ag) N p(Bo) NQ £ 0, and assume that

dim(ran ((By — A) ™' = (Ag—A) 1)) <

holds for some X € p(Ap) Np(By). Then Ay is definitizable over Q if and only if By is definitizable over
Q. Moreover, if Ay is definitizable over Q and A C QNR is an open interval with endpoint j € QNR and
A is of positive type (negative type) with respect to Ay, then there exists an open interval A', A" C A,
with endpoint p such that A’ is of positive type (resp. negative type) with respect to By.

2.3 DMatrix-valued locally definitizable functions

In this section we recall the definition of matrix-valued locally definitizable functions from [37]. For this,
let Q be a domain as in Section 2.2 and let 7 be an £(C")-valued piecewise meromorphic function in Q\R
which is symmetric with respect to the real axis, that is 7(\) = 7(A)* for all points A of holomorphy of 7.
If, in addition, no point of 2 MR is an accumulation point of nonreal poles of 7 we write 7 € M™*"(Q).
The set of the points of holomorphy of 7 in Q\R and all points ;1 € QNR such that 7 can be analytically
continued to p and the continuations from Q2 NC* and QN C~ coincide, is denoted by b(7).

The following definition of sets of positive and negative type with respect to matrix functions and
Definition 2.4 below of locally definitizable matrix functions can be found in [37].

Definition 2.3 Let 7 € M™*"(2). An open subset A C QN R is said to be of positive type with
respect to 7 if for every x € C" and every sequence (uy) of points in 2 N C* N h(7) which converges in
C to a point of A we have

o >0
lllerr_l)loréf Im (7(p)z, ) >0

An open subset A € QN R is said to be of negative type with respect to 7 if A is of positive type with
respect to —7. A is said to be of definite type with respect to 7 if A is either of positive or of negative
type with respect to 7.

Definition 2.4 A function 7 € M™*™(Q) is called definitizable in Q if the following holds.

(i) Every point u € QNR has an open connected neighborhood I 1N R such that both components of
I,\{p} are of definite type with respect to 7.

(ii) For every finite union A of open connected subsets in R, A C Q2NR, there exist m > 1, M > 0 and
an open neighborhood U of A in C such that

[T\ < M1+ [A)>™ [Tm A[~™

holds for all A € U\R.

A function 7 € M™*"*(C) which is definitizable in C is called definitizable, see [36]. We note that
7 € M™"(C) is definitizable if and only if there exists a rational function g symmetric with respect to
the real axis such that the poles of g belong to h(7) U {oo} and g7 is the sum of a Nevanlinna function
and a meromorphic function in C, cf. [36]. For a comprehensive study of definitizable functions we refer

to the papers [34, 35] of P. Jonas. We mention only that the generalized Nevanlinna class is a subclass

Copyright line will be provided by the publisher



6 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

of the definitizable functions. Recall that a function 7 € M™*"(C) is called a generalized Nevanlinna
function if the kernel K,

™) —7(®)

j— )

K- (A p) = s

has finitely many negative squares, see, e.g., [41, 42].
In [37] it is shown that a function 7 € M™*™(Q) is definitizable in  if and only if for every domain
) with the same properties as 2, ' C Q, 7 can be written as the sum

T = To + 7(0) (2.4)

of an £(C")-valued definitizable function 79 and an L£(C")-valued function () which is locally holo-
morphic on €. We shall say that a locally definitizable function 7 € M™*"(Q) is a local generalized
Nevanlinna function in §) if for every domain €', @/ C Q, the function 79 in the decomposition (2.4) is
an L£(C")-valued generalized Nevanlinna function.

The following theorem from [37, §3.1] establishes a connection between selfadjoint relations which
are locally definitizable (selfadjoint relations which are locally of type my) and L£(C")-valued locally
definitizable functions (resp. £(C")-valued local generalized Nevanlinna functions).

Theorem 2.5 Let Q2 be a domain as above and let Ay be a selfadjoint relation in the Krein space
K which is definitizable over Q0 (of type my over Q). Let v € L(C",K) and S = S* € L(C"), fiz some
point Ao € p(Ap) and define

T(A) =S+ 7T (A —Re Xo) + (A = Xo) (A — Xo)(Ag — A) )y

for X € p(Ag). Then the function T is definitizable in €2 (resp. a local generalized Nevanlinna function
in Q). Moreover, if an open subset A C QNR is of positive type (negative type) with respect to Ag, then
A is of positive type (resp. negative type) with respect to T.

The next theorem states that a locally definitizable function (a local generalized Nevanlinna function)
can be minimally represented with a locally definitizable selfadjoint relation (resp. a selfadjoint relation
which is locally of type 7). A proof can be found in [37].

Theorem 2.6 Let 7 be an L(C™)-valued function which is definitizable in  (an L(C™)-valued local
generalized Nevanlinna function in ) and let Q' be a domain with the same properties as Q, Q' C Q.
Then there exists a Krein space H, a selfadjoint relation Ty in H which is definitizable over Q' (resp.
of type w4 over ') and a mapping v € L(C™,H) such that (a)-(d) hold.

(a) p(To) NS = h(r) N Y.
(b) For a fized Mg € p(To) N Q' and all X € p(Ty) N QY
7(A) = Re 7(Xg) + 7" ((A = Re Ag) + (A = Xo) (A = o) (To — A) 1)y (2.5)
holds.
(¢) The minimality condition
H=clsp{(1+A=X)(To —A) ")y z|A€p(Tp)NY, z € C"} (2.6)
18 fulfilled.

(d) An open set A of R, A C Q' NR, is of positive type (negative type) with respect to T if and only if
A is of positive type (resp. negative type) with respect to Ty.

If 7 and T are as in Theorem 2.6 we shall say that Tj is a minimal representing relation for 7.
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2.4 Boundary triplets and Weyl functions

Let (K, [-,]) be a separable Krein space with corresponding fundamental symmetry J and let A € C(K)
be a closed symmetric relation. We say that A is of defect m € Ny U {oo}, if the deficiency indices

ny(JA) = dimker((JA)* F i)

of the symmetric relation JA in the Hilbert space (K,[J-, ]) are equal to m. We note that this is
equivalent to the fact that there exists a selfadjoint extension of A in K and that each selfadjoint
extension A of A in K satisfies dim(/l/A) =m.

We shall use the concept of boundary triplets for the description of the symmetric and selfadjoint
extensions of closed symmetric relations in Krein spaces. The following definition is taken from [14].

Definition 2.7 Let A be a closed symmetric relation in the Krein space K. We say that {G, o, T'1}
is a boundary triplet for AT if G is a Hilbert space and there exist mappings I'g,I'; : AT — G such that
r.= (E‘;) : AT — G x G is surjective, and the relation

[f'9] = [f,4'] = (T1.T0g) — (Tof.T14) (2.7)

holds for all f = (1),g= () € A*.

In the following we briefly recall some basic facts on boundary triplets which can be found in e.g.

[13] and [14]. For the Hilbert space case we refer to [18, 19, 28]. Let A € C(K) be a closed symmetric
relation in K and let A € r(A) be a point of regular type of A. Then the defect subspace of A at A is

Nya+ = ker(AT — \) = ran (A — )
and we define

Naar = {({3) [ fr € Naar} (2.8)

When no confusion can arise we will simply write Ny and Ay instead of N \a+ and N \a+. If there
exists a selfadjoint extension A of A in K such that p(A) # 0, then we have

AT =AT N, (2.9)

for all A € p(A) and there exists a boundary triplet {G,,I'1} for AT such that kerT'g = A, cf. [14].

Let in the following A, {G,T, 1} and T be as in Definition 2.7. It follows that the mapping " and
the mappings I'g and I'; are continuous, A = ker I" and the extensions Ag := ker 'y and A; := kerI'y of
A are selfadjoint. The mapping I" induces, via

Ao :=TVe={feAr|TfecO}, ©€cC(Q), (2.10)

a bijective correspondence © — Ag between the set of all closed linear relations C| (G) in G and the set
of closed extensions Ag C A" of A. In particular (2.10) gives a one-to-one correspondence between the
closed symmetric (selfadjoint) extensions of A and the closed symmetric (resp. selfadjoint) relations in
G. In the special case that © is a closed operator in G the corresponding extension Ag of A is determined
by

Ao = ker(I'y — OT). (2.11)

Assume now that p(Ap) is nonempty and denote by m; the orthogonal projection onto the first
component of K x K. Then At = Ay F N, for every A € p(Ap) and the operators

YA =m (To|N2) " e £(G,K)  and  M(N) =T (To|N2) ™ € £(G)
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8 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

are well defined. The functions A — «(A) and A — M () are called the v-field and the Weyl function
corresponding to the boundary triplet {G,I'g,I'1}. v and M are holomorphic on p(Ap) and the relations

Q) =1+ (C=N(A=)7)y(A) and M) =M ()" = (A=W (2.12)

hold for all A\,{ € p(Ap). With the help of the Weyl function the spectral properties of the closed
extensions Ag C A" of A can be described. For a proof of the next theorem see, e.g., [14].

Theorem 2.8 Let A be a closed symmetric relation in the Krein space K and let {G,Ty,T'1} be a
boundary triplet for AT. Assume that Ag = kerT'g has a nonempty resolvent set and let v and M be
the y-field and Weyl function corresponding to {G,To,I'1}. If © € C(G) and Ag is the corresponding
extension of A via (2.10), then a point A € p(Ag) belongs to p(Ae) (0:(Ae), i = p,c,r) if and only if
the point 0 belongs to p(© — M (X)) (resp. 0;(© — M(X)), i =p,c,r) and the formula

(Ao —A) "= (Ag = N+ (N (0 = M)y (N)* (2.13)

holds for all A € p(Ap) N p(Ae)

Let again A € C(K) be a symmetric relation and let {G, T, T'1} be a boundary triplet for A", assume
that Ay = kerI'g has a nonempty resolvent set and let v and M be the corresponding 7-field and Weyl
function, respectively. For a fixed A\g € p(Ap) it follows from (2.12) that

M(A) = Re M(X0) +7(A0) " (A = Re Xo) + (A = Ao) (A = R0) (Ao = ) 71) (M) (2.14)
holds for all A € p(Ap). If, in addition, the symmetric relation A has the property

K = clsp (N3 | A € p(A0)}.
then Ag fulfils the minimality condition

K =clsp {(1+(A—X0)(Ao — A) " Hv(Xo)z| A € p(Ap), z € G}.

Note that in this case A is automatically an operator without eigenvalues.

3 Realization of matrix-valued locally definitizable functions as Weyl func-
tions

Let A be a closed symmetric relation of finite defect n in the Krein space K and assume that A has a
selfadjoint extension Ay in K which is definitizable (of type 7) over some domain 2 as in Section 2.2.
Then there exists a boundary triplet {C", Ty, I';} for AT such that Ay = ker 'y and by relation (2.14)
and Theorem 2.5 the corresponding Weyl function is an £(C™)-valued function which is definitizable in
Q (resp. an L£(C™)-valued local generalized Nevanlinna function over ).

In this section we shall show that each £(C™)-valued locally definitizable function can be written as the
sum of a symmetric matrix constant and a “smaller” £(C#)-valued locally definitizable function, s < n,
which has an additional property such that it can be represented as the Weyl function corresponding to
a suitable boundary triplet of some symmetric operator of defect s. The following considerations hold
in particular for (local) generalized Nevanlinna functions. For brevity we formulate most results in this
section only for locally definitizable functions.

Definition 3.1 Let 7 be an £(C")-valued function which is definitizable in Q. We shall say that 7
is strict if

(| ker T = 7lHo)” {0} (3.1)

AED(T)NQ A =T
holds for some g € h(7) N Q.
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If A\ € h(7) NQ and U,, is an open neighborhood of A1, Uy, C h(7) N, then it follows from the
holomorphy of 7 in h(7) N € that in the intersection in (3.1) the set h(7) N €2 can be replaced by the
smaller set Uy, UUS , where U3 = {A € C| X € Uy, }. Moreover, if (3.1) holds for a point o € h(7) N,
then (3.1) holds also for g replaced by an arbitrary point puq € h(7) N Q.

For a Nevanlinna function 7 the property (3.1) is equivalent to the invertibility of Im 7(\) for all
A € C\R. It is well known that every Nevanlinna function 7 (which can be operator-valued) with the
property 0 € p(Im 7(A1)) for some (and hence for all) Ay € C\R can be realized as the Weyl function
of some boundary triplet, see e.g. [18, Theorem 1]. In order to realize an operator-valued Nevanlinna
function 7 with the property 0 ¢ o,(Im 7(\1)) as a “Weyl function”, so-called generalized boundary
triplets were introduced in [19]. Recently V.A. Derkach, S. Hassi, M.M. Malamud and H.S.V. de Snoo
developed in [16] the more general concept of a boundary relation for a symmetric relation in a Hilbert
space. In this framework it is possible to realize every Nevanlinna family as a so-called Weyl family
corresponding to a boundary relation.

For generalized Nevanlinna functions the notion strict defined above can be found in [17]. By [17,
Proposition 3.1] a matrix-valued generalized Nevanlinna function with this additional property is a Weyl
function corresponding to a symmetric operator in a Pontryagin space and a suitable boundary triplet
for its adjoint. Here we obtain this result as a special case of Theorem 3.3 in Corollary 3.4.

In the next lemma we show that in a minimal representation (see Theorem 2.6) of a strict locally
definitizable function the mapping +’ is always injective and that a strict function does not ”contain” a
nontrivial constant part.

Lemma 3.2 Let 7 be an L(C™)-valued function which is definitizable in Q. The following assertions
(1)-(iv) are equivalent.

(i) The function T is strict.

(ii) There exists a minimal representation of T of the form (2.5)—(2.6) such that the mapping ' is
imjective.

(iii) In every representation of the form
7(A) =Re 7(Xo) + 7T (A = Re Ag) + (A = o) (A — Xo)(So — N) )7,
where Sy is a selfadjoint relation in some Krein space H, p(So)NQ £ 0 and Mo, A € p(So) NQ, the
mapping 5 € L(C™, H) is injective.
(iv) If 8" is an operator in C" such that S C 7(A) holds for all A € h(7) N Q, then dom S” = {0}.
Proof. (i) = (iii) : Assume that condition (3.1) is fulfilled for some g € h(7)NQ. It is no restriction
to assume that o belongs to p(Sp). A straightforward calculation shows that
T(A) —7(ko)”
A —Tig
holds for all A € h(7) N p(Sp) N Q. Hence 7 is injective.

=3 (1470 —20) (So—T0) 1) (1+(A=20) (So—A) )7

The implication (iii) = (ii) evidently holds.
(ii) = (i) : Assume that 7 is not strict, i.e. for all ug € h(r) N QY there exists some z,, # 0 such that
)\ _ *
Ty, € ker (T()T(uo)>
A —Tig

holds for all A € h(7) N Q. Let Q' be a domain as 2, ' C Q, and let 7 be represented in the form
(2.5)—(2.6) with v/ € L£(C",’H) and a selfadjoint relation Ty in H which is definitizable over Q. Setting

o = Ao we obtain from this representation

0= (M= ar ) = (14 (= )T = 0, 0)

= [Yzx,, 1+ A= 20)(To — A~ )y]
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10 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

for all y € C™ and all A € h(7) N Q. The minimality condition (2.6) implies 7'z5 = 0 and therefore v’
is not injective.

(i) & (iv) : If 7 is not strict there exist u,v € C", u # 0, such that 7(A)u = v holds for all A € h(7)NQ.
Setting dom S” = sp {u} and S’'(au) = ar(A)u, a € C, we find that (iv) does not hold. Conversely,
if there exists an operator S’ such that dom S’ # {0} and S’z = 7(A)x for all x € dom S’ and all
A€ h(7)NQ, then

re () ke ZN =T

Aeh(r)NQ A =g

holds for every po € h(7) N 2. Hence 7 is not strict. O

The next theorem states that a strict matrix-valued locally definitizable function 7 can be realized as
the Weyl function corresponding to a symmetric operator and suitable boundary triplet. In the special
case that 7 is a scalar function which is not equal to a constant Theorem 3.3 was proved in [3], see also
[7], and a proof for matrix-valued local generalized Nevanlinna functions was given in [8]. Although the
proof here is completely analogous we give a short sketch for the convenience of the reader.

Theorem 3.3 Let 7 be a strict L(C™)-valued function which is definitizable in 2, let Q' be a domain
with the same properties as 2, ¥ C Q, and let T be represented as in (2.5)~(2.6) by a selfadjoint relation
To which is definitizable over Q). Then there exists a closed symmetric operator T C Ty of defect n and
a boundary triplet {C", T}, T} for TT, Ty = ker Ty, such that T coincides with the corresponding Weyl
function on €.

For L£(C")-valued generalized Nevanlinna functions Theorem 3.3 yields the following corollary (cf.
[17, Proposition 3.1]).

Corollary 3.4 Let 7 be an L(C™)-valued strict generalized Nevanlinna function. Then there exists
a closed symmetric operator T of defect n in a Pontryagin space with finite rank of negativity and a
boundary triplet {C™, T4, T} for T such that T is the corresponding Weyl function.

Proof of Theorem 3.3. Let 7 be represented by a selfadjoint relation Tj in a Krein space H as in
(2.5)—(2.6). For all A € h(7) N’ and a fixed Ao € h(7) N we define the mapping

Y'(A) = (1+ A=) (To — A1)y € L(C"H). (3.2)
Then we have 7'(A\g) =+ and 7/(¢) = (1 4+ (¢ = A\)(To — )~ 1)/ (A) for all A\, ¢ € h(r) N Q. For some
w € h(7) N QY we define the closed symmetric relation

T = {(g) € To|lg— 7f,7/ (wh] = 0 for all he cn} (3.3)

in H. Note that T has defect n and does not depend on the choice of u € h(7) N Q. We have
Ny 7+ =ran+'()\) and the minimality condition (2.6) implies H = clsp {N 7+ | A € p(To) NQ'}. As T
is strict and Tp is a minimal representing relation for 7 by Lemma 3.2 1" € £L(C™,H) is injective. Since
the operator 1+ (A —Xg)(Tp — A) ! is an isomorphism of Ny, 7+ onto N, 7+ the mapping 7/()) in (3.2)
is an isomorphism of C" onto N, r+. The inverse of this mapping is denoted by (AN,

We write the elements f € T, for some fixed A € h(7) N €Y', in the form

; f0> < i >
= —|— s
/ <f6 A
where (;Z) €Ty and fx € Ny 1+ (see (2.9)). Let 'y, I} : Tt — C™ be the linear mappings defined by

Tof =2/ NV and TLf =9/ O)F(ff = Mo) + 707 (VD fa.

One verifies that the definition of I'y and I'; does not depend on the choice of A € h(7) N, and the
same calculation as in [7, Proof of Theorem 3.3] shows that {C™,T',T'1} is a boundary triplet for 7.
Then it is easy to see that the corresponding Weyl function coincides with 7 on §(7) N Q. O
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In the next theorem we show that a non-strict locally definitizable matrix function can be written as
the sum of a “smaller” strict function and a symmetric matrix constant. Note, that by Lemma 3.2 a
non-strict function 7 contains a nontrivial symmetric operator S’.

Theorem 3.5 Let 7 be a non-strict L(C™)-valued function which is definitizable in 2 and not equal
to a constant. Let Q' be a domain with the same properties as Q, ' C Q, and let T be represented as in
(2.5)—(2.6) by a selfadjoint relation Ty which is definitizable over Q. Then the following holds.

(i) There exists a decomposition C"* @ C* of C", s € {1,...,n — 1}, a strict L(C®)-valued function
Ts which is definitizable in Q and a symmetric S € L(C™) such that

T(A)—<8 TS(())\)>+S, S—C ;) Xeb(r)Ne,

holds with respect to the decomposition C"~* @& C*, where

cn—s = m ker T()‘) — T(Mo)*

Q.
A_ﬁo ) Moéh(T)m

Aeh(T)NQ
(ii) For the symmetric operator S’ := S | dom S’, dom S’ := C" %, the relation
7(A) [ dom S’ = S
holds for all X € h(17)NQ. The operator S’ is mazximal in the sense that S C T(\) for all X € h(7)NQ
implies S” C S’.
(iii) Let w be the orthogonal projection in C™ onto C* and let ¢ be the embedding of C* in C™. Then
7o(A) = 77 (A)e = Re 75(Ao) + (70) T (A= Re Ag) + (A = A)(A = X0)(To — A) ")yt (3.4)
holds for Ao, A € h(7) N Q' and the minimality condition
H=-clsp{(1+A=X)(To—N) ")V eyl A€ p(Tr) N, y € C*} (3.5)
is fulfilled.

(iv) There exists a closed symmetric operator T C Ty of defect s and a boundary triplet {C*, T4, T} for
T+, To = ker Ty, such that 75 coincides with the corresponding Weyl function on €.

Proof. (i) Since 7 is not strict there exist elements z1,c¢; € C", ||z1]| = 1, such that 7(A\)z1 = ¢1
holds for every A € h(7)NQ. We choose ya, . .., y, € C" such that {z1,ys,...,y,} forms an orthonormal

basis in C™. With respect to this basis we conclude from 7(A) = 7(A)*, A € h(7) N Q, that 7 has the
form

0 0 (6171"1) (y2701) (yn;cl)
' (c1,92) o - 0
7-(/\) =|: To1(N) + . : . y AE f)(T)ﬂQ,
0 : : :
(cyn) O - 0
where 7,1 is an £(C""!)-valued function which is definitizable in €.

If 7,,—1 is not strict this consideration can be repeated with suitable elements x2,ca € sp {y2,...,yn}
such that 7,_1(A)za = g for A € h(m) NQ and ||z2]| = 1. Let {x2, 23,...,2,} be an orthormal basis in
C" ! =sp {ya2,...,yn}. Then, with respect to the orthonormal basis {x1,z2, 23, ..., 2}, the function
7 has the form

O 0 0 (0171‘1) (Jz‘Q,Cl) (Z3)Cl) (Zn,61)

O O O (0171‘2) (CQ,$2) (Z3)C2) (Z’naCQ)
T(A) — . . + (Cl, 23) (CQ, 23) 0 e 0 ,

. N Tn72(>\) . . . .

00 (c12) (ezza) O 0

Copyright line will be provided by the publisher



12 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

A € h(1) N Q, where 7,,_» is an £L(C"?)-valued locally definitizable function. By repeating this consid-
eration we obtain an orthonormal basis

{xla co sy Pp—sy Bn—s+1y- - .,Zn}

in C", 1 < s <n—1, subspaces

C" % i=sp{x1,...,Tp_s}t = ﬂ ker
AED(T)NQ

and C* :=sp {Z,—s41,- .., 2n}, astrict L(C?)-valued locally definitizable function 75 and S1; € L(C"~#),
S = Sfl’ Sio € £((C”_S,(CS) such that

W= (5 ) w5 5= (5 ) 2ewnn

holds with respect to the decomposition C*~* ¢ C*.

(ii) The operator S’ := (gg ), dom S’ = C"*, is symmetric in C™ and the function 7 restricted to

dom S’ coincides with S’. If §” is a symmetric operator in C"™ with S C 7()) for all A € h(7) N, then
dom S” is a subset of C"~* and S” coincides with S’ on dom S”. Therefore S’ is maximal.

(iii) Since 7 is represented as in (2.5) by a selfadjoint relation Ty which is definitizable over Q' it follows
that Tp is also a representing relation for 74 and (3.4) holds. In order to verify the minimality condition
(3.5) we show that x € C™ belongs to ker~’ if and only if 7z = 0. For x € ker+’ we conclude from (2.5)
T(AN)z = Re 7(Xo)z for all A € h(7) N Q' and therefore = belongs to

ﬂ ker M =C"*, (3.6)
AED(T)NQY A =T

i.e. mx = 0. Conversely, if 7z = 0, then x belongs to the set (3.6). But then x belongs also to the set
(3.6) with pg replaced by Ag. As in the proof of (ii)=(i) in Lemma 3.2 we conclude from

- (T

D=0y ) = [ (L4 (= Aa)(Ta — )]

and the minimality condition (2.6) that x belongs to ker’. Now the condition (3.5) follows from the
minimality condition (2.6).
(iv) This assertion is a consequence of Theorem 3.3 applied to the minimal representation of the function

7s from (iii). d

Remark 3.6 Let 7 be an £(C")-valued Nevanlinna function. Since ¢(n) =i(1—n)(1+n)"!, n €D,
maps the open unit disc D onto the upper halfplane C* and Im 7(\) > 0, A € C", the function

U:D— L(C"), 1w (r(pm) —i)(rlem) +i)~"

is a contractive analytic function. It is well known (cf. [27, §5, Proposition 2.1]) that there exist
uniquely determined compositions C" = Gy & Go and C" = G| & G} such that n — U(n) [ G1 : G1 — G1,
n € D, is a unitary constant and 1 — U(n) [ G2 : G2 — G} is a purely contractive function. We regard
V:=U() | Gi, dom V = G, as an isometric operator in C" with ran V = Gj. Asn — U(n) | Go is
purely contractive it follows that V' C U(n) is maximal. Since

T(em) =i(1+Um)(1-Um)~", neb,

and S :=i(14 V)(1—V)~! is symmetric and § C 7()) for all A € C\R it follows that S coincides with
the symmetric operator S’ from Theorem 3.5.
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We finish this section with a simple lemma that gives a criterion for a Weyl function corresponding
to a boundary triplet of a symmetric relation to be strict. Furthermore we give an example of a
boundary triplet for a symmetric operator of defect one in a two-dimensional Pontryagin space where
the corresponding Weyl function is equal to zero and hence in particular not strict.

Lemma 3.7 Let A be a closed symmetric relation of finite defect n in the Krein space K and let
{C™, Ty, Ty} be a boundary triplet for AT. Assume that the selfadjoint relation Ag = ker T is definiti-

zable over Q and that the condition K = clsp {N\ | X € p(Ap) N Q} is fulfilled. Then the Weyl function
M corresponding to {C™,T'y,T'1} is strict.

Proof. If the Weyl function M would not be strict, then for every point g in p(Ag) N there would
exist a nonzero element

Ty, € ﬂ ker w.

AEp(Ao)NQ A= fio

Let v be the y-field corresponding to {C", Ty, T';} and fix some \g € p(A4g) N Q. Setting g = Ao and
making use of (2.12) we would obtain

_ (M) - M(N)
0_< X— Xo :

xxo,y> = YNz, vKo)y] = [v(No)zx,, YN)y]
for all y € C™ (cf. the proof of Lemma 3.2). Now
K = clsp {N5| X € p(Ag) NQ} = clsp {7v(N)y| A € p(4g) N, y € C"}
would imply v(Ao)zx, = 0 and we would get 25 = 0. O

Example 3.8 We equip C? with the indefinite inner product [, -] := (J-,-), where J = ((1) (1)) and
(+,-) is the usual scalar product. Then

By = <8 é) € £(C?)

is selfadjoint in the Pontryagin space (C2,[-,-]) and for every A € C\{0} we have

(By— \)~! = (‘%1 :ij) € £(C).

Let Ag € C\{0}, 7, := (1,0)T € C? and define for A € C\{0}

¥(A) : C — C?, cr (T4 (A =20)(Bo—A) e =c (%,0)?

From

A
YT C* = C, (w1,22)" — fol”m n € C\{0},
we obtain y(u)Ty(A) = 0 for all A\, u € C\{0} and
Y (A=Re Xo) + (A= X0)(A = X0)(Bo = A) ")y, = 0.
Consider the closed symmetric operator
B := By | dom B, dom B = {(z1,22)" € C*|z5 = 0}.
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14 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

Then we have N, g+ = ran y(\) for all A € C\{0} and hence B has defect one and N, p+[L]N,, g+
holds for all A, u € C\{0}. For a fixed A € C\{0} and f) := (%,0)T € N, g+ we write the elements
f,4 € BT in the form

;o f f o g f
I= <BO(}0> e ()‘J?A> I <Boogo> o <>\Ji\)\> o Jo,g0 e aBeC,

see (2.9). We claim that {C,Tg,T'1}, where
Tof :=a and Tif :=~(\) " (Bo—N)fo,

is a boundary triplet for BT. In fact, if f ,G € BT are as above, then the selfadjointness of the operator
Bo, Ny p+[LINy g+ and y(A)1 = f imply

[Bofo+ aXfx, go + Bx] — [fo + afx, Bogo + BASfA]
= [(Bo = N)fo, Bf2] — [efr, (Bo — A)go]
= (YO (Bo = X) fo, ) = (0, 7(A\) T (Bo = X)go) = (T'1f, Tog) — (Tof,T19)

and the surjectivity of I' = (F ) follows from \ € p(By). Furthermore it is not difficult to check that the
definition of the mapplngs I’y and T'; does not depend on the choice of the point A € C\{0}. Hence it
follows from I‘lf# =0, f# € Nu B+, b € C\{0}, that the Weyl function 7 corresponding to the boundary
triplet {C,T'o,T'1} is identically equal to zero.

4 Boundary value problems with matrix-valued locally definitizable func-
tions in the boundary condition

In this section we consider a class of abstract boundary value problems with boundary conditions
depending on the eigenvalue parameter. Let A be a closed symmetric relation of finite defect n in the
Krein space K, let {C",Tg,I'1} be a boundary triplet for AT and let 7 be an L£L(C")-valued locally
definitizable function. We investigate problems of the following form: For a given vector £ € K and
Aeh(r) find f; = ( ) € A™ such that

fi=Ai=k and  7(MNDofi +T1f1 =0 (4.1)

holds. Under suitable assumptions a solution of this problem can be obtained with the help of the
compressed resolvent of a selfadjoint extension Aof Aina larger Krein space KC x H. Such a selfadjoint
relation A is said to be a linearization of the boundary value problem (4.1). As the spectral properties
of A are closely connected with the solvability of (4.1) we investigate the spectrum of A. If, eg., A
has a locally definitizable selfadjoint extension Ag in K such that the sign properties of 7 and the
spectral properties of Ag are “similar” (see Definition 4.1) we show in Theorem 4.3 that Ais also locally
definitizable. Theorem 4.3, Theorem 4.6 — 4.7 and Theorem 5.1 — 5.2 in the next section extend results
obtained with the help of the coupling method in [15] for a symmetric operator A in a Hilbert space
and a Nevanlinna function 7 in the boundary condition. We note that problems of the type (4.1) with
scalar locally definitizable or scalar local generalized Nevanlinna functions were already treated in [3, 7],
see also [10] for some more concrete problems involving indefinite Sturm-Liouville operators.

For the case that the £(C")-valued function 7 in (4.1) is equal to a selfadjoint constant the boundary
value problem can be solved with the help of the resolvent of a canonical selfadjoint extension of A.
Let Q = Q* be a domain as in the beginning of Section 2.2 and assume that the selfadjoint relation
Ap = kerT'y is definitizable over 2. Denote by v and M be the 7-field and Weyl function corresponding
to the boundary triplet {C",T5,T'1 } and assume that the function A — det(M(A) 4+ 7) is not identically
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equal to zero in 2. By Theorem 2.8 the resolvent of the selfadjoint extension A_, := ker(rI'g +I'y) of
A in K corresponding to the selfadjoint operator —7 via (2.10), (2.11) has the form

(Aor = 27" = (Ao = N7 =y (M) +7) ()

for all A belonging to h(M) N h((M + 7)~1). Since Ap is definitizable over  and has finite defect
Theorem 2.2 implies that A_, is also definitizable over Q. Setting fi; := (A_, — \) "'k we see that

fr= <>\f1fl+k) €A

is a solution of (4.1) with A — 7(\) = 7. For A € h(M) N h((M + 7)~!) this solution is unique, since if

91 = (xgvx) € AT is also a solution of (4.1), then we have fi—a € N, a+ and
0=1To(fi — 1) +T1(fi —in) = (r+ M(A))To(f1 - 1)

implies fi — g1 € Ag NN 4+, hence, by (2.9), fi = §1.

In the sequel we shall often assume that the sign types of selfadjoint relations which are locally
definitizable over Q, and locally definitizable functions in € coincide outside of a discrete set in Q N R.
A notion for this concept will be introduced in the following definition, cf. [3].

Definition 4.1 Let A; and A be selfadjoint relations which are definitizable over Q and let 7; and
T2 be L(C™)-valued locally definitizable functions in 2. We shall say that the sign types of A1 and Ay
(Ay; and 71, 71 and T3) are d-compatible in Q if for every u € QN R there exists an open connected
neighborhood I,, C 2NR of y such that each component of 1,,\{x} is either of positive type with respect
to Ay and Ay (A7 and 71, 71 and 72) or of negative type with respect to A; and A, (resp. A; and 74,
T1 and 7'2).

If 7 is an £(C")-valued locally definitizable function in Q, Q' is a domain as Q, ' C €, and Ty is
a minimal representing relation for 7 which is definitizable over ', then the sign types of 7 and Tj
are d-compatible in Q' (see Theorem 2.6). A more instructive example is the d-compatibility of the
sign types of local generalized Nevanlinna functions in Q and arbitrary selfadjoint relations which are
of type m4 over 2. An example of d-compatibility of the sign types of selfadjoint relations A; and A,
follows from Theorem 2.2, that is, if As is a finite dimensional perturbation in resolvent sense of the
locally definitizable relation A;, then As is also locally definitizable and the sign types of A; and As
are d-compatible.

For the case of symmetric relations of defect one and scalar locally definitizable functions the following
lemma reduces to [3, Proposition 3.5].

Lemma 4.2 Let A be a closed symmetric relation of finite defect n in the Krein space K and let
{C™,Ty,T1} be a boundary triplet for AT with corresponding Weyl function M. Assume that Ag = ker Ty
is definitizable over Q and let T be an L(C™)-valued definitizable function in Q such that the sign types
of T and Ay are d-compatible in Q. Let Q' be a domain with the same properties as Q, ' C Q, and
let Ty be a minimal representing relation for T in some Krein space H (see Theorem 2.6). Then the
following holds.

(i) The selfadjoint relation Ag X Ty in K x H is definitizable over ' and the sign types of Ay x Tp,
Ag, Ty and the functions M and T are pairwise d-compatible in €Y.

(ii) The function M + 7 is definitizable in Q and the sign types of M + T are d-compatible with the sign
types of M and T.

Proof. (i) Since Ay and Ty are definitizable over Q and ', respectively, their resolvents satisfy the
growth condition in Definition 2.1 (ii), and hence this conditionwith  replaced by €’ holds also for the
resolvent of Ay x Ty. By Theorem 2.6 the sign types of 7 and Ty are d-compatible in €’. Therefore, for
every 1 € Q' NR there exists an open connected neighborhood 1, p of pin R such that each component
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16 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

of I,\{u} is of the same sign type with respect to Ay and Ty. Hence Ay x Ty is definitizable over Q.
It follows from relation (2.14) and Theorem 2.5 that the Weyl function M is locally definitizable over
Q and that the sign types of Ay and M are d-compatible in 2. Thus the sign types of Ag x Ty, Ao, To
and M and 7 are pairwise d-compatible in €’.

(ii) By (i) the sign types of M and 7 are d-compatible in 2, hence every point p € Q N R possesses an
open connected neighborhood I, in R such that each component of I,,\{x} is of the same sign type with
respect to M and 7. It follows from Definition 2.3 that the sign types are the same with respect to the
function M + 7. The growth properties of M and 7 near to open connected subsets A, A C QNR, (see
Definition 2.4 (ii)) imply that M + 7 fulfils the second condition in Definition 2.4 and therefore M + 7
is definitizable in €. O

The next theorem is the main result of this section. We construct a linearization A of the boundary
value problem (4.1) and investigate its spectral properties. A special feature here is that we do not
assume that the matrix function 7 in the boundary condition of (4.1) is strict (see Theorem 4.6 for the
special case that 7 is strict).

Theorem 4.3 Let A be a closed symmetric relation of finite defect n in the Krein space K and
assume that there exists a selfadjoint extension Ay of A which is definitizable over Q. Let {C™, Ty, T}
be a boundary triplet for AT, Ag = ker g, and denote by v and M the corresponding v-field and Weyl
function, respectively.

Let T be an L(C™)-valued function which is definitizable in Q and not equal to a constant and assume that
the sign types of T and Ag are d-compatible in Q. Choose s € 1,...,n, a strict L(C?)-valued function
Ts and a symmetric S € L(C™) such that

T(A)=<8 Ts(()A)>+S’ SZC ;) Aeb(r)nQ,

holds with respect to the decomposition C* = C"* @ C* (¢f. Theorem 3.5). Let Q' be a domain as
Q, O C Q, and choose a closed symmetric operator T in a Krein space H and a boundary triplet
{Cs, T4, T} for T such that 4 is the corresponding Weyl function and Ty = kerTy is a minimal
representing relation for T, which is definitizable over €V'.

Let 7 be the orthogonal projection in C™ onto C*° and let v be the embedding of C* in C™. Assume that
the functions \ — det(M(X) + S) and A — det(m(M()\) + S)~1i) are not identically equal to zero in 2.
Let

M,(\) == (x(M(A) +9) 1), (4.2)
suppose that the function \ — det (MS()\) + TS()\)) is not identically equal to zero in Q0 and define

bo = b(M,) Nh(rs) NH((M, + 7).

Then the relation
A={{fi,} € A*x TH (1= m)(STo+T1)f1 = 0,

X . . R (4.3)
W(SFO —+ Fl)fl — Fllfg = 7TFQf1 + F6f2 = 0}

is a selfadjoint extension of A in KKxXH which is definitizable over Q' the sign types ofg are d-compatible
with the sign types of Ag and 7 in Q' and A fulfils the minimality condition

K x M = clsp {K,(A— X" x| A€ p(A) nQ'}. (4.4)

The set U\(R U bg) is finite. For every k € K and every A € ho N the unique solution of the
A-dependent boundary value problem

f{ — A1 =k, T(A)Foﬂ + Flfl =0, fl = (2) S A+, (4.5)
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is given by
fr = Pe(A=X) "k, 0} = (Bo = A) "k — 75 () (My(A) + 7s(V) 7N Tk,
(4.6)
f1=A1+k,
where
By = {fi € A" | aTofi = (1 = m)(STo +T1)f1 = 0} (4.7)

s a selfadjoint extension of A in IC which is definitizable over 2, v, is the analytic continuation of the
function X\ — y(A\)(M(X) + S)"LeMs(N) onto h(M;) and Py is the orthogonal projection onto the first
component of IC x 'H.

Proof. 1. In this first step of the proof we define a symmetric intermediate extension B of A,
a boundary triplet for B* such that By in (4.7) is the fixed canonical extension, My in (4.2) is the
corresponding Weyl function and we show that the set Q'\(R U by) is finite.

Note first that {C™, STg+ Ty, T} is a boundary triplet for A™. By Theorem 2.8 a point A € p(Ag)
belongs to the resolvent set of the selfadjoint relation

B1 = ker(STO + Fl) (48)

if and only if (M(X\) + S)~! € £(C™). By our assumptions Ay is definitizable over 2 and the function
A — det(M(N) + 5) is not identically equal to zero in Q. Therefore p(B1) N # () and by Theorem 2.2
the selfadjoint relation B is definitizable over ). The ~-field and Weyl function corresponding to
the boundary triplet {C", STy + I'y, —T'g} are defined for all A € p(By). For A € p(Ag) N p(B1) =
h(M)NH((M + S)™1) it is not difficult to verify that they are given by

A= yA(MN) +8)™ and A= —(M\) +8)71,

respectively, (cf. [15, §3.3]). It follows from [2, Theorem 2.5] or relation (2.14) and Theorem 2.5 that
the £(C")-valued function A — —(M(X) + S)~1 is definitizable over (2.
We define a symmetric relation B, A C B C By, in K by

B = {fl c AT ’TFFO‘]El = (SFO + Fl)fl = 0} .

Then the adjoint relation BT C AT is given by

= {h=(f) e a* il = oo roratt = () € 5}
1 91
- {fl S 14Jr | (Fogl,rlfl) = (Flgl,rofl) fOI' all gl (S B} (49)
_ {fl € AT | (1—m)(STo+T1) fy :o}.

An application of [15, Corollary 4.2] to AT and the boundary triplet {C™, STy + I'y, —T'o} shows that
{C*,(STo +T'y)|g+, —7g|p+} is a boundary triplet for BT with corresponding ~-field

A= AWM +8) 71, A€ p(Ao) N p(Br),
and Weyl function
A= —m(M(N) +9) 7Y, A€ p(Ag) Np(By).

Hence {C*,nTg| g+, (STo+T'1)|+} is also a boundary triplet for B*. By our assumptions the function
A — m(M(X\) 4+ S)~1u is invertible for some p € Q. Then, by Theorem 2.8, the resolvent set of the
selfadjoint relation

By = ker(nTg|p+) = {fl € AT |nTof1 = (1 —7)(STo +T1) f1 = 0}
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18 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

in © is nonempty and we conclude from Theorem 2.2 that By is definitizable over €.
The ~-field 75 and Weyl function M corresponding to {C*, 7| g+, (ST + I'1)| g+ } are defined for
all A € p(By). For A € p(Ao) N p(B1) N p(By) we have

%N = 1) (M) +8) " u(w(M(N) +9) ) € £(C7,K),

and
M,(\) = (x(M(\) +5)"1) " € £(C¥).

Since Ag, By and By are definitizable over Q the set of nonreal points in € not belonging to
p(Ao) N p(B1) N p(Bo) = h(M)Nh((M +5)~") Nh(M,)

is discrete and does not accumulate to N R. Moreover the local definitizability of By over £ implies
that the function M is definitizable over €2 and that the sign types of M, are d-compatible with the
sign types of By and Ag in €2, see e.g. Lemma 4.2.

It follows from 77 (A)e = 75(\), A € h(7), that 7, is a locally definitizable function in © and that the
sign types of 7 and 7, are d-compatible. By our assumptions the sign types of Ay and 7 are d-compatible
in Q2. Hence the sign types of M, and 75 are also d-compatible in {2 and it follows as in the proof of
Lemma 4.2 (ii) that the function

A= Mg(A) + 75(A)

is definitizable in . By our assumptions A — det(Mg(\) + 75(A)) is not identically equal to zero in .
Therefore we can apply [2, Theorem 2.5] and it follows that

A= —(M(\) +7o(V) 7

is also a locally definitizable function in 2. Hence the nonreal poles of this function in 2 do not
accumulate to @ N R. By our assumptions ' is a domain with the same properties as Q such that
Q' C Q. This implies that there are only finitely many nonreal points which do not belong to

bo N QY = (M) N () Nh((M+7)"") N

and therefore the set Q\(R U ) is finite.

2. In this step we define a boundary triplet for the relation BT x T in K x H, where TV is as in the
assumptions of the theorem, and we construct a selfadjoint relation AcC Bt x T+ in K x H such that
the compressed resolvent of A onto K yields the unique solution of the boundary value problem (4.5).

Let T be a symmetric relation with defect s in the Krein space H and let {C*,T'(,T"}} be a boundary
triplet for 7F such that 75 is the corresponding Weyl function (see Theorem 3.3 and Theorem 3.5) and
Ty = ker '}y is a minimal representing relation for 7, which is definitizable over the domain ', ¥/ C Q.
The v-field corresponding to the boundary triplet {C*,T, I} } will be denoted by 4. It is not difficult
to see that {C* x C*,Ty,T';}, where I’y and T'; are the mappings from B x T into C* x C* defined by

To{/f1, fo} = (WFI,‘OJ%ZI> ; fieBT, feTt, (4.10)
0
and
fufui= (TN fen e, (a1
1
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is a boundary triplet for BT x T*. The y-field ¥ and the Weyl function M corresponding to the
boundary triplet {C* x C*,T'y,I'1} are defined for all A € p(By) N p(To) N = h(M,) Nh(7s) N Q" and
are given by

A= F(\) = (75((3\) 7,(())\)> €EL(C*xC* K xH), A€ p(Ms)Nh(rs) N, (4.12)
and
Ao ) = (M) 0 N pes sy, A e p(M,) () N,
0 Ts(N)
respectively.
It is straightforward to check that the relation

0= {(%‘1}%}) ‘u,v € (CS} (4.13)

in C* x C* is selfadjoint. The selfadjoint relation A = I'1© ¢ Bt x T+, T = (I,,I'1)7, in K x H
corresponding to © via (2.10) is given by

A={{fi,f2} € BY x T* |aTofi + Thfo = (STo + T1)f1 =T} fo = 0}
= {{/1. o} € AT X TH (1 = m)(STo +T1)f1 =0, (4.14)
(STo+T1)fi = T4 fo = 7Tofy + Ty fo = 0}.
We have
(o) = { (T MmO | e el

{u7 _u}
Setting * = v — My(A)u and y = v + 75(A)u we obtain
w=—(M,\) +7\) 4 (M) +7(N) Ty, Aehon.

For A € ho N Q' the set {{v — M;(A)u,v + 75(A\)u} |u,v € C*} coincides with C* x C* and therefore
(CEs M N) ~! is the matrix-valued function

(MS(A) + 7'3(>‘))7

—(ML(A) + () 1 e
( By +TS(A))1> € L(C* x C*). (4.15)

(Mo(N) +7:(\)

Note that by Theorem 2.8 a point A € h(M) N = §(M,) Nh(r,) N belongs to p(A) if and only if
(© — M(X))~t € L(C* x C*). Hence we obtain (hp N Q') C p(A) and for every A € ho N Q' Theorem 2.8

implies

(A— )= ((Bo o " _O)\)l) +F) (O - M)

-1~

FA)T. (4.16)

Let us show that the compressed resolvent of A onto K has the form (4.6) and is a solution of (4.5).
From (4.12), (4.15) and (4.16) we obtain
Pie(A= X"k = (Bo = N7 = %W (Mo +7.(0) (0T
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20 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

for A € hp N Q. For a given k € K and A € hy N Q' we define
fii=P(A= X"k, 0} and fo := Pr(A—X)"'{k,0}.

Then

<{Af£fi’ifif2}> €4

and from A C BT x T+ we obtain

h= (Aflf . k) BT md fos (Affa) & Mo

It remains to check that the boundary condition 7(\)T'g fl + I f1 = 0 is fulfilled. From the decom-
position of 7 in the asssumptions of the theorem we see that

(1—m)(STo +T1) fy > 0 (4.17)

T(MNLofr +T1f1 = (Ts(/\)WFOfI +7(STo + 1) f1

has to be verified. As f; € Bt ¢ A" we have (1 —7)(STo 4+ I'1)fi1 = 0. The form of A in (4.14) and
the fact that 74 is the Weyl function corresponding to T and the boundary triplet {C*, T, T} } implies

7(STo +T1)f1 = T fo = 7s( M) fo = —m(\)7To f1

for A € ho N Q. We have shown that for k € K and A € ho N Q' the vector

A= (Aflfﬂr k) €At (4.18)

is a solution of the boundary value problem (4.5).

Let us verify that this solution f; € At is unique. Assume that the vector §; = (Aghx) € AT is
also a solution of (4.5), A € ho N Q. Then f; — §; belongs to /\A/A,A+ and the relations

(1—m)(STo+T1)(fi — 1) =

! (4.19)
TN 7To(fi — §1) + 7(STo + T1)(f1 — 1) =0 .

are fulfilled. The first relation in (4.19) implies f; — g1 € /\Af,\7B+. Since M is the Weyl function
corresponding to {C*, 7lg| g+, (STo + I'1)| g+ } the second relation in (4.19) can be written as

(MS(A) + Tso\))ﬂ'ro(fl —g1)=0.

As ker(M(\) + 75(A) = {0}, A € ho N €Y, we obtain f; — g1 € ker(alg|p+) = Bo. But for A € ho N QY
we have BT = B —T—/\Af)\’BJr and as f — g1 € /\Af,\’B+ we conclude f; = g1, that is, the solution (4.18) of
(4.5) is unique.

3. It remains to show that A is definitizable over (/ , that the sign types of A are d-compatible with
the sign types of Ag and 7 in €' and that the minimality condition

K x H = clsp {K, (A= X)"Hk,0} [N € p(A) N, k€ K} (4.20)

holds.
Let us first verify, that A fulfils (4.20). As T} is a minimal representing relation for 75 we have

H=clsp{(1+A=X)(To = A) ")z |X€p(Ty) N, z € C*} (4.21)
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and by (2.12) and (4.21)
H=clsp{y(Nz|A€p(Tr)NQ, zeC} (4.22)

holds. The set p(Tp) N Q' in (4.22) can be replaced by p(A) N . From (4.12), (4.15) and (4.16) we
obtain

Pro(A =27k, 0} = 7/ () (M, (A) +76(N) (3 Tk

for k € K and A € ho N Q. As v,(\) is injective ran v4(\)* = C* follows. Making use of (4.22) we
obtain

H = clsp { Py (A - \)7HE, 0} | A € p(A) N, ke K},

and therefore A fulfils the minimality condition (4.20).

As the sign types of Ay are d-compatible with the sign types of 7 in 2, Lemma 4.2 (i) implies that
Ag x Ty is definitizable over ' and the sign types of Ay x Ty are d-compatible with the sign types of
Ag and 7 in €. For XA € ho N QY we have

dim(ran ((A —X) 71— ((Ag x Tp) = A1) < o0

and therefore Theorem 2.2 implies that A is definitizable over ' and that the sign types of g, Ap and
7 are d-compatible in €0’ O

Remark 4.4 For a symmetric operator A in a Hilbert space and an £(C™)-valued Nevanlinna func-
tion 7 a result very similar to Theorem 4.3 was proved in [15]. For the case that 7 is not strict it is
sufficient to consider the relation-valued Nevanlinna function

/\l—>T(/\)={<2> ya:ec"S}irs(A), AeC\R,

where 7, is a strict £(C?)-valued Nevanlinna function. Similarly to the proof of Theorem 4.3 the
A-dependent boundary value problem

f{_)\f1:k7 T(A)P0f1+rlf1:07 fl:(;}) EA*u

can be rewritten in the form
f= A=k, 7 (Tofy + 2Ty i =0, ﬁ—(ﬁ)eCi

where C* = {fl e A*|(1- W)Fofl = 0} and 7 is the orthogonal projection from C™ onto C*. Note,
that the selfadjoint relation Ag = ker Iy is a restriction of C* whereas in the proof of Theorem 4.3 (if 7
is not strict) the relation A is not a restriction of BT.

If k € K in (4.5) is zero, then (4.6) yields the trivial solution f; = f{ = 0 (which is unique if A belongs
to ho N Y’). In the next theorem we show that the nontrivial solutions of this “homogeneous” boundary
value problem are closely connected with the eigenvalues and eigenvectors of A.

Theorem 4.5 Let A, {C", T, T1} and 7, T, {C*,T(, T} be as in Theorem 4.3. Then the following
assertions hold.

(i) If X € (7)) N is an eigenvalue of the selfadjoint relation Ain (4.3) and {f1, f2} € ker(g - )
is a corresponding eigenvector, then the vector f; = (/\f]%l) € AT is a nontrivial solution of the
homogeneous boundary value problem

f=Mi=0, T(Tofi +Tufy =0, @DeA# (4.23)
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22 Jussi Behrndt: Boundary value problems with eigenvalue depending boundary conditions

(ii) If A e h(r)NQ and f1 = ( ) € AT is a nontrivial solution of the homogeneous boundary value
problem (4.23), then X is an ezgem}alue of the selfadjoint relation A in (4.3).

(iil) The symmetric relation B = {fl € At \ﬂFofl = (ST + Fl)fl = 0} is an (n—s)-dimensional
extension of A, has defect s and the symmetric relation B x T in K x H has defect 2s. If My is

the function defined in (4.2) and X € h(Ms) Nh(7) N Q' is an eigenvalue of g, then the dimension
of the corresponding eigenspace is not larger than s.

Proof. (i) Assume that A € h(7) N’ is an eigenvalue of
= {{f1, s} € A*x TH (1= m)(STo + T1)f1 = 0,

. ) ) . (4.24)
m(STo+T1)f1 —T1fa =alofr +Tofo = 0}

and let f; = ( ) €At fo = ( ) € T such that {fi, fo} € A is a nontrivial element of A. Then
fl #£0, as otherw1se (4.24) would 1mply

0 = W(SFO —+ Fl)fl = Fllfg and 0 = —Wrofl = Fé)fg,

but then we would have fg € kerI'y Nker I} = T'. This is impossible since Tp is a minimal representing
relation for 7 and therefore 7" is an operator without eigenvalues.

As { f1, fg} € A, fg e N A7+ and 7, is the Weyl function corresponding to the boundary triplet
{C*,T, T} the relations

(1—7)(STo+T1)f1 =0 (4.25)
and
(Ml fi = —m(ATfa = =T fo = —7(STo + T'1) f1 (4.26)

hold. Hence 7(MTof1 + 1 fi = 0 (cf. (4.17)) and f; = (Afjl) € AT is a nontrivial solution of the
homogeneous boundary value problem (4.23).

(ii) Let f1 = ( N ) € AT be a nontrivial solution of (4.23). Then the relation 7(\ )Fofl + Flfl =01is
fulfilled and by (4.17) the relations (4.25) and (4.26) hold. As A belongs to h(7)NQ" = p(Tp) €Y’ we have
Tt =T, +N,\ 7+, where Ty = ker I'. Hence there exists a vector f2 S N,\ 7+ such that I‘Ofg —7T1"0f1

From (4.26), fy € N A7+ and the fact that 7, is the Weyl function corresponding to the boundary triplet
{C*, T, T} we conclude

m(STo + 1) fi = —rs(\)alo fi = 7,(\Th fo = T fo.

This relation, (4.25) and I‘éfg = —7Do f1 imply {fl, fg} € A. From fi= (Af]}l) and fo = (Afz) € NA,T+
it follows that A is an eigenvalue of A.
(iii) In part 1 of the proof of Theorem 4.3 we have already shown that {C°, 7I'g| g+, (STo+T'1)|p+} is a
boundary triplet for BT. Therefore B has defect s and is an (n—s)-dimensional extension of A. Since
T is an operator of defect s it follows that B x T has defect 2s.

We have to show that for an eigenvalue A € h(M,) N h(7) N’ of A the dimension of the cigenspace
is less or equal to s. Assume that

{F f0) € 4, fli):( f(())) fli _( f(())) i=1,..., 541,

are linearly independent eigenvectors corresponding to A € op(;l) As in part (i) of the proof one verifies
fl(l) #0fori=1,...,s+1. From A C B x T+ we get fl( € ./\/}\ p+- Note that the set h(M,) coincides
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with the resolvent set of By = ker(nLo|p+) (see (4.7)). Hence we have BT = By —T—./\A/)\,B+ for A € h(M;).
As each vector {fl(i), fQ(Z)} € A has the property

whofi) = —To Y, i=1,... s+1,

we obtain I‘{)féi) #0fori=1,...,s+ 1, as otherwise Wrofl(i) = 0 would imply ffl) € By ﬂJ\A/',\7B+, ie.
fli) =0. By Tt =Ty J—NA7T+, A€ h(r) N, we even have féz) #0fori=1,...,5s+1.

Since the symmetric operator T has defect s and the vectors fQ(i), i =1,...,84 1, belong to NA7T+,
there exists k € {1,...s+ 1} and numbers «; € C such that

s+1

A =30 5 (4.27)
5
holds. From Wrofl(i) =— 6f2(i), t=1,...,s+ 1, we conclude
s+1 s+1
N LI I ST SAY
Tk Tk

and from fl(k) € ./\A&’B+ and > ajfl(j) € /\AfA,B+ we obtain that
s+1 )
fl(k) - Zajff]) € N,\,B+
T2
belongs to ker(mlg|g+). Again making use of BT = By —T—/\A/')\7B+, A € h(My), we find
. s+1 .
AP =3"a; 17 (4.28)
j=1
Sk

and from (4.27) and (4.28) we conclude

s+1
Ak) Pk Z 2 76
—
ik
a contradiction to the assumption that the vectors {fl(i), Az(i)}, i=1,...,5+1, are linearly independent.

O

If the function 7 in the boundary condition of (4.5) is strict, then in the assumptions of Theorem 4.3
we have s = n, S =0, 7 = Icn and ¢ = Ign. In this case it can be shown that the assumptions on
the invertibility of the functions A\ — M(A) + S = M(\) and A — 7(M(X) + 8)~1e = M(A)~! can be
dropped and Theorem 4.3 reduces to the following theorem.

Theorem 4.6 Let A be a closed symmetric relation of finite defect n in the Krein space K and
assume that there exists a selfadjoint extension Ay of A which is definitizable over Q. Let {C™,Ty,T'1}
be a boundary triplet for AT, Ag = ker g, and denote by v and M the corresponding v-field and Weyl
function, respectively.

Let 7 be a strict L(C™)-valued function which is definitizable in €2, let Q' be a domain as Q, ¥ C Q,
and choose a closed symmetric operator T in a Krein space H and a boundary triplet {C™, Ty, T} for
T+ such that T is the corresponding Weyl function and Ty = ker '}y is a minimal representing relation
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for T which is definitizable over Q. Assume that the sign types of T and Ay are d-compatible in Q, that
the function X — det(M(X) + 7(\)) is not identically equal to zero in Q and set

bo =H(M)Nh(r)NH((M +7)71). (4.29)

Then the relation
Z: {{flan} S A+X T+| Flfl - F/lfQ = Fofl —+ F/OfQ = O} (430)

is a selfadjoint extension of A in KCxH which is definitizable over Q' the sign types ofg are d-compatible
with the sign types of Ay and T in Q' and A fulfils the minimality condition (4.4). The set Q'\(R U by)
is finite. For every k € K and every X € ho N Q' the unique solution of the A-dependent boundary value
problem

fi=Ai=k t\Lofi+T1ifi=0, fi= (?) € Af, (4.31)

18 given by

fi = Pc(A=X)"Hk,0} = (Ag — ) =y (N (M) +7(0) " v Tk,

(4.32)
=M +k,

where Py is the orthogonal projection onto the first component of I x H.

The next theorem is a variant of Theorem 4.3 and Theorem 4.6 for the case that A has defect one.
Under the additional assumption K = clsp {NV) 4+ | A € Q} Theorem 4.7 was proved in [3].

Theorem 4.7 Let A be a closed symmetric relation of defect one in the Krein space K and assume
that there exists a selfadjoint extension Ao of A which is definitizable over Q. Let {C,Ty,T1} be a
boundary triplet for AT, Ag = kerD'y, and denote by v and M the corresponding v-field and Weyl
function, respectively.

Let T be a (scalar) locally definitizable function in  which is not equal to a constant, let Q' be a
domain as Q, Q' C Q, and choose a closed symmetric operator T in a Krein space H and a boundary
triplet {C,T(, T} for TT such that T is the corresponding Weyl function and To = ker T}y is a minimal
representing relation for T which is definitizable over €. Assume that the sign types of T and Ag are
d- compatible in Q, that the function M +7 is not identically equal to zero in Q and let by be as in (4.29).

Then A in (4.30) is a selfadjoint extension of A in K x H which deﬁmtzzable over Q, the sign types
of A are d- compatible with the sign types of Ay and T in Q' and A fulfils the minimality condition
(4.4). The set Q\(RU bg) is finite. For every k € K and every X\ € ho N the unique solution of the
A-dependent boundary value problem (4.31) is given by (4.32).

We finish this section with some remarks concerning Theorem 4.3, Theorem 4.6 and Theorem 4.7.

Remark 4.8 Let A and A be as in Theorem 4.3. Assume that B is a selfadjoint extension of A in
some Krein space K x H which is definitizable over € such that the compression of the resolvent of
B onto the Krein space K yields a solution of the boundary value problem (4.5) and that B fulfils the
minimality condition (4.4) with K x H and p(A) N replaced by K x H and p(B) N, respectively.
Denote the local spectral functions of Aand Bon &' NR by E; and Eg, respectively (see [36] for the
definition and properties of the local spectral function).

There exists a densely defined closed isometric operator V' from K x H into K x H such that for each
closed connected set A C Q"N R, where E;(A) (and hence also E5(A)) is defined, V' is reduced by

E;(A) K x H) x E5(A)(K x H).

The closed isometric operator Vi := V N (E;(A)(K x H) x E5(A)(K x 7?{)) intertwines the resolvents
of

A= An (E5(A)K xH)® and By := BN (Ex(A)(K x H))?,
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ie. for A € p(Ay) N p(B1) N we have Vi(A; — A\) "tz = (B; — A\)"'Viz for all z € dom V;. In
particular, the ranks of positivity and negativity of the inner products [, |xx# and [-,-] 5 on the
subspaces E ;(A)(K x H) and Ez(A)(K x H) coincide.

If, in addition to the assumptions above, (Ez(A)(K x H),[,-Jkxn) is a Pontryagin space, then
also E5(A)(K x 7—7) equipped with the inner product from I x His a Pontryagin space and by [31,
Theorem 6.2] the operator V; is an isometric isomorphism of E3(A)(K x H) onto E5(A)(K x H), i.e.
Al and gl are isometrically equivalent.

Remark 4.9 Let the assumptions be as in Theorem 4.3 and assume, in addition, that A is a densely
defined operator. Then the linearization A of the boundary value problem (4.5) is a selfadjoint operator
in  x H.

In fact, let BT be as in (4.9), let mul (B x T) be the multivalued part of BT x T" and let

N@r—{CD‘hEHmuB+xTﬂ}.

Let Tp, I'y and © be as in (4.10)-(4.11) and (4.13), respectively. As A x T is an (in general not densely
defined) operator, by [14, Proposition 2.1] it is sufficient to show that (To,T1)  No N© = {0} holds.

Since Bt is a restriction of AT and A% is by our assumption an operator we find that mul (B* x T'T)
coincides with {{0, f}| f € mulT"} and therefore

= {(09) | emur).

Hence we obtain

o) _ {o,ra<°>}> - +} {({w—u}) . }
<D>N@m@_{ﬁam&” Femu T N foo) uvec
and it follows that A is an operator.

5 Boundary value problems with matrix-valued (local) generalized Nevan-
linna functions in the boundary condition

In this section we consider boundary value problems of the form (4.1) where an £(C")-valued local
generalized Nevanlinna function 7 appears in the boundary condition. Theorem 5.1 below is a variant
of Theorem 4.3 and Theorem 4.6. For simplicity we consider only the case where 7 is strict in this
theorem. By Theorem 3.3 7 is the Weyl function corresponding to a closed symmetric operator 7' in
some Krein space H and a boundary triplet {C",T'(, T} }, where kerI'{ is a selfadjoint relation which
is locally of type my. The proof of Theorem 5.1 is very similar to the proof of Theorem 4.6. Instead
of Theorem 2.2 on finite dimensional perturbations of locally definitizable selfadjoint relations here one
has to use [6, Theorem 2.4] on compact (and finite dimensional) perturbations of selfadjoint relations
which are locally of type 7.

Let again Q be a domain in C symmetric with respect to the real axis such that Q "R # () and the
intersections of 2 with the upper and lower open half-planes are simply connected.

Theorem 5.1 Let A be a closed symmetric relation of finite defect n in the Krein space K and
assume that there exists a selfadjoint extension Ay of A which is of type w1 over Q. Let {C" Ty, T}
be a boundary triplet for A, Ay = ker 'y, and denote by v and M the corresponding y-field and Weyl
function, respectively.

Let 7 be a strict L(C™)-valued local generalized Nevanlinna function in Q, let Q' be a domain as €,
Q' C Q, and choose a closed symmetric operator T in a Krein space H and a boundary triplet {C", T}, T}
for T such that T is the corresponding Weyl function and Ty = ker '}y is a minimal representing relation
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for T which is of type w1 over Q. Assume that the function A — det(M(X) + 7()\)) is not identically
equal to zero in 2 and set

bo = H(M)Nh(r)NH((M +7)71).

Then the relation
A= {{fhfz} € AT x TH| Difi —Tifo=Tofi + Thfo = 0}

is a selfadjoint extension of A in ICxH which is of type 71 over Q' and qulﬁls the minimality condition
(4.4). The set U'\(RU o) is finite. For every k € K and every XA € ho N Q' the unique solution of the
A-dependent boundary value problem

fi=AMi=k t\Dofi+T1fi=0, fi= (2) €At
18 given by

fr = Pe(A= X7k, 0} = (Ao — )7k =y (V) (M) +7()

f{ :>\f1+k7

where Py is the orthogonal projection onto the first component of I x 'H.

YA) Tk,

We remark that by the second example below Definition 4.1 here the assumption that the sign types
of 7 and Aj are d-compatible in Q from Theorem 4.3 and Theorem 4.6 is fulfilled. For the case that A
is of defect one Theorem 5.1 was proved in [7]. We do not formulate a variant of Theorem 4.7 for this
special case.

In the next theorem we consider the special case that K is a Pontryagin space (of finite rank of
negativity) and 7 is a (in general non-strict) matrix-valued generalized Nevanlinna function. In contrast
to the previous theorems we assume that A is a densely defined operator. Then all canonical selfadjoint
extensions of A are operators in the Pontryagin space I and, in particular, their resolvent sets are
nonempty.

Theorem 5.2 Let A be a densely defined closed symmetric operator of defect n in the Pontryagin
space K. Let {C", T, T'1} be a boundary triplet for AT, Ay = kerTg, and denote by v and M the
corresponding v-field and Weyl function, respectively.

Let 7 be an L(C™)-valued generalized Nevanlinna function which is not equal to a constant. Choose
s€1l,...,n, astrict L(C®)-valued generalized Nevanlinna function 7s and a selfadjoint S € L(C™) such

that
w8 ) 5= )

holds with respect to the decomposition C* = C"*@C?® (c¢f. Theorem 3.5). Let T be a closed symmetric
operator of defect s in a Pontryagin space H and let {C*,T(, T} be a boundary triplet for Tt such that
Ts 18 the corresponding Weyl function and Ty = kerI'y is a minimal representing relation for ts (cf.
Corollary 3.4).

Let w be the orthogonal projection in C™ onto C* and let v be the embedding of C* in C™. Then the
functions X — det(M(A) + S) and A — det(m(M()\) + S)~11) are not identically equal to zero. Let
Mg(X) == (r(M(X) + S)~1) ™Y, assume that the function X — det(Mg(X) + 75(X)) is not identically

equal to zero and set

ho = B(M,) N () V(M +7) 7).
Then the operator

A= {{fl,fQ} € AT TH|[(1—7)(STo +T1)f1 =0,

m(STo +T1)fi = Ty fo =70 fi + T fo = 0}
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is a selfadjoint extension of A in the Pontryagin space KK X H which fulfils the minimality condition (4.4).
The set C\(RU o) is finite. For every k € K and every \ € by the unique solution of the A-dependent
boundary value problem

f=XMi=k t(\ofi+T1fi =0, fl‘(?})GAJF,

s given by
fr = Pe(A= N7 HE 0} = (Bo = A) 7 = 7.(A) (Mo(A) + (V) v (VE,
f{ = >\f1 + ka

where

By = {f1 € A" ’WFOfl =1 —7m)(STo+T1)f1 = 0}

is a selfadjoint extension of A in K, v, is the analytic continuation of X\ — y(A\)(M(X) + S)"LeMg(N)
onto (M) and Py is the orthogonal projection onto the first component of IC x H.

Proof. Here the selfadjoint extensions Ag, By and By of A (cf. (4.7) and (4.8)) are selfadjoint
operators in the Pontryagin space K. Hence with the exception of finitely many points C\R belongs to
the resolvent set of Ag, By and By. From p(Ag) N p(B1) = (M) Nh((M + S)~1) and

p(Ao) N p(B1) N p(Bo) = (M) Nh((M + 5)~") Nh(My)

(see part 1 of the proof of Theorem 4.3) we find that the assumptions on the invertibility of the functions
A= M(A) + S and A — (M (X) + S)~ 1 from Theorem 4.3 are automatically fulfilled. It follows as in
Remark 4.9 that A is an operator. The remaining assertions follow from Theorem 4.3. O

6 Indefinite Sturm-Liouville operators with eigenvalue depending interface
conditions

In this section we show that the general results from the previous sections can be applied to classes
of boundary value problems for singular indefinite Sturm-Liouville differential expressions on R of the
form

sgn (-) (—dd—; + q) : (6.1)

where ¢ € L] _(R) is assumed to be a real valued function. For this equip L?(R) with the indefinite
inner product

fog) = / f(@)g@ sen (x)dz, f.g € LA(R),

and denote the corresponding Krein space (L?(R),[-,-]) by L2, (R). As a fundamental symmetry in

sgn

L2,,(R) we choose (Jf)(z) := sgn(z)f(x), f € L, (R); then [J-,-] coincides with the usual Hilbert
scalar product on L*(R).

Let us assume that the differential expression £ := —% + ¢ is in the limit point case at both singular

endpoints co and —oo, cf., e.g., [47]. Then it is well-known that the operator Doy := ¢(y) defined on
the usual maximal domain

Dimax(R) = {y € L*(R) : y, ¢’ € AC(R), £(y) € L*(R)}, (6.2)
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is selfadjoint in the Hilbert space L?(R), and hence

(Aoy)(x) :==(JDoy)(x) = sgn () (=y" (z) + q(x)y(z)),

6.3
dom Ay =dom JDy = Dpax(R), (6:3)

is selfadjoint in the Krein space LZ,,(R). Under the assumption that the limits lim, 1o g(x) exist, the

regions of definitizability of Ay are characterized in the next theorem. In the present form Theorem 6.1
can be found in [5], see also [9, 12, 39, 40].

Theorem 6.1 Suppose that the limits

(oo := lim g(x) and q_o := lim ¢(x)

Tr—00 r——00

exist and that the functions x — q(r) — oo and x — q(x) — q_oo belong to L'((b,0)) and L*((—o0,a))
for some a,b € R, respectively. Then the following holds.

() If oo < —q_oo, then Ag is definitizable over C\|¢oo, —q—oo)-

(il) If —¢—co < Goo, then Ag is definitizable and o(Ag) N (—q—o0, o) consists of eigenvalues of Ay with
(o 0Nd —q_so as only possible accumulation points.
Furthermore, Aq is of type m over C\[—00, —q_o] and of type m_ over C\[goo, o0].
Let ¢ € R be fixed and let T be an £(C?)-valued function which is definitizable over some domain .

We will consider boundary value problems of the following form: For a given function k£ € L?(R) and
A € h(7) find a function fi; € Dmax((¢, 50)) X Dpax((—00, ¢)) such that

sgn () (—f'(z) + q(@) fi(@)) — Mi(2) = k(z),  z€R, (6.4)

file+) = fu (C-)) (—f{(0+))
A = 6.5
w0 (feh o) = () (0:9)
holds. Here the subsets Dpax((c,0)) and Dyax((—00, ¢)) of L*((c,0)) and L?((—oo,c)), respectively,
are defined analogously to (6.2). With the help of the next lemma the A-dependent boundary value

problem (6.4)-(6.5) can be rewritten in the general form (4.1). The proof of Lemma 6.2 is straightforward
and we leave it to the reader.

and

Lemma 6.2 The operator

(Af1)(@) = sgn (2) (= f1 (z) + q() f1(2)),
dom A ={f1 € Dmax(R) : fi(c) = fi(c) =0},

1s a densely defined closed symmetric operator of defect two in the Krein space Lfgn(R) and the adjoint
operator AT is given by

(AT f1)(2) = sgn () (= f{'(z) + q(z) fi(z)), dom A" = Dyax((c,00)) X Dax((—00, ¢)).
The triplet {C?,T,T'1}, where
¢ [ filet) = file—) ¢ filet) ;o _ (N
FOfl = (f{(c—l—)—f{(c—))’ Flfl = <—‘]1C1(C—))’ fl(A+f1>’

is a boundary triplet for AT, and the selfadjoint operator ker 'y coincides with the indefinite Sturm-
Liouville operator Ag in (6.3). Furthermore, the boundary value problem (6.4)-(6.5) is equivalent to

(AT =Nfi=k, 7WTofi+T1fi =0, h= <A{1f1> :
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In the sequel it will be assumed that ¢ = —% + ¢ satisfies the conditions in Theorem 6.1 and that
@oo < —q_oo holds, i.e., Ag is definitizable over C\[goo, —¢_oo]. Moreover, if 7 is definitizable over some
domain Q, Q C C\[goo, —¢—o0] and the sign types of 7 and Ay are d-compatible in €2, then Theorem 4.3
or Theorem 4.6, respectively, can be applied. More precisely, if, e.g., T is strict, ' is a domain with the
same properties as 2, ¥ C Q, T is a closed symmetric operator in a Krein space H and {C2, T, T}
is a boundary triplet for 7" such that 7 is the corresponding Weyl function, Ty = ker '} is a minimal
representing relation for 7 which is definitizable over €', and the function A — det(M(\) + 7())) is not
identically equal to zero in Q, where M is the Weyl function of {C2 Ty, T}, then

= fueme sl () rs= (e85 o) o

is a selfadjoint extension of A in L2, (R) x H which is definitizable over €', the sign types of A are

d-compatible with the sign types of Ag and 7 in €', and for every A € h(M)Nh(7)NH((M +7)~1) N
the unique solution of the boundary value problem (6.4)-(6.5) is given by

1

fr=Prz (A= X)7Hk0} = (Ao = N) k= v\ (MQA) +7(0) 2N 'E, (6.7)

cf. Theorem 4.6. Here v denotes the y-field corresponding to the boundary triplet {C? Ty, T';} from
Lemma 6.2. Note also that by Remark 4.9 here A is an operator,

A{fr, f2} = {sgn (= +af1), fa},

dom A = {{fl,fg} € Dpmax(R) x dom T+‘< fil(fj_))) — F/1f2 =0,

(e~ He)) -ris=o}

(6.8)

where fo = (;Z) cT™.

In the following three examples we briefly consider some special types of A-dependent boundary
conditions of the form (6.5). Namely, first of all it is assumed that 7 is the difference of two generalized
Nevanlinna functions, so that the sign types of Ay and 7 become locally d-compatible, secondly a simple
situation of a non-strict function 7 is discussed, and thirdly 7 is assumed to be a generalized Nevanlinna
function.

Example 6.3 Assume that 7 = G;—Gs is the difference of two £(C?)-valued generalized Nevanlinna
functions G'1 and G5 such that

A= h(G1) N (=00,q0) and A = h(Ga) N (~q_oe, 00)

are nonempty intervals. Suppose that 7 is strict and that A — det(M (X)) +7(\)) is not identically equal
to zero. It is not difficult to see that 7 is definitizable over

Q:=(C\R)U(A_UA,)

and that (C\R) U A} is of type m, with respect to 7 and (C\R) U A_ is of type m_ with respect to .
Let €' be a domain with the usual properties, Q' C €2, and choose H, T C T+ and {C2, T}, '} } as above.
Then the linearization A in (6.8) of the boundary value problem (6.4)-(6.5) is locally definitizable over
Q. Moreover, A is of type 7, over O"\A_ and of type m_ over Q\A,.

Example 6.4 Let a € R and assume that 7 has the form

) = (g 722%)) — (8 7220( A)> 45, S= (‘8‘ 8) , (6.9)
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where Ty is a scalar function which is definitizable over C\[gso, —¢_oo] and not equal to a constant.
It is assumed that the sign types of 7o and Ay are d-compatible in C\[goo, —¢—oo]. Let Q' be a
domain with the usual properties, Q' C C\[¢oo, —¢_oo), let T be a closed symmetric operator of defect
one in a Krein space H and let {C,I'{,I{} be a boundary triplet for T such that 7 coincides with
the corresponding Weyl function on €' and T = ker T}, is a locally definitizable minimal representing
relation for T95. Furthermore, suppose that the functions A — det(M (A\)+.S) and A — ((M(A)+S5) 1)
are not identically equal to zero in C\[goo, —q—oo), let M(A) = ((M(X) +S)~1)22) ! and suppose that
M, + 725 is also not identically equal to zero in C\[goo, —¢_oo]. Then the linearization Ain (6.8) is given
by

AL S, foy = {sen (= +ah), f3},
N a(file) = file=)) = = files),
dom A = ¢ {f1, f2} € Dmax(R) x dom T |a(fi(cy) — fi(c-)) = file-) =Tif2, o,
filey) = file ):_Fof2

where fg = (;2) T+, and A is definitizable over Y, its sign types are d-compatible with the sign

types of Ag, T2 and 7, and for every A € h(M) Nh(722) N h((Ms + 722) 1) N the unique solution f;
of (6.4)-(6.5) is given by

fr = Pra (A= XN)7k,0} = (Bo = N) 7'k — % (V) (M (\) + m2(N) ()R,
where
(Bof1)(z) = sgn (z) (= fi'(x) + q(z) f1(x)),

dom By = {fl € DmaX((Ca OO)) X Dmax((_OO,C)) ‘ ( fl(CJr) (

c)
a(fier) = file-)) =

—f1(0+)}7

is a selfadjoint extension of A in LZ,,(R) which is definitizable over C\[goo, —¢—oo) and v, is the analytic
continuation of the function A — y(A)(M(X) + S) (. (A)) onto h(Ms).

Example 6.5 Let again 7 be of the form (6.9) and assume that the function 795 is a scalar generalized
Nevanlinna function which is not equal to a constant. Then 799 is the Weyl function corresponding to
a boundary triplet {C,T'(,T"{} of a closed symmetric operator T of defect one in a Pontryagin space
H. Suppose that A — M(X) + S satisfies the conditions in Theorem 4.3 or Example 6.4, respectively.
Then the linearization A in Example 6.4 is definitizable over C\[—00, —¢_so] and C\[—00, —q_oo] is of
type w4 with respect to A. If, in addition, T2 is holomorphic on (—00, o) With the possible exception
of finitely many isolated poles, then A is definitizable over (C\[qoo, —q_oo)s C\[~00, —q_wo] is of type my

with respect to A and C\[goo, 0] is of type m_ with respect to A.

Acknowledgement The author thanks P. Jonas for fruitful discussions and critical help in the prepa-
ration of the manuscript.
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