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Introduction

Black holes are a central topic in gravitational physics. While much attention has tradition-
ally been given to exact vacuum solutions describing compact mass objects, understanding real
astrophysical black holes requires accounting for external perturbations, which lead to dynam-
ical, non-stationary states [16]. Interest in black hole perturbations has increased significantly
in recent decades, especially following the direct detection of gravitational waves [1]. A major
focus has been on the merger of compact binaries during which black holes emit gravitational
radiation in response to perturbations.

The temporal evolution of gravitational waves emitted by a perturbed black hole can be
divided into three distinct stages. The initial phase is a burst of radiation associated with the
violent dynamics of the system. This is followed by a prolonged phase dominated by damped
oscillations, known as quasinormal modes, which encode the characteristic response of the black
hole. Finally, at very late times, the waveform transitions into a power-law or exponential decay
tail, reflecting the asymptotic relaxation of the perturbation [6]. Among these, quasinormal
modes are of particular interest. They represent the characteristic resonant response of the black
hole and are intimately tied to the structure of spacetime itself.

Quasinormal modes are traditionally defined as solutions to a perturbed wave equation with
specific boundary conditions: ingoing at the horizon and outgoing at infinity. However, these
solutions grow exponentially at spatial infinity or at the event horizon. To overcome this difficulty,
the hyperboloidal approach reformulates the problem using a geometric foliation that regularises
the behaviour of quasinormal modes, allowing them to be viewed as eigenfunctions of a non-
selfadjoint operator. This operator serves as the infinitesimal generator of a Cy semigroup that
governs the time evolution of perturbations [24].

Another important aspect of quasinormal modes is their sensitivity to perturbations, known
as spectral instability. Since quasinormal modes are associated with non-normal operators, small
perturbations can lead to large shifts in the spectrum, a phenomenon that can be rigorously
analysed using the concept of the pseudospectrum. This perspective has important implications
for the stability and physical relevance of the modes in dynamical settings.

In this work, we investigate quasinormal modes through the lens of spectral theory. We focus
on the analysis of a second-order differential operator arising from the spectral problem associated
with the generator of time evolution. This operator has the form of a Laplace-transformed wave
equation. Our main goal is to carry out a rigorous analysis of this operator in the context of
asymptotically anti-de Sitter black hole spacetimes, culminating in the proof of Theorem 2.1.

The structure of this thesis is as follows. In Chapter 1, we review the definition and properties
of quasinormal modes, first using the traditional formulation and then within the hyperboloidal
framework. We also introduce the connection to the semigroup theory. In Chapter 2, we develop
a detailed analysis of the relevant second-order differential operator. Finally, in Chapter 3, we



explore the pseudospectrum and discuss its significance for the spectral instability of quasinormal
modes.



Chapter 1

(Quasinormal modes of black holes

Quasinormal modes, which manifest as damped oscillations, play a crucial role in the analysis
of perturbed black holes. In this chapter, we explore the main approaches to their computation
and examine how they can be rigorously defined within the framework of spectral theory. Our
discussion is primarily based on [4, 6, 15, 19, 24].

1.1 Quasinormal modes

Rather than analysing the full non-linear dynamics of gravitational waves generated by per-
turbed black holes via the Einstein field equations, one often simplifies the problem by leveraging
spacetime symmetries and linearising the perturbations. This leads to a more tractable master
wave equation with an effective potential, governing the evolution of linear perturbations on a
fixed background geometry.

In the spherically symmetric case, after separating angular variables using spherical harmon-
ics, the radial part of the perturbation reduces to a one-dimensional wave equation. We consider
a simplified (141)-dimensional model for the perturbation field u(7,r) with an effective potential
V(r):

u  0%u

or:  or2
where r € (—00,00) and 7 > 0. In this coordinate system, r — —oo corresponds to the black
hole horizon, while r — oo denotes spatial infinity.

We assume that the potential V' (r) > 0 is compactly supported, that is, V(r) = 0 for |r| > R,
for some R > 0. For initial data u(0,r) and 9,u(0,r) with compact support, the solution remains
bounded: |u(7,7)| < C, where C' > 0. To analyse the equation, we apply the Laplace transform
in time for s > 0:

+V(r)u=0, (1.1)

o0
u(s,r) :/ e *Tu(r,r)dr,
0
which transforms the wave equation into the inhomogeneous ordinary differential equation

s20 — 0" + Vi = su(0,7) + du(0, 7). (1.2)

Due to the boundedness of u, the Laplace-transformed function @ admits an analytic continuation
to the half-plane R(s) > 0.
Let 44 and 4_ be two linearly independent solution of the homogenous equation

s — 0" + Vi = 0. (1.3)
9



We define the Green’s function as

u—(s,r" )4 (s,r) (’I“/ < ’I“)

W (s)

(1.4)

where W (s) is the Wronskian of the solutions %_ and 4. The solution to the inhomogeneous
equation (1.2) is then

u(s,r) = /00 G(s,r, ") f(s,7") dr’,

where the source term is f(s,r) = su(0,r) + 0;u(0,r). Since the potential V vanishes outside
the interval [—R, R], the solution of (1.3) is simply

a(s,r) = e,
To enforce the physical boundary conditions, that is, purely ingoing waves at the horizon (r —
—o0) and purely outgoing waves at infinity (r — c0), we select the asymptotic solutions:

Uy (s,r)=¢e"", r>R, u_(s,r)=¢e"", r<-—R,

for R(s) > 0. These choices ensure uniqueness of the Green’s function and consistency with the
physical interpretation.

The quasinormal frequencies are defined as the complex numbers s, for which the two solu-
tions become linearly dependent, that is,

Uy (Sp,7) = A(Sp)U_(8n,7),

for some A(s;,) € C. The corresponding solutions 4 (s,,r) are known as quasinormal modes.
In this case, the Wronskian vanishes and the Green’s function is singular. Since the Green’s
function is well-defined and analytic in the region R(s) > 0, any singularities must lie in the
half-plane R(s) < 0. The quasinormal frequencies are defined as the poles of the Green function
analytically extended to R(s) < 0.

The corresponding solution of the original wave equation can be formally written as

u(r,r) = e’ lgo (s, 1),
where g (s,7) is a solution of (1.3). To satisfy the boundary conditions, we have that
u(r,r) ~eTF) o foo.

We can see that —R(s) represents the decay rate and J(s) dictates the oscillating frequency.
However, since R(s) < 0 for quasinormal modes, these solutions exhibit exponential growth in
the spatial coordinate r, conflicting with their physical interpretation as bounded perturbations.
This motivates alternative formulations, such as the hyperboloidal approach, to regularize their
asymptotic behaviour.

1.2 Hyperboloidal approach

The hyperboloidal (or reqular slicing) approach was developed to address the singular be-
haviour of quasinormal modes in asymptotic regions of spacetime. This method employs a
10
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Figure 1.1: Schematic representation of a hyperboloidal spacetime slice. The coordinates 7 and
r denote standard time and radial coordinates respectively. The quantity v = ¢t — r defines a null
“retarded time”. t is the new hyperboloidal time coordinate. The grey line illustrates a standard
spacelike hypersurface, while the blue line shows a null hypersurface. The red curve represents
a hyperboloidal hypersurface that remains spacelike while asymptotically reaching null infinity.
The figure is adapted from [13].

special foliation of spacetime, that remains regular at both the black hole event horizon and
future null infinity. On one end, the slicing is adapted to horizon-regular coordinates; on the
other, it reaches null infinity without encountering coordinate singularities.

The coordinate transformation underlying this approach is constructed using a height function
and spatial compactification. The height function, denoted as h(r), is determined by the geometry
of the specific black hole spacetime. It defines a new time coordinate via the transformation

t =71+ h(r),

where 7 is the original time coordinate and ¢ is the new hyperboloidal time. The conceptual
structure of this slicing is illustrated in Figure 1.1.
The solution to the wave equation then takes the form

u(r,r) = e’ lgo(s,r) = eSte_Sh(T)ﬁ,SOl(s, ),

where e*Sh(’”)ﬁsol(s, r) is now regular at both the event horizon and future null infinity. Spatial

compactification is often used alongside hyperboloidal slicing to map infinite domains to finite
intervals.
In the case of a Schwarzschild black hole in asymptotically flat spacetime, the metric in
standard coordinates is )
d
ds? = f(p)dt® — - — p2a0?,

f(p)
11



with

flp) = (1—2?)4»

where p € (0,00) is the standard radial coordinate. We denote by r the tortoise coordinate,
defined by

flp) = %-

In [13], a specific coordinate transformation is introduced:
1
T=4Mt—2M (lnx+ln(1—z) —) ,
x
1
r=2M < ++1In(1 —2) —11137) ,
x

where z € [0, 1] is a compactified coordinate such that the event horizon lies at = 1, and future
null infinity at = 0.

For asymptotically anti-de Sitter black hole spacetimes, as considered in [24], the wave equa-
tion (1.1) is studied over r € [0, 00), where r — oo corresponds to the black hole horizon and r = 0
to the conformal infinity. For scalar perturbations, a Dirichlet boundary condition u(7,0) = 0 is
imposed. The hyperboloidal transformation used in this case is:

x=1—tanhr, ¢t=7—r+ tanhr,

with the black hole horizon located at x = 0 and conformal infinity at x = 1.

In [24], they rigorously demonstrated how quasinormal modes can be interpreted as eigen-
functions of a linear operator in the hyperboloidal framework, providing a solid foundation for
spectral analysis.

1.3 Spectral theory

We follow Section 6 in [24], focusing on a concrete example of quasinormal modes in a simple
(1+1)-dimensional asymptotically anti-de Sitter black hole spacetime. The spacetime is modeled
as the manifold as the manifold M = [0,1] x R, where R} = [0, 00), with coordinates (z,t),
0<z<1,0<t<o0. The metric is given by

1

2 _
ds® = TEE

[—(1— (1 —2)})dt* +2(1 — 2)*dtdz + (1 + (1 — z)*)d2?]
and the mass-less wave equation for a linear scalar field u(x,t) propagating on this background
reads

0*u 0 ou 5 0%u 0 90U
e w(“*””%)‘“‘” 8x8t_8x((1_w) E)t>_0' (1:5)

The usual notion of linear evolution equations is to associate u(z,t) with a mapping u from
t to a suitable functional space [10]. In this case, we define u as a mapping from Rar to H'(0,1)
by

(1+(1-2)

[u®)](z) = u(z,t), =xe€][0,1], t>0.

12



Then, for every g € H'(0,1) such that g(1) = 0, and every h € L?(0,1), there exists a unique
solution u € L2(R{, H'(0,1)) of the equation (1.5) satisfying the boundary condition

u=g, Ou=h, on [0,1] x {t=0},

1.6
u=0, on {r=1}xR]. (16)

This well-posedness result holds in more general settings of asymptotically anti-de Sitter black
hole spacetimes as shown in |25].

Using the Killing energy and redshift estimates (see Section 3 of [24]), we obtain boundedness
of the time growth of solutions. For a solution u € L%(Rj, H'(0,1)) of (1.5) such that u’ €
L*(R$,L?(0,1)) and satisfying the boundary conditions (1.6), there exist constants C, M > 0
such that

sup ([0, + W OlF00)) < €M (gl o) + 1Al a0)) - V220,
teRy

where we denoted
u'(t) =

In fact, u € C(R{, H'(0,1)) and u’ € C(RF, L*(
over, if the initial data is smoother, g € H*+1(0,1
estimate by the advanced redshift estimate:

sup (IO Bess 0. + 10 O k01)) < Ce™ (9110 + 1Moy s V2= 0. (17)
teRy

C’“\c

( )-
,1)) so the supremum is well-defined. More-
and h € H*(0,1), we obtain the higher-order

\_/O

This estimate allows us to define a Cy semigroup. Let
H*1(0,1) = H*1(0,1) x H*(0,1)

for k € No. We understand H*(0,1) = L?(0,1) for k = 0. A family S = {S(¢) : t > 0} of
linear operators from HF(0,1) to H*(0,1) is called a Cy semigroup if it satisfies the following
properties:

[S@E)] < oo, VE=0,

2. S(t+t)f =SSt f, VfeHF0,1), Vt,t' >0,

3. S(0)f = f, YfeH0,1),

4. t — S(t)f is continuous for ¢ > 0 for each f € H¥(0,1).

[

Returning to our case, we define a linear operator S(t) as
S(t) : H*(0,1) — H*(0,1) : (9,h) — (w,0)[,, ¢ >0.

The estimate (1.7) justifies such a definition. The family S = {S(¢) : t > 0} of linear operators
then satisfies the conditions of a Cy semigroup [24]. The Cj semigroup defines a infinitesimal
generator A:

Dom(A) := {f € H*(0,1) ‘ tli%1+ S(t)‘::_f exists in HF(0, 1)}

Sit)f —
Af = lim M, for f € Dom"(A).
t—0+ t
This operator has the following properties [12, Thm. 1.2.13]:

13



1. Dom*(A) is dense in H¥(0, 1),
2. A is a closed operator,

3. s € p(A) for each s € R such that s > M, where M is the exponent from (1.7).

The infinitesimal generator is related to the time evolution in the following way. Formally, if we
take w(t) = S(t)f, then it solves the initial value problem

dw
E(t) = Aw(t), Vt>0,
w(0) = f

Since we can rewrite the equation (1.5) as

o (u) 0 1 U
ot <8tu) - m (0 (z(2 — x)05)) m ((1 — )20, + 0, ((1 — 1:)2)) <6tu> ’
(1.8)
we deduce that the infinitesimal generator for the equation (1.5) has the form:

0 1
= )

L
1+ (1—12)?)

(1 —2)%0, - +0, (1 —2)*)).

where

Ay = — (0r (2(2 = 2)0s-)) ,

N e
In [24], the H*-quasinormal spectrum is defined as points s € C such that:
1. R(s) > —1/2 — k,

2. seo(A).

This s is called an H*-quasinormal frequency, and the corresponding eigenvector is referred
to as an H*-quasinormal mode. As the regularity increases, the construction of the quasinor-
mal spectrum ensures that it accumulates all the quasinormal frequencies associated with the
problem. Note that the quasinormal modes are, in fact, smooth functions.

Finding the spectrum of the infinitesimal generator A can be recast into a spectral problem
of a second-order differential operator

Ly = Ay + sA; + 5%,

From the decomposition of the eigenvalue problem

(A—s)= ((1) —All—s) (Lo (1)> (i 2)

they prove in |24] that the linear operator Ls is bijective if and only if (A —s) is. In the
theory of operator matrices, there is a similar notion of Schur complements and Frobenius—Schur
factorisation [23]. For a bounded operator matrix

A B
4=(c );

14



the Schur complement (of the second kind) is defined for A € p(A) by
So(A) =D —-A—C(A-\N"!'B,
and A € 0(A)\o(A) if and only if 0 € o(S2(\)) [23, Sec. 1.6]. In the case of unbounded operator

matrices, it is more complicated [23, Thm. 2.3.3]. For s # 0, we formally have L, = —sS(s).
We can derive Ly Laplace transformation of (1.5). Denoting

Lu = 0?u + A19yu + Ayu = 0,

we formally have
/OOO e Y (Lu)(x,t) dt = Ag /OOO e tu(w,t) dt + A /000 e 0u(x, t) dt
+ /OOO e 02u(x, t) dt
= Ay /000 e Stu(z, t) dt + sA; /000 e Stu(z,t) dt — Aju(z,0)
+ 52 /000 e *tu(x,t) dt — su(z,0) — dyu(x,0)

= ﬁs/ e Stu(z,t) dt — (A1 + s)u(x,0) — du(x,0).
0

In the following chapter, we further analyse the operator Ly = w(z)Ls, where w(z) = (1 +
(1 — x)?). Since w(w) is positive and bounded on [0, 1], invertibility of L, is equivalent to that
of L.

15



Chapter 2

Laplace-transformed operator

2.1 Definition

Taking s € C, we consider a differential expression

(Lu)(z) = I <x(2 — a:)dm(:p)> —5(1—33)23—;(56)—5(1i ((1 — :13)2 u(x))+s2(l+(1—x)2) u(z),

x

(2.1)

acting on smooth functions u, which are defined on the closed interval [0, 1]. Let Cpo[0, 1] be the
set of all smooth functions vanishing at x = 1. By

Lsu = Zu,

where u € Cp2[0, 1], we define a second-order differential operator Ly in L2 (0,1) with

Dom(Ls) = Cie0, 1].

This operator is closable. We consider a sequence {uy,}32; C Cpo[0, 1] such that for n — oo,

L2 . L2
U, — 0 and Lgu, — v (2.2)

in the norm of L?(0,1), where v € L?(0,1). The operator L, is closable if and only if (2.2)
implies v = 0 [14, Sec. IIL5]. If we take ¢ € C§°(0,1), we have

(v, ) = li_>m (Lsun,go) = lim (un,L,Sgo) =0

n—oo

in the distributional sense. Since v € L%(0,1), we find a sequence {®,}2; C C§°(0,1) such that

L2
Op — V.
It follows that

”UH%Q(OJ) = (v,v)12(01) = (V,0) = nh_{go(@@n) =0.

This proves the assertion. Denoting the closure of L, as L, we have a closed and densely defined

operator
Ls: L*(0,1) — L*(0,1),

16



with
Dom(L,) = Cp[0,1] 1

where 12
1tz = (1 By + 12 - 120

is the graph norm. The set C£2[0,1] is called a core of Ly [14, Sec. IIL.5|. Having a differential
operator with a core of smooth functions is useful for further manipulations.

In this chapter, we want to prove the following theorem, which is analogous to Lemma 1.1
in [24] in the settings of k = 1 with no potential.

Theorem 2.1. Suppose that g € L?(0,1) and R(s) > —1/2. Then either

(i) the equation Lsu = g admits a unique solution uw € H*(0,1) N HZ
x =1 for any g,
or

(0,1] which vanishes at

(ii) the equation Lsu = 0 has a non-trivial solution.

Moreover, possibility (ii) can only occur for isolated values of s.

2.2 Injectivity

In order to prove Theorem 2.1, we review the steps in the proof of Lemma 1.1 in [24] and show
them in more detail. First, we investigate the injectivity of Ls + 7 for some v € R. Assuming
u € Cp2f0,1] and v > 1, we multiply Lsu + yu by 5u and integrate it over (0,1):

/Olsu(Lsu+’yu)dx——/1 w(x(2 — r)u /|| (1—z)*/udx
/|s|2 (1 —x)? )dx+/0 [|S|(—|—(1—x)2)+’y]|u|2d:c.

After integration by parts, and taking the real part of the equation, we obtain

/ R [su(Lsu + yu)] dx—/ R(s) {z(2 — z)[/ 2+ [|s]2(1+(17x)2)+7] |u|2} dzx.
+ s |u(0) .

If we assume R(s) > 0, we can divide by this the equation and we then apply the Cauchy—Schwarz
and Young-type inequalities with € > 0 to the left-hand side of the equation:

1 V2e
)] < m\/T—E|5|2||U||L2(0,1)H(LsU + '7“)HL2(0,1)

2
< ot + e + Dl

Therefore,

|8|2 2 2 /1 712 2
LS > dx.
4eR(s)2 HuHL2(O,1) +ell(Ls + ’Y)UHL2(0,1) =, {SU\U [“ + v|ul } x
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This inequality is related to the Killing energy estimate [24]. Denoting the right-hand side of the
equation as F(u), we have that

1
EW%=A<hWF+ﬂMﬂdxswU@+ww%@n+@ﬂmﬁm@, (2.3)

)

where Cﬁ}s is a positive constant independent of ~.

Next, we use another estimate, which is related to the redshift estimate [24], to get u in the
H' norm on the left-hand side. In this case, we multiply Lsu + yu by —@' and integrate it over
[0, 1]:

1 1 1
- a’ sU u)axr = a (x —a:u’/ X s(1 —2)? | dx
| i@t~ [ @ @e-aw) dot [ s a2
1 1
74 —z)u) dr — 52 — 2)?)dudx
+/Osu<(1 Y d /0 (14 (1 —2))iud

1
— / ~i'ude.
0

We do not yet assume anything about s € C. Performing integration by parts and taking the
real part of the equation, we get

1 1
—/ R (@' (Lsu+ yu)| do = / [(1— =)+ 2R(s)(1 - x)z] u|? da
0 0

- /1 9‘3{[32(1 + (1 —2)%) +2s(1 — z)| @'u} do
0
+ 5l )P + 20

By applying the Cauchy—Schwarz and Young-type inequalities for 6 > 0 to the terms containing
u', we further obtain

1
1
/0 [(1 =) +2R(s)(1 — 2)?] [u'[* dz < 6]/ |[T201) + o5 l1(Ls + ullZ20)

(1y2
K
ST (2.4

where

KM = mIél[%’}i] {}52(1 +(1—x)?) +2s(1 — z)|}.

Putting (1 — z) aside on the left-hand side of the equation (2.4), we see that [1 + 2R(s)(1 — z)]
is positive for all z € [0, 1] if R(s) > —1/2. Defining a positive constant

K® = min {1+ 2R(s)(1 — z)},
z€[0,1]

and using
lullZ2(0,1) < VMlZ2qy < E(u),

18



we get that
1 1
K? (HUH%”(OJ) +'Y||U||%2(0’1)> < /0 K1 —a)||? dx + Kgg)/o {:17|u']2 +'y\u|2} dx
+ K20
1
< / [(1—2) +2R(s)(1 — 2)?] || da + 2K P E(u)
0

< 6HU’HH1 0,1) + 25”([/5 +’Y)UH%Q(O,1)
(1)y2
+ <(Ks ) +2K§2)> E(u).

26

If we add 5fy||u|]%2(0 1) to the right-hand side of the equation and consider § < K§2), we deduce
that
2
s 0,1y + VulZz0.) < €3 (I(Es +ullFgo + Ew)) (2.5)
holds with a positive constant C’Sg independent of ~.
We now combine both estimates. In order to do that, we shift the Killing energy estimate
(2.3) to the half-plane R(s) > —1/2:

1)
B(u) < el (Lyy g +ulfag + O lulagn)- (2.6)
If we rewrite the operator L 1 as
2
1
LSJF%U =Lou— (1 —2)*/ 4+ (1 —2)u+ <s+ 4> (1+(1—x)%)u,
we see that

H(Ls—i-% +YVullrz0,1) < 1(Ls +Yullz20,1) + HUIHL2(O,1) + Ks(3)||UHL2(o,1)7

I(Lss +9)ullFagory < 3l 72001y + 3l (Ls +ullFe,n +3EP ) llulfag,
< 3”“”%{1(0,1) + 3[I(Ls + )UHL2 01) T 3(KP)? H“HLZ 0,1)"

where

K = max {

zel

(1—x)+(s+i> (1+(1—2)?)

Using a Young-type inequality, we get

Plugging this back to the equation (2.6), we deduce that there exists a positive constant C§36)
independent of v such that
B(u) < 3ellulld o) + O (I +)ulla + a2 (2.7)

5

holds.
If we put (2.5) and (2.7) together, consider ¢ < 1/(303(,2 ), and add 3eC! 5’yHuHL2
right-hand side of the merged inequality, we obtain

0,1) to the

el 0.0y + Vlellz o <c§aa(u< ANl + lul2)) (2.8)



where C ()

s is @ positive constant independent of . Finally, we take v > Cﬁt s and get

4
lul2r 01y < OS2 5 (L + )l 22 0.1)- (2.9)

The equation (2.9) holds for all u € Cp2[0,1] if R(s) > —1/2. Taking @ € Dom(Ly), there
exists a Cauchy sequence {uy,};2; C C°[0,1] such that it converges to % in the graph norm,
that is,

Le. ~
Up, —> U
It follows from the equation (2.9) that the sequence {u,}°°; is also Cauchy in the H' norm.

Since H'(0,1) is complete, there exists @& € H'(0,1) such that

HY
Uy — U.

Considering the Dom(L;) and H'(0, 1) as subsets of L?(0,1), we get % = 4. Therefore,
Dom(Ls) € H'(0,1),

and (2.9) holds for all u € Dom(Lg). This implies that for R(s) > —1/2, the operator Lg + 7 is
injective for sufficiently large ~.

2.3 Surjectivity

The next step in the proof of Theorem 2.1 is to show that for ®(s) > —1/2, the operator
L + v is surjective for sufficiently large 7. It follows from the equation (2.9) that the range of
L + 7 is closed. Considering a Cauchy sequence {v,}>>; C Ran(Ls +7) in the L? norm, there
exists v € L?(0,1) such that
2
vn 5 0,
We denote the inverse image of {v,}7°; as {up}>2,; C Dom(Ly), that is, (Ls + 7)un = vp.
As a consequence of the equation (2.9), the sequence {u,}>; is also Cauchy in the L? norm.
Therefore, there exists u € L%(0, 1) such that
L2
Uy, — U.
Since the operator L + v is closed, we get (Ls +vy)u = v and v € Ran(Lg + 7). Thus the range
of Lg + vy is closed and we can prove its surjectivity by injectivity of the adjoint operator since

Ker(L? 4+ )" = Ran(Ls + 7).

Using [24, Lemma 4.5], we define a second-order differential operator Ll, s € C, in L*(0,1)
with the domain
Cpex[0,1] = {u € C*[0,1] [ u(0) = u(1) = 0}

Liu= 2L, wueCe,0,1],



If we use an argument similar to that in the case of Ly, we see that Ll is closable and we denote
the closure as L};.

In [24], they use the operator Ll as the adjoint. The reason for defining the core of Ll as
Cre,10,1] can be seen from the following equality. If we take v € C*°[0,1] and u € CF2[0,1], we
get by integration by parts

(v, Zau) p20,1) — (Lo, u) 20,1 = —0(1)u'(1) — 250(0)u(0).

bex

and 4 € Dom(Ly), there exist Cauchy sequences {v,}52; C Cp2,[0,1] and {up,}o_; € CP2[0,1]
such that

Taking the function v from C°, [0,1], the boundary terms vanish. Considering v € Dom(Ll)
1

Ll . Ls. -~
Up —2 0, Uy —> U.
Having the equality
<’UmLsum>L2(o,1) = <lemum>L2(0,1)

for every n,m € N, we can take the limits n,m — oo since all the sequences are bounded, and
obtain

(B, Lyt 20.1) = (L1, @) 12(0,1)-

Therefore,
LicL:

holds for every s € C.
However, we find concrete examples of s such that

L ¢ L.

In order to show that, we use solutions of Zsu = 0 and the fact that Dom(Ls) € H*(0,1) for
R(s) > —1/2.

Proposition 2.2. Let s be a complex number such that —1/2 < R(s) <0 or s =0. Then Ly is
not an extension of (Lz)*

Proof. We know that u € Ker((Ll)*) C Dom((Ll)*) if and only if
(Liv,u) 201y = 0
for all v € Dom(Ll). From the definition of Ll, it is sufficient to take functions from its core,

that is, C£2,[0,1]. We first consider s = 0. If we take u(z) = In[z/(2 — x)] € L?*(0,1), then for
all v € C2[0,1]

e—0

1
T . —_/ g —/ _ T _ _
= il_% {6(2 e)v'(e) In <2 — €> +/5 v da:} ?_)r% v(e) =0.

This implies u € Ker((L:g)*), but since u ¢ H'(0,1), we get that

1 1
<Lgv,u)L2(0 )= lim/ —(z(2 — 2)?")udr = lim {— [z(2 - :c)f/u]l + / z(2 — x)v'u’ daj}
’ e—=0 /o c €

Dom((L})*) ¢ Dom(Ly).
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Considering now s € C with R(s) < 0, we take u(x) = e**[1 — (2 — z)*z~%] € L%(0,1). We
have that

lim u(z) =1,
z—0

and thus for all v € Cp2, [0, 1] we obtain

<LlU7U>L2(0,1) = (v, Zsu)2(0,1) + 21_1)1}) { [—z(2— x)@'u]i + [2(2 - z)v u']i + [2s(1 — z)%0 u]i}

= lim {(1 —5)e(2 — )T (e)e** [1 B <2 ; 5)5] }
~ A {5(2 - €)@(5)6855% <2 g 6>s1}
“snfp-re ()

=0.

This gives us u € Dom((L})*), but u ¢ H(0,1) for s > —1/2. Thus
Dom((L!)*) ¢ Dom(Ly)
it —1/2 < R(s) < 0. -

Injectivity of Ll +

The advantage of using the operator Ll as the adjoint would be that we could repeat the
estimates of Ls+ in Section 2.2 to prove the injectivity of Ll + . We show that if R(s) # 1/2,
then L} + v is injective for sufficiently large v and the domain of L lies in H'(0,1). We first
consider v > 1 and u € Cge,[0,1], and derive the estimate corresponding to the Killing energy

estimate. In this case, we multiply Liu+ ~vu by (—su), integrate it over [0, 1], and take the real
part. Assuming R(s) # 0, we obtain

L ! o B 1 . g u/2 52 _xz u2 "
%(S)/o R [5u(Lsu + yu)] d:c—/o { (2 — z)|u] +[| 21+ (1 ))+7]| |}d

Since u vanishes at 0, there is no boundary term and we get that for ¢ > 0 and R(s) # 0,
1
B = [ {aluP o} do < |2+ ullaon + COlby  (210)

holds with a positive constant C’;k,(gl) independent of «. This means that this estimate works for
both complex half-planes, except for the line R(s) = 0 in between.

In the second estimate which corresponds to the redshift estimate, we multiply Llu + ~yu by
(—u'), integrate it over [0, 1], and take the real part:

_/1§R [ﬁ’(Llu—&—'yu)} dx = —/015}%{[52(1—1—(1 —2)?) = 25(1 — 2)] @'u} dx

0
+;\u'(1)\2+/0 (1= 2)— 20(s)(1 — 2)?] [u/Pdz. (2.11)
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This estimate should ensure that the prefactor of |u/|> does not degenerate at 0 and we get u in
the H! norm on the entire interval [0,1]. In Section 2.2, we use the positivity of the prefactor

after putting (1 — x) aside. In this case, we have
1-2R(s)(1—x) >0

for all x € [0,1] if R(s) < 1/2. Following the steps in the proof of injectivity of Ls + v, and
shifting the first estimate by s — s — 1/2, we deduce that for sufficiently large 7, there exists a
positive constant C' such that for all u € Cp2,[0, 1]

lal2 00y < CIELE +7)ullBao), (2.12)

assuming R(s) < 1/2. Since C2,[0,1] is the core of Ll, the inequality (2.12) holds for all
u € Dom(L}) and implies
Dom(L}) € HY(0,1). (2.13)

The vanishing boundary condition at 0 helps us to derive this result also for f(s) > 1/2. We
again consider v > 1 and u € CF2,[0,1]. We now would like to change the sign of the equation
(2.11). However, the expression —1 + 2R(s)(1 — x) with R(s) > 1/2 is positive only for z in a
neighbourhood of 0 which depends on s. Other problem is that the boundary term «/(1) would
have the wrong sign to get the estimate. Nevertheless, both issues can be resolved by a cutoff
function. Note that the redshift estimate is used for a neighbourhood of 0 and the Killing energy
estimate controls the rest.

For every s € C with R(s) > 1/2, there exists €5 such that R(s) > e5 > 1/2. We consider
a smooth cutoff function xs such that 0 < ys(z) <1 for all z € [0,1], xs = 1 in [0,5/2], and
supp(xs) C [0,8s], where 65 :== 1 — 1/(2¢5). Then, the H' norm of u can be decomposed in the
following way:

[l 70,1y = lIxsu + (L= xs)ull oy < Ixsullarony + 111 = xs)ull s, /2,1
< 2|Ixsull o) + 1ullgrs,/2,1)-

We start with the last term on the right-hand side of this equation. Since d4/2 is positive,
we have that

2 (1
ullZrr s, 2.y + Yl F2 0.0y < 5 /5 P 58\“/’20333 +lull72g0,1) + 7wl F20,)
s S

1
2
/12 2 2
S 58 55/2 93|u | d$ + ||UHL2(071) + 758 Hu||L2(O,1)

2 2
< KSE(U) + [[ullz20,1)-
Using the estimate (2.10), there exists a positive constant C’s(l) such that

2 *(1 2
el s, 1)+ Ml < 5 1L+ Dullzg0 + <cs,& =+ 1) lulZ2go.

holds for R(s) # 0. If we take v such that

(1) 2
v= 0=+
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we obtain
2
Jull s, 2.0y < 1) = L+ Y)ull2(0.1)- (2.14)
1)

Now we return to | xsullg1(o,1)- We plug (xsu) into the equation (2.11) and get

1 1
- [ R [ e + 2 0u] de = = [ R{E0+ (=200 o) do

0

1
+/0 R{25(1 — ) (x@) (xsu) } d
1
+/0 [(1 - $) — 2%(8)(1 — x)z] |(Xsu)/|2 d.

Since —1 + 2R(s)(1 — z) is positive for all x in [0, d;], we deduce that
Ixsull Ixsull 20,y < Co® (2L + ) (w17 E(xsu)
XsUllgigo,1) T YIXsUlT2(0,1) S Cs s TV X lz2(0,0) + £ (Xs1) )
where Cj @ s a positive constant independent of «. Therefore, we get
HXSuH%{l(O,l) + '7”“”%2(0,1) < ||Xsu||%]1(o,1) + 'YHXSUH%?(OJ) + 7”“”%2(0,1)
< 1@ (L + 06wz + Esu)) + E(u).

It follows from the properties of the function x, that there exist positive constants K;(l), K;Q),

K;;’) such that
E(xsu) < 2BE(u) + K;gl)HuH%z(m),

and
1ZE +7) Ot Zago.y = LY+ DulZeqos, 2 + IEE +7) 025, oy

< QH(Ll + 7)“”%2(0,1) + K;iz) H“H%{l(as/gl) + K;f)) HUH%Q(OJ)

*(2)

2K s 3
< 2(LL 4 Vullfa + 5 B) + (KD + Dl .-

Thus the inequality
IxsullFr 0,1y + Yullzz@y < c:® (H(Ll +y)ullZ201) + HUH%2(0,1)>
holds for a positive constant Cj @, Taking v > C (2), we get that

*(2
sl o) < VPN + 1ullzza)- (2.15)
Putting (2.14) and (2.15) together, we obtain

# 2
el 0,1y < (2\/@@) +y/ 5) 1L+ ullz0,). (2.16)
S

This gives us the injectivity of Ll + v for sufficiently large v and
Dom(Ll) € H'(0,1)

if R(s) > 1/2.
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2.4 Adjoint operator

In this section, we fully characterise the adjoint operator L} for R(s) > —1/2 by the theory
of second-order linear differential operators [8, Sec. II11.10]. Considering the equation

Lou=— (z(2 - m)u')/ —s(1—x)%u —s((1—2z)? u)/ +52(1+(1—2)})u (2.17)

on the interval (0,1), Zsu is defined almost everywhere if u and x(2 — z)u’ belong to ACj¢(0, 1).
Moreover, the coefficients satisfy such conditions that the following statement holds. For any
g € L .(0,1), c1,c2 € C and z € (0,1), the equation Zyu = g has a unique solution which
satisfies u(zg) = ¢1 and (z(2 — 2)u’)(zg) = ¢z [8, Thm. II1.10.1].

The formal adjoint of .%; is
L= — (22— 2)) +501 - 2)%' +5(1 - 2)%0) + 821+ (1 - 2)%)v.

s

Considering u, v, 2(2 — z)u’, (2 — z)v" € ACla,b], 0 < a < b < 1, we obtain the Green’s formula

b
/ [0(Lu) — (Ldv)u] = [u,0](b) = [u,v](a),

where
[u, v](2) = (2 — 2)u(z)v'(x) — 2(2 — 2)u/ (x)v(z) - 25(1 — 2)*u(z)v().

We eventually want to integrate over the entire interval (0,1). In order to do this, we should
examine the behaviour of the coefficients of .Z; at the boundary points. The equation (2.17) is
regular at 1, that is,

1 25(1 — z)?

- ,—2s(1 —x) 4+ s2(1+ (1 —2)%) € LL (0, 1],

16R;x(2—x)’ (2 — 1)

and singular at 0 since
1

x(2—1x)

Thus we shall consider the functions which are absolutely continuous up to 1, that is, ACj..(0, 1].
Let Lsmax be a second-order differential operator defined on the domain

¢ Lioc[0,1).

Dom (L max) = {u € L*(0,1) | u(z), (2 — 2)u/(z) € ACio(0,1]; Lu € L*(0, 1},

which acts as Ls maxt = Zsu, u € Dom(Lg max). This domain is maximal where we can define an
operator in L?(0,1) from the differential expression .%;. In the same way, we define the maximal
operator from the formal adjoint 5 with the domain

Dom(Ll . ) = {u € L2(0,1) | v(z), 2(2 — 2)v/(z) € AC1e(0,1); ZLiv € L2(0, 1)} .

S,max

Considering v € Dom(Lg max) and v € Dom(Ll,maX), we have the Green’s formula

z—0t

1 -
/0 [0(Ls maxt) — (LLmaxv)u] = [u,v](1) = lim [u,v](z),

and the limit

lim u,v](2)
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exists.
We denote the restriction of Lgl)nax to the functions

{u € Dom(LgI)naX) | u(1) = 4/(1) =0, u = 0 outside a compact subset of (0, 1]}

(1)
as L s min- Such operators are closable and we have
:,min = Ll,maxa (L;min)* = Ls,mam
where Lgr)nin = L;(L)ﬁn is the minimal (closed) operator. Since the coefficients of .Z; satisfy the

assumptions of [8, Thm. II1.10.18|, the set of smooth functions that vanish outside a compact
subinterval of (0,1), that is, C5°(0,1), is the core of the minimal operators. Moreover, using
[8, Thm. I11.10.19], we deduce that absolutely continuous functions are related to the functions
from Sobolev spaces and get

Dom(Lg max) = {u € L*(0,1) | u € H (0,1], Lu € L*(0,1)},
Dom(LgmaX) = {v € LQ(O, 1) |ve HIZOC(O, 1], fjv S LQ(O, 1)} .

We now return to our operator Lg. It follows from its definition that

Ls,min C Ls C Ls,max-
Thus the adjoint operator to L has to be a restriction of Ll7max, that is,
Dom(L*) C {v e L2(0,1) | v € H2_(0,1], ZLiv € L*(0, 1)} .

and Liv = .,%Tv, v € Dom(L%). In the next theorem, we determine the boundary conditions
satisfied by the functions in its domain.

Proposition 2.3. Let us define
D} = {u e L*(0,1) |v e H2 (0,1], LIv € L*(0,1),v(1) = 0,

lim [2(2 —2)v'(z) — 25(1 — 2)%0(2)] = 0}.

xz—0t
Then Dom(L¥) = D¥ for R(s) > —1/2.
Proof. First, we fix v € Dom(L}). Then there exists n € L?(0,1) such that
(v, Lsu) r2(0,1) = (M%) £2(0,1) (2.18)

for all u € CP2[0,1]. Using the Green’s formula, we get that n = LIy and the boundary terms
vanish, that is,

—/(1)o(1) + lim (x(2 — o) (2)o(@) — 2(2 — z)u(z) v (z) + 25(1 — x)Qu(x)@) —0. (2.19)

z—0t
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Choosing u € C£2[0,1] such that u = 0 around = 0 and u =  — 1 around = = 1, it follows
that v(1) = 0. On the other hand, with u € C2[0,1] such that v = 1 around = 0 and u = 0
around z = 1, we conclude

lim [2(2 —2)v'(z) — 25(1 — z)%0(2)] = 0. (2.20)

r—0t

This leads to the inclusion Dom(L%) C DZ.
In order to derive the other inclusion, one may repeat the computations in the Green’s formula
with v € D and u € C£2[0,1]. The only thing to show is that the condition (2.20) implies

lim z(2 —z)v(z) =0.

z—07t
In that case the boundary terms (2.19) vanish for all u € C£2[0,1]. Since this is a core of Ly, we

get DX C Dom(L?%). We set )
(2—z\°
h(z) = e*5* ( x) v(x),

T

where we use the convention z° = 1 for all € [0, 1]. Then
e 250 ST — ) TSR = 2(2 — 2)/ (2) — 25(1 — x)%v(x),

and thus it follows from v € HZ (0, 1] and the limit (2.20) that there exists a continuous function
a: (0,1] — C such that

oy a(x) . _
W(x) = e ZagFHl(9 — 1)1 $li>%1+ a(z) = 0.

Since h(1) = e?*v(1) = 0, we further obtain

! at) a(x) w
B _ I e ] —R(s)-1
IA() ‘/x e (2 — ¢) i dt‘ T e (2 - a) Loo(o,l)/w t :
a(x) —R(s)
_ _ 1+ .
6_2‘%(2 — x)_5+1 L°°(0,1) §R(S) ( )

Therefore, for R(s) > —1/2,

lim |2(2 — 2)v(z)] = 278+ lim 2RO p(z)| < Cp lim 2RO F(1 42776y =0,
20+ z—0+ z—0+

where Cj is a positive constant. O
Corollary 2.4. For s # 0 with —1/2 < R(s) < 1/2, Dom(L?) # Dom(L}).

Proof. We consider a cutoff function x € C*[0,1] such that x = 1 around x = 0 and x = 0

around x = 1. Denoting )
(2 z\°?
i) = ) e (1)

for R(s) > —1/2, we find that ¥ belongs to Dom(L?) by Proposition 2.3. However, for £(s) < 1/2,

& does not belong to H'(0,1). Since Dom(Ll) € H'(0,1) if R(s) # 1/2, we get the desired

result. O
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Together with Proposition 2.2, we have that L} # L* for —1/2 < R(s) < 1/2. We look more
closely at two special cases: s =0 and s € C such that R(s) > 1/2.

Adjoint of L
For s = 0, the operator L has a simple form
Lou=—(x(2 —z)u').
From the definition of the operator, we can see that it is symmetric. Indeed, for all u € C£2[0, 1],
(u, Lou) r2(0,1) = (Lo, w)r2(0,1)-

By Proposition 2.3, the domain of L is the set

D = {v € L*(0,1) | v € HE(0,1], Lyv € L*(0,1),v(1) =0, lim [z(2 —2)v/(z)] = 0}.

z—0t

As a consequence of Lemma A.2, we get Dom (L) C H1(0, 1), and use this to prove the following
proposition.

Proposition 2.5. The operator Ly is selfadjoint and Dom(Lg) = Dy.

Proof. We know that Lg is a closed symmetric operator and Dom(Lg) = D{. In order to prove
that Lo is selfadjoint, it is sufficient to show that L{ is also symmetric, that is, L C Lo. Using
the Green’s formula, we get that for u € Dom(Lg),

(u, Low) 20,1y — (Lot w) 2(0,1) = xl_i)n& [m(2 — o) (2)u(x) — (2 — z)u(x)u' (v)] .
Since Dom(L%) € H'(0,1), u € AC[0,1], and therefore the limit

lim wu(x
z—0t ( )

is finite. This implies that the boundary term vanishes and the proposition follows. O

We see from this proposition that the domain of Lg, which is defined as a closure of the core
Crol0, 1], can be characterised as follows:

Dom(Lo) = {u € H'(0,1) | u € H(0,1], Zu € L*(0,1),u(1) =0} . (2.21)

Considering u € Dom(Lg), we get

1
(. Lowyon) = | #(2 = 2)h(@) o > 0,

that is, Lg is bounded from below. One may show that this operator corresponds to the Friedrichs
extension [8, Sec. IV.2|, [14, Sec. VI.2]. In the theory of linear operators, there is the notion
of sesquilinear forms. By The first representation theorem, there exists a relationship between
semibounded symmetric forms and semibounded selfadjoint operators.
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Let [ be a symmetric form defined on the product space 57 x ¢, where 5 is a Hilbert
space, with the domain D(l). Then [ is said to be lower semibounded if there exists ¢ € R
such that for all u € D(I),

U, u] > c|lul)?.

Let {u,}52, C D(I) be a sequence such that for n,m — oo,
Up —> U
in the norm of 7Z for some @ € 5, and
[tn, — U] — 0.

The lower semibounded, symmetric form [ is said to be closed if the above assumptions imply
@ € D(1). A lower semibounded, symmetric form is called closable if it has a closed extension.
In our case, we define the symmetric form [y by

lo[u,v] = (u, L0U>L2(071), u,v € D(lp),

where D(lp) = Dom(i)o) = Cp2[0,1]. By [14, Thm. VI.1.27|, the form [y is lower semibounded
and closable, since Ly has the same properties. We denote the closure of Iy by . The domain
of I is the closure of D(lp) in the graph norm

1/2
1l = (1 1oy + 1@ = 2) V20 o))

that is,
D(lp) = C[0, 1] 1”

By the first representation theorem, there exists a unique selfadjoint operator Lr bounded from
below such that Dom(Lr) C D(Ir) and

lr[u,v] = (u, LFv) 12(0,1)
for every w € D(Ip) and v € Dom(Lp). The operator L is thus defined on
Dom(Lp) = {u € D(lp) | Lru € L*(0,1)}.
We show that Ly = Ly. Since they are both self-adjoint, it is sufficient to prove that
Dom(Lr) C Dom(Ly).
We first define

Dp = {u € L2(0,1) | w e Hpo(0, 1); u(1) = 05 /22— 2}/, (22 — 2)u') € L2(0, 1)}

and show that Dom(Lg) C Dg. Considering u € Dom(Lr), we know /z(2 — z)u’ € L?*(0,1),
and thus u € H. _(0,1]. It follows from the definition of D(Ir) that for every u € Dom(Lp),

loc
there exists a sequence {u,};2; C Cpo[0,1] such that for every closed interval K C (0, 1]

nl;ngo lu = un | g1 (k) = 0.
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Since we can estimate the values of the functions by the H' norm, that is, for every z € K,
[u(@) — un(@)] < Cllu = unll 11 (x), (2.22)

where C' is a positive constant independent of x and u, we deduce that u € Dom(Lp) inherits
the vanishing boundary condition at = 1. This result is related to the notion of traces [10,
Sec. 5.5]. Next, there exists n € L?(0,1) such that for all ¢ € D(Ir),

1 1
/ (2 —2)@'u dx = / ondx.
0 0

Since C§°(0,1) C D(Ir), we know that there exists (z(2 — x)u’)’ = —n € L*(0,1) and therefore
u € Dp.
To prove that D C Dom(Ly), it suffices to show that for all u € Dp,

lim x(2 — z)u'(z) = 0.

z—0t

If we take u € Dp, we get that
x
(2 — )/ (z) = / gt)dt+c, ceC,
0

where g(x) = (z(2 —z)u/(z))". Therefore, the limit exists. If we suppose ¢ # 0, then there exists
0 € (0,]c|) and € > 0 such that for all z € (0,¢),

|2(2 — z)u/ ()] > |c| — 0 > 0.
Hence

) — X UI.T2.T E; C| — r = OO
| ae-al@Parz [ (- dr = o

but this is a contradiction to y/x(2 — z)u’ € L%(0,1). Altogether, we get that Lr = Ly.

The operator L is called the Friedrichs extension of LO. The Friedrichs extension is useful for
finding a selfadjoint extension of a symmetric operator. Instead of proving selfadjointness of an
operator, it is easier to prove that a form is closed and symmetric. Also, the Friedrichs extension
has the smallest form domain among all other selfadjoint extensions of a given operator (and
their associated forms). This implies its physical relevance in quantum mechanics [18, Rem. 1.6].

Adjoint of L, for R(s) > 1/2
Proposition 2.6. For R(s) > 1/2,
Dom(L}) = {v e H'(0,1) | v € H} (0,1], Zv € L*(0,1), v(0) = v(1) = 0}. (2.23)

Proof. We first prove that Dom(L?*) € H'(0,1). Considering v € Dom(L?) = D%, we have
Lo e L%(0,1). Hence

g(x) = (LIv)(2) + 25(1 — 2)o(z) - 5°(1 + (1 — 2)*)o (@)
= (—z(2 — )/ () + 25(1 — 2)%0(x))" € L*(0,1).
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If we define

we get that
e (2 — x) S Y (2) = 2(2 — )/ (2) — 25(1 — x)2v(z) = — /Ox g(t)dt (2.24)

lim [2(2 — 2)v'(z) — 25(1 — z)%v(x)] = 0.

z—0t

It follows from h(1) = e2*v(1) = 0 that

that is, )
Losp (220 ! 25 s—1, —5—1 [
v(z) =e — V(2 -y) Ty g(t) dt dy.

If we plug this into the equation (2.24), we obtain

oy L !
v'(x) = 33(2—9:)/0 g(t)dt

. . LR . . v
+ 257 25%(1 — 2)%(2 — ) 51251 / e¥Y(2 — y)S 1y =571 / g(t) dtdy.
T 0

Using Lemma A.1 and Lemma A.3, we deduce that ' € L?(0,1). The fact that v € H'(0,1)
implies the rest. We get

(Zov)(2) = (Lfv)(2) = 25(1 — 2)*'(2) + 25(1 — 2)v(x) — (L + (1 - 2)*)u(z) € L*(0,1),
and it follows from Lemma A.2 that

lim x(2 —z)v'(z) =0, (2.25)

z—0t

therefore, v(0) = 0. O

This proposition helps us to show that L%+ is injective for a sufficiently large v if R(s) > 1/2.
Using a similar approach as in the Killing energy estimate, we get that for v € Dom(L?¥),

1 1
R(sv, (L% +7)v) = R(s) /0 £(2 - o)/ de + R(s) /0 by + 8P+ (1 - 2))] ol da

+ §R{ lim [sz(2 — z)v(z)v'(z) — |s|?(1 — $)2‘U(SU)|2] } :

z—0t

where 7 > 0. If we consider R(s) > 1/2, it follows from (2.23) that the boundary term vanishes.
Thus we deduce that there exists a positive constant Cs independent of v such that for v €
Dom(L?),

B(v) < Cs (L3 + )00 + [01320,1))
It follows from
7”””%2(0,1) < E(v)
that if we take v = C5 + 1, then

HUH2L2(0,1) < Csl(L5 + ’Y)UHQL2(0,1)- (2.26)
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2.5 Higher regularity

It follows from (2.9) and (2.26) that for (s) > 1/2, the operator Ls +  is bijective for
sufficiently large . Although injectivity holds for R(s) > —1/2, we proved surjectivity using
the adjoint operator only for %(s) > 1/2. In order to show that Ly + v is also surjective for
—1/2 < R(s) < 1/2, the operator L is considered on more regular spaces [24|. This eventually
leads to the proof of Lemma 1.1 in [24] for general k.

We define

L : Dom**Y(Ly) ¢ H*(0,1) — H*(0,1), k>1,

where Dom**!(Ly) is the closure of C£°[0,1] in the graph norm
1= | ey + 12 o

The operator is indeed closable. We take a sequence {uy}72; C Cp2[0, 1] such that

k k
Uy =z, 0, Lsuy 4, u,
where u € H¥(0,1). If we consider ¢ € C§°(0,1), we get that for every i € {0,...,k},

(", ) = (=1)"(u, D) = lim (=1)*(Lsun, @) = lim (=1)"(un, L_s(¢?)) =0,

n—oo n—oo

where we used the notation ‘
_ d'u
T dat’

Since u() € L2(0,1), we find a sequence {; 15, C C§°(0,1) such that

()

L2 .
Pin — u(l) )

and therefore,
[uD 132001y = @, u®) 20,1y = @D, u®) = nh&lo(ﬁ(i), @in) = 0.

Altogether we have
k
HUH%{k(O,l) = Z ”U(Z)H%?(o,l) =0,
i=0

which implies u = 0.

Injectivity

We prove that the operator Ls 4+ v considered in more regular spaces is injective in a larger
half-plane of C. In particular, for every s € C with R(s) > —1/2 — k, there exist constants 7 > 0
and C > 0 such that for all u € Dom**!(L,)

el s 0.1y < CIEs +V)uln 0 0 (2.27)
We first differentiate the equation (2.1) and get that for u € Cp2[0, 1],
(L)' (2) = —(2(2 = 2)u"(2)) = [2(1 - 2) + 25(1 = 2)*|u"(2)
+ls+2— sz 4+ 21+ (1 —2)H) (z) — [25 + 282 (1 — z)]u(x).
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For general k > 2, we have

(L) P (z) = —(2(2 — 2)u* D (2)) - [2k(1 — x) + 25(1 — 2)2Ju* TV ()
+ [2K% 4+ 25(2k + 1)(1 — 2) 4+ s2(1 4+ (1 — 2))]u® (z)
— [2sk? 4 25%k(1 — 2)Ju* D (z) + 2k(k — 1)u*2 ().
We then repeat the estimates from the proof in Section 2.2. In this section, we will assume that
all of the constants are positive and we will explicitly write only their dependence on . The

first part of the proof is the Killing energy estimate. We take u € C{2[0,1] and v > 1. For k =0
and R(s) > 0, we got

1
E(u) = /0 {zu/]? + ylul?} de < el|(Ls +’Y)UH%?(o,l) + C(O)HU”%?(o,l)v (2.28)

by multiplying Lsu + yu by su, integrate it over (0,1) and taking the real part. For k > 1, we
take

R {/01 S(uM)[(Lyu + yu)®)] dx} ,

from which we obtain
Bu®) < el (Lou+70)® 2201 + C® e o

&l ) + R 5P (D) (D (1))] (2:29)

b
R(s)
for R(s) # 0.

Note that we do not assume that the real part of s has to be positive. In the case k = 0,

the structure of the operator L allows us to integrate by parts so that we did not get the term
Hu’H%Q(O ;) on the right-hand side of the equation (2.28). Instead we get the boundary term

|4(0)|? and the positivity of R(s) insures the proper sign of it. This is no longer possible in

case of a general k and we obtain ||u(**1) H%Q(O 1) on the right-hand side of the equation (2.29).

Nevertheless, it is not a problem since we can make & arbitrarily small. There is also an additional

boundary term at 1. In the case k = 0, this vanishes since u(1) = 0, but we do not assume that

the higher derivatives also vanish at 1. We will deal with this term later with a different approach.
The second part of the proof is the redshift estimate. For k = 0, we used

1
—R {/ (u')(Lsu + yu) da:]
0
to get
1
/0 [(1—=)+2R(s)(1 - x)2] /| da < 5|yu'||%2(0’1) + 0O <||(Ls + *y)u||%2(0’1) + ||u||%2(0’1)> .

Putting (1—z) aside, [14+2R(s)(1—x)] is always positive if R(s) > —1/2, so by adding a multiple
of E(u), we deduce that

~(0
el 01y + Yula1) < 0 (I +M)ula ) + E(w))
For k > 1, we use

R { /0 (@) [;u + )] da:} ,



and obtain
1
/ (1= 2)(2k + 1) + 2R(s)(1 — 2)?] [ D do
0

1
< SuH D200, + C (Lot 10) P ooy + Nl ) + 3710 (D).
Putting (1 — z) aside again, [2k + 1 + 2R(s)(1 — x)] is always positive if R(s) > —1/2 — k. We
also have another boundary term at 1, but this estimate is used to show the H**! regularity

in the neighbourhood of 0 and therefore we can use the cutoff function to erase it. If we add a
multiple of E(u(®), we deduce that

1B 21 0.1y + 1B 20 1) < CF (||<L w7 ® 2501 + B@®) + Julu )
+Cy° Vlu ().
The third part of the proof is the shifted first estimate. Denoting s; := —1/2 — k, we have
E(U(k)) < 5||(f/s—sku + ’YU)(k) ”%2(0 nt+ 5||u(k+1) ”%2(0,1) +c® HUH%{’C(OJ)
1

e (5 = ) (B (1) ("D (1))

for R(s) > sx. The shifted operator IA/S,S,C can be decomposed as follows:

- = (k
[(Ls—spu+ ’YU)(k)H%Z(o,l) = 3(> : <||(L5u +7U)(k)”%2(0,1) + ||U(k)H%11(0,1) + HUH?qk(o,l)) .

Since the € can be arbitrarily small, we get that

1 20,1 + AP 2201y < O (II(Lu+w) 9220 +||uqu01>)
+

@@ utD @) + I (1)),

Consider a smooth cut-off function x such that 0 < x(x) < 1 for all z € [0,1], x = 1 in
[0,¢/2], and supp(x) C [0,¢], 0 < ¢ < 1. Hence

100 ® 21101y + 2 ) 2201y < E® (1o + 1)) ® 20,1y + Ixulego ) ) -

By adding [|xu/|%;.- 10.1) and vH(Xu)(i)H%Q(O’l) for every i € {0,...,k — 1}, we deduce that

Il oy + 2 0oy < G52 (s + 1) oy + 100 Bpeqany) -
where we used the shifted Killing estimate for lower derivatives and the fact that
YN 0cw) DN 20,1) < E((xw)?).
Taking sufficiently large =y, we get that
A (k
el 2 0.1y < G5V N (Ls +9) (0t 17001
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The right-hand side of this equation can be adjusted as follows:

k
1(Zs + DOk 1) < 2 (1w + 30D 20,012 + N5 + 7)) V2o )
i=0

k k
< (s + V)l 0,1y + O Nl 21y + CS Ml 2011y

Next, we deal with the boundary term from the Killing estimate for u € Cp[0, 1] without a
cutoff function. We first consider k£ = 1 where we obtained

Wu”(l)‘.

From the definition of Ly, we have
(2 — z)u" = —(Ls + y)u — 2(1 — )’ — 25(1 — )%/ 4 2s(1 — 2)u + [s*(1 + (1 — 2)?) + 7]u.
Since u(1) = 0, we get
u”(1) = —(Lsu + yu)(1),

and

W)W (1)] = [0 (Low+ 7w)(D)] < KO 720, I(Es + il 0,1

In the case k = 1, we want to obtain

lullFr20,1) < CINLs +1)ullFpo)-

Since we will get [|u/||1(0,1) on the right-hand side, we add a small € > 0 to get

R 1
1l I (s + Ml o) < Ellw I o,y + 1 (Es + Ml
so we can eventually subtract the term ||u'|| g71(0,1). This gives us

E(u) < el (Ls—syu+ 7“)/‘&2(071) + 5HUHH%2(0,1) + C(l)HuH%{l(O,l)

1 _ Y
+ m% (5 —s1)(v/'(1))(u (1))]

< (e + 2+ 8)C8 0 o) + CE (s + Ml + 1l ) -
Hence

lalragep,y +MullEn o) < O3 (B Q) + Ew)
< 8O CE ullfya 0.1 + €1 (Ls + )l 0. + CE Nl 0,0
where 6() > 0 can be arbitrarily small. Putting it altogether, we have
HUH%I?(OJ) + ’YHUH?{l(o,l) = [Ixu+(1- X)UHJZLP(O,U + ’YHUH%{l(O,l)
< 2HXUH12L12(0,1) +2[1(1 - X)UH?TJQ(C/QJ) + ’YHUH%U(OJ)
< GHXUH%P s 4||UH§{2(C/2,1) +’7H“||§{1(0,1)
< GC H st ’Y)(XU)qul on T 4”“”?{2 (¢/2,1) +’YHUH%11(O 1)
<cV H( +'Y)UHH1 01) T o <”UHH2 (¢/2,1) +llull7n 01))
<sWe 11 HUHH2(0 nt+ C'12 (”( + 7)“”H1(0,1) + HU||H1(0,1)) '
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If we take sufficiently large « (if it is not already) and consider 6(V) < 1/ Cﬁ) , we deduce that
lullFr20.1) < CI(Ls +7)ullFri0,)-

The inequality holds for all u € CP2[0, 1], and therefore for all u € Dom?(Ly). This implies that
the operator Ly + v defined on Dom?(L,) is injective for sufficiently large v and

Dom?(Ls) € H?*(0,1)

if ®(s) > —3/2.
Moving to a higher regularity, for £ = 2, we obtained the boundary term

u’ (1) u® (1)
Using (Lsu + yu)'(z), we get
WP (1) = (Lot 7w (1) + 2+ 5% + ) (1).
Hence, using the appropriate shift, we get
WD u® )] < R s + K5 N Lt 7Y s 0y + (1 DS 1 s 0,
However, in the case k = 2, we want to obtain [[u|%;. (0,1) Without a prefactor dependent on 7 on

the right-hand side. In order to do that, we use the other boundary condition and the fact that
the prefactors of terms with L 4+ v can depend on «. We have that

PHuO)| <

WD) (L ) (1)) + |2 + 2 () o ()] + |1 ' (1)

< [0 (Lo -+ ) ()] + |2+ A0 o ()] + |y Tew 7)1 ' (1)

This gives us

N 2 2
w0 u® (1)) < KN 1) + K5I La+70) I 0.
2 2
+ K N 300y + VKL +9)ul3 0.):
and thus
al3ps o o1y + MullFreoy < O (E@) + B(u') + E(u)
< 0@CP |ull%s 0.1y + Ol (L + 1l 0.1y + O Il 2p20.1)

where Cé? is a positive constant dependent on . Nevertheless, if we use a similar approach as

in the case k = 1 and take sufficiently large v (if it is not already), we deduce that
HuH%ﬁ(O,l) < Cll(Ls + 7)“”?{%0,1)'

The inequality holds for all v € Dom?(L,), which implies that for ®(s) > —5/2, the operator
L + v defined on Dom?(L,) is injective for sufficiently large v and

Dom?®(Ls) € H3(0,1).
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For general k > 3, we have the boundary condition

uF D (1) = —(Lgu + ) F V(1) + (k(k = 1) + 5° +y)uD(1)
—2(k — 1)2u*D(1) + 2(k — 1) (k — 2)u*=3(1).

In order to estimate the boundary term

u® (1) u* D (1)] (2.30)
we use the same steps as before. Again, we should be careful with the prefactor -+ in the boundary
condition. In the previous case, we plugged another boundary condition to solve this issue. For
general k, this leads to terms with powers of «, which could potentially be a problem. We show
how to deal with this.

We want to prove that

k
el s e o1y + Ml 0.1y < P CE 2 o1y + Ol (Ls + )ulle 0.1y + C& 1l 2 o.1y-

Since this is true for k£ = 1,2, we may assume that
Yl 0.1y < 0DCE ull i 0.1 + CEUN(Ls + 7)ulligon) + Ol Zpeony (2.31)

holds for all € {1,...,k—1}. Using the boundary condition for u(**1)(1) in the boundary term
(2.30), we obtain the problematic term

7 [u® @) u*D )|

If we plug the boundary condition for u(¥)(1), we have to deal with
+? ]u<k—2>(1) u<k*1>(1)’ +y ]u<k—3>(1) u<k*1>(1)’ +y ]u<k—4>(1) w1 (1) (2.32)
It follows from (2.31) that

Pllullf-ay < ¥OE DOl + Cry (L +Mullfn(o,

+ Cg(;ki HUHka?(o,l))

< ¢ (DY ||%1k 01 + Oty Vs + y)ulfpc o)
+C' HUHHk 10, 1)) +707v e’ s+ )ullf- 2(0,1)
+ O (B Nl o) + Oty (s + )l o)
+ 05 lullfs o)

< Sl o, + CF s + Ml o) + G5 Nl o 1y

By using this, we can estimate the last two terms in (2.32), thus we are left with the term

7 [uE 20 u* (1))

Here, we plug the boundary condition for u(k_l)(l) and replicate the arguments above. This
gives us

7 [ @) utH ).
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Repeating the steps again, we eventually get

W1 u® (1)

’Yk_Q

if £ is even, or
72 W (1) (1)

if k£ is odd. We now use the boundary condition for v”(1) and put the prefactor =2 together
with Lgu + ~yu.
Altogether, we obtain that

k
k)
HU”Hk+1(C/21 +'Y”UHH1€(01 <C( ZE

=

k
< SR ull 2 0.0y + CF)

k
[(Ls +7)ullZ .0 + O 1l 2e0.1)-
Thus taking sufficiently large v, we deduce that for all u € Dom**1(Ly),
HuHiI’f-‘rl(O,l) < ClI(Ls + 7)”‘|12T—[k(071)' (2.33)

It follows from this inequality that for R(s) > —1/2 — k, Dom**1(L,) ¢ H**1(0,1) and L, + v
is injective for sufficiently large ~.

2.6 Fredholm theorem

In Sections 2.2 and 2.4, we have shown that for every s € C with R(s) > 1/2, there exists
~v > 0 such that Lg + 7 is bijective and the equation (2.9) holds. We now use these results
together with the steps from [24, Thm. 4.9] to prove Theorem 2.1 for R(s) > 1/2. The bijectivity
implies that the resolvent (Ls+)~! exists and from the equation (2.9), we get that (Ls +~)~*
is a bounded map from L?(0,1) to H'(0,1). Since H'(0,1) is compactly imbedded in L?(0,1)
[2, Thm. 6.3], the resolvent (Ls + )~ € %(L*(0,1)) is compact. If we fix a bounded domain
Q C {s€C:R(s) > 1/2}, then there exists A € R such that for all s € Q, (Ls+\)~! is compact.

Note that the operator Ls has uniform domain for all s € C with R(s) > —1/2:

Dom(Ly) = Dom(Lg) = {u € H'(0,1) | u € HE.(0,1], Lou € L*(0,1),u(1) =0} .

Indeed, if we consider u € Dom(Ls), it follows from (2.9) that « € H'(0,1). Using the same
argument as in (2.22), the boundary condition u(1) = 0 is preserved when we take the closure
of C2[0,1]. Finally, we have

Zou= Lou+25(1 —2)?u —2s(1 — x)u — s*(1 + (1 — x)*)u € L*(0,1).
On the other hand, taking u € Dom(Lyg), there exists a sequence {u,}32; C C£o[0,1] such that

L? L?
Up — u, Loup — Lou.

The equation (2.9) then implies that

Hl
Uy — U.
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Altogether, we get that
Ly, = Lo, — 2s(1 — 2)%ul, + 25(1 — ) up 4+ s2(1 + (1 — 2)?) uy,
converges to
Lou — 25(1 — )%/ 4+ 2s(1 — z) u + s*(1 + (1 — z)?)u € L?(0,1)

in the L? norm. Since L; is closed, u € Dom(Ly).
Now, let us define

B(s) = ALs + )"
We show that it is analytic in €2 [20, Def. 8.50], that is,

1 B() — B(s)

s'—s s —s

exists for all s € . Using

(s+8)(Ly +N) 7" =28(Ls + N7 = (Lg + N)7H(s" +8)(Ls + \) — 25(Lg + N)](Ls + A)7?

= (s’ —s)(Ly + \)7! [LO +2s(1 — x)Q% —25(1 —2)

—(2's + )1+ (1 —x)%) + )\} (Ls+ )71,
we get that for every u € L%(0, 1),
lm [|(s + 8')(Ly + A) "' — 25(Lg + A) " Mull 20,1y = 0. (2.34)
s'—s ’

This follows from the fact that for a fixed u € L?(0,1),

H(Ls/ + A)_l[LO +2s(1 — 1‘)2% —2s(1—xz) — (28's + %) (1 + (1 — 2)?) + )\}(LS + )ty

L2(0,1)
is uniformly bounded in the complex parameters s, s’ € 1, where

d
L d —
0 At dx

are interpreted as bounded operators from the Banach space Dom(Lg) to L?(0,1) and from
H'(0,1) to L?(0,1) respectively. Since

(Ly +A) 7" = (Ls+ A" = (Ly + A) 7 (Ls — Ly ) (Ls + A) 71,
where

Ly— Ly =2(s —)(1— x)Q% Co =) (1 =) + (52 — )1 + (1 - 2)?),

we deduce that for a fixed u € L?,

H(le + )7t [2(1 - x)Q% —2(1—2)—(s+s)(1+ (1 - x)Q)] (Ls + N\ tu
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and

HB(S’) — B(s)

s —s

uw+ MLg+ N1 [2(1 — x)Q% —2(1—x)+2s(1+ (1 — x)Z)] (Ls + N tu

L2(0,1)

are also uniformly bounded in the complex parameters s,s’ € Q. These results, together with
the equation (2.34), imply

lim B(s") — B(s)

§'—s s’ —s

= - A\(Ls+\)7! <2(1 — x)2di —2(1—az)+2s(1+(1— x)2)) (Ls +A\)71

T

in the operator norm of %(L?(0,1)). Thus, the mapping s — B(s) is analytic in £ and we can
apply the Analytic Fredholm theorem [20, Thm. 8.92].
Either

(i) (1 — B(s))™! exists for no s € Q,
or

(i) (1—DB(s))™! exists for all s € Q\ACIQNF,Q where AbNF’Q is a discrete subset of 2. Moreover,
the function s — (1 — B(s))™! is analytic in Q \ AIQNF’Q, and for s € AbNF’Q, B(s)u =u
has a finite-dimensional family of solutions.

It follows from 1 — B(s) being a Fredholm operator that the cokernel of this operator is also
finite, and its dimension is equal to the dimension of the kernel.

An operator T with closed range is called a Fredholm operator if nul(7") and def(7") are
finite. The index of T is defined by

ind(7T') := nul(T") — def(T).

Since the identity operator is a Fredholm operator of index 0, we get from the second stability
theorem [14, Thm. IV.5.26] that 1 — B(s) has the same properties, and therefore

dim Ker(1 — B(s)) = dim coKer(1 — B(s)) < o0.

In the sense of the proof of [10, Thm. 6.2.4], we can apply the results of 1 — B(s) to L since,
for any f € L?(0,1), u solves the equation

Lu=f

if and only if
(1= B(s)u= (Ls +X)'f.

In order to obtain the second possibility in the Analytic Fredholm theorem, they use in [24,
Thm. 4.9] the result from the semigroup theory that for R 3 s > M, (A —s)~! exists. It follows
from [24, Lem. 4.2] that L;! then also exists. Note that we can enlarge € in such a way that it
always contains some s > M. Thus, we get for any s € C with R(s) > 1/2, either

(i) L;! exists as a bounded map from L2(0,1) to H'(0,1),
or

(ii) there exists a finite-dimensional family of solutions to Lsu = 0.
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Possibility (ii) is obtained only for s € AbNF, where AbNF is a discrete set of points that
accumulate only at infinity. The function s — Lg is meromorphic on {s : R(s) > 1/2}, with
poles at Aé)NF' This proves Theorem 2.1 for R(s) > 1/2.

There is also an alternative way of proving Theorem 2.1. Let Qg be a bounded domain such
that Qg C {s € C: R(s) > —1/2} and 0 € Q. We have for all u € Dom(Ly),

IZsullp20,1) < 1Lowllz2(0,1) + 2 sup Islllull g (o,1) + 2 sup |s?[[ull 20,1y,

EIS ) s€Q0

and for all v € L%(0,1),

lim (v, Lyu) 2(0,1) — (s Lsu) 12(0,1)

s'—s s —s

This implies that Lsu is holomorphic for s € Qg for all u € Dom(Lg) [14, Sec. VIIL.1], that is, it is
differentiable at each s € . Satisfying the conditions of uniform domain and holomorphicity of
Lgu, the family of operators Ly is then holomorphic of type (A) in Qg |14, Sec. VIL.2]. It follows
that Lg is holomorphic in €y and thus continuous in s in the generalised sense [14, Sec. IV.2].
The generalised convergence of closed unbounded operators is defined by the "distance" between
their graphs.

Returning to the equation (2.9), we deduce that there exist positive constants vy and C' such
that

= (v, (=2(1 — z)*)u/ +2s(1 + (1 — $)2)U>L2(071).

||U”%{1(0,1) < C|l(Ls + ’YO)UH%2(0,1) (2.35)

holds for all s € {2g. We can easily see that the family of operators Ls 4+ 7 is also holomorphic
of type (A) in Q. Since [8, Thm. III.10.1] implies

dim Ker(L} 4+ ) < 2,

the family of operators Ls + 7o consists of injective operators with closed range and finite-
dimensional cokernel, and thus is a holomorphic family of Fredholm operators. It then follows
from [14, Thm. IV.5.17| and the generalised convergence that it has a locally constant index.
Since we know that Lg is selfadjoint, the equation (2.35) implies its surjectivity, and therefore
ind(Lo + 79) = 0. Hence we conclude that ind(Ls + 79) = 0 and 9 € p(Ls) for all s € Q.
Altogether we have that (L, +9) ' € #(L?(0,1)) is compact for all s € Q.

At this point, we could repeat the steps above and use the Analytic Fredholm theorem, in
this case for ®(s) > —1/2. However, applying [14, Thm. VII.1.10] to the family of operators L
in Qy, we immediately get a similar result. To obtain the possibility of finite singular points, we
show that 0 € p(Lg). The general solution of the equation £u = 0 is

u(z) =c1 +c2ln (m) , c1,c0€C.
x

In order to belong to the domain of L, it must be in H'(0,1) and u(1) = 0. In this case, the
conditions are not satisfied for any non-zero solution since

In (2 - ”””) ¢ H'(0,1).

On the other hand, let f € L?(0,1) be an arbitrary function and we define

1 1 t
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We see that uy is a solution of the equation Zuy = f € L*(0,1), and it satisfies uy(1) = 0 and
ug € HE_(0,1]. It follows from Lemma A.1 and the inequality

jus(@)? < (/0 wl_t)/otf(s)ds dt>2§/01 ml_t)/otf(s)ds

that uy € H'(0,1), and therefore, uy € Dom(Ly).
Note that if 1 is not an eigenvalue of the compact operator vo(Ls+0) ! € %(L?(0,1)), then
it belongs to the resolvent set. Thus we have proved Theorem 2.1.

2
dt

Corollary 2.7. The compact operator L7t € B(L?(0,1)) exists for all s € C with R(s) > —1/2.

Proof. The general solution of the equation Zsu = 0 for s £ 0 is

u(z) = 5" [cl te <2 — x)] ,

where cj,c2 € C. Since 275 ¢ H'(0,1) for R(s) > —1/2, only the trivial solution satisfies
the boundary condition u(1) = 0. The claim follows from Theorem 2.1 and the fact that 0 €
p(Lo)- 0
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Chapter 3

Pseudospectrum and quasinormal
modes

The pseudospectrum is a tool for analysing the instability of the spectrum arising from the
non-normality of a linear operator. It provides valuable insight in various fields, such as nu-
merical solutions of differential equations, hydrodynamic stability, and non-Hermitian quantum
mechanics. The pseudospectrum quantifies how far a given operator deviates from being nor-
mal. While it does not yield exact results, it offers approximations whose bounds can be tight
enough to serve as reliable indicators. Since quasinormal modes have been defined as eigenval-
ues of non-selfadjoint operators, their potential instability has recently been investigated using
pseudospectral analysis.

3.1 Pseudospectrum

In this section, we primarily follow the book [9]. For simplicity, we define the pseudospectrum
on a Hilbert space, but it can be defined accordingly on a Banach space. Let A be a closed,
densely defined operator on a Hilbert space H, and let ¢ > 0. The e-pseudospectrum (or
simply pseudospectrum) o.(A) of A is the set of all z € C such that

H(.A — z)_lH > e L.

Some sources define the pseudospectrum using a non-strict inequality. A discussion of the dif-
ferences between these definitions can be found in [22]. One potential issue with the non-strict
version is the phenomenon of “jumping pseudospectra”, as discussed in [9], which may lead to dis-

continuities in the pseudospectral sets. We adopt the standard convention that ||(A—2)7!| = oo
whenever z € o(A), which is consistent with the resolvent bound
1 1
A=)~ > (3.1)

dist(z,0(A))

The pseudospectrum admits several equivalent characterisations. We refer to [9] for detailed
proofs of these equivalences. One particularly important interpretation, relevant to spectral
instability, is based on norm-bounded perturbations. A complex number z belongs to o.(.A) if
and only if z € o(A + V) for some V € #(H) with |V]| < e. Another equivalent formulation
involves pseudoeigenvectors. o-(A) is the set of z € C such that z € o(A) or

(A= 2)ul| < e (3.2)
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for some u € Dom(A) with ||u|| = 1. If the equation (3.2) holds for some u and &, then z is an
e-pseudoeigenvalue and u is a corresponding e-pseudoeigenvector (or e-pseudomode, or
e-pseudoeigenfunction). Surprisingly, pseudoeigenfunctions could be smooth and compactly
supported [17].

The pseudospectrum has the following properties:

1. 0:(A) is a non-empty open set of C, and any bounded connected component of o.(.A)
has a non-empty intersection with o(A). If the spectrum of A is empty, then o.(A) is
unbounded.

2. Pseudospectra are strictly nested supersets of the spectrum, that is,

() oe(A) = a(A).

e>0

3. For any § > 0
0ey5(A) 2 0:(A) + Bs,

where By is the open disk of the radius 4.

The last property is related to the lower estimate of the pseudospectrum. Using the equation
(3.1), we get
{z € C|dist(z,0(A)) < e} C o (A),

that is, the pseudospectrum always contains the e-neighbourhood of the spectrum.
The upper estimate of the pseudospectrum can be obtained by considering the numerical
range. The numerical range of A is the set

W(A) = {(u, Au) | v € Dom(A), |ul =1}.

Then, we get

0:(A) C {z e C|dist(z, W(A)) < e}, (3.3)
that is, the pseudospectrum is contained in the e-neighbourhood of the closure of the numerical
range. For an unbounded operator 4, (3.3) holds if C\ W(.A) is connected and contains at least
one point from the resolvent set.

Considering the adjoint operator A*, for any z € C and € > 0, we have

ICA =27 = (47 = =)

and z € 0.(A) < z € o-.(A*). Additionally, if u € Dom(H) is an e-pseudoeigenvector of
A corresponding to the e-pseudoeigenvalue z ¢ o(A), then A* has an e-pseudoeigenvector v €
Dom(A*) corresponding to the e-pseudoeigenvalue z. If A is a normal operator, the inequality
in the equation (3.1) becomes an equality, which gives

{z € C|dist(z,0(A)) < e} = o-(A).

Thus the pseudospectrum of normal operators does not give us any additional information that is

not already given by the spectrum. We see that the normal operators posses the spectral stability,

which is important for example in quantum mechanics, where the observables are represented

by selfadjoint operators and the eigenvalues are possible measurement values. On the other

hand, non-normal operators (usually referred to as non-selfadjoint operators in this context)
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usually suffer from the spectral instability, that is, small perturbations can drastically change
the spectrum.

An important application of the pseudospectrum is in the study of time-dependent dynamical
systems. Traditional spectral analysis, which focuses on eigenvalues, can be misleading in this
context, as eigenvalues reflect only the asymptotic (late time) behaviour and fail to capture
transient dynamics. These transient effects may arise due to the non-normality of the underlying
operator. In linear dynamical systems, the pseudospectrum provides a valuable framework for
assessing transient growth induced by non-normality.

We consider the first order time-dependent equation

du

If A is independent of ¢, the solution can be expressed as
u(t) = eu(0).

In the case of A being a matrix or bounded linear operator, ' is defined by a convergent power
series. For a densely defined closed unbounded linear operator, the theory of Cy semigroups is
used. The norm of e as a function of ¢ gives us information about the maximal growth rate of
the solution u(t) in time.

Next, we define spectral, e-pseudospectral and numerical abscissa of A as

alA) = sup R(z), a:(A) = sup R(2), w(A) = sup R(2),
z€o(A) z€o:(A) zeW(A)

respectively. The initial growth is determined by the numerical range. For a bounded operator
A, there exist v € R and M > 1 such that

e < Metr, v >0,

Moreover,
HetAH < etw(.A)7 vt >0,
HetAH = () 4 o(t), ast — 0,

and

o) = S | = Iim (ae() - <)

E—0OQ

let4]] < 1 for all t > 0 (i.e. A is contractive) if and only if w(A) < 0. This
tAH

In particular,
shows that the numerical abscissa can give us the exact answer about the initial slope of He
and can be related to the pseudospectral abscissa by € — co. For a unbounded operator A, we
have the following statement. If w(.A) = oo, then either A does not generate a Cy semigroup, or
it generates but does not satisfy HetAH < €' for any v € R. On the other hand, suppose that
w(A) and a(A) are both finite. Then A generates a Cp semigroup with HetAH < e foray e€R,
and all the properties above hold.

On the other hand, the late time behaviour is governed by the spectrum, and the spectral
abscissa gives us the lower bound of HetAH, that is,

el A) < [ otA
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Moreover, if A is a matrix or a bounded operator,

lim ¢! log HetAH = a(A). (3.4)

t—o0

To get a sharper lower bound of HetA }, especially for the transient growth, the pseudospectral
abscissa is used. For any closed densely defined linear operator A generating a Cy semigroup,

sup HetAH > aa(A).
t>0 €

we have

If we define the Kreiss constant of A as

we get

In order to have an estimate for the late time behaviour of unbounded operators similar to
the equation (3.4), we define the growth bound of A:

== lim ¢~ !log ||e™]].

wo(A) tiglot og |||

Such limit always exists. For unbounded operators generating Cjy semigroups, we have only the
inequality

wo(A) > a(A).
The pseudospectrum can be used to better estimate the growth bound. Let A be a closed densely
defined linear operator that generates a Cy semigroup. Then

wo(A) = lim a(A),

e—0

and the following conditions are equivalent:

wo(A) = w(A),
[e4]] = e« v > 0,
as(A) =wo(A) +€, Ve>0.

3.2 Instability of quasinormal modes

In [13], the pseudospectrum was introduced as a tool for analysing the instability of quasi-
normal modes. As discussed in Chapter 1, the hyperboloidal approach to wave propagation
allows quasinormal modes to be defined as the eigenvalues of a non-selfadjoint operator, specifi-
cally, the infinitesimal generator A. This formulation naturally raises the possibility of spectral
instability, making the pseudospectrum a suitable framework for investigating the theoretical
sensitivity of quasinormal modes under general perturbations. The authors of [13] also present
numerical techniques for computing the pseudospectrum of A, offering a practical foundation for
such studies.

We should emphasise that the definition of the pseudospectrum is norm-dependent. The
notion of what constitutes a “small” or “large” perturbation varies with the choice of the norm.
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Figure 3.1: Numerical visualisation of the pseudospectrum of gravitational modes | = 2 in the
Schwarzschild black hole space time. The quasinormal frequencies w,, = —is,, are marked in red.
White lines (contour lines) represent the points where the norms of the resolvents have the same
value, that is boundaries of each e-pseudospectrum. The colour scale on the right-side in the
picture indicates the value of log;;e. The figure has been adapted from [13].

In physically meaningful contexts, it is crucial to adopt an appropriate energy norm which is
derived from the energy content of the system. The energy norm proposed in [13] is constructed
from the stress-energy tensor of the studied scalar field.

In [13], the pseudospectrum of the Schwarzschild black hole has been analysed in detail.
The results suggest that the quasinormal overtones, that is, strongly damped modes, are spec-
trally unstable, with the instability increasing with the damping. In contrast, the fundamental
quasinormal modes, which decay most slowly, appear to be stable. The pseudospectrum for grav-
itational modes with angular momentum number | = 2 is shown in Figure 3.1. It is important
to note, however, that this method provides only a theoretical perspective on instability. For
insight into whether physically relevant perturbations can actually trigger such instabilities, we
refer the reader to the detailed discussion in [13].

The pseudospectrum was investigated in various spacetimes, for example Reissner—Nordstrém
black hole spacetime [7], asymptotically de Sitter black hole spacetime [21] or asymptotically anti-
de Sitter black hole spacetime [3], as well as in the case of compact horizonless objects [5]. In all
cases, the pseudospectrum has a similar structure as in the case of the Schwarzshild black hole.
In the case of horizonless compact objects, the transient effects in the early time were studied
by evaluating the norm of e** and it was suggested that the operator is contractive.

Interestingly, in [26], they propose a different method to study the instability of the quasi-
normal modes. As we already mentioned, the problem of finding the eigenvalues of the operator
A can be formulated as finding such s for which 0 is the eigenvalue of the Laplace-transformed
operator Ls. Considering de Sitter black hole spacetime, they define the “pseudospectrum” dif-
ferently, using the norm of the operator L;! instead of the resolvent (A — s)~!, that is, for
k>0

~k — 1 -1
GE(A) = {s € Up | I3l > 7'}
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Figure 3.2: Numerical visualisation of the “pseudospectrum” for k = 5 in the de Sitter black hole
spacetime. The black dots mark the quasinormal frequencies. The boundary of Us is marked
by the dash line. The coloured lines (contour lines) represent the points where the norms of the
resolvents have the same value, that is boundaries of each e-“pseudospectrum”. The number is
the value of e. The figure has been adapted from [26].

where Uy, is a half-plane of C on which H*-quasinormal spectrum is defined, and ||-|| is the norm
of the Banach space Z(H"(0,1)). They argue that the advantage of this approach is that ﬁ;l is
compact and also not a operator matrix. On the other hand, we cannot use existing numerical
libraries for computation. The numerical realisation of the “pseudospectrum” for k = 5 is shown
in Figure 3.2
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Conclusion

In this thesis, we explored the topic of quasinormal modes in black hole spectroscopy through
the lens of spectral theory of linear operators. We began by introducing the definition of quasi-
normal modes and reviewing various methods for their computation. In the classical approach,
quasinormal modes are extracted from the wave equation in standard coordinates; however, this
method presents several challenges. Many of these can be addressed by adopting the approach
in which the spatial slices of the spacetime foliation are hyperboloidal. In this setting, the evolu-
tion of quasinormal modes can be framed using the theory of Cy semigroups. The wave equation
governing the evolution can be recast as a first-order differential equation, with the infinitesimal
generator A. The quasinormal frequencies then appear as eigenvalues of this non-selfadjoint
operator.

We illustrated this framework using the example of a (1+1)-dimensional asymptotically anti-
de Sitter black hole spacetime, as studied in [24]. In that setting, energy estimates are used
to define the semigroup, with the quasinormal modes appearing as smooth eigenfunctions of A,
and their frequencies as the corresponding eigenvalues. The spectral problem for the operator
matrix A can be reduced to the invertibility of a second-order differential operator L. This
operator has the structure of a Laplace-transformed wave equation and can be obtained by the
decomposition of the operator matrix.

In the second chapter, we investigated the second-order differential operator L, defined on
L2(0,1), which is related to Laplace-transformed operator via Ly = w(x)Ls, where w(z) =
(14 (1 —x)?) is the weight function. The main objective was to prove Theorem 2.1. We reviewed
the proof of Lemma 1.1 from [24] in more detail, starting with the existence of a compact
resolvent (Ls +v)~! for some v € R. Using energy estimates, we derived the inequality (2.9),
which implies that for R(s) > —1/2, the domain of L is contained in H'(0,1), and L + 7 is
injective for sufficiently large . In [24], the surjectivity of Ls + v was investigated by studying
the injectivity of the adjoint operator, relying on the closed-range property implied by (2.9).
From the equations (2.12) and (2.16), it was shown that for R(s) # 1/2, the domain of L] lies
in H'(0,1), and L+ ~ is injective for sufficiently large .

However, we provided counterexamples showing that Ll is not the adjoint operator for all
s € C. Specifically, in Corollary 2.4, we demonstrated that for —1/2 < R(s) < 1/2, the domain
of the true adjoint is not contained in H'(0, 1), revealing a subtle issue in the previous analysis.
For s = 0, the operator Ly is selfadjoint and corresponds to the Friedrichs extension. When
R(s) > 1/2, the domain of L? is contained in H'(0, 1), and from equation (2.26) it follows that
L% + v is injective for sufficiently large 7. Altogether we concluded that for R(s) > 1/2, the
resolvent (L + )~ ! exists and maps L2(0,1) into H'(0,1). In [24], the operator L is also
considered on higher-regularity spaces H*(0,1), k > 1, allowing the properties of the resolvent
to be extended to the full region R(s) > —1/2. This eventually leads to the proof of Lemma 1.1
in [24] for general k. We showed for completeness that considering L as an operator on H¥(0, 1)

49



with domain Dom**!(L,) leads to the inequality (2.33), implying that for R(s) > —1/2 — k, the
domain Dom**1(L,) is contained in H**1(0,1) and L, + v injective for sufficiently large .

Following [24, Thm. 4.9], we applied the Analytic Fredholm Theorem to prove Theorem 2.1 for
R(s) > 1/2. For the whole region R(s) > —1/2, we used an alternative approach. Considering a
certain bounded domain 2y C C and vy € R, we showed that Ls+ g forms a holomorphic family
of Fredholm operators in €g. Theorem 2.1 then follows from [14, Thm. VIL.1.10]. Corollary 2.7
establishes that L;! exists as a compact operator on L2(0,1) for all s € C with R(s) > —1/2.
Together with [24, Lem. 4.2], this justifies the definition of quasinormal modes as eigenvalues of
A on the half-plane R(s) > —1/2.

Finally, we discussed the notion of the pseudospectrum and its significance in the context of
quasinormal mode instability. After presenting its definition and key properties, we showed how
the pseudospectrum can capture transient effects in time evolution by estimating the norm of the
infinitesimal generator. We then reviewed the application of pseudospectral analysis to quasi-
normal mode instability in [13], where it is shown that quasinormal overtones exhibit spectral
instability, increasing with greater damping. Conversely, the fundamental quasinormal modes
appear stable. We also introduced an alternative definition of pseudospectrum for quasinormal
modes proposed in [26].

In the future, we aim to develop a deeper understanding of the operator-theoretic framework
of quasinormal modes, and to further incorporate pseudospectral analysis. With the increasing
precision of gravitational wave observations, the field of black hole spectroscopy offers a fertile
ground for research, promising continued theoretical development and new physical insights.
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Appendix A

Supplementary proofs

Lemma A.1. Let g € L?(0,1). If we define

W) = (21_) / “gydt,

then h € L?(0,1) and there exists a positive constant C such that

17l z2(0,1) < Cllgllz2(0,1)-

11 T
I. = — t)dt
= [ | [ a0

where ¢ € (0,1). If we integrate by parts, we get

Igzl—i /Owg(t)dt }23%{[{1(/0:6 ()dt) ()dm]

Using Cauchy—Schwarz inequality, the boundary term can be estimated by the norm of g:

1 /omg(t) al < % </0 dm) (/0 ]g(:c)|2d$> < llgl320.1)-

x
In the same way, we estimate the other term:
dx \// lg(z)|? dx

2@}3[/:313(/0 ()dt 9(@) dz <2\//

<2y 6H9HL2(0,1)-

Proof. We define
2

dx,

2

dt

Altogether we have that for § > 0,

1
I < 20l + 2 Elallzon <01+ (24 5) lolBay

Considering § < 1, we obtain

hlIF2 0y < Jim I < Csllgll72(0,1y;

where Cy is a positive constant.
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Lemma A.2. Let u € L?(0,1) be a function such that Zyu € L?(0,1). Then

we HY(0,1) <= lim z(2 — x)u'(x) = 0.

z—0t

Proof. We define
g(x) = —(2(2 — 2)u/(2))"

If we integrate this, we get that for some ¢ € C,

(2 —2)u/(z) = — /Ox g(t)dt + c.

This implies
lim z(2 —2)u'(x) = ¢

z—0+
and ) -
Ng)— -~ _°
u'(x) = x(2—x)/0 g(t)dt+$(2_$).
By Lemma A.1,
1 T
—_ L%(0,1).
e | swae o
Since ]
2
_ 1

we get the desired result.

Lemma A.3. Let g € L?(0,1) and R(s) > 1/2. Then

- LN - - y
a:51/ ezsy(2—y)51y51/0 g(t)dtdy € L*(0,1).

Proof. For € € (0,1), we define

1
L ::/ L 2R(s) -2
€

Integrating by parts, we get

2
dz.

r ~ - Yy
/625y(2—y)5‘1y‘5‘1/0 g(t)dtdy
$2%(3)71

1 Yy 211
25y 9 _ 5—1, —5—1 t
£

! 2$2§R(8)_1§R ! 25y (9 s—1, —s5-1 [7 dtd

€25 (2 — )5~ ly—s-1 / g(t) dt} dx.
0

I =

If we set

h(z) = M/Oxg(t) dt

95



as in Lemma A.1, then by using the Cauchy—Schwarz inequality, we obtain

1 - ~ y
/ 5U(9 — )y /0 o(t) dt dy

S S §2
<||h||L2(01/ 259(2 — )y dy

2

1
< Ihlz2a [l*7 2 = l‘)SHLw(o,l)/ y ) dy

5T 35112 1 B s
= 180 €52 =) oy (=1 ) (1= ")

2 ‘ 2 2R(s)+1

< hlz2 [le*(2 = 2) )| me) =1

HLOO 0,1)

This will be used to estimate the boundary terms. Next, we prepare an estimate for the other

term:
R { (/: eX(2 —y)S 1yt /Oy g(t)dt dy) e?57(2 — g)s—lg—s—1 /0:lc g(t) dt}

T _ _ y
/ eQSy(2—y)S_1y_S_1/O g(t) dtdy’ HeQSx 2—1x) HLoo(01 7R |h(x)].

<

Altogether, we have

1 1 B B Y
L= (Wl + [ o0 | [ 2=ty [ g aran|ino)ac
g T

< . (o) + VI 20
<ol + Cs,&HhH%Q(O,l)‘

where § > 0 and Cs and Cj s are positive constants. Taking 6 < 1, we get that I. is bounded
uniformly in € by a multiple of ||h||? 12(0,1) Applying Lemma A.1, we get the desired result. [
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