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0. Introduction

A Schrédinger operator with a é-potential supported on ¥ C R? can formally be
written as

—A+ ady (0.1)

where o : ¥ — R is a real-valued measurable function describing the strength of the
potential. Singular potentials of the form ady, are used as an approximation of classical
potentials V', which have large values in a small neighborhood of ¥ and small values
elsewhere. For ¥ being a C?-hypersurface, the justification that the spectral properties
of Schrodinger operators with d-potentials are close to the ones with approximating
classical potentials can for example be found in [11]. If ¥ consists of discrete points,
one can think of being an idealized model of impurities. The set ¥ may also be
a system of (at most countably many) one-dimensional line segments, in which case
this system is called a leaky quantum graph and was investigated by P. Exner and
co-authors, see e.g. [31], 36]. In this thesis we study the case that ¥ is the (d — 1)-
dimensional hyperplane

Z:{ajeRd’xd:O}. (0.2)

We are using the method of quasi boundary triples in order to assign a selfadjoint
operator with the differential expression . In this context we also prove a new
abstract theorem about self-adjoint extensions, which enlarges the class of allowed
potentials to a € LP(R*') + L>(R4!) for p > 3(d — 1). Although one is already
able to construct self-adjoint extensions for all a € L4~ (R4~1) + L>°(R4!) with the
standard method of sesquilinear forms, this is only partly comparable, since we assume
a higher Sobolev regularity for the operator domain. What we are mainly interested
in, is to derive a Lieb-Thirring inequality for this operator, which is an upper bound
for the sum of the negative discrete eigenvalues to some power v > 0, consisting only
of the integral over the negative part o := —min{«,0} of the potential strength.
For potentials with a € L 1*27(3) R. Frank and A. Laptev [39] already proved the
Lieb-Thirring inequality

tr(—A+ ady)! < L, / o g (0.3)
s

The purpose of this thesis is now to derive a similar inequality for potentials (a+ ag)ds
containing some constant negative shift ag. In this setting immediately two problems
occur. First of all, the right hand side becomes infinite if one simply replaces a by
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a + ap. Secondly, the bottom of the essential spectrum of A, shifts from 0 to

2
—O‘f and consequently one has to sum up powers of the distances between the discrete

eigenvalues and —%ﬁ on the left hand side.

The physical investigation of d-interactions started in 1931, when R. de L. Kronig
and W. G. Penney tried to describe the behaviour of electrons in a one dimensional
crystal [52]. They used a periodic lattice 3 = Z C R with constant potential strength o
and confirmed various physical properties, as e.g. specific heat, electric and magnetic
conductivity. Generalisations to higher dimensions and periodic lattices were done
by [19, 43, [68]. In 1961, F. Berezin and L. Faddeev started to give the expression
a rigorous mathematical meaning in their work [I8]. For ¥ = {0} C R3 they
considered at as a self-adjoint extension of the Laplace operator —A with domain
Cs°(R3*\{0}). Other approaches to this problem are methods like non-standard analysis
[3, 4] or Dirichlet forms for a probabilistic interpretation [8, 9]. Again generalisations
to other dimensons and periodic lattices of the mathematical exact definition were
done in the following years in [7, 49, [44] 145, 5]. A standard reference treating point
interactions is the book [6], where one can find further historic references as well as
an overview over the mathematical methods describing these operators. For a more
recent review paper we refer to [51].

In the case that ¥ does not consist of discrete points, but some manifold with co-
dimension 1, we refer to [21] for the basic theory of the mathematical realisation of
as a sesquilinear form. The spectral analysis in this case becomes more complicated,
since the spectral properties additionally depend on the geometry of . The fact that
the geometry indeed induces bound states is proved in [32] 33], 34, [35]. Some further
related publications investigating such models are [14], 37, 38, [50, 59).

Another approach beside the form method to find the self-adjoint realisation of
is the extension theory connected to quasi boundary triples. The method of ordinary
boundary triples with their corresponding Weyl functions is the abstract counterpart
to the trace maps for Sturm-Liouville operators and the Titchmarsh-Weyl function.
They were introduced by V. M. Bruk and A. N. Kochubei [22], 48] and studied e.g.
by V. A. Derkach and M. M. Malamud [25, 26|, 60] and by M. L. Gorbachuk and
V. I. Gorbachuk [42]. However, for the application on partial differential operators, like
the Schrodinger operator in this thesis, it is more convenient to use the more general
method of quasi boundary triples, initially defined by J. Behrndt and M. Langer in
[12]. For its definition, basic properties as well as applications on partial differential
operators we refer to [13] [15] [17].

The starting point of a quasi boundary triple is a densely defined, symmetric and
closed operator S and a closable operator T with T = S* in some Hilbert space
V. A quasi boundary triple (W, T'y,T";) then consists of another Hilbert space W,
the boundary space, and a linear mapping I' = (o, )T : dom(T) — W x W, the



boundary mapping, which has dense range and satisfies the abstract Green’s identity
(Tv,0)y — (v, T0), = (T'1v,Te0)w — (Tov,T'10)y ,  You,0 € dom(T) .
Symmetric extensions Ag of S can then be realised by
Apv=Tv with dom(Ap)={v e dom(T) |yv=Bl'v} , (0.4)

where B can be any symmetric operator in the boundary space W. If we claim certain
additional properties of the operator B, we can also ensure the self-adjointness of the
extension Ag. In Theorem [3.10] we consider a splitting B C BB, and give sufficient
conditions on B; and Bj to ensure self-adjointness of Ag. This result is a generalisation
of [16, Theorem 2.6], where similar conditions directly for the operator B are given.
The advantage of the decomposition into B; and Bs is that in general the operators
By and B, have better mapping properties than the initial operator B, for example in
terms of boundedness between Sobolev spaces. In our application, Theorem [5.8] we use
B as the multiplication with the potential strength o and By, By as the multiplications
with the powers sign(a)|a|®* and |a]'=* for some s € [0,1]. According to the higher
LP-regularity of these powers we are able to allow a larger class of potentials to be
treated with the method of quasi boundary triples.

Beside these self-adjoint extensions, there is another important object arising from
the theory of quasi boundary triples, namely the operator-valued Weyl function M. Up
to the multiplication with the potential strength, the values of the Weyl function equal
the Birman-Schwinger operators K, = |a|2M(A)|a]z. The importance of the Weyl
function in our particular application is that there exists a one-to-one correspondence
between the eigenvalues of the compact Birman-Schwinger operator and the ones from
the unbounded Schrodinger operator. We will use this equivalence in order to count
the number of eigenvalues in the Birman-Schwinger principle, Theorem [6.6] which will
be an essential ingredient of the proof of the Lieb-Thirring inequality.

A Lieb-Thirring inequality or Cwikel-Lieb-Rozenblum-bound (CLR-bound) is an
estimate of the form

tr(—A+ V)L < Lv/ V()2 Pda (0.5)
Rd
where V : R? — R is some real-valued, measurable potential and V_ := —min{V,0}

is its negative part. The left hand side is ment to be the sum over the absolute values
of all negative eigenvalues of —A + V' to the power 7. The inequality was first
derived for v > % in the space dimension d = 1 and for 7 > 0 in d > 2 dimensions
by E. H. Lieb and W. Thirring in 1975-1976 [56, 57]. The generalisations to the cases
v = % ind=1and v =0 in d > 3 were independently proven by G. Rozenblum in
1972 [65], M. Cwikel in 1977 [24] and E. H. Lieb in 1980 [54]. We would like to mention
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that v = 0 is of special interest, because in this case the sum on the left hand side
becomes the total number of negative eigenvalues of the quantum mechanical system.
An overview of these basic Lieb-Thirring inequalities (including sharp constants and
counterexamples) can be found in [53]. Since then several generalisations were proven,
e.g. replacing R? by some manifold [47, 63], including magnetic fields [29, 55, 62],
considering complex valued potentials [40] or treating fractional Laplace operators
[27, 41]. In 2000, A. Laptev and T. Weidl derived an inequality similar to (0.5)),
where they allowed V' to be a family (V(x)),cga of self-adjoint, non-positive operators
[53]. Using this operator-valued Lieb-Thirring inequality, R. Frank and A. Laptev [39]
were able to derive the Lieb-Thirring inequality mentioned above, for a singular
potential ady, supported on the hyperplane (0.2]).

What we do in this thesis is to extend (0.3 to potentials (a + «)dy, for which

« is integrable and ag is some constant negative shift. In order to do this we have
d—1

to restrict ourselves to powers v > %= and are allowed to choose some arbitrary

0 <n<i(y—4%L). Then for every ap < 0 and a € L¥1F7H(%) + LT () we
prove the Lieb-Thirring type inequality

2\ 7 d—1
tr (—A + (a+ ap)ds, + %) < Lyjajag (/ o e / a2+7da) . (0.6)
_ 2 b

d—1+42y

In comparison to 1} we do not obtain this single integral over «

hand side, but two integrals instead. The first one is over ad=
d—1

the one in . The second one is over a_? ﬂ, where the exponent is only half the one
of . Moreover, the prefactor L, ., is not completely constant, but still depends
on the norm ||| ¢-1++-. It may be that the mismatch of the exponent d —1+~v+ 17
and d — 1+ 2+ as well as the non-constant prefactor are due to our methods and could
be improved using other techniques. However, the appearance of the second integral
with half the exponent seems to be an intrinsic property of the shift ay < 0.

on the right
and corresponds to

After this introduction into the topics, methods and results let us now describe the
structure of this thesis.

In Chapter 1 we briefly define the function spaces we will need throughout the
chapters. In particular we mention Lebesgue, Sobolev and Distribution spaces. In
Section 1.5 we prove the existence of Dirichlet and Neumann traces on the halfspace
for all functions in the maximal domain HS(R%). Once we have defined these traces
we can also extend the first and second Greens identity, see Theorem & [1.39] to
those domains.

Chapter 2 gives an introduction into the topic of symmetric, semibounded and closed
sesquilinear forms. After some basic properties, the first main result of this chapter is
Proposition [2.10] about the stability of closed forms under relatively bounded pertur-
bations. The second even more important result is the first representation theorem,



Theorem [2.T1] which states the existence of a unique self-adjoint, semibounded oper-
ator representing the form.

The last preparatory part is Chapter 3 about quasi boundary triples. We start by
collecting main properties of the related v-field and Weyl function in Lemma 3.4 & 3.5
Above in ({0.4)) we already mentioned the possibility of defining symmetric extensions
Ap associated with symmetric operators B in the boundary space. Sufficient condi-
tions for the extension to be self-adjoint are proven in Theorem [3.10]

In Chapter 4 we first give a rigorous mathematical definition of the the expression
(0.1)) using the sesquilinear form a,, from Definition in the case that X is a hyper-
plane and o € L4~ 1(R471) + L°°(R471). A corresponding semibounded and self-adjoint
operator A, is then given in Definition [4.3] using the abstract results from Chapter 2.
Moreover, according to the special shape of the form a,, we are also able to derive
an explicit representation of A, in Proposition and calculate Gess(Aqta,) in The-
orem in the case that « fulfils some decay property at infinity and o is some
constant shift.

In Chapter 5 we apply the abstract theory of quasi boundary triples from Chapter 3
to the Laplace operator on R?\ X to get a second definition of A,. Suitable operators
S and T, as well as boundary mappings I'g, I'; are constructed in Theorem [5.1] For the
v-field, its adjoint and the Weyl function we derive explicit integral representations in
Theorem These integral representations will in particular be very useful in the
proof of the Lieb-Thirring inequality in Chapter 7. The main result of this chapter is
Theorem [5.§ an application of the abstract Theorem on self-adjoint extensions.
According to the more regular v € LP(R!) + L°(R*) for some p > 3(d — 1) we
obtain a HY ?(R%)-regularity of the functions in dom(A,), in comparison to the lower
H!(R%)-regularity from Proposition 4.4in the case o € L4 1(X) + L>(X). In order to
handle the constant shift ay < 0 in the Lieb-Thirring inequality , we generalise
the boundary triple to one for the shifted Laplace operator

_Aao = —-A -+ 060(52 s (07)

in the second part of this chapter. Also here we get a corresponding ~-field and
Weyl function, with properties which follow immediately from the results of the quasi
boundary triple associated with —A.

Chapter 6 defines the Birman-Schwinger operator K, and proves its main properties
and connections to the Schrodinger operator A,i.,. In Theorem we show an
equivalence of the eigenvalues of A, ., to the ones of K. This equivalence is then
used to obtain the important Birman-Schwinger principle, Theorem [6.6], which will be
essential in the proof of the Lieb-Thirring inequality.

The final Chapter 7 basically proves a version of , in the case that some con-
stant shift ay < 0 is added to the potential strength «. In order to separate aq from
the rest of the potential we replace the Laplace operator —A by the shifted Laplace
operator —A,, = —A + oydy, from and only treat the integrable potential ads
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as a perturbation. For the shifted Laplace operator —A,, we already derived a corre-
sponding Birman-Schwinger principle in Chapter 6, with whose help the Lieb-Thirring
inequality is proved in Theorem using similar methods as Lieb and Thirring used
in their original proof.

Eventually, this thesis has two appendices. In Appendix A we investigate bounded-
ness and convergence properties of the multiplication operator with some function «.
The first main result is on boundedness properties in Lemma [A.1] The second main
result is Theorem [A.4] which states that a Hs-weak convergent sequence converges
in the L?-norm if one multiplies with a function « satisfying some decay property at
infinity. On any occasion where compactness is being proved in this thesis, this the-
orem is crucial. In Appendix B we derive various properties of the integral operators
which represent the 7-field and the Weyl function of the quasi boundary triple from
Chapter 5.



1. Function spaces

In this chapter we introduce Banach and Hilbert spaces in which the operators in the
later chapters will be defined. In Section 1.1 we define the concept of integrable func-
tions and the corresponding Lebesgue spaces LP(X). In Section 1.2 weak derivatives
of functions on an open subset Q2 C R? are defined by the integral condition in Defini-
tion . As the resulting function spaces, the Sobolev spaces W*P(Q2) will appear in
Definition & [I.5] Moreover, an approximation result by smooth functions is given
in Theorem and for 0 = R% being the the halfspace, we also derive extensions and
embedding properties of the Sobolev spaces. In Section 1.3 a short excursion into the
theory of tempered distributions is made. Furthermore, the Fourier transformation of
LP(R%)-functions for p € [1,2] as well as for tempered distributions is defined there.
Section 1.4 gives an equivalent definition of weak derivatives and Sobolev spaces via
distributions. Section 1.5 treats traces of Sobolev functions defined on the halfspaces
R%. For instance, the usual definition of Dirichlet and Neumann traces on H*(R%)
is extended to the maximal domain H?(R%) in Theorem and the corresponding
Green’s identities are stated in Theorem [1.38] & [1.39

1.1. Lebesgue spaces

A triple (X, A, p) is called a measure space, if X is an arbitrary set, A is a o-algebra
of subsets of X, and p : A — [0,00] is a measure. For a more detailed definition see
for example [28, Kapitel II]. One example, and also the one we will use in this thesis,
is the triple (Q, B(Q), \), where @ C R? is an arbitrary open set, B(2) is the o-algebra
of Borel sets and ) is the Lebesgue measure, which gives d-dimensional rectangles the

usual volume
d

AJar,br] x -+ x [ag,ba]) = [ [(bs — a:) .

=1

A function f : X — C is called measurable, if the pre-image f~1(O) of every
open subset O C C is contained in the o-algebra A. If a measurable function f is
additionally non-negative, it is possible to define the integral

/deu € [0, 0] . (1.1)
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Consequently, for p € [1, o0] one can define the Lebesgue norm

_f UxlfPdn) ifp<oo,
[ fller i) = { o sup | f(z)] if p= oo, (1.2)

w(N)=0 yene

for every measurable function f and the corresponding Lebesgue spaces by
LP(X) ={f: X — C measurable | || f||rx) <00} .

These Lebesgue spaces are complete and halfnormed, see [28, Kapitel IV 2.4], and by
the usual construction of equivalence classes

N={sereo| [1r-aan=0} = oe () (s £a) =03 |
X
LP(X) becomes a Banach space. Note, that although the space LP(X) does not consist

of functions anymore, the norm is well-defined, because its value is the same for every
function in the equivalence class.

In ([1.1)) we only defined the integral of non-negative functions. But if one separates
the real and imaginary part as well as the positive and negative part r* := max{4r, 0}
of a complex-valued function f € L'(X), we can also define the integral

[ g [ Repyan= [ Repydni [ (mpyan—i [ qmpy o,

In the special case p = 2 we also define the inner product

<f’g>L2(X) ::/ng du

which makes the space L?(X) a Hilbert space.

Lemma 1.1 (Holder inequality). Let (X, .4, 1) be a measure space and p,q € [1, 0]
with % + % = 1. Then for all measurable functions f,g: X — C, the inequality

/X Fldin < 1 f o9l urc (1.3)

holds true, in the sense, that one, or even both sides of the inequality are allowed to
be infinite [28, Kapitel IV 1.5].



1.2. Sobolev spaces

1.2. Sobolev spaces

The theory of Sobolev spaces will generalise the concept of differentiability of a function
f: 9 — C, defined on an open subset Q C R?. For multi-indices o € N¢ and vectors
2 € R? we introduce the compact notations

d

d
dled
la| == Zai , x% = Ha;? and D°f =———7-——1f. (1.4)
i=1

aq Qg
paley dxi" .. .dxy

The natural class of functions, for which a weak derivative can be defined, is

L, (Q) = { f: Q — C measurable /K |f|ldx < oo for every compact K C } ,

which is especially a superset of LP(2), for every p € [1, 0o.

Definition 1.2. Let f € LL (Q) and o € Nd. Then f is said to be weakly differentiable

loc

of order «, if there exists a function g € L{ (2), such that

/fDago dx = (—1)'0‘/g<pd:v, Vo € C(9) . (1.5)
Q Q

By the Fundamental Lemma of Calculus of Variations, the function g, if it exists, is
unique and one can define the weak derivative

Df =g.

Obviously, if f is sufficiently often continuously differentiable, one can partially
integrate (1.5)) and notice that the weak derivative coincides with the classical one,
which justifies the notation D f.

Definition 1.3. Let Q C R? be open, m € Ny and p € [1,00). Then define the Sobolev
space by

WmP(Q) = { feLP(Q) | D*f exists in LP(Q) for every |a| <m } . (1.6)

Together with the norm

3=

I lwmoey = | D ID* [l

laf<m

W™P(Q) is a Banach space [20, Theorem 2.15.4]. In the special case p = 2, the inner
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product
<f7 g>wm72(n) = Z <Daf7 Dag>L2(Q)

|a|<m
makes W™2(Q)) a Hilbert space.

In order to extend the definition of Sobolev spaces to W*P(Q) with non-integer
s € R§ \ Ny, we define Sobolev Slobodeckij seminorm.

Definition 1.4. Let Q C R be open, o € (0,1) and p € [1,00). Then define the
Sobolev-Slobodeckij seminorm by

In the special case p = 2 we also define the semi inner product

<f7 g)W“J(gz) = /Q/Q (f(![') _ f(y))(g(x) — g(y))dydflf .

|I’ _y|d+20

Definition 1.5. Let Q C R? be open, m € Ny, o € (0,1) and p € [1,00). Then define
the Sobolev space of non-integer order by

Wmtor(Q) = { f € W™P(Q) | |D*f|wowq < oo for every |a| =m } . (1.7)

The norm

B =

Hf”wm+f’(n) = ‘|f”€vmvp(n) + Z ‘Daﬂﬁ/”vp(n)

laj=m

makes W™T7P(Q)) a Banach space [20, Theorem 8.10.10]. In the special case p = 2,
the inner product

(fs Ghwmto2y = ([, @hwm2q) + Z (DYf, D*g)wocq) »

|a|=m

makes W™22(2) a Hilbert space.

Once we have defined Sobolev spaces, we are able to derive properties like ap-
proximation (Theorem [1.6)), extension (Theorem[1.7) and embeddings (Theorem [1.8).
Unfortunately, the extension and embedding property will no longer be true for all
open domains 2 and we will need additional assumptions on the smoothness of the
boundary. In order to avoid technical complications we will restrict ourselves to the
case that Q is either the full space R? or the halfspace

Ri:{xeRd‘ixd>0}.

10



1.3. Distributions, Fourier transformation and convolution

The first theorem we want to state is one about approximating Sobolev functions
on € by test functions on the whole space R?. This means that the approximating
functions are not only smooth inside the domain €2 but also up to its boundary. A
proof can for example be found in [2, Theorem 3.22].

Theorem 1.6. Let Q € {RY, R4}, s € Rf and p € [1,00). Then for every f € W*P(Q)
there exist functions (f,,)nen € C5°(R?), such that the restrictions f,|q converge in the
Sobolev-norm

n—oo

The next theorem states the existence of an extension operator, where one possible
construction can for example be found in the book [67, Chapter IV].

Theorem 1.7. Let s € R and p € [1,00). Then there exists a bounded operator
E: W (RY) — WHP(R?), such that (Ef)|pe = f.

The last theorem according to properties of Sobolev spaces we want to state is the
Sobolev embedding theorem, which proves certain inclusion of Sobolev spaces [20),
Theorem 8.12.6].

Theorem 1.8. Let Q € {RY RL}, 5,7 € RS, p,q € (1,00) withp < gand r—
Then there exists a constant c;,,, > 0, such that

ESHISH

< s—4
- P

we=r(@Q) C WHi(Q) - and - |[fllwra@ < csprgll fllwere , V€ WH(Q) .

The following corollary is the special case of Theorem which will be mainly used
in this thesis.

Corollary 1.9. Let Q € {R",R1}, s € [0,%) and ¢ € [2, 22]. Then there exists a
constant ¢, ; > 0, such that

W(Q) € LUQ)  and || fllie) < csgllf]

we2iy , V€ WHH(Q) .

1.3. Distributions, Fourier transformation and
convolution

1.3.1. Space of tempered distributions

In order to define Sobolev spaces W*?2(R?) with negative exponents s in Section 1.4,
we have to generalise the concept of functions to the concept of distributions, which
have two nice properties. First of all, the weak derivative can be generalised to
the distributional derivative in Definition [1.10] such that every distribution becomes

11
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infinitely often differentiable. Secondly, the usual Fourier transformation of LP(RY)-
functions can be extended to the whole space of distributions. We will start with the
space of infinitely often differentiable functions with rapid decay, the Schwartz space,

S(RY) = { f € C™RY)

sup |2*D? f(x)| < co for all a, f € N¢ } . (1.8)

zcRd

The power z® and the derivative D” f in have to be understood in the multi-index
notation ([1.4)). Moreover, the Schwartz space can be equipped with a topology which
makes it a metric space. Since the explicit form of the metric is of no interest in this
thesis, we will not construct it in this thesis, but refer to [20, Definition 7.2.5]. With
respect to the continuity of this topology, one can now define the space of tempered
distributions as the dual space

S'(RY) = {T:SR? — C linear, continuous } .

An example of a tempered distribution is for p € [1,00] and f € LP(R?), the functional

Ti() = | fl@)pla)iz, (19)
R
which allows to identify the function f with an corresponding distribution.

Definition 1.10. For a distribution 7' € S'(RY) and any 8 € Ng, its distributional
derivative DPT is defined by

D°T(p) = (-1)IT(D%), VypeSRY).

Remark 1.11. The distributional derivative DT is again a tempered distribution
(continuous with respect to the topology of the Schwartz space), which means that
every distribution is infinitely often differentiable. For every function f € W™P(R%)
and |a| < m, the derivative of distributions is equivalent to the weak derivative of
functions, in the sense that

DTy =Tpay

if one uses the definition of a distribution of a function in ([1.9)).

Although distributions and functions are different objects, one can define a multi-
plication between them, being careful that the function and its derivatives does not
grow too fast at infinity.

Definition 1.12. Let 7' € §'(R%) and f € C>®(R?Y) with the property that for every
B € N¢ there exists a constant ¢g > 0 and a multi-index ag € NZ, such that

IDPf(2)] < ¢ |2°%|, VaeRY.

12



1.3. Distributions, Fourier transformation and convolution

In this case, the multiplication of f and T is defined by

(fT)(p) =T(fp), VoeSRY. (1.10)

1.3.2. Fourier transformation and convolution

We will define the Fourier transformation as a bounded and injective operator between
the spaces LP(R%), for p € [1,2] and L7°7(R?) (unitary in the case p = 2), with the very
useful properties that it turns derivatives, see Theorem|[1.19] as well as convolutions, see
Theorem [1.22] into a multiplication. In the end of this subsection we will even extend
the Fourier transformation to the space of tempered distributions &'(R?). Actually,
there is not one single Fourier transformation, but different ones depending on the
space it transforms. However, they all coincide on the common part of their domains
and all of them will be denoted by F whenever it is clear from the context which space
it transforms. Otherwise we will use an upper index, like F® if we want to explicitly
denote the specific Fourier transformation.

We will start to define the Fourier transformation on the space L!(R?), where it can
be defined explicitly as an integral.

Definition 1.13. For any function f € L'(R?) define its Fourier transformation
Ff:R%— C by the integral

Ff(k) = (271); /R e f(2)dx ,  Vk€R?. (1.11)

d
Here, the brackets (k,z) = Y k;z; denote the standard inner product in R
j=1

The following lemma gives some elementary properties of the L!'-Fourier transfor-
mation. They can be simply proven by hand, or found for example in [70, Satz V.2.2].

Lemma 1.14. Let f € L'(RY). Then its Fourier transformation F f has the following
properties:

a) Ff is continuous,
b) H'FfHLOO(Rd) < ﬁ”f“lﬂ(md)a
¢) lim Ff(k)=0.

k—o00

The Fourier transformation F is, in particular, an everywhere defined bounded
operator from L!'(R%) to L*°(RY).

However, the main space in which we will work later on is the space L*(R?), in which
the integral definition ([1.11)) makes no sense, since the integral does not converge in

13



1. Function spaces

general. To circumvent this problem, the following Theorem [I.15] proves the bound-
edness of F with respect to the L?-norm on the dense Schwartz space S(R?). More
specifically, this means that we are allowed to define the L?-Fourier transformation in
Definition by the extension of this bounded operator to all of L?(R?). A proof of
Theorem can be found for instance in |20, Theorem 7.7.2 & Theorem 7.7.3].

Theorem 1.15. The L'-Fourier transformations of Definition [L.11] restricted to the
Schwartz space, F : S(R?) — S(R?) is bijective. Furthermore, it is isometric according
to the L?(R%)-inner product

<Jrfa Fg)ﬁ(md) = <f7 g>L2(]Rd) , Vf,g¢€ S(Rd) .

Definition 1.16. Let f € L?(R?). Then define its Fourier transformation Ff by the
limit

Ff=lim Ff, in L*R%), (1.12)
n—oo
with (fu)nen € S(R), such that lim [|f — ful| e, = 0.

Corollary 1.17. Theorem shows that the L?-Fourier transformation F is a uni-
tary operator in L?(R?).

By Lemma and Corollary we have defined the Fourier transformation as
a bounded operator F) : LY(R?) — L>(R?) and F® : L2(R?) — L*(R%). Using the
Interpolation Theorem of Riesz-Thorin [69, Satz 2.65], we can extend it also to every
space LP(R?) for every p € [1,2].

Theorem 1.18. Let p € [1,2] and ¢ € [2,00] with §+$ = 1. Then there exists a
unique bounded Fourier transformation
1

(ZW)d(%_%) ’

F:IP(RY) — LYRY)  with ||F| < (1.13)

which coincides with (1.11]) and (1.12)) on the common domain of definition.

The first main property of the Fourier transformation is, that it reduces the weak
derivative (and therefore also the classical one) into a simple multiplication.

Theorem 1.19. Let m € Ny and f € W™2(R?). Then for every multi-index o € Nd
with |a] < m the Fourier transformation of the weak derivative D®f is given by

FID*f(k) = (ik)*Ff(k), VkeR®.

The second main property of the Fourier transformation is related to the convolution,
which will be defined in the following.

14



1.3. Distributions, Fourier transformation and convolution

Definition 1.20. Let p,q € [1, 00|, such that 1l> + é > 1. Then for every f € LP(R?),
g € LY(R?) define its convolution f * g by

(f*g)(z) = g fle—y)gly)dy, VreR.

It is not obvious that this integral exists, but choosing r € [1, 0], such that % + % =

1+ % and using the Holder inequality 1} as well as the Interpolation Theorem of
Riesz-Thorin, one can prove [20, Theorem 6.2.1] that the convolution is a well-defined
bounded operator in L"(R%), such that

||f *QHLT(IRd) < ||f||LP(Rd)||g||Lq(Rd) . (1-14)

One of the main applications of the convolution is the approximation by regular
functions. Also the solutions of partial differential equations can be expressed via the
convolution with some integral kernel. The following theorem about differentiation of
the convolution shows its smoothening properties.

Theorem 1.21. Let p,q € [1,00] with é—l—% > 1, m € Ny, f € W™P(R?) and
g € LYR?). Then fxge W™ (RY), for L :=1—-1— é, and for every multi-index

p
a € N¢ with |a| < m the weak derivative D® of the convolution f x g is given by
D*(f +g) = (D°f) x5 (1.15)

If additionally f € C™(R%) is m-times continuously differentiable, then also f * g €
C™(R?) is m-times continuously differentiable and (1.15)) holds in the sense of classical
derivatives.

The main property of the convolution is the following Theorem about its Fourier
transformation.

Theorem 1.22. Let p,q € [1, 2] with % —i—% > % Then % = 110 + % —1le€e [%, 1] and for
f € LP(R%) and g € L9(R?) the Fourier transformation of f * g is well-defined and has

the form
FOLf % g) = (21): FO[f]FD]g] . (1.16)

Note that the three Fourier transformations are different ones, namely the ones in
L"(RY), LP(RY) and L4(R?), indicated by the upper indices.

The last result of this section will be the extension of the Fourier transformation to
the space of tempered distributions S'(R¢).

Definition 1.23. For every tempered distribution 7' € S'(R?) define its Fourier trans-
formation FT by
FI(p) =T(Fp), YpeSRY).

15



1. Function spaces

Then the Fourier transformation F7' € S'(RY) is again a tempered distribution
(continuous with respect to the topology of the Schwartz space) and for any function
f € LP(RY), p € [1,2], the Fourier transformation of 7} from is equivalent to the
Fourier transformation of f, from Theorem [I.18] in the sense, that FT; = Try.

1.4. Sobolev spaces of distributions

The Sobolev spaces W*P(RY) were defined via weak derivatives in Definition &
LA and in Theorem [LI9 we obtained a close relation between weak derivatives and
Fourier transformation. This motivates the definition of the Sobolev spaces H*(R?)
in at least in the special case p = 2, s > 0 and Q = R?. However, using the
concept of distributions from Section 1.3.1, we can also define the space H*(R?) for
negative indices s.

Definition 1.24. For s € R define the distributional Sobolev space by
H*RY = { fe SRY | (1+|k]*):Ff e L*RY)} . (1.17)

The product of the function (1 + |k|?)2 and the distribution Ff is defined in (1.10)
and the property that the distribution (1 + |k|?)2Ff is in the space L?(R%), has to be
understood in the sense of (1.9). The corresponding inner product is defined as

b, = [ (1 WP ) Fah) i (1.18)

where the distribution (1 + |k|?)3Ff is identified with the corresponding function,

according to ({1.9)).

Theorem 1.25. For every s € R the distributional Sobolev space (H*(R%), (-, ) ysza))
is a Hilbert space. Moreover, if s > 0, then H*(R%) = W#%2?(RY) and the norms
|- we2@d, are equivalent.

Remark 1.26. For s > 0 the space H*(R%) can be interpreted as the dual space of
H*(R%). This means that there is a one-to-one correspondence between all bounded,
antilinear functionals F' : H*(R?) — C and tempered distributions f € H~*(R%), see
e.g. |20, Theorem 8.9.7]. Moreover, such a pair (F, f) satisfies

HS(RY)) H : |

s g) e e = Flg) = / (kP EFs) (T RDIFg) do, Vg€ H(RY).

The next lemma is a useful property of Sobolev spaces, because it allows to get an
arbitrary small prefactor of the Sobolev norm if one slightly increases the order of the
Sobolev space. The proof would have been quite technical using the original definition
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1.4. Sobolev spaces of distributions

W*2(R?), but in the equivalent Fourier definition H*(R?) it basically reduces to one
simple estimate.

Theorem 1.27. Let s; < s < s, € R and ¢ > 0. Then every f € H*(R?), the
Sobolev norm || f|[ ;;=za, can be estimated by

1.f]

Co
HS (RY) <e ||f| H52 (RY) + E ||f| HS1(RY) »

1
)"' with § = =21

where the constant is given by ¢y = ( ( o —_

0
a+o)+e
Proof. For every a > 0 and r > 1 one can easily find the minimum of the function
a — a" —a (for example by finding the zero of its derivative) and obtains the inequality
r—1
a"—a>———. (1.19)
7”'r—1
For every k € R? we can now use (1.19) with the values a = £%(1 + [k|?)*~** and

r = 12 (where 6 = =51 to derive
S9—S

0

1
(14 [K?)* <21+ [K[*)* + @m(l + [k[)

Using Definition of the Sobolev norm, we immediately get

1 00

2 2
Se€ Hf‘ H52 (RY) + gﬁm”ﬂ

/1

2 2
HS (RY) 151 (R -

After taking the square root this inequality becomes the final result

/]

"5 (RY) §5||f|H32(Rd>+_9 1%9||f|

€ (140)

HS1 (Rd) .

]

In the last part of this section we want to introduce another variation of Sobolev
spaces, which will be of great importance in the context of quasi boundary triples in
Chapter 5.

Definition 1.28. For every s € R] define the Sobolev space
H(RL) == { f € H*(R]) | Af exists in L*(RY) } .
With the inner product

(f, g>HZ(]Ri) = (f, g>H5(]Rdi) + (A, A9>L2(Ri) )

17



1. Function spaces

H:(R%) is a Hilbert space.

Remark 1.29. In the case that s > 2 we obtain that HS(R%) = H*(R%L) with
equivalent norms || - |

HE (RY) and ” ) ‘ H(RY )"

1.5. Traces on the hyperplane

In Section 1.2 we defined Sobolev spaces for open domains 2 C R?. But to make
sense of the potential ady later on in Definition [4.1], we also need to restrict these
functions f € H*(R?) to the hyperplane ¥ = R4°!. In order to introduce quasi
boundary triples in Chapter 5 and get the representation of dom(A,) via boundary
values in Theorem [5.8 we will also need Dirichlet and Neumann traces of functions
f € H*(R%) defined on the halfspace. Furthermore we will derive additional properties
like surjectivity or Green’s first and second formula for these traces. Without loss of
generality, most results will only be proven for the upper halfplane Ri, but then
trivially also hold for the lower one.

Lemma 1.30. For every s > %, there exists a unique, everywhere defined, bounded
operator 7, : H5(R%) — H*~2(R%1), such that

f(a') = f(2',0), VfeSRY), 2 cR". (1.20)

Proof. First, define the operator 7, : H*(R?) — L2(R4!) by on the subspace
dom(7,) = S(R?), where it is obviously well-defined. Knowing that by Theorem [1.15]
the Fourier transformation is a bijective mapping of the Schwartz space into itself, we
can look at the action of 7, in Fourier space.

1 e
o f(2') = Fy Faf (2,0) = —— / RO o £ (k) dk:
(2m)z Jre
1 WA,
= — / e / Faf (K, ka)dkadk'
(27’[’)5 Rd-1 R

1

Ver

Applying the Fourier transformation on both sides of this equation, one obtains the
action of the Dirichlet trace in Fourier space as the integration over the d-th variable

F | [ FarC ] @)

.Fd_lTDf(k’/) = \/% /R./—"df(k‘/, k’d)dk’d . (1.21)
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1.5. Traces on the hyperplane

(1+[k[*)2

Inserting k)T and applying the Holder inequality 1} gives

/ 1 1 S
Farmaf K)P < o / T / (U4 KPP IFaf () Pdka,  (1.22)

where the first integral converges because of s > % and has the value

1 Cs
L | . B—
[ (Lt W)

with some constant ¢, > 0. Note that in this integral we can see the reduction of the
power of the Sobolev space by % when reducing the dimension by 1. Using this explicit

integral in (1.22) as well as the definition of the H*(R%)- and H*"z(R%!)-norm from
(1.18)), we immediately get the boundedness of the Dirichlet trace operator

175 /]

= [ WP F o ()i
Rdfl

<o [ [ Py Fas Pt
27T Rd-1 JR

Cs
= 2)1f

2
HS*%(Rdfl)

2
HS(RY) -~

Since the domain dom(7,) = S(R?) was dense in H*(R?), 7, has a bounded continu-
ation to the whole space. O

The Dirichlet and the Neumann trace can also be defined for functions f € H*(R%),
defined only on the halfspace, see [46, Theorem 9.2].

Theorem 1.31. For every s > %, there exists a unique, everywhere defined, bounded
operator 7, : H*(R%) — H =2 (R%1), called the Dirichlet trace, such that

f(a') = f(2',0), Va2’ eR?

for all continuous functions f € C(RL) N H*(R%).
Furthermore, for every s > %, there exists a unique, everywhere defined, bounded

operator 7y : H*(R%) — H*=2 (R4, called the Neumann trace, such that
(7)) = =0, f(2/,0), Va2’ € RT!

for all continuously differentiable functions f € C 1(@) N H*(RY).
Remark 1.32.

o The minus sign in the definition of the Neumann trace is caused by the normal
derivative, which is —ey for the halfspace ]Ri.
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1. Function spaces

o Despite the fact that for every s the Dirichlet (Neumann) trace is a different op-
erator, we will nevertheless name all of them 7, (7y), because they are extensions
from one another. We can also look at this in the way that the Dirichlet trace is
a mapping (not an operator) 7, : |J H*(R%) — | H#3(R%1), such that

1

s>% s>
Tolms@d) - H*(R%) — HS_%(Rd_l) is a bounded operator.

Also for the Neumann trace 7y : | H*(R%) — U H*2(R%1), the restriction

s>% s>%
Tl s gad ) H*(RY) — HS’%(]Rd’l) is a bounded operator.

From [61, Theorem 2] we get the following surjectivity of the combined mapping of
the Dirichlet and Neumann trace.

Theorem 1.33. For every s > % the combined mapping

( o ) c HY(RY) — HS_%(Rd_l) X Hs_%(Rd_l) is surjective.

TN
Furthermore, if s — % ¢ N, there exists an everywhere defined bounded right inverse
S—l — 3—§ — S
R:H 2(R"Y) x H* 2(R"™) — H*(RZ) .

The same construction for the Dirichlet and the Neumann trace can also be done for
the lower halfplane R? and we get another pair of traces. Without causing confusions
we will also call them 7, and 7, and they will be identified by the function they act
at.

In the rest of this section (and also of the thesis), we will often restrict functions
f € L*(R?) to the halfspaces R%. Therefore, we will use the notation

fr=flaa € L*(R]) and  f = fla € L*(RL). (1.23)

Theorem 1.34. For s > 1 and f € H*(R?), the Dirichlet trace is continuous in the
sense that

Tofr =Tpf .

If s > %, also the Neumann trace is continuous in the sense that

Twfr=—7Tnf_.

The different signs are caused by the different unit normal vectors of R% and R<.
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1.5. Traces on the hyperplane

Proof. We will only prove the continuity of the Dirichlet trace, since the continuity of
the Neumann trace follows the same steps.

Let f € H*(RY). Then by Theorem there exists functions (f,)nen € C°(RY),
such that

Tim [ = full sy = 0 (1.24)

The difference of the two Dirichlet traces can then be estimated as

1o S+ = To fl ot gamr) < W7ol 1 = (Fa)~Nls ety + 170l 1(Fn)— = Follas ey 5 (1.25)

where the mixed term ||75(f,)+ — TD(zfn)—”HS—%(Rd—l) vanishes, because of 7, (f,)+ =
fals = To(fn)-

Equation (1.24) shows that the right hand side of (|1.25)) converges to zero, which
proves the continuity of the Dirichlet trace. O

We will now derive the two Green’s identities which are an important connection
between the Sobolev spaces on the domain and on the boundary. The first one is a
generalisation of partial integration and the second one follows immediately from the
first one.

Theorem 1.35 (First Green’s identity). The first Green’s identity
(A, 9) 2@ty = =V, V) 2@y + (T f, T09) 2 i, (1.26)

holds true for every f € H*(R%) and g € H'(R%).

Proof. From Theorem we know that we can approximate f and ¢ by functions
(fn)nen, (gn)nen € C5°(RY), such that

lim Hf - (fn)-i-HH?(Ri) =0 and lim ||g - (gn)-i—HHl(Ri) =0.
n—oo n—oo
These approximations especially give the convergences of the three inner products

TLILIEO<Afmgn>L2(Ri) = <Af, g)LQ(Ri) )
lim <an, vgn>L2(Ri) = <Vf, vg>L2(Ri) and
n—oo

lim <Tan,TDgn>L2(Rd71) = (TNf, TDg>L2(Rd71) .
n—oo

It is well-known, for example using Gauss theorem, that (1.26) holds true for all
functions f,, g, € C3°(R?) and by the above limits it can be extended to f and g. [

Theorem 1.36 (Second Green’s identity). The second Green’s identity

(Af, g)LQ(Ri) - <f7 A9>L2(Ri) = <TNf7 TD9>L2(JR‘1*1) - <7-va TN9>L2(R4*1) (1'27>
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1. Function spaces

holds true for every f,g € H*(R%).
Proof. The first Green’s identity, Theorem [1.35] holds true in the form (1.26]) and also

if one exchanges f and g¢:

<Af, g>L2(Rd+) = _<vfa vg>L2(]Ri) + <TNfa TDQ)LQ(Rd_l)

<A97 f)LQ(Ri) = _<V97 vf)LQ(Ri) + <7_Ngv TDf)LQ(Rd_l) .
Subtracting the second from the first equation immediately gives the second Green’s
identity ((1.27)). O

In Theorem we defined the Dirichlet (Neumann) trace only for spaces H*(R%)

with s > 2 (s > 2). Unfortunately, for the case s < 3 (s < 2) this is no longer

possible. However, it is still possible to define a Dirichlet (Neumann) traces on the
space H5(R%), see Definition [1.28] for every s € [0, 2].

Theorem 1.37. For every s € [0,2] there exists a unique, everywhere defined and
bounded Dirichlet trace )
™t H3(RY) — H* 2 (RY)

and a unique, everywhere defined and bounded Neumann trace
Tt HY(RT) — H* 3 (RO

which are extensions of the Dirichlet and Neumann traces from Theorem [1.31]

Proof. We will only prove the existence of the Dirichlet trace. The same proof with
obvious changes then also works for the Neumann trace.

Let R: H2(R41) x Hz(R*) — H2(R%) be the bounded right inverse of the pair
(Tp, Tw) from Theorem in the case § = 2. Then for every f € H*(RL) we can
define the linear functional ', f : H2(R4™1) — C by

T, f() = (f, AR(0,0)) 20, — (Af, R(0,0)) 200, . ¥ € HE(RI) .
This functional is bounded by the estimate
|FDf(¢)| < ”AfHL?(Ri)”R(Oa ¢)||L2(Ri) + ||f||L2(Ri>||AR(O: ¢)||L2<Ri)

< \/5 ||f||H0A(Ri)HR(O7¢)||H2(R‘i)

< V2RI 1Fllag e, 1] (1.28)

1
H2 (Rdfl)

and therefore an element in the dual space H 2 (R?) which is equivalent to H 2 (R4™1)
by Remark [1.26, Furthermore, by the second Green’s identity (1.27) we have

FDf((b) = <TDf> TNR(Ov ¢>>L2(Rd*1) - <TNf> TDR(Oa ¢)>L2(Rd*1) = <TDf> ¢>L2(Rd*1)
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1.5. Traces on the hyperplane

and ', f = 75, f coincide. By (1.28)) we then get the boundedness

lrofll, 3 s, < VEIRI g, . VF € HA(R)

of 75, which consequently has a bounded extension to the whole space H(R%).

Moreover, from Theorem and Remark we know that 7, : H,2(R%L) —

H> (R41) is a bounded operator. By the interpolation property of the Sobolev spaces
[58], we can conclude that the restriction of 7, to HS(R%) is then also bounded as an

operator into the space H*~z(R%"1), for every s € [0, 2). O

With this expansion of the traces we can now also prove Green’s first and second
identity, Theorem & for a larger class of functions. One has to only exchange
the inner products (-, -) ;2 z¢-1, on the right hand side by the evaluation of the functional

(-, ) -t gt defined in Remark [1.26]

Theorem 1.38 (First Green’s identity). For every s € [1, 2], the first Green’s identity

<Af, 9>L2(Ri) = _<Vf7 V9>L2(Ri) + <7-Nf> 7_D9> (1-29)

holds true for every f € H5(R%) and g € H'(R%).

3 3
H57§,H775

Proof. Since H(R%) is dense in H*(R%), there exists functions (f,)nen € H*(RZ),
such that

lim [|f — fu|
n—00

In particular, by the continuity of the traces, this implies the convergences

B ®RY) = 0.

JL%(Afmgh?(Ri) = <Af’ g>L2(Ri) )
nh_>nolo<vfna VQ>L2(R‘_1~_) = <Vf7 Vg>L2(R‘j_) and,

JLI{:O<Tan7TDg>H57%,H%75 = <7—Nf’ 7-D9>H37%7 %75 .

H

Since by Theorem Green’s first identity already holds for f, € H 2(]1%1) and
g € H'(RZ), it follows immediately that it also holds for f € H5(R%) by these
limits. O

Theorem 1.39 (Second Green’s identity). For every s € [0,2], the second Green’s
identity
(Af, g>L2(R‘}r) - <f7 Ag>L2(Ri) = <TNf7 TDg> =3 3 ¢ <TDf7 TNg> s=% gi-s (1-3())

H° 2 ,H2 H

holds for every f € Hi(R%), g € H2%(R%).
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Proof. Since the spaces H3(R%) and H2 *(R%) are dense in H*(R%), there exists
functions (f,)nen, (gn)nen € H2(RL), such that

lim |[f — fnl
n—00

HA(RE) nlggo Hg - gnHHZ*S(Ri) =0.
In particular by the continuity of the traces, this implies the convergences

lim Afn7gn>L2(Ri) = <Af, 9>L2(Ri) )
Ins Agn>L2(Rﬁlr) = <f7 Ag>L2(Rd+) )

(
(

lirgo (T frs ToGn) and
(

%75 = <TNf7TDg>H57%, s

3 3_
H°™2,H H?2

’r}l—)né.lo TDfanNgn>Hsf%’H%fs - <TDf’ TNg>Hsf%yH%fs .

Since by Theorem Green’s second identity already holds for f,,g, € H?*(R%),
it follows immediately that it also holds for f € Hi(R%),g € H2*(R%) by these
limits. [

Lemma 1.40. The Dirichlet as well as the Neumann trace have the same kernels
ker(TD [HZ(Ri)) - ker(TD rHQ(Ri)) and ker(ny stA(R1>) = ker(VN [HQ(Ri)) )

independent of s € [0, 2].

Proof. We will only prove the equality for the kernels of the Dirichlet trace. The
same proof then also works for the kernels of the Neumann trace. Moreover, by the

inclusions
H*(RY) = HX(RY) C HI(RY) C HY(RY),

the prove further reduces to the inclusion ker(7p [ 9 (= ) € ker(7p [ 42 =d )

Define the self-adjoint Dirichlet Laplace operator
Apf=-Af with dom(A,) = ker(r, rHQ(lRi)) ,
and its extension
Twaxf = —Af  with  dom(Tiay) = HO(RY) .

We now claim that for any A € p(A,) the Sobolev space H?(R%) can be decomposed
into the direct sum

HY(RL) = ker(7p [ 2 za)) + ker(Tinax — A) - (1.31)

The inclusion “ D “ is clear. For the inverse inclusion “ C “let f € H(R%). Since
we chose A € p(Ap), we can use ran(A, — A\) = L*(R%) to ensure the existence of an
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1.5. Traces on the hyperplane

element g € ker(7p[ 2 pa,) With

(Ap = A)g = (Thax — A) S -
Since Ap, is a restriction of Tiay, we clearly have f — g € ker(T.x — A) and the
decomposition f = g+ (f — g) satisfies ((1.31)).

For the actual proof let f € ker(7, [ (e ))- Then the above claim 1) states the
decomposition

f = fO + f)\ ) for some fO S ker<TD rHQ(]Ri))v f>\ € ker(Tmax - )‘) :

Moreover, for every g € L*(R}) we can use Green’s second identity (1.30) for the
functions fy and (A, — \)"'g to get

<Af>u (AD - 5\)_19>L2(Ri) - <f/\a A(AD - 5‘)_19>L2(Ri)
= (v fr To(Ap — N)71g) -3 3 (Tofrs T (Ap — 5‘)_19> -

H H

Since (Ap, — A\)~tg € ker(7p rHQ(JRi)) and f\ = f— fo € ker(7p rH&(Ri)) by assumption,
the complete right hand side of this formula vanishes. Also the left hand side can
be simplified by using the fact that —Af, = Af\. Doing all this we end up with the
equation

<f>ng>L2(1Ri) =0.
Since this holds for every g € L?(R%) we conclude fy = 0 and consequently f = f; €
kel”(TD rHQ(Rd)). O

Theorem 1.41. For every s € [0,2], the Dirichlet trace
T H(RY) — H* 2 (R
as well as the Neumann trace
. s d s—2 rmd—1 : :
v HI(RY) — H* 2 (R%"") are surjective.

Proof. We will only treat the Dirichlet trace here. The proof of the surjectivity of the
Neumann trace then follows the same steps.

First note that by [46, Theorem 9.16], the Dirichlet trace 7, : H?(R%) — H~2(R%)
is surjective. Moreover, we know that its kernel is given by Lemma [1.40] The decom-
position (1.31)) then shows that 7 [ier(rua. ) 1S bijective and therefore has a bounded
inverse

R,: H (R = HI(RY) . (1.32)
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1. Function spaces

By Theorem also the restriction 7, : Ha2(R?Y) — H*2(R%1) is surjective and
again by the decomposition (1.31), 75 [\er(rmax—rnn 2 () is bijective. Therefore, it also
A

has a bounded inverse \
Ry : H2(R™Y) — HI(RY),

which is obviously the restriction of (1.32)).

In the same way as we interpolated 7, at the end of the proof of Theorem [1.37], we
can also interpolate R, to get the boundedness of the restriction

R, : H3(R*Y) — HI(RY) .

From Lemma we know that 7p [y, gy -y (¢, 1s injective and it is obvious that

Ry [HS,%(R a1, 18 its inverse. This in particular shows that 7, [HSA(M ) is surjective. [

Theorem 1.42. If we use the notation (|1.23]) of the restriction of functions to the
halfspaces R%. Then for every s € [0,2] the space H?(RY) can be characterized as

fe € H{(RY)
R =3 e IR | Tofe = 70
Tnfr = —Tnf-

Proof. The inclusion “ C “ is clear by Theorem [1.34] For the inverse inclusion “ O “
let f € L*(R?) with the properties

fr € HZ(Ri) . Tofr=Tpf- and Tyfi=-Tyf-.
We have to show, that Af exists in L?(RY).

Let ¢ € C°(R?). Then by using Green’s second identity, Theorem on every
halfplane R, we get

<f7 A90>L2(Rd) = <f+7 A90+>L2(Ri) + <f77 ASO*>L2(R‘£)
=> ((Afz*,@i)LZ(Rg) + (T fis ToPi) o gy — <TDfiuTNSOi>Hs—%’H%—s>
i=+

= <Afi7§0i>L2(R§l) + <(TNf+ +TNf—)790|2>
=%

3 3
HT9 g3~

+ <(Tpf+ - TDf-)’ a27d<'0|E>HS_%JLI%_S
= <Af+7 ¢+>L2(Ri) + <Af_’ ¢_>L2(Rd_>
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1.5. Traces on the hyperplane

By the definition of the weak derivative this shows, that

Afi(z) ifzeRL,

Af(z) = { Af(z) ifzeRS € L*(RY), (1.33)

which finishes the proof. O
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2. Semibounded forms

This chapter will give a short introduction into sesquilinear forms. This introduction
will be by no means complete, but provide all the tools we will need to work with
the Schrodinger form in Chapter 4. In the first section of this chapter we will define
symmetric, semibounded and closed forms and its form-induced inner product. Since
the closedness of a form is a very important property in our applications, we will derive
sufficient conditions for the closedness of the sum of two forms in Section 2.2. In the
third section of this chapter, the Theorem proves a connection between symetric,
semibounded and closed forms and self-adjoint, semibounded operators.

2.1. Symmetric, semibounded and closed forms

We will start this section by the definition of a sesquilinear form.

Definition 2.1. Let V be a Hilbert space and D, C V a subspace. A mapping
a: D, x D, — Cis called form, if

i) a( -, w) is linear, Yw € D, and

ii) a(v, -) is antilinear, Vv € D,.

In order to prove the important results of this chapter, these sesquilinear forms have
to have certain additional properties. One of which is symmetry.

Definition 2.2. A form a: D, x D, — C is called symmetric, if
a(v,w) =a(w,v), Yo,w € D, .
A symmetric form can furthermore have the property of being semibounded.

Definition 2.3. A symmetric form a is called semibounded, if there exists some v € R,
such that
a(v,v) >~|v||*, VYveED,. (2.1)

Furthermore, define the lower bound -, == sup { v € R | «y satisfies (2.1) }.

Corollary 2.4. For a symmetric, semibounded form a, also the lower bound 7, sat-
isfies the inequality
a(v,v) > valv||*, VveD,.
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2. Semibounded forms

For these semibounded forms one can define an inner products, which especially
generate a topology on D, in order to define closed forms in Definition

Definition 2.5. For a symmetric, semibounded form a and v < ~,, we define the
induced inner product

(V,W)q = a(v,w) —y(v,w), Yv,weD,.

In the following lemma we will prove that (-,-),. is indeed an inner product and
that all the corresponding norms with different values of + are equivalent. However,
these norms are not equivalent to the original norm of the Hilbert space. Whenever
the special value of the norm is not of importance (e.g. in convergences or closures),
we will not specify a certain +y, but write || - ||, instead.

Lemma 2.6. Let a be a symmetric, semibounded form with lower bound ~,. Then
(-,*)a,y is an inner product for every v < ~,. Furthermore, for every v € D, the

induced norm || - ||, satisfies the norm inequality
ol < ] (22)
|| < Ullasy :
V¥ie—7
as well as for every 71,72 < 7, the norm equivalence
. Ya — 72 Ya — V2
min < 1, V|lay < |[V|lay < maxq 1, Ullaqy - 2.3
2222 0l < o < max {1222 ol 29

Proof. Linearity in the first and antilinearity in the second argument, as well as the
symmetry of (-,-), follows immediately from the respective properties of a(-,-) and

(-,-). Corollary gives the inequality

(v, 0)ary = a(v,v) = YllVI* = (ra = Dlvl*

which proves (2.2) and immediately implies the positivity as well as the definiteness
of (-,-)a~ and makes it an inner product.

In order to prove the equivalence property ([2.3)), it is enough to show the first
inequality. The second one then follows immediately by interchanging v; <> 7.
Distinguish two different cases.

o 71 > 7 In this case we simply estimate

2

2
am I

= [lvllzs, - (2.4)

a,”y2

= a(v,v) = n|vl* < a(v,v) = 72llv

lv

o 71 < 72: Choosing ¢ = 2= ¢ (0,1) and using Corollary yields the stated

Ya—71
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2.2. Perturbation of closed forms

inequality
[v]l2., = (1 = c)a(v,v) + ca(v,v) — 7]
> (1= c)a(v,v) + (72 —72) [0l
Ya — V2 2
== v||o .. - 2.5
T2, 25)
Combining (2.4) & (2.5 then gives the left inequality of (2.3]). ]

Definition 2.7. A symmetric, semibounded form a is called closed, if (D, (-, )a~) is
a Hilbert space for some v < ,.

Equation (2.3) shows that this property is independent of the choice of 7 < ~,.

2.2. Perturbation of closed forms

While the symmetry and the semiboundedness of a form are quite easy to prove, the
verification of the closedness is quite challenging in general. With Proposition [2.8 and
especially Proposition we will now derive two useful criteria of the closedness of
the sum of two forms.

Proposition 2.8. Let a,b be symmetric, semibounded and closed forms. Then also
its sum a + b is a symmetric, semibounded and closed form.

Note that the domain of the sum D,., = D, N Dy is given by the intersection of the
single domains.

Proof. Tt follows directly from the Definitions & that a + b is symmetric and
semibounded with lower bound 4,14 > 7, + 7. In order to prove the closedness, we
fix some v < v, + 7, and have to show that the domain D, , equipped with the inner
product (-, -)a+s.~, is a Hilbert space. To do so, choose

Ya— W+ b~ Va1
yo= 2T T and g = T
2 2
as lower bounds of a and b to use the inner products (-,),,, and (:,-),,,. By Defini-
tion [2.5] we get the equality
lWllg s = 10125 + I0lles, . Vo € Dasy - (2.6)

Now let (vy)nen € Dayp be a || - ||a+6,,-Cauchy-sequence. Then by (2.6) it is also a
| - llaq:- as well as a || - ||p,-Cauchy-sequence and since a and b are assumed to be
closed, there exist elements v, € D, and v, € D, such that
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2. Semibounded forms

By the norm inequality (2.2)), these two limits also converge in the Hilbert space
norm || - || and hence the limits v, and v, have to coincide and will be denoted by
Vo = Vg = Uy € Dyyp. Using (2.6) again, gives also the convergence in the || - ||q+p--
norm
. 2 .
Tim o, = vollgsp, =0,

which proves the completeness of (Dgys, (-, *)atby)- O

In order to state the second criteria, Proposition [2.10] related to the closedness of
forms, we have to introduce the concept of relative boundedness first.

Definition 2.9. Let a, b be symmetric forms with domains D, C D,. Then b is called
a-bounded, if there exist constants «, 8 > 0, such that

b(v,v)| < aalv,v)+ B ||v]]*, YveD,. (2.7)

Furthermore, define the a-bound of b by 7,5, = inf { @ > 0 | 35 > 0 satistying (2.7) }.

Proposition 2.10. Let a,b be symmetric forms with D, C D,. Furthermore, let a
be semibounded and b shall be a-bounded with bound 7,;, < 1. Then the sum a + b
is symmetric, semibounded and

a is closed if and only if a + b is closed.

Proof. First of all, the symmetry of a + b is clear by the symmetry of a and b. By the
assumption D, C Dy, we get D,y = D, for the domain of the sum. Furthermore, by
the a-boundedness of b with bound 7,, < 1, there exist constants o € [0,1),5 > 0,
such that

b(v,v)| < aalv,v)+B|v|]*, VveD,.

From this inequality we immediately conclude the semiboundedness of a + b, with
lower bound v, > (1 — )y, — 3, by the estimate

(a+b)(v,v) > a(v,v) — |b(v,v)| >
> afv,0) — a afv,0) —  Ju]? 2
>

(1= a)va = B)ol* -
For the stated equivalence of the closedness of @ and a + b, it is enough to show that
for some p < (1 — )y, — B and v < 7, the norms || - ||445, and || - ||, are equivalent.

Because in this case (D, (-, )a~) is a Hilbert space if and only if (Dgys, (-, )atby) 1S @
Hilbert space.
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2.3. First representation theorem

For the first estimate of the norm equivalence we use the inequality
1011545, = (@ +b)(v,0) = o]
< (1 +a)a(v,v) + (8 — w]v]?

1+ @l s
Y14

which is true for every v € D,. From p < (1 —a)y, — f < (1 + @)y, + B we get
‘I‘Jr;g < 7, and together with ‘) this leads to the inequality

p=>_
Yo T T34

I Nlato < (1+ @) max § 1, Il Tlas - (2.8)

Y —
For the inverse inequality we use

[Wl12 45, = (a+b)(v,0) = pllv]]®
> (1= a)a(v,v) — (B + wvl?

= (1= a)[oll; s
Tl—a

for every v € D,. From p < (1 — a)y, — 5 we get % < 7, and together with the
equivalence (2.3)), this leads to the inequality

o — B

-«

I llatsp = (1 = a)min ¢1, I Mlay - (2.9)

a

Equation (2.8) & (2.9) finally ensure the equivalence of the norms || - ||, and || - ||a+p,p,
which finishes the proof. m

2.3. First representation theorem

Now we come to the main theorem of this chapter, the first representation theorem. It
proves a connection between symmetric, semibounded, closed forms and self-adjoint,
semibounded operators.

Theorem 2.11. Let a be a symmetric, semibounded and closed form, with a dense
domain D,. Then there exists a unique self-adjoint operator A, satisfying the repre-

sentation
a(w,v) = (Aw,v) , Yw € dom(A),v € D, . (2.10)

Furthermore the operator A has the following properties:
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2. Semibounded forms

a) The domain of A has the abstract representation

dom(A) ={w € D, | Jv € V, such that a(u,w) = (u,v) for allu € D, } .
(2.11)

b) A is semibounded from below with the same lower bound as a.

c) The operator A is maximal in the sense that dom(A)“‘Ha = D, and every subspace
D C D, with D' = D, has for every w € D,,u € V the property:

If a(w,v) = (u,v) for every v € D then w € dom(A) and Aw =u. (2.12)

Proof. For the proof fix some v < v, as a representative of the induced inner product
(-,*)a,y- In the first step we will construct an everywhere defined operator 7' : V' — D,
with the property

(U, Tv)gry = (u,v), Yué€ Dg,veV. (2.13)

For every v € V define the functional
F,:D,—C with F,(u)= (u,v),

which is obviously linear and also bounded by (2.2]). The Riesz representation theorem
[70, Theorem V.3.6] states the existence of a unique element u, € D,, such that

Fo= (- ). (2.14)

Equation (2.14]) is now true for every v € V and one finds Tv = u, as the claimed
operator in (|2.13]).

Up to a constant shift, the inverse of T" shall now be the stated operator A. The fact
that T is injective, and we are allowed to invert it, follows directly from its definition
(2.13) and the assumption, that D, is dense in V. The inverse operator operator 7!
satisfies

(u, T"'w) = (u, TT 'w), = (u,w), , Vw €ran(T),u € D,
by definition. If one defines

A=T"'4+~ with dom(A)=ran(T),
this proves the stated representation ([2.10)
(Aw, u) = (T w + yw, u) = (w,u), + v(w,u) = alw,u) ,

for every w € dom(A),u € D,.

We will continue in proving the properties a) - ¢) of the theorem. Also the self-
adjointness will be proven in b).
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2.3. First representation theorem

a) From (2.13) we know that
ran(7) = {w € D, | Jv € V, such that (u,w), = (u,v) for all u € D, }.

Using that dom(A) = ran(7") and that v € V if and only if v + yu € V ensures
the form (2.11)) of dom(A).

H'Ha,’y

cl) We will only prove the property dom(A) = D, in this first part of point c). It
is obvious that dom(A) C D,. So, if we denote +*7 as the orthogonal complement
in the Hilbert space (D, (*, ")), it is left to show that dom(A)+*" = {0}. Let
u € dom(A)+*7. Then by dom(A) = ran(T') this means that

(U, Tv)gy =0, VYveV

and (2.13)) then implies v = 0.
b) The semiboundedness of A is clear by the inequality

(Aw,w) = a(w,w) > Y||w||?*, Vw € dom(A).

In order to prove the equality of the lower bounds, let ;1 € R be any lower bound
of A. Then the inequality

a(w, w) = (Aw,w) > pljw|?
holds for all w € dom(A) C D,. However, since dom(A)Ma = D, is dense by

cl), this inequality holds on the whole form domain D,, which shows that p is a
lower bound of a as well.

The symmetry of A follows trivially from the symmetry of a and . Once
we know the semiboundedness of A, we also know that the chosen v < 7, is in
the resolvent set of A. Hence the self-adjointness follows from the surjectivity of
(A — 7y), which is obviously satisfied by

ran(A —v) =ran(T' +v —7) =ran(T" ') = dom(T) =V .

c2) In the second part of ¢) we prove the maximality condition (2.12)). Let D C D,
be a subspace with 3““7 = D,. Furthermore let w € D,,u € V elements with

a(w,v) = (u,v), YveD. (2.15)

Because of the density Dl = D, and the norm inequality 1} the equation
(2.15) can be extended to the whole form domain D,:

a(w,v) = (u,v), Yve€D,. (2.16)
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2. Semibounded forms

This means that (2.16) is especially true on dom(A) and together with (2.10]) one
obtains

(w, Avy = (u,v) , Vv € dom(A) .

This shows that
w € dom(A*) and A'w=u

and (2.12) follows immediately by the self-adjointness of A.

We will finish the proof by verifying the uniqueness of A. Let A, Ay be two self-
adjoint operators with the stated properties. Because of the self-adjointness it is
enough to check just one inclusion Ay C A;.

Let w € dom(As). Then the property (2.10]) gives

a(w,v) = (Ayw,v) , Vv & dom(A4;).

Property (2.12]), together with the density dom(Al)MH = D, of the domain, then
shows the uniqueness

w € dom(A;) and Ayw = Ajw .
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3. Quasi boundary triples

Quasi boundary triples are an abstract tool for finding self-adjoint extensions of sym-
metric operators. The names of all the objects like boundary mapping, Weyl function,
abstract Green’s identity, come from its counterparts in the application on partial
differential equations, where also the origin of this method lies.

We will introduce quasi boundary triples in Definition and the corresponding
v-field and Weyl function in Definition [3.3] The main result of this chapter will then
be Theorem [3.10] which gives a sufficient condition for an extension to be self-adjoint
and satisfying a Krein type resolvent formula in Theorem [3.10]

3.1. Definition and basic properties

Definition 3.1. Let S be a densely defined, symmetric and closed operator in a
Hilbert space V and T a closable operator with closure T = S*. Furthermore, let
o,y : dom(T) — W be linear mappings into another Hilbert space W. Then the
triple (W, T, ') is called a quasi boundary triple for S*, if it satisfies the following
properties:

a) m(ro):WxW.

I
b) Ag =T lreur,) is self-adjoint.
c) The abstract Green’s identity

holds for every v, € dom(T).

It is not stated explicitly, but it comes up as a direct consequence that also the
operator S is a restriction of 7T'.

Lemma 3.2. Let (W, Iy, I'1) be a quasi boundary triple for S*. Then S = T'[ 0r)-

Proof. By the Definition it is assumed that T = S* or equivalently S = T*.
Therefore it is enough to validate 7% = T'[ .-
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3. Quasi boundary triples

Let v € dom(7*). Then by using ' C Ay = A} C T* and the abstract Green’s
identity (3.1)) we obtain for every © € dom(7") the equation

0= <TU,1~}>V — <?},T1~)>v = <F1’U,F017>W — <F01),F1?7>W

From the dense range tan(I') = W x W, the boundary mappings I'yv = 0 and I';v = 0
have to vanish in the strong sense, which shows that v € ker(I).

For the inverse inclusion, let v € ker(I'). Then the abstract Green’s identity ((3.1)
reduces to
(Tv,0)y, — (v, T0)y, =0, V0 € dom(T).

This in particular shows that v € dom(7T™). O
By the definition of Ay = T'fir,, and the fact that ker(Ay — X) = {0} for every

A € p(Ap), the restriction Ig[ier_y is injective. This allows us to define the following
two main operators corresponding to a quasi boundary triple.

Definition 3.3. Let (W, T'y,I'1) be a quasi boundary triple for S*. For every A € p(Ay)
define the ~-field

7()‘) = (FO rkcr(fo))il (32)

and the Weyl function
M(X) =T1v()N) . (3.3)

As a first step, we will now collect simple functional analytic properties of the ~v-field
in Lemma [3.4] and of the Weyl function in Lemma [3.5]

Lemma 3.4. Let (W,T'o,I';) be a quasi boundary triple for S* and A, u € p(Ap). Then
the ~-field (3.2)) has the following properties:

a) dom(y(\)) = ran(T'y)

)
b) ran(y(A)) = ker(T" — \)
c) ker(y(A)) = {0}
d) dom(y(\)*) =V and y(A)* =Ti(4g - A"
e) Y(A),v(A\)* are bounded.
£) y(u) = 1+ (1= A)(Ag — )" (A)
)

g %’Y() = (Ap—N)lw, Vw e ran(Ty)

Proof. We will prove this lemma by verifying every point a) - g) seperately.

a) Let v € dom(I'g). Then, because of A € p(Ap), we know that ran(4y — \) =V
and the representation
(T — Nv = (Ag— \)v (3.4)
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3.1. Definition and basic properties

holds true for some ¢ € dom(A,). Equation (3.4) and dom(Aq) = ker(I'y) then
give
Fov=Tg(v—0) and v—0€ker(T —A). (3.5)

Since (3.5)) is true for every v € dom(I'y) this implies
dom(y(A)) = ran(o[rerr_»)) = ran(I) .
b) It follows immediately from the definition of the y-field (3.2]) that

ran(y(A)) = dom(Lo [yerir_ny) = ker(T — ) .

c¢) Since y(A) is defined as the inverse of an injective operator, it has to be injective
itself.

d) Let v € V and choose ¥ := (Ag— \)"'v € dom(4y) = ker(I'g). Using the abstract
Green’s identity (3.1)), property b) of this lemma and the definition of the ~-field
(3.2)), we observe for every w € dom(~y(\)) the identity

This shows that v € dom(y(\)*) and y(A\)*v =T10 =T (4 — \) .

e) From d) it follows that y(\)* is an everywhere defined operator and the closed
graph theorem then shows that «(\)* is also bounded.

If the adjoint operator v(A)* is bounded and everywhere defined, it follows from
basic functional analysis that the operator () itself has to be bounded as well.

f) First note that by property a) of this lemma, the left and right hand side of the
assertion f) have the same domains dom(y(\)) = dom(y(p)) = ran(I'y). In order
to show that also the actions of both sides are the same, let w € ran(I'y). Then
from property b) we know that

yANw € ker(T'—X) and  ~(p)w € ker(T — ) . (3.6)
Additionally, by the definition of the ~-field , it follows that
Y(AN)w —y(p)w € ker(T'y) = dom(Ay) . (3.7)
Using & gives the stated formula

(Ao = ) (v(Nw =y (p)w) = (T = p)(y(Nw = y(p)w) = (A = p)y(Mw .
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3. Quasi boundary triples

g) The derivative Ly(A)w = (Ag — A)~'w follows directly from the representation
f) and the convergence of the resolvent (Ag — \)™1 = lirr}\(AO — )~
p—

]

Lemma 3.5. Let (W, Ty, I'1) be a quasi boundary triple for S* and A\, u € p(Ap). Then
the Weyl function (3.3)) has the following properties:

a) dom(M(\)) = ran(Ty)

b) ran(Ty) € dom(M(A)*) and  M(A)* ey = M (1) + (A — p)y(A\) (1)

m(M
¢) LMNw=~AN)*y(ANw, Vw € ran(T)

Proof.

a) By the definition of the Weyl function (3.3)), its domain is given by dom(M (X)) =
dom(~y(A)), which equals ran(I'g) by Lemma [3.4] a).

b) For every w,w € ran(I'y), Lemma [3.4b) implies
YA € ker(T — )  and  ~y(pu)w € ker(T — ) .

By the definition of the ~-field, the Weyl function and the abstract Green’s iden-
tity (3.1) we obtain

(M (e, ) = w, M@ = (L1 (), Loy = (Coy (), Duy(Vih =
T/V(:u)wa’y()‘) > - 7
py(p)w, YN @)y — (y()w, My (N @)y =

=Ny (pw, @)y

\%4

=
=
=
=

Since this is true for every w € ran(I'y), this proves that
w € dom(M(N)*) and M\ *w=M()w+ A — p)yA)*y(Nw .
c) For every pu € p(Ap) \ {\}, the identity

M(uw)w—-MMNw — M(u)w — M(A)*w <
= = v(\)* 3.8
T ' e (33)
holds true by point b) for every w € ran(T'y). Moreover, Lemma [3.4] g) yields the
differentiability and hence the continuity of 7()). Using also the boundedness of
v(\)*, the right hand side of (3.8) converges and the derivative

da;MO‘) =~v(\)*y(Mw  exists.
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3.1. Definition and basic properties

]

In the next lemma we will derive more properties of the Weyl function in the special
case, where A is real-valued.

Lemma 3.6. Let (W,T',I'1) be a quasi boundary triple for S*. Then for every A\ €
p(Ap) N R the Weyl function M(A) is a symmetric and the function A\ — M(\) is
monotone increasing in the sense that for every A\; < Ay € p(Ap) N R the quadratic
form fulfils

(M(M)w, w)y < (M(A)w,w)y , VYw €ran(Ty) .

Proof. The symmetry of M (A) follows from Lemma b) with g = A = X and the
monotonicity from its non-negative derivative

d *
TAMNw, whw = (FyNw, w) = [[yAwl* 20, Vw € dom(M(N)) ,
which was calculated in Lemma c). O

Usually the conditions a) - ¢) of Definition are easy to verify, but the assumption
that one is in the setting of two operators S and T, satisfying 7' = S* may be difficult
to check. For this reason, the following theorem constructs to a given operator T" and
boundary mappings ['g, ['; a densely defined, symmetric and closed operator .S, which
satisfies T = S* and makes (W, T, T1) a quasi boundary triple of S*.

Theorem 3.7. Let T be an operator in V and ' = (I'g,T';)? : dom(T) — W x W a
linear mapping with the following properties:

a) There exists a self-adjoint Ay C T [verry)-

b) ran(I') = W x W

¢) ker(I') =V

d) Ty, 'y satisfy the abstract Green’s identity (3.1).
Then S = T'[r 1s a densely defined, closed, symmetric operator with T = S* and
(W, T, T'1) is a quasi boundary triple for S*.

Proof. The proof mainly consists two statements, from which one can then conclude
all the assertions.

Statement 1: Ap = T [ver(ry)
The abstract Green’s identity (3.1]) gives

<T'U1,’U2>V — <U1,T’U2>V =0 s V'Ul,’UQ c keI’(Fo) s

which shows that T'[\..r,, is a symmetric extension of Ay and so they have to coincide.
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3. Quasi boundary triples

Statement 2: Ty =T

Let v € ker(I"). Then the abstract Green’s identity (3.1)) reduces to
(Tv,0)y — (v, T0), =0, V0 €& dom(T).

This shows that v € dom(7™) and T*v = T'v. Since this is true for every v € ker(I'),
this verifies the operator inclusion 7'[ .,y € 1.

For the inverse inclusion, notice first that, because of Ay C T and a), we obtain the
operator inclusion
T* g AS = AO = Trkcr(l"o) .

Now, for every v € dom(7™), we can use this in the abstract Green’s identity (3.1)) to
conclude
0= (Tv,v)y — (v, T0), = (I'1v,T0)y , V€ dom(T).

By the density tan(I'y) = W, assumed in b), also I';v = 0 has to vanish and it follows
that v € ker(I'). This proves the second inclusion T C T'verry) and therefore the
whole Statement 2.

From Statement 2 it follows that T'[,.) is a closed operator and also symmetric

because of
Trker(r) =T - (T fkerm)* :

Furthermore,

T = (I")" = (Ther)* = 5°

follows immediately. Statement 1 then finally shows that T'[.r, is a self-adjoint
operator and hence (W, Ty, I'1) a quasi boundary triple for S*. [

3.2. Self-adjoint extensions

Until this point, Ay was the only self-adjoint operator we have seen. But with the help
of the boundary mappings I'y,I'; and operators B in the boundary space W, we are
able to construct extensions Apg, which, under additional assumptions on the operator
B, will turn out to be self-adjoint.

Definition 3.8. Let (W,Ig,I'1) be a quasi boundary triple for S*. Then for any
operator B in W we define the operator

Ap = T [er(ro—5ry) - (3.9)

Lemma 3.9. Let (W,T,T";) be a quasi boundary triple for S*. For any operator B
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3.2. Self-adjoint extensions

in W the corresponding operator Ap satisfies the operator inclusion
SCAp CS*. (3.10)
Moreover, for a symmetric operator B also Ag is symmetric.

Proof. 1t follows from Lemma and Definition that S = T|wr C Ap. The
second inclusion follows trivially from Ag C T C S*.

For the validation of the symmetry of Ag, let vy,vo € dom(Ag), which by (3.9)
particularly means that

Flvi € dOHl(B) and Fovi = BFlvi s Vi € {1,2} .
Using this in the abstract Green’s identity (3.1)) gives

<A301,712>v - <U17ABU2>V = <F11}1,F0U2>w - <F0U17F1U2>w =
= <F11}1, BF1U1>W - <BF1U17 F1U2>W =0,

where the right hand side vanishes, because of the symmetry of B. Because this is
true for every vy, vy € dom(Apg), this proves the symmetry of Ag. O

The previous Lemma [3.9]is not completely satisfying, in the sense that one wants the
operator Apg to be self-adjoint and not only symmetric. However, the simple conclusion
that self-adjointenss of B implies self-adjointness of Ap is not true in general. The
following Theorem shows that additional properties are necessary, and also gives
a Krein type formula for the resolvents of Ay and Ag. A version of this theorem
without splitting B into B; and B can be found in [I6l Theorem 2.6]. However,
we will present here the more general case, in foresight that we want to separate our
potential strength « later in Theorem into the parts sign(a)|a|s and |a|? to get
better integrability properties.

Theorem 3.10. Let (W, Ty, I'1) be a quasi boundary triple for S*. Furthermore, let
Xo € p(Ap) NR and B, By, By be operators in W with B symmetric, B C B; B, and
the following properties:

a) 1ep (BQW)
ran <Bgm> C ran(I'g) N dom(By)

)
) ran (Bl rran(ro)) - l"afl(ro)

d) ran (Baluur,)) C ran(Ty) N dom(By)
) ran(T';) € dom(B)
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3. Quasi boundary triples

Then the boundary operator Ap is self-adjoint and for every A € p(Ay) N p(Ap) the
Krein type resolvent formula

(Ap =N = (Ao =N =v(N)Bi(1 = BoaM(X)B1) ™' Bay(\)* (3.11)
holds true.

Remark 3.11. If one already knows that Ag is self-adjoint and only wants to derive
(3.11)), one only needs the assumptions c) - e).

If we choose B; = I being the identity operator and By = B we regain ??Theorem
2.6|BeLaL.oR02017, which shows that Theorem is indeed a generalisation.

Corollary 3.12. Let (W,Iy,I'1) be a quasi boundary triple for S*. Furthermore, let
Ao € p(Ap) NR and B be a symmetric operator in B with the following properties:

a) 1€p (BM(A0)>

b) ran (BM()\O)> C ran(I'y)
c) ran (BJ,uur,) € ran(Il)
d) ran(I'y) € dom(B)

Then the boundary operator Ag is self-adjoint and for every A € p(Ap) N p(Ap) the
Krein type resolvent formula

(Ap = 27" = (Ao = A) 7 =9(N) (1 = BM(\)) ' By())*

holds true.
Proof of Theorem[3.10}. The proof is splitted into four steps.

Step 1: In the first step we claim that
ran(Byy(Ao)*) C ran(l — BoM () By) | (3.12)

where it is important that the inclusion holds without the closure of M (\y)B; on the
right hand side.

Let w € ran(Byy(Ag)*). Then by assumption d) we also get

w € ran(Bsy | anr,)) € ran(ly) Ndom(By) . (3.13)

-1
By assumption a), the element w = (1 — BoM (/\o)B1> w is well-defined and admits
the implicit representation

W —w = BaM (M) Byw € ran(I'y) Ndom(By) , (3.14)
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3.2. Self-adjoint extensions

by assumption b). Combining (3.13)) & (3.14)) implies that also w € ran(I'g) Ndom(By),
and by assumption c¢) that Byw € ran(I'g) = dom(M()\g)). Therefore (3.14) can be

written as
w—w = BQM)\OBl’(I) s

which finally confirms the claim (3.12)).

Step 2: In the second step we will prove the self-adjointness of Ag. The essential

point is the claim
ran(Ag — X\o) =V . (3.15)

Let v € V. Then, by assumption e) and B C B; By, the element Byy(Ag)*v is well-
defined and Step 1 gives the existence of an element w € dom(ByM (A\g)B1),
such that

Boy(Mo) v = (1 — BoM (M) By)w . (3.16)

Defining now the element
0= (Ao — Ao) "'+ y(No) Briw (3.17)

one sees that (T'— A\g)0 = v, since y(Ag)Biw € ker(T — \g). In order to prove (3.15))
it is enough to show that © € dom(Ag). To do so, we apply the boundary mappings
['y,I'1 onto it and end up with the equations

Fo0 = Bjw and T19=7v(X\o)"v+ M(X\)Biw , (3.18)

where we used the definitions of v-field and Weyl function as well as their mapping
properties, collected in Lemma . Applying B to the second equation of ,
allowed by assumption e), and using the definition of w in (3.16|) as well as B C By B,
gives

BI'y0 = By By(v( o)™ v + M (o) Byw) = Byw =Ty ,

where the last equality follows from the first equation of (3.18). Therefore we obtain
0 € dom(Ag), which finishes the claim (3.15))

Let now A € p(Ag) N p(Ap) and it remains to prove that the Krein type formula
(3.11)) holds true.

Step 3: prepares the proof (3.11)), as it claims that

(1 — BoM (M) By) is injective. (3.19)

Let w € ker(1 — BoM(A)By). Then, by the assumptions ¢) & d), we get

Blw = BlBQM(/\)Bl’UJ € ran(31 rran(F0)> - ran(Fg) .
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3. Quasi boundary triples

This means that by assumption e), BT'1y(\) can be applied to Byw, which gives the
identity
BT'1y(A\)Byw = BM(M\)Byw = Byw = Fyy(A\) Byw .

This shows that v(A\)Byw € dom(Ag) by definition and since ran(y(\)) = ker(7 — X)
we get
Y(A)Biw € ker(Ag — \) = {0},

because of A € p(Ap). Hence w = Bol'1y(\)Biw = 0 as well, which proves the staed
injectivity (3.19).

Step 4: In the last step show that ran(Byy(A\)*) C ran(1 — ByM(\)B;) and (3.11)
holds true.

For v € V define the elements
v = (Ap—N)"v and vy = (Ag—A)"lv.

Then especially vp — v € ker(T' — \) and hence

Y(M)To(vp —v9) = vp — Vg , (3.20)
by the definition of the y-field. Furthermore, Lemma and vg € dom(Ap) gives
L [ 0 B
( r, >v0 = < YOV ) and Tgvg = BT'ugp . (3.21)

The element ByM(A)ByBsI'jvp is well-defined by the assumptions c¢), d) & e) and
with the equations (3.20) & (3.21) we obtain the identity

(1 — BQM(/\)Bl)BQFfUB = BQFlUB — BQM()\)FOUB
= BQFl"UB — BQM()\)F()('UB — ’Uo)
= Byl'ywp — Bol'1(vp — o)

= Byy(A\)'v .
By the injectivity we then obtain
Bolvg = (1 — BoM(N)By) ' Bay(M)*v .
Using again I'y(vp — v9) = Bl'yvp from , finally leads to
vg —vg = Y(N)B1(1 — BoM(A\)By) ' Byy(A)*v

which is the stated Krein type formula (3.11]). O
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4. Schrodinger operator and
corresponding form

In this chapter, we want to give the formal differential expression (0.1 from the
introduction a rigorous mathematical meaning via the sesquilinear form a,. We will
restrict ourselves to the case where ¥ C R? is the hyperplane

S={zeR|z4=0} =R"". (4.1)

In Lemma 4.2 we prove that the form a, is symmetric, semibounded and closed. The
abstract Theorem will then give a corresponding Schrédinger operator A, in Def-
inition Beyond this application of the abstract theory of sesquilinear forms we
derive explicit forms of the domain, action and essential spectrum of A, in Proposi-

tion [£.4] and Theorem [£.5]

4.1. Schrodinger operator defined by a form

Definition 4.1. Let d > 3 and a € L4 1(R41) + L°(R?"!) be real-valued. Then
define the sesquilinear form a, by

aa(fa g) = <vf7 Vg>L2(]Rd) +/ aTpfTpgdr  with Dy, = Hl(Rd) . (4'2)

Rd-1

Here 7, denotes the Dirichlet trace operator from Lemma [1.30]

By the trace theorem we get 7,f € H %(Rd_l) and Lemma then shows that
la|27,f € LA(R1), which confirms the well-definedness of the integral.

The next lemma basically verifies the assumptions of the Theorem [2.11]

Lemma 4.2. Let d > 3 and a € L@ (R4!) + L>°(R%™!) be real-valued. Then the
form a, is symmetric, semibounded and closed.

For the definition of symmetry, semiboundedness and closedness of a form, see the

Definitions [2.2] 2.3 & 2.7 in Chapter 2.
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4. Schrédinger operator and corresponding form

Proof. In this proof we want to look at a, as the sum of the two forms
a()(f: g) = <Vf, Vg)LQ(Rd) with Dy, = Hl(Rd> and

al(f,g)::/dlaTDf@d:T: with D,, = H'(R?) .
i

From the real-valued potential strength o we immediately obtain the symmetry of ag
and a;. Also the semiboundedness of a¢ (with lower bound ~,, = 0) follows immedi-
ately from its definition. One possible induced inner product of aq is (-, -);1e, and
since D,, = H'(R?) equipped with this norm is a Hilbert space, aq is also closed.

To conclude now the symmetry, semiboundedness and closedness of a,, we want
to use Proposition [2.10, So all we have to check is the ap-boundedness with bound
Yao.ax < 1. First decompose the potential

a=u+v forsome wuc LR ve ®RITY).

The bounded part v of the potential can simply be estimated by the L®°-norm later
on. But to deal with the unbounded u, the strategy will be, to cut it off at some
bound b, such that the bounded part can again be estimated by the L*>*-norm and the
unbounded remainder becomes arbitrary small. For this purpose define the sets

Sp={FeR"||u@)|<b}, Wb>0.

Because of the integrability ||u|| ¢-1ge-1, < 0o, there exists a bound b, > 0 for every
e > 0, such that the integral over the unbounded part of u becomes

€
”U”Ld—l(Rd—l\Ebs) < m ; (4.3)
where ¢ = ¢, 2a-1 is the constant of Corollary and cp1 = ||Tp[y1me)| is the
2’ d-—2

operator norm of the trace operator on H!(R?). This means that these constants
appear in the inequalities

7o fll 20-n < cellmofll and |7 f]

1
-2 (pd-1 H2 (RI-1

<
H%(Rd—l) = CD,ll

f“Hl(]Rd) (4°4>

for every f € H*(RY). If one splits now a = (v + u Xs,,) T u Xzd-1\5, into a bounded
part and an unbounded remainder, we can also split the form a; into

NS [ orus, lIrafPdis [l lnofPds, (49
R~ R i

DM

and can estimate both integrals separately.
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4.1. Schrodinger operator defined by a form

Since the potential in the first integral is bounded, it can simply be estimated by
its upper bound

[ ot 1o Pds < (ol + bl s, (40

Using Lemma for some arbitrary s € (3,1) we can estimate

170 fll 21y < o sl Fllas e (4.7)

where ¢, s = ||7p | ys@e || 18 the operator norm of the Dirichlet trace on H*(RY).
With Theorem [I.27] we find a constant c. > 0, such that

1

2
s <
TED (Jo]]oo + be)e?,

Using now (4.7) & (4.8) in (4.6]), gives the final estimate of the first integral

/]

g
(5 1125 s, + el fllize) - (48)

- 9
Lo ot | 1raf P < 5 W B + s (49)

For the estimate of the second integral in (4.5]) we first use Holder’s inequality in
combination with (4.3]) to obtain

- £
[l mfPas < oo Py
Rd71\2b5 CL.C [ d—2 (Rdfl

2
E“~D,1

The inequalities (4.4) then give the final estimate of the second integral

~ £
/Rdl\z |U| |7Df|2d113 < 5 ||f||?{1(]Rd) . (4.10)
be

Combining (4.9) & (4.10)) gives the estimate

lar(f, )] < € £l way + cell fllZ2ae, = € ao(f f) + (ce + ) fIlz2ae, (4.11)

which confirms the ag-boundedness of a;. Since (4.11) is true for every € > 0, the
bound is given by 74,4, = 0. O

The previous Lemma showed that the form a, fulfils the assumptions of Theo-
rem and there exists a unique self-adjoint and semibounded operator A, which
represents the form a,,.

Definition 4.3. Let d > 3 and a € L4 1(R41) + L°(R?!) be real-valued. Then
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4. Schrédinger operator and corresponding form

define the Schradinger operator A, by

dom(A,) = { f € H'(R?) | 3h € L*(R?) : au(f, 9) = (h, 9)12aa), Vg € Hl(Rd% } |
4.12
and

aa(f: g) = <Aaf7 g>L2(Rd) ) vf € dOHl(Aa),g € Hl(Rd) . (413)

4.2. Further properties of the Schrédinger operator

While in Section 4.1 the Schrodinger operator A, was defined in an abstract way, its
precise action, a more explicit representation of the domain via boundary values and
the essential spectrum oess(A,) will be calculated in the rest of this Section 4.2.

Proposition 4.4. Let d > 3 and a € L4 1(R41) + L®°(R41) be real-valued. Then
the Schrodinger operator A, has the domain

fr € Hy(RE)
dom(A,) =< fe L*RY | 7pofy =70f (4.14)
™nf+ +Tnf- = —arpf

and the action
Aof = (-AfL )@ (-Af), Vfedom(A,). (4.15)

Note, that we used the notation fy = f |Rdi for the restriction of functions to the

halfspace, from ((1.23)).

Proof. Let us start the proof with the inclusion “ C “ of (4.14). Let f € dom(A,).
Then, by (4.12)), f is in H*(R?) and there exists a function h € L?(R), such that

(Vf, vQ)LQ(Rd) + /

Rd—

aTpf Tpg di = (h,g);2ae,, Vg€ Hl(Rd) ) (4.16)
1

By Theorem we immediately get 7, fy = 7, f-. Equation (4.16]) especially holds
true for all g € C5°(R%), for which it has the simple form

VfV_gdx:/ hgdx .

d d
R% R%

Partial integration of the left hand side leads to

[ 1Bga— [ hgde. vgecrml),
R% R

d
+
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4.2. Further properties of the Schrodinger operator

which is the definition of the weak Laplacian —Af, = h, € L*(R%). Analogously we
obtain —Af_ = h_ € L*(R%) on the negative halfplane. Consequently, it follows that

fee HYRL) and A f=h=(-Af)® (-Af).

Knowing h = (—Af,) & (—Af_), we use again (4.16) to obtain for every g € H*(R?)
the equation

<Vf> V9>L2(Rd) + / « 7-Df Y dr = _<Af+>g+>L2(1Ri) - (Af,, g*>L2(]R‘i) .

Rd-1

Partial integration on ]RS’r and RZ of the right hand side admits the identity

/ aTDf@da?:—/ TNf+TDg+d§:—/ T~ f- Tpg_ dT , VgEHl(Rd)
Rdfl Rd—l

Rd-1

consisting only of integrals on the boundary. Since 7,9, = 7,9, by Theorem and
1
ran(7p [ g1 ge)) = H2 (R is dense in L?(R%™!') we confirmed the boundary condition

—atpf =7Tnfr +Tnf- .

For the inclusion “ D ¢ let f € L?(RY) with the properties

fre HHRLY), 7pfy =1of- and 7yfy +7uf- = —arpf . (4.17)

From the first two properties of (4.17) we conclude that f € H'(R?). Furthermore,
defining h := (—Af;) ® (—Af_) we obtain for every g € H'(R?) the identity

(h, 9) 2wty = —(Afs, 91 2@y = (Af-9-)r2a
(V£ Vo)~ [ g di= [ nfomyds
~ (V. Vo)i, + [ | amof Tog di
= aa(f,9) -

By the definition of the operator domain in (4.12]), we validated f € dom(A,). O

Theorem 4.5. Let d > 3, ap € R and o € LI H(R4) + L*(R%!) be real-valued
with the decay property:

{ZeR""||a(@)] > e} has finite measure for all & > 0. (4.18)
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4. Schrédinger operator and corresponding form

Then the Schrodinger operator A,14, has the essential spectrum

2

[—%2,00) ifag <0,

0, if ap >0,
Uess(Aa—i-ao) - { [ OO) ste=

Remark 4.6. Since the decay property (4.18)) is fulfilled for all functions in LP(R4~1),
if p < 00, it is only a restriction to the L*>-part of .. It forces this L*°-part to become
small at infinity, although maybe in an non-integrable way.

Proof. We know that the essential spectrum of A,,, only treating the constant poten-
tial ayp, is given by

[0, 00) if g >0,
[—%g,oo) if ap <0.

Tess(Aay) = {

In order to prove that the essential spectrum of A, ,, looks the same, it is sufficient
to check that the resolvent difference (Ayy —A) ™' — (Aata, —A) 7' is compact for some
X € p(Auny) N p(Antay)- Since Ayiq, as well as A, are semibounded, we can choose A
to be real-valued. For a shorter notation denote the resolvents as

RCXO = (Aao — )\)_1 and Ra+a0 = (AOH'OCO — >\>_1
for the rest of the proof. For every f, g € L?(R?) we obtain the representation

<(Rao - Ra—i—ao)fu 9>L2(Rd) = <Ra0f7 (Aa+ao - )\)Ra+aog>L2(Rd)
- <(Aao - )‘)Raofa Ra+aog>L2(Rd)
= (Rao fr Aatan Ra+aog>L2(Rd) — (AaoRao [ Ra+aog>L2(Rd>
= atao(Baofs Ratacd) — Gag(Rag fs Ratae)

= / a TpRoo [ ToRotaeg AT . (4.19)
Rd-1

of the resolvent difference by just an integral on the boundary. The estimate (4.11))
with € = % and « replaced by a + g, yields the existence of some constant ¢ > 0, such
that

1
aoz+010(f7 f) = 5”]0”?{1(11@‘1) - CHin%md) , VfE Hl(Rd> :
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4.2. Further properties of the Schrodinger operator

This inequality admits the bound
<(Aoz+ao - A)f: h>L2(Rd)

||(Aa+ao - )‘)fHLz(le) = Sup h
heL?(RY) 12l 22 za)
S aa—i—ao(fa f) - )‘H-inQ(JRd)
- 1/ 22ea)

1
> §||f||H1(]Rd) - (/\ + C) ||f||L2(]Rd) .

Since A € p(Any) N p(Aatay) N R was arbitrary, we can especially choose A < —c¢
to make Roia, = (Aatag — A)~F bounded as an operator from H!'(R?) to L*(R?).
Consequently sign(a)|a|2myRasa, : L2(RY) — L2(R%1) is everywhere defined and
bounded by Lemma Hence, also its adjoint is everywhere defined and bounded.
Since (4.19)) holds for every f,g € L*(R%) we obtain the identity

: 1 o L

Ray = Ratao = (sign(a)|a|27p Ratay) @275 Ray
and it remains to prove that |o|27,R,, is compact. Therefore, let (fy)nen € L2(R%)
a bounded sequence. Since 7,R,, : L?(R?) — H(R4™1) is, analogously to 7pRaxag

above, a bounded operator, there exists a weak convergent subsequence

Yo = wlim ToRoy [y -
k—oco Hl(]Rdfl)

After the multiplication with |a\%, this sequence then also converges in norm
. 1 1
lim ||[a|27p Ray fr, — |C¥|2¢0||L2(Rd—1> =0
k—oo

by Theorem which proves the compactness of |a/| 27, R, and hence of the resolvent
difference R,, — Rotap- O
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5. Schrodinger operator and
corresponding quasi boundary
triples

In the last chapter we introduced the Schrédinger operator A, in Definition by
the form a, and the first representation theorem. In this chapter we define a quasi
boundary triple, which in the end will turn out to be the right choice to also describe
the operator A,. Although we already calculated the domain, action and essential
spectrum of A, in Chapter 2 for very general a € LI} (R41) 4+ L>®°(R41); the ad-
vantage of the definition via quasi boundary triples is, that if we use more regular
a € L3@-D(RI-1) + L(R41), we also obtain the higher regularity f € H3*(R%)
for all f € dom(A,), see Theorem [5.8 Another reason why it is advantageous to
consider quasi boundary triples is, that we will need the corresponding Weyl function
in order to define the Birman-Schwinger operator in Chapter 6 and prove the Lieb-
Thirring inequality in Chapter 7. In particular the explicit integral representations of
Theorem [5.3 will be essential.

This chapter will be splitted into two sections. In Section 5.1 we will define a quasi
boundary triple (L?(R971),T'y,I';) for the Laplacian —A on R?\ ¥, where X is the
hyperplane (£.1). In Section 5.2 we will generalise this triple to a quasi boundary
triple (L*(R41), T, ) for the shifted Laplacian —A + gy, for some o € R.

5.1. Quasi boundary triple for the Laplacian
We will start to construct a quasi boundary triple (W, Ty, T'1), in the sense of Defini-

tion for —A on R\ . For the appearing Sobolev space H5(R%) in (5.1 and the
traces in (5.2) we recall Definition and Theorem [1.37]

Theorem 5.1. Define the operator

Tf=(-Af) @ (-Af) (5.1)
dom(T) == { Fel2RY | foe HERY), rofy = mof- }
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5. Schrodinger operator and corresponding quasi boundary triples

and the boundary mappings
Tof =1nfe+7nf. and Tyf=71,fr =7pf, Vfedom(T). (5.2)
Then the operator
S = T'[\ex(ry 1s a densely defined, closed, symmetric operator (5.3)

and (L?(R?1), Ty, ) is a quasi boundary triple for S*. Furthermore the correspond-
ing operator Ay = T [\, 1S given by

Ag=—A and dom(4y) = H*(RY) and p(Ay) =C\ [0,00). (5.4)

Proof. All the assertions, except of (5.4]), follow immediately from the abstract Theo-
rem [3.7} So all we have to do is to verify its assumptions a) - d).

a) The free Laplace operator
Agee = —A  with  dom(Age) = H*(R?)

is well-known to be self-adjoint. Furthermore, for every f € H%(R?), its Neumann

trace from the upper and from the lower halfplane coincide (except of a minus
sign) by Theorem which shows that

Fof :TNer +7-fo =0

and hence f € ker(I'g). Also by the continuity of the Dirichlet and the Neumann
trace it follows that

Tf = <_Af1) ©® <_Af2) = _Af = Afreef )

where a calculation can for example be found in (1.33)). This proves that T,
is an extension of the self-adjoint operator Agee.

b) Let ¢ € H2(R41) and ¢ € Hz(R4). Then by the surjectivity of the combined
mapping of Dirichlet and Neumann trace in Theorem [1.33], there exist functions
f+ € H*(R%) and f_ € H*(R?), such that

(2)-(2) w0 (2)e-(8)

If we define f .= f. & f_, we obtain

f € dom(T) and (?l))f:(
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5.1. Quasi boundary triple for the Laplacian

This verifies H2(R%!) x Hz(R% ') C ran(I') and therefore the density of the
range Tan(I') = L?(R471) x L2(RI1).

¢) We know that the space C°(R%) of testfunctions is dense in L?*(R%) and further-
more, it is obvious that C§°(R%) & C°(R%) C ker(I'). This leads to the density
of the kernel

ker(I') = C(RY) @ C°(R?) = L*(RY) & L*(R%) = L*(RY) .

d) Let f,g € dom(T). Then especially fi, g+ € H5(R%Z) and Green’s second formula
- ) holds on Rd and R? respectively. Together with the definition of the
boundary mappings , this gives the abstract Green’s identity

<Tf, g)LQ(]Rd) - <f> Tg>L2(]Rd) = _<Af+7g+>L2(1Rd <Af »g— >L 2(rd)
+ <f+= Ag+>L2(Rd <f Ag >L2(]Rd
= <TDf+7TNg+>L2(Rd*1) - <TNf+a TDg+>L2 (RI—1

+ <TDf—7TNg—>L2(Rd_1) <7—Nf— Tpg— >L2 rd-1)
= <F1fa F09>L2(Rd71) - <F0f, Plg>L2(Rd71) .

These points a) - d) verify the assumptions of Theorem [3.7] and hence we get that
S is a densely defined, symmetric, closed operator and (L?*(R47!),T,T;) is a quasi

boundary triple for S*. In order to verify (5.4 it is enough to show that ker(I'y) =
H?(RY), which is already proven in Theorem O

Once we have verified that (L?(R971),T,T';) is indeed a quasi boundary triple,
we want to derive the ranges of the boundary mappings, which will be significant in
applying Theorem later on.

Lemma 5.2. The ranges of the boundary mappings I, 'y are ran(Iy) = L?(R?1)
and ran(I'y) = HY(R*1).

Proof. Start with the proof of ran(T) = L?*(R?~1). This means, for every ¢ € L*(R4™1)
we have to find a g € dom(T") with Tog = ¢. By the surjectivity of 7y, Theorem [1.41]
there exist functions f, € HY*(R%) and f_ € HY*(R?), satisfying

Tnfr =7Tnf- :%.

_ [ @+ () ifreR?,
Define g(x) = { F ()4 f(—z) ifzeRL
continuous Dirichlet trace

then clearly g € HY *(R4), with

Tpg+ = Tpg— -
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5. Schrodinger operator and corresponding quasi boundary triples

This confirms that indeed g € dom(7T) and furthermore, the boundary mapping T’y
applied to ¢ yields

Log=7Tngs +Tng- = Tnfr +Tnf-+Tnf-+Tnfr=0.

In order to prove ran(I';) = H'(R?) we have to find for every ¢ € H'(R?1) a

function g € dom(7T") with I'yg = ¢. By the surjectivity of 7,, Theorem [1.41] there

exists a function f, € HY 2(Ri) satisfying

TDf+:¢'

Define g(z) = { folz) fzeRL,

fol-z) if z € RY then clearly g4 € Hi/Q(]Ri), with continuous
+\" —

Dirichlet trace
Tpg+ = Tng— = ¢ .
This confirms that indeed g € dom(7T) and I'1g = ¢. O

In the next theorem we want to find integral representations of the ~-field, its adjoint
and the Weyl function in terms of the Green’s function G from (B.1). To do so we
first recall the convolution mappings

a) Gf =Gr=f, Vf € LHRY) 4 L= (RY),
b) Grg =Gh* ¢, Vo € LYRY) + Lo(R),
c) G5 f(7) = [ Gy (( ) - y) fy)dy,  Yfe LY (RY) + Le(RY), & € R,

R4

O R

d) Glo(x) = [ Gy <x - ( g )) o(§)dg, V¢ € L'(R1) + L®(RE), 2 € R

Rd-1

from Definition Here we used the notation that every z € R? is decomposed into

T R
( . > for some 7 € R*! and 24 € R.
d

Theorem 5.3. Let d > 3 and A € C )\ [0,00). Then the v-field, its adjoint and the
Weyl function have the integral representations

Y(N)o =G, Vo € L(RTY), (5.5)
YN fF=G5f,  VfeL*RY),
M(\)p=Grp, Voe L*(RFD). (5.7)

Proof. For the proof of (5.6 we first consider f € C°(R?) and obtain

YA f =T1(Ao = A) 7 f =T f = Gif . (5-8)
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5.1. Quasi boundary triple for the Laplacian

by Lemma|B.4} Since y(\)* as well as G; are bounded by Lemma and Corollary [B.7,
the identity (5.8) can be extended to L?(R?) by continuity.

For the proof of (5.5) we first note that G} ¢ is an element in L*(R?) by Corollary [B.7]
and we can use the already calculated representation (5.6) to obtain for every f €
L?(R?) the identity

0 P = [ ot0) [ G ((]) =) Foldaas

/]Rd Rd1¢ GA(( >_x)dﬂf($)dm

g>\¢7 f>L2(]Rd)
This shows that Gl¢ = (7(A)*)*¢ = v(A)¢, by the closedness of the y-field.

Finally, equation (5.7) follows for ¢ € C{°(R?™!) immediately from (5.5) and the
direct evaluation on the boundary

M(\)¢ =Tiv(\)p =T1G]¢ = G - (5.9)

Since ¥(A) = G}l,2e-1, is bounded from L*(R4"!) into HS(]Rd) and the Dirichlet
trace 'y is bounded from H*(R?) into L*(R4"1), for every 1 < s < 2, we obtain that

M(X) = I'1y(\) is bounded in L*(R471). Also the right hand side g,\ is bounded by
Corollary and therefore (5.9) can be extended to the whole space L*(R9"1) by
continuity. O

Once we know the representations in Theorem [5.3] we can copy the Fourier trans-
formations and boundedness properties from Lemma and Proposition [B.9

Corollary 5.4. Let d > 3 and A € C\ [0, 00). Then the Fourier transformation of the
~-field, its adjoint and the Weyl function have the form

a) Frr(No(k) = il VkER?,  ¢e LRI,

b) Fary (N f(k) = o= [ 78 dk, ,  VE € R, fe [A(RY),

¢) FaorM(N) (k) = T=22® vk R, ¢ € LRI

~ 1
2(|k[2=A)2

Note, that in a) and b) the notation k = (k, ks) was used, and that the indices d and
d — 1 indicate the dimension of the Fourier transformation.

Corollary 5.5. Let d > 3, A € C\ [0,00) and p € [1,2]. Then for every s <
3 (d— 1)(— — 1), the restrictions

2
a) YN[y : LP(RTY) — H*(RY),
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5. Schrodinger operator and corresponding quasi boundary triples

b) fy(/\)*[Lp(]Rd : Lp(]Rd) — Hs(]Rd_l) and
¢) M(A)[pga-1, : LP(RIY) — H*= 2 (R41)

are bounded operators.

Lemma [3.6| tells that already the abstract Weyl function M (\) has some very useful
properties, like symmetry and monotonicity, if the index A is real-valued. In our special
quasi boundary triple the Weyl function is additionally everywhere defined, see ,
which makes the operator also self-adjoint. Moreover M () is non-negative, which can
be seen in its Fourier representation in Corollary

Lemma 5.6. Let d > 3 and A € (—o0,0). Then the Weyl function M () is a bounded,
self-adjoint and non-negative operator with an L?-operator norm which converges like

lim ||M(N)]=0.

A——00

Furthermore, the function A — M (\) is monotone increasing in the sense that for
every A\; < Ay € (—00,0) the quadratic form fulfils

< ()‘1>¢ ¢>L2(]Rd hy > < ()‘2)¢ ¢>L2(Rd Iy V¢ € LQ(Rdil) .

Also a useful property is the following identity of the ~-field, which basically follows
from its definition combined with Green’s first formula.

Proposition 5.7. Let d > 3 and A € C\ [0,00). Then for every ¢ € L*(R%!) the
~-field satisfies
<v’7()‘)¢v vg>L2(Rd) - A(V()‘)Qba g)LQ(Rd) = <¢a TDg>L2(Rd_1) , Vge Hl(Rd) . (5'10)

Proof. Let ¢ € L>(R*!) and g € H'(R?). Then we know that v(\)¢ € ker(T — \) by
Lemma , which in particular implies (y(\)¢)L € H 572 (R4). Therefore Green’s first
identity, Theorem m, is applicable on the domains R% and admits

<V7()‘>¢7 v9>L2(]Rd) = <V’7()\)§Z§, vg>L2(]Rd + <V’}/()\>§Z§ Vg>L2(R(i)
_<A7()\>¢ g>L2(R <7-N(7()‘) )+7TDg+>L2(Rd 1y
<Ar7(>‘)¢ >L2(]Rd + <7—N(7( ) ) ,TDg_>L2(]Rd71).

Because of g € H(RY), its Dirichlet traces from the upper and the lower halfplane
coincide and will be denoted by 7,9. Moreover, with the definition of 7" in (5.1]) and
[y in (5.2)) this equation looks like

<V’}/<)\)¢, Vg>L2(JR‘7l) = <T7<)‘)¢7 g)LQ(Rd) + <F07(>‘)¢7 TDg>L2(JRd*1) .
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5.1. Quasi boundary triple for the Laplacian

Moreover, using v(A)¢ € ker(T — \) and ¥(\) = (U lyer(r—s)) ', this formula further
reduces to final result

<V'7()‘>¢a Vg>L2(le) = A('V()‘)gba g)LQ(Rd) + <¢» TDg>L2<Rd*1> .
O

After these preparations, where we collected properties of the y-field and the Weyl
function, we are now ready to prove the main theorem of this section. It gives an ex-
plicit representation of the domain as well as of the action of the Schrédinger operator
A,, which was abstractly defined via the first representation theorem in Definition 4.3
This result is very similar to Proposition [4.4] with the only difference that here we
are only allowed to consider v € LP(R™!) 4+ L>(R4"!) for p > 5(d — 1), but get the

additional regularity fi € HY/ >(R4) for every f € dom(A,) as a consequence.

Theorem 5.8. Let d > 3 and A, be the Schrédinger operator from Definition [4.3] for
the real-valued potential v € LP(R*") + L>(R%"!) for some p > 3(d — 1). Then this
operator has the explicit representation

Aof = (=Afy) @ (-Af-) and

fr € HY*(RY)
dom(Ay) =4 f€L*RY) | 7pf, =70f- : (5.11)
Tnf+ +Tnfo=—a1rf

Moreover, the Krein resolvent formula
(A — N1 = (Ag = N7 = y(V)sign(@) a3 (1 + [a]3 M (Nsign(a)|al3) " |a|5v(A)*

holds for every A € p(A,) \ [0, 00).
Proof. Define the multiplication operator B in the boundary space L?(R9~1) by

B¢ = —a¢ with dom(B)= H'(R*1)
and decompose it into
Bi = —sign(a)|a|s  with dom(Bi) = { ¢ € LA(RY) | lal3¢ € LA(RIY) } and
By = |af} with  dom(B,) = { ¢ € LR ( o34 € L}(RY) } .

The operator B is symmetric because the « is real-valued and fulfils the operator
inclusion B C By By by Lemma [AT]

All the statements now follow by Theorem [3.10] so it remains to choose a suitable
Ao € p(Ap) NR = (—00,0), for which its assumptions a) - e) are satisfied.
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5. Schrodinger operator and corresponding quasi boundary triples

Using Lemma[A.T] Theorem and Theorem [I.27], we find a constant ¢; > 0, such
that for every g € H'(R?) we can estimate

2
lledsmogll;agor, < Chan , I7o9l” 20
H 3p ®re*

2 2
< C2(d;1>’p’a||TD|| ||g||H2(d§1)+%(md>

(5.12)

—_

§va||L2(Rd + Cl”gHLQ(Rd :

In the last inequality it was crucial that d 1) + < 1, which is satisfied by the
assumption p > 3(d — 1). In the same way we ﬁnd a constant ¢y > 0 satisfying

|||O“ TDgHL?(JRd Ly = 2va||L2(JRd) + C2H9HL 2wd) Vg € Hl(Rd> . (5'13)
For the choice Ao := —2max{cy, c2}, the estimates (5.12) & (5.13) turn into
2 1
|HO‘|3TDg“i2(Rd—1> < 5 <vaHL2(Rd) - )‘OHQHi?(Rd)) and (5'14)
(5.15)

1
5 (1912t = Aollgl2a)) Vg € H'(RY)

1
laf$roglZaa, < 5

Assumption a) requires that 1 € p(ByM(Xg)By). This will be the only part of the
proof where the choice of \y will be essential. Define the inner product

<f7 g>)\0 = <Vf, v9>L2(Rd) - )‘0<f: g>L2(]Rd) Vf,g€ Hl(Rd) . (5'16)

Fix now any ¢ € dom(BaM(Ag)B1) and use (5.14) for g = v(A\g)B1¢ to obtain the

estimate

1 v(No)B1o, h)?
OBl =3 sp TR
Ao

heH(®RI)\ {0}

N —

| Bo M (AO)BI¢||L 2pd-1) S

where the supremum can be taken over all h € H(R?), because the norm || - ||, is
equivalent to the usual || - ||,;1e,-norm. With the identity (5.10]), the inner product

can be written as
<Bl¢77— > d—
||B2 (AO)B1¢||L2 -1y S — sup ||Z|| L2@®4—1y
Ao

neH(r9)\ {0}

N[ —

a5 ohl|2 0,

||¢H a-1,  Sup
P l)heHl(Rd)\{O} ”hH/\o

| /\
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5.1. Quasi boundary triple for the Laplacian

Using (5.15)) then gives the final estimate

2@d-1y > r2rd-1y -

1
| BoM (Xo) B19||? < ZL||¢||2 (5.17)

Since this is true for every ¢ € dom(ByM (\g)By), the operator norm ||Ba M (Ag) By || <

+ is strictly smaller than 1. This implies that (1 — BoM(X\g)B;) ™" is an everywhere

defined bounded operator and hence 1 € p(BaM (\o)By).

For the verification of Assumption a) it is left to show that BoM (\g) By = BaM (\o) By.
From Corollarywith s =3 and Lemmawe get the L2-boundedness of M ()\y)B;
and since B, is a multiplication operator on its maximal domain, it is in particular
closed. These two properties imply the closedness of By M (Ag)B; and hence the coin-
cidence of BoM (Ag) By = BaM(X\g) By, since BoM (Xg) By is everywhere defined.

Assumptions b), c), d) will be treated simultaneously. First of all, Lemma
yields ran(Tp) = L*(R?1) and ran(Ty) = H'(R4!). From Lemma we get that
|3 By = |a|¢ € LA(REY) for every ¢ € HY(R!) and hence

ran(Bs [ anr,)) € dom(By) .

It remains to prove that ran(ByM(X\g)B;) C dom(By). It is clear by Corollary [B.10)
that the closure of M(\g)Bj is given by

M(o)B; ¢ = —Gy,[sign(a)|a]3¢] and  dom(M(N)By) = LA(RI) .

In order validate that for every ¢ € L?(R%™!) the image BoM(\g) B ¢ is an element
in dom(B, ), we have to check if a Gy, [sign(a)|a|3¢] is in L2(R?!). Using Lemma

we can estimate

~ : 1 = . 1
[l Gy [sign(e) |3 @] || 2ga-1) < can , |Gy, [sign(a)|e5 6]

d—1

| ot s
H P (Rd—l)

and because of the assumption p > 3(d — 1), also Corollary is applicable for
5 = % to obtain

= . 1 ~
HOZ g/\O[Slgn(a)’a’3¢]”L2(Rd_l) < C%,p,ac%HQSHLQ(JRd—l) 5

which verifies assumption d).
Assumption f) finally holds because of ran(I'y) = H'(R4™!) = dom(B).

Hence, all the assumptions of Theorem [3.10] are verified and we ensured that the
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5. Schrodinger operator and corresponding quasi boundary triples

extension

Apf = (=Af) @ (Af-)  and
| e mE®Y
dOH’l(AB> = f €L (R ) TDf+ = Tfo (518)
nf++Tnf-=—aTf

is self-adjoint and the Krein type formula
(Ap =N = (A0 = )" = 7(Wsign(a)lals (1 + |afs M (Nsign(a)lals) " alsy(N)*
holds for every A € p(Ap) \ [0, ).

Since the operator inclusion Ag C A, is obvious by Proposition [4.4 we automatically
get equality Ag = A,, because both operators are self-adjoint. ]

5.2. Quasi boundary triple for the shifted
Laplacian

Since the potential strength, for which the Lieb-Thirring inequality in Chapter 7 should
be derived, is allowed to contain a constant shift ag, and we do not want to treat this
shift as a perturbation, we will derive a new quasi boundary triple (L2(R41), Ty, T)
for the shifted Laplacian —A 4 apds. in this section. However, it will turn out that this
triple is closely related to the triple (W, Ty, ') of —A and many results of Section 5.1
can be reused.

Theorem 5.9. Let ag € R and S, 7,T'y, 'y as in Theorem Define the boundary
mappings of —A + agds by

(3)-(0 ) (8):

where I denotes the identity operator on L?(R¢"!) . Then (L*(R91), Iy, I')) is quasi
boundary triple for S* and the corresponding operator Ay = Tl is given by the
Schrédinger operator with constant potential strength «y

=]

C\[0,00) lfOé()ZO

AO =A, and p(AO) = { (C\ [_%g,oo) if g <0

Proof. Since the transformation operator in (5.19)) is an isomorphism, we follow the
density

/
Fan ( 0 ) = LR x L2(RTY)
1
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5.2. Quasi boundary triple for the shifted Laplacian

from the density of ran(I'o,I'1). Furthermore, the corresponding matrix has determi-

nant
1 Qp o
det ( 0 1 ) =1,

which is sufficient that I'f,, I} fulfil the abstract Green’s identity as well. By the fact
that A, = A,, is self-adjoint by Theorem [5.8| we proved that (L*(R?71),T,T%) is a
quasi boundary triple. The resolvent set of Aj is already proved in Theorem . O]

Since it will be significant in applying Theorem later on we will derive the
ranges of the boundary mappings I'{;, and I'}

Lemma 5.10. The ranges of the boundary mappings 'y, I} are ran(Tj) = L*(R4"1)
and ran(T) = H*(R41).

Proof. Since T} = I'y, Lemma [5.2| shows ran(I'}) = H'(R%!).
In order to prove ran(Ty) = L*(R%7!), we have to find for every ¢ € L*(R41)

a function g € dom(7'), such that I'jg = ¢. First of all, by the surjectivity of the
Neumann trace, Theorem there exists a function f, € Hi/ 2(R‘i) satisfying

™+ =75

2

The Dirichlet trace 7,f; of this function is then an element in H'(R4!). By the
surjectivity of the combined Dirichlet and Neumann trace, Theorem [1.33] we also find
a function f_ € H3(R%), which satisfies

Tp B 0
<m)f—‘(—%f+) '

] @)+ fo(—2) iz eRT,
Define g(v) = { F(2)+ fo(—2) ifzeRd
continuous Dirichlet trace

, then clearly g4 € Hi/Q(]Ri), with

Tpg+ = Tpg— -

This confirms that indeed g € dom(T") and furthermore, the boundary mapping I'j,
applied to ¢ yields

Fé)g = Tng+ + Tng— + QoTpg

a a
= % - 707'Df+ - 707Df+ + % +aoTpfr = ¢ .

]

Since the boundary mapping IV was defined via the boundary mapping I', we can
also find a connection between the 7-fields, its adjoints and their Weyl functions.
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5. Schrodinger operator and corresponding quasi boundary triples

Lemma 5.11. Let d > 3, ap € R and A € p(4}). Then the operator (1+aoM (X)) is
an everywhere defined bounded operator in L?(R%!) and for every s > 0 its restriction
to H*(R4™!) is bounded as well. Furthermore, the v-field, its adjoint and the Weyl
function of (L?(R?~1), T, T%) are connected the ones from (L?(R%"1), Ty, T) by

a) 7' (\) =M1 +aM(N)™,
b) 7' (A)* = (1 +acM(N) 'y (A",
¢) M'(N) = M(A)(1+ agM(\)~" .

Proof. First note that because of A € p(Af)) C C\ [0, 00) = p(Ag) by Theorem 5.9} the
operators y(A), v(A)* and M (\) are well-defined.

Looking at (1 + aogM()\)) in Fourier space, using Corollary [5.4] gives for every
¢ € L2(R41) the identity

Fa1(1+agM(N))o(k) = (1 + m

) Fo1o(k), VkeR“L.  (5.20)
Since (14 apM(N)) is a multiplication operator in Fourier space, it is sufficient for the
inverse (1 + agM(X))™! to exist, be everywhere defined and H*®-bounded, that there
exists constants cy, dy > 0, such that

%)

C)\S 1+~—1
22— M)

<dy, VkeRl. (5.21)

But because of the choice

C\ [0,00) if g >0
C\[-%,00) ifay<0

ve o) = {

this is always satisfied. Knowing that (1 + agM (X))~ is everywhere defined and
bounded, the verification of the representations a) - ¢) is straight forward.

a) The operator v(A\)(1+ agM(N))~! is everywhere defined and its action

LoyN) (1 + agM(N) ™ = (To + aol')y(\) (1 4 agM (M)~
= (1+aoM\) (1 +agM(\) =1

coincides with the one from «/(\). Therefore they have to be the same operators.

b) The representation of the Weyl function follows directly from a), by

M'(X) =Ty (A) = Ty (L + agM(N) ™ = MA) (1 + oM (X))~
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5.2. Quasi boundary triple for the shifted Laplacian

c¢) Also the representation of 7/(A)* follows directly from a), by
V) = (L4 aoM(AN)) (N = (14 aM(A) (V)"

]

As in Corollary[5.4]we also get a Fourier representation for 7/(\), 7/(A)* and M’(X) by
using the representations from Lemma and the Fourier transformation in ([5.20)).

Corollary 5.12. Let d > 3, ap € R and A € p(Aj). Then the Fourier transformations
of the ~-field, its adjoint and the Weyl function have the form

FA (N (k) = 2(“;‘2_)‘)%}7171@5(%) Vo € L2(RE ). | e R?

a) d” ( )¢( ) \/ﬁ(‘kP—)\)<2(|7~€|2—)\)§+ao) ) ¢ ( )7 )
POy (Y — V2 (12— A)? Faf (k) 2(md I d—1
b) P OV I = LSS R v e LRy, kR,
¢) Fa M (Ng(k) = —Ta=100) Vo € L3RI, ke RO,

2(|k2=N) 2 +ap
Note that in a) and b) the notation k = (k, kq) was used, and that the indices d and
d — 1 indicate the dimension of the Fourier transformation.

The boundedness properties of Corollary immediately transfer to +'(\), 7/ (A)*
and M'(\) by the representations in Lemma and the boundedness ([5.21]).

Corollary 5.13. Let d > 3, ap € R, A € p(A)) and p € [1,2]. Then for every
s<3—(d— 1)(— — 1), the restrictions

a) 7' (M) a1, + LP(RITY) — HA(RY),

b) V' (A)*Ira, : LP(RY) — H*(R?!) and

) M'(M\)[par, - LP(RI) — H* 3(RT1)
are bounded operators.

Finally, also the properties of M () in Lemma transfer to M’(A) by the same
reasons, namely Lemma and ((5.20)).

Lemma 5.14. Let d > 3 ap € R and X € p(Aj) NR. Then the Weyl function M'(\)
is a bounded, self-adjoint and non-negative operator with an L2-operator norm which
converging like

lim |[M'(\)||=0.

A——00

Furthermore, the mapping A — M’()) is monotone increasing in the sense that for
2
every \; < Ay € (—00, —22) the quadratic form fulfils

<M/(>‘1)¢ ¢>L2(Rd Ly = <~]\4/()‘2)925 ¢>L2(]Rd 1y VQZ5 S L2(Rd71) :

67



5. Schrodinger operator and corresponding quasi boundary triples

The last property which immediately follows from the representations in Lemmal5.11
is the generalisation Proposition to the ~-field 7/()\).

Proposition 5.15. Let d > 3, ap € R and A € p(A}). Then for every ¢ € L*(R%1)
the y-field 7/(\) fulfils for every g € H'(R?) the identity

<V7,()\)¢, vg>L2(le) - /\<’7,()‘)¢a g)LQ(Rd) + 040<M/()‘)¢7 TDg>L2(Rd_1) = <¢» TDg)LQ(Rd(_l) . )
5.22

Proof. Using the identities
YA =N+ aM (V)T and 1 —agM'(A) = (1+aM(\) ™,
which follow immediately from Lemma [5.11] the identity (5.22]) reduces to (5.10)) by:

<V7/()\)¢: V9>L2<Rd) - A(’Y’O\)Qﬁ, g>L2(le) = ((1+ aOM()‘))_1¢a TDg>L2(R‘i_1)
= <¢> 7—Dg>L2(Rd*1) - O‘0<M/()‘)¢7 TD9>L2(1R‘1*1) .

]

We will end this chapter by giving an application of the Krein type formula (3.11))
for the boundary triple (L?(R?"1), T, T%). We will use it to give another version of
the proof of Theorem

Theorem 5.16. Let d > 3, ap € R and a € LP(R?1) + L°°(R41) be real-valued for
some p > 3(d — 1) and satisfying the decay property (4.18). Then the Schrédinger
operator A, ., has the essential spectrum

[0, 00) if g >0,
[—a—g o0) ifap <0.

Uess(Aa-I—ozo) - {
Proof. We already know that for the operator
B¢ =—a¢ and dom(B)= H' (R,
the corresponding extension A’g [aom 4, is given by

dom(A) = { f € dom(T) | T, f = BT, f }
fr€ H3(RY)
= f € Lz(Rd> TDf+ = TDf—

Twfr +7nf- = —(a+ag)Tyf

and hence self-adjoint by Theorem [5.8, Therefore, we can use Theorem [3.10] and
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5.2. Quasi boundary triple for the shifted Laplacian

Remark for the decomposition

Bi = —sign(a)|a|s  with dom(Bi) = { ¢ € LA(RY) ( lal3¢ € LA(RIY) } and
By = |af} with  dom(B,) = { ¢ € LR ( o34 € LH(RY) }

of B, to obtain the Krein type resolvent formula

(Aatar = A7 = (Aay = A) 71 =7 () By (1 + BeM'(\)B1) ™' Bay/ (V)" (5.23)
II h T 3 II1

for every A € p(Aa+tay) N p(Ay). Note that the assumptions c) - e) of Theorem [3.10]
are fulfilled by Lemma [5.10] and Lemma [A.T]

In order to prove that Tess(Aatag) = Tess(Aag ), it is sufficient to show that the right
hand side of is compact for some real-valued \g € p(Asy) N p(Aata,). This
well be done in three steps. In the first step we will choose Ay such that I becomes
bounded, In the second step we show that also II is bounded and in the third step we
show the compactness of III.

Step I: In order to choose \g, we first not that by (5.20), the H*(R?1)-operator
norm of (1 + agM(A\))~! is bounded by

W9 <%0,

I1-+aoM ) < 1+ 2o s2 s =

For those A < —%g we then find constant ¢y, cy > 0, similar to (5.12]), such that for
every g € H'(R?)

|||a’%TDg||32(Rd*1) < %HVQHz?(Rd) + CngH%2(Rd) and (524)
1 —1 2 1 2 2
Heds (1 + oM (X)) 1og]” < SIVYl2a + c2llgllie, - (5.25)
These are similar inequalities as & in the proof of Theorem . Choosing
A = — max{%g, 2¢1,2¢5} and following the same steps as we have done there, we will
end up with

1
1B2M' (o) Bio|I* < 9]l

L2@®d-1y

as we ended up in (5.17). This means that the operator norm of ByM'(A\g)B is less
than 1 and hence the inverse (1 — BoM’'(\g)B1)™! is an everywhere defined bounded
operator.

Step 1I: The boundedness of 7/(Ag) By = v/ (Ao)sign(a)|als is clear by Corollary [5.13
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5. Schrodinger operator and corresponding quasi boundary triples

and Lemma [A]]

Step III: In order to prove the compactness of |a|*?4'(Ag)* we have to ensure that
for every bounded sequence (f,)neny € L*(R?) there exists a subsequence for which
the images (|a|%?v(A\o)* fn, Jren converge. Since by Corollary 7' (Ao)* is bounded
as operator from L?(R?) into H!(R?™!), there exists a weak convergent subsequence
(fu Jkerts such that

— ; / *
¢ = %VEOI?HI(M_I)”Y (o)™ fuy -
After the multiplication with the potential |Oz|§, this sequence then also converges in
the L?-norm

Tim [[laf3 (7' (Ao)* fo, = 90)ll 201, = 0.,
—00

by Theorem [A.4]
These three steps show that the right hand side of ([5.23)) is compact and hence the
essential spectra of A,q, and A,, coincide. O
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6. The Birman-Schwinger operator

In Theorem we already calculated the essential spectrum of the Schrodinger op-
erator Aq.q, for some ap € R and a € L4~ (R4) + L>®(RI71), satisfying the decay
property (4.18). The main content of the following two chapters will now be the de-
scription of the discrete spectrum ogise(Aata,). Even though for most of the results
those restrictions are not necessary we will restrict ourselves to the case ag < 0 and
a € LP(R?1) being non-positive for some p > d — 1. The reason for this is first of
all simplicity (we will not need to distinguish different cases) and secondly we will
only need the results in this special case later in Chapter 7. In Definition we start
with the Birman-Schwinger operator K, which consists of the Weyl function M’(\)
of the quasi boundary triple from Theorem [5.9] multiplied by the square root of the
potential o from left and right. The main property of the Birman-Schwinger operator
will be Theorem [6.3] which proves an equivalence between the discrete eigenvalues
of Ayta, and the 1l-eigenvalues of K. This equivalence will then lead to Birman-
Schwinger principle, Theorem [6.6], which is one of the main ingredients of the proof of
the Lieb-Thirring inequality in Chapter 7.

6.1. Birman-Schwinger operator

Before we start, we recall Theorem for the definition of the quasi boundary triple
(L*(RI=1), T, ) of the shifted Laplacian —A + agdy with M’(X) its Weyl function
and A, = A,, with the resolvent set

2

!
p(Af) = C\ [-22, )
in the special case oy < 0.

Definition 6.1. Let d > 3, ap < 0, X € (—oo,—%%) and o € LP(R4!) being non-

positive for some p > d — 1. Then define the Birman-Schwinger operator K, by

Kx¢ = |alzM'(N)|alz¢  with  dom(K,) = H2(R“) . (6.1)
Note that by Lemma and Corollary [5.13] this operator is well defined.

Since the Birman-Schwinger operator is not everwhere defined, which means (for a
bounded operator) that it is in particular not closed. This will be a problem when
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6. The Birman-Schwinger operator

treating it as an compact operator or investigating its spectrum. However considering
its everywhere defined closure K instead will circumvent these issues.

Theorem 6.2. Let d > 3, ap < 0, A € (—oo,—%g) and o € LP(R%!) being non-

positive for some p > d—1. Then K, is a self-adjoint, compact, non-negative operator.
Moreover the mapping A — K, is monotone increasing in the sense that for every

A < A € (—o0, —O‘T‘%) the quadratic form fulfils

<K/\1¢7 ¢>L2(Rd*1) < <K)\2¢, ¢>L2(Rd*1) , ‘v’¢ c LQ(Rdil) .

Proof. The fact that Ky is self-adjoint, non-negative and monotone increasing follows
directly from the respective properties of the Weyl function M’()) in Lemma

In order to prove the compactness, let (¢, )neny € dom(Ky) be a L:-bounded se-

quence. In order the show the compactness of K, we have to verify the existence of a
subsequence (¢, Jken, such that the images (Kx¢n, Jren converge in L2(R?~1). To do
so, define the functions

on =M \)|a|2d,, VneN,

which are obviously bounded in Hz(R%!) by Lemma and Corollary m The
reflexivity of the Sobolev space H %(Rdfl) then ensures the existence of a weak con-
vergent subsequence

Vo = ]}erolo ©n, In H: (R .

Since |oz|% is integrable and hence satisfies the decay property 1} we are allowed
to apply Theorem [A.4] and obtain the claimed norm convergence

. 1
Jim {llaf? (20 = @n,)ll 21 = 0.
— 00
]

The next Theorem describes the main property of the Birman-Schwinger operator,
namely the equivalence between its eigenvalues and the ones from the Schrédinger
operator.

Theorem 6.3. Let d > 3, ag < 0, A € (—o0, —%(2)) and o € LP(R?"1) be non-positive,
for some p > d — 1. Then the dimensions of the eigenspaces

dim ker(Aa4a, — A) = dim ker (K — 1)

are the same for the Schrédinger operator A,i,, and the closure of the Birman-
Schwinger operator K.
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6.1. Birman-Schwinger operator

Proof. For the inequality “ >  let ¢ € ker (F,\ — 1). Then ¢ can be approximated
by the L?-Cauchy sequence (¢, )neny € H %(Rd_l). By the boundedness of the operator
Y(N|a|z : LRS! — HY(RY), the functions f, = v'(\)|a|2¢, form a H'-Cauchy
sequence and hence there exists an element f, € H'(R?), such that

nlggo ||f¢ - f”l”Hl(Rd) =0.

By the definition of the Birman-Schwinger operator in (6.1]) and the fact that 7,7/ (\) =
I v'(A) = M’(X), this function f, then satisfies the identity

Ko = lal>mofs . (6.2)

Moreover, the identity (5.22) evaluated for |a|2¢, € L2(R) and viewed in the limit

n — 00 gives

1
<Vf¢, vg>L2(Rd) - )‘<f¢ag>L2(Rd) + 040<7—Dfd>7 TDg>L2(Rd71) = <¢7 |05|27D9>L2(Rd*1) )

for every g € H'(R?). Using the form a4, and (6.2)), this equation can be rewritten
as

—_— 1 1
aa—&-ao(f(b’g) - )\<f¢7g>L2(]Rd) + (Ko, |a|27D9>L2(Rd*1) = (¢, |a|2TD9>L2(Rd*1) .

The fact that ¢ € ker (KA = 1) yields also the weak eigenvalue equation

aa+ao(f¢=g) - )\<f¢7g>L2(]Rd) =0

and proves that f, € ker(Agsa, — A). So, for every element ¢ € ker (K) —1) we
found a corresponding element f, € ker(Ayia, — A). It remains to ensure that for
linear independent (¢;)¥_; € ker (K, —1), also the constructed (fy,)¥, are linear
independent. Let

k
(Ci>§:1 eC , with Zcif@ =0.
=1

Then by (6.2) and the fact that ¢; € ker(K, — 1) this equation becomes

k

Zci¢i=0-

i=1
Since the (¢;)F_, are linear independent, all the ¢; = 0 have to vanish and hence also

the (fy,)7; are linear independent as well.

For the inverse inequality “ < “, let f € ker(Aata, — A) and define ¢y = |27, f.
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6. The Birman-Schwinger operator

Then it follows from the definition of A, 4, that for every g € H'(R?) the equation

<Vf, Vg>L2(JRd) - <¢f7 ’&’%TD9>L2(Rd_1) + aO<TDf7 TD9>L2(Rd—1) = )‘<f7 g>L2(Rd) (63)

holds true. Choosing (¢, )nen € H %(Rd) an L%-approximating sequence of ¢, then
the identity 1’ evaluated for \a\%@l reads

<V7I(A>|a|%¢nav9>L2(Rd) - )‘<’7/(/\)|O‘|%¢m g>L2(Rd)

+ 0o (M (Mol ¢n, 7o9) s2pa-1) = (|02 0n, Tog)s2ery - (6.4)
Comparing (6.3) & (6.4]) gives the limit
f=lim ¥Y(\)|e|Z¢, in H'(RY (6.5)
n—oo

of the H!'-Cauchy sequence (v (A)\Oz|%¢n)neN. After applying the Dirichlet trace and
multiplying —|oz|%, this equation becomes

¢ = lim |af27,7'(V)|al2¢n
= lim K/\QZSn

n—oo

= F)\¢f 9

which proves that ¢; € ker(K — 1). It remains to ensure that for linear independent
(fi)E, € ker(Aaia, — A) also the corresponding (¢y, )% are linear independent. Let

k
(c;)f, €C, with Z cipp, =0.
i=1

Then for every i € {1,...,k} there exists an L?-approximating sequence (¢;,)nen €
H %(]Rdfl) of ¢s,. By ‘) we then observe that also the sum
k k k
Z cifi = Z Ci 7}1_{2107’()\)‘045(?71 =7 (A)]e? ZC@J% =0
i=1 =1

i=1

also vanishes. Since the (f;)%_; were assumed to be linear independent all the coeffi-
cients ¢; have to vanish and (¢,)¥_, are linear independent as well. ]

74



6.2. Birman-Schwinger principle

6.2. Birman-Schwinger principle

The main theorem of this chapter will be the Birman-Schwinger principle, Theorem|[6.6]
In order to prove this, it is not enough to have this one-to-one correspondence of
the eigenvalues from Theorem [6.3] In addition we will need the monotonicity and
continuity properties of the eigenvalues from Lemma [6.5] The first step to prove this,
is the characterisation of the eigenvalues by the min-max-principle.

Lemma 6.4 (Min-max-principle). Let d > 3, oy < 0, A € (—oo,—%g) and a €
LP(R?1) be non-positive for some p > d — 1. Then the countably many positive
eigenvalues ({4, (A))nen of K in decreasing order (counted with multiplicity) can be

represented by

fn(N) = max min(Ky¢,¢)2pi-1, = min  max(K ¢, d) 21, - (6.6)
SSLQ(Rd_l) peS SSLQ(]Rd_l) ¢€SJ‘
dim(S)=nl®l=1 dim(S)=n—1 [|¢||=1

Note that S < L?(R?"!) means that S C L?(R%!) is a linear subspace of L?(R%1).

Lemma 6.5. Let d > 3, ap < 0 and o € LP(R?"!) be non-positive for some p > d — 1.
Then p,/(-) is a monotone increasing, continuous function with )\lim fn(A) = 0.
——00

Proof. The monotonicity of i, () follows directly from the monotonicity of the Birman-
Schwinger operator in Theorem and the min-max-principle (6.6]).

In the proof of the continuity we will prove the left- and the right-continuity sep-
2
arately. We will start with the left-continuity at some fixed point Ay € (—o0, —%).

Then for every A < Ag and ¢ € Hz(R%1), the weak difference between the two
Birman-Schwinger operators has the representation

<(K/\0 - KA)¢7 ¢>L2(Rd*1)
= (Far(M' (%) = M'(V)) |l 20, Far|a]2 ) 2 eary

1 1 1 e o -
[ oo e | FdalfePdE . (6)
2o \2([F2 = M) 00 20k = M)+ g

where in the last equality we used Corollary .12 We will now estimate the bracket-
term of the integrand by using that for every zy > 1 the basic inequality

1 1 T — X
- < Yz > 6.8
w/iCo—l \/E—]_ B 2(«/1’0—1)2\/1'0 7 T=T ( )
holds true. Using this inequality for the values zy = 4(“;5—2_’\0) and z = 4(“50‘[22_’\), we
0 0
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6. The Birman-Schwinger operator

find some constant c,, ), > 0 and obtain for every k € R the estimate

1 1 Ao — A
= 5 1 — = 2 T < C>\0,040 = 5 1 . (69)
2<|]{3| —)\0)2 +OJO 2(|k’ —)\)2 +Oé0 2<|]{3| —)\0)2 +Oé()

Using this estimate in (6.7) we get

Falalzo®)? -
<(K>\0 - K)\)¢, ¢>L2(Rd*1) < Cko,ao()‘o - /\)/ ‘ ~d 1‘ ‘ ¢1( )‘ dk
ri-1 2([k[% — Ao)Z + g

= Cxo,a0 (/\0 - )‘) <K)\O¢, ¢>L2(Rd*1)
< C)\oyao()‘o - )‘) HK)\OH H¢Hz2(kd*1) :

Since this inequality is true for every ¢ € H2(R%!) = dom(K,), it can be extended
by continuity to closure of the Birman-Schwinger operator, to obtain

<(K>\0 _?A)Qﬁu ¢>L2(Rd*1) < Cko,ao()‘o_/\) ”K)\oH ||¢H2 \V/¢ € Lz(Rd_l) . (610)

L2@®d-1y

In order to expand this inequality to the function u, by the min-max-principle
we consider subspaces S,T C L*(R4™!) with dim(S) = n — 1 and dim(T") = n. Then
obviously S+ N T # {0} by their dimensions and there exists some ¢y € S+ NT with
|0l 2e-1, = 1. This ¢y then clearly satisfies and therefore

min <F)\0¢7 ¢>L2(Rd—1) - max(?mﬁ, ¢>L2<Rd—1> S Cho, a0 ()\0 - /\) HK)\O” .
€T pest

ll¢ll=1 l]l=1
Since the subspaces S,T" were arbitrary, we validate the convergence

A=Ay

,un<)\0) - :U'TLO‘) < Cho,00 ||K>\0|| ()‘0 - )‘> — 0,
by the min-max-principle (6.6]), which proofs the left-continuity of p,,(-).

The right-continuity follows the same steps if one replaces by the following
inequality: For every yo > 1 there exists some ¢ € (0, yo), such that the basic inequality

1 1 < To— X
Vo1 Vw1 (- e

holds true.

Voo > yo ,x € (z9 — ¢, 70)

The third and final part of the proof is the limit /\lim tn(A). As in 1' we get
——00

| Faie|z (k)2

L - dk, Vo e H2(R*). 6.11
(|k|2_)\)§ +a0 ( ) ( )

<K)\¢a ¢>L2(Rd*1 = /]Rdl 9
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6.2. Birman-Schwinger principle

Defining the constant

712 1 _ 1
¢y = inf S‘k‘ A = ( >1\)2 )
Rerd L 2(|K12 = N2 +ap 2(—A)z+

we can estimate (6.11)) by

o=

Fala|zoR)? -
o B s | B g

1
1 ~\ P 1
< —————dk ) || Fu_1|e]20]? 2 ,
<y (/Rdl EEESNE ) | Fa 1|Oé‘2¢“LpZT1(Rd—1>

where in the second estimate the Holder inequality was applied. By Theorem [1.18/and
Lemma the norms of the Fourier transformations on the right hand side are finite.
Moreover, the integral converges as well, because of p > d — 1, but since we want to
investigate the limit A — —oo we also need its A-dependence, which is given by

o=

1 ~ p=
/ e dkoc (=N
et (B = V)
Alltogether we end up with the inequality

_p—d+1

(526, 6) 2ty < aer (=) [|8]gar, . V6 € HERS).

To conclude the convergence of p,, from this inequality, we first extend it by continuity
to K, and then by the min-max-principle also to

_p=d+1

pn(A) < caca(—=A)" 2
Since p > d — 1 and lim ¢, = 1, this proves that lim p,(\) =0. O
A——o00 A——00

With Theorem[6.3]and Lemmal6.5] we are now ready to prove the important Birman-
Schwinger principle, which allows us to count the eigenvalues of the Birman-Schwinger
operator instead the ones from the Schrédinger operator.

Theorem 6.6. Let d > 3, ap < 0 and a € LP(R%!) non-positive for some p > d — 1.

2

If we define for every A € (—oo, —52),
a) Nx(a+ ap) as the number of eigenvalues of A, 1, smaller or equal then A, and
b) By(a) as the number of eigenvalues of K larger or equal than 1.

Then we get Ny(a + o) = Ba(«).

Proof. From Lemma [6.5] it follows, that for every n € N with pu,(\) > 1, there exists

exactly one A, < A, such that yu,(),) = 1. From Theorem [6.3| we know, that \, is then
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6. The Birman-Schwinger operator

an eigenvalue of Ay4, with the same multiplicity. Altogether we get that the number
of eigenvalues of K, greater or equal than 1 equals to the number of eigenvalues of
Apta, which are smaller or equal than A.
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7. Lieb-Thirring inequality on the
hyperplane

The goal of this chapter and also the main goal of the whole thesis, is, to derive an Lieb-
Thirring type inequality for the discrete spectrum of the Schrédinger operator A,q,
with some integrable potential o and some negative constant cvg < 0. This means that
we want to obtain an upper bound for the sum over all discrete eigenvalues of A4,
to some power 7. Furthermore, this upper bound should only consist of some constant
and the integral over the potential strength o to some power.

It is clear that if one adds a positive constant J, the potential becomes larger and
hence all eigenvalues of the Schrodinger operator shift to the right. The following
Lemma gives an upper bound for this shift in terms of the corresponding sesquilinear
form of the operator.

Lemma 7.1. Let d > 3,6 > 0 and a € LP(R%1) + L>=(R?%"!) be real-valued for some
p > d—1. Let a, and a,4s be the forms (4.2) with respect to the potentials o and
a+ 6. Then for every € € (0,&,) and f € H'(R?) we get the inequality

) )
aars(f, f) < <1+ 15?) aa(f7f)+¥ (g—cngf) £ 113250, -

p—d+1

for some constant ¢ > 0, # = 22 and % = i sz |[ullp + [|v]loc from COTOHMY
a “2p 'p—1
and some decomposition a = u + v for u € LP(R* 1), v € L®(R41).

Proof. First of all, notice that by Lemma[A.T|and Corollary [I.9 we obtain the inequal-
ity
1 1 1 _
llal?élzegasy < NI 0y, 5 Vo€ HIRTY. (7.1)

o (rd-1y

For some arbitrary constant a > 0 one can now estimate for every f € H'(R?) the
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7. Lieb-Thirring inequality on the hyperplane

sesquilinear form

assl 1. £) = IV s+ [ 7o P+ bl o
<9, + (14 0) [ alrasfs
Ra-1

+ allla]> 7o f |22 gan, + 0l7of 2,

With the estimate ([7.1)) and Lemma |1.30] we obtain

ossl1.5) < IV + (14 0) [ alroffas

Il (§ +5) T
« 2 (r%)

The Sobolev norm of f will be estimated by Theorem and give

assl1. ) < IV S + (1 +0) [ o P

; (g ) <§HfHH - 5gufan(Rd)
(16 (E+0) )19 + (14 0) [ alrasPa
*(5% )(€9+s)||f||Lz<Rd>
€5

Choosing now a = — which is allowed because of the restrictions 6 > 0 and

ta
¢ €(0,&,), the estimate of the form finally becomes

aa+6(f7f) < (1+ 11— 56 ) aa(faf) g (60 ) HfHL2(]Rd :

fa

]

Once we have bounded the shift of the eigenvalues in Lemma [7.1] we can translate
this bound into an inequality for the number of eigenvalues below some bound. This
means in detail that if consider all the eigenvalues of A, below some A and choose
some A > ), then we find some shift § > 0, which is linear in A — ), such that the
respective eigenvalues of A, q,+s stay below A

Lemma 7.2. Let d > 3, ap < 0 and a € LP(R%!) be real-valued for some p > d — 1.
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For A < —%% and \ € [\, —%g) choose

0

I= =N

where ¢, {y1q, and 0 are from Lemma and &g € (0,&a1a,) is the unique solution

of

c(1+0)
€a+ao

With N, form Theorem [6.6 we get the estimate

51—4—9 4

sol

gsol —c=0. (72)

N)\(Oé—l—Oéo) < Nj\(CY—FOéO—'—(S) .

Proof. First we have to check that (7.2) has indeed a unique solution in the interval
(0,&,). The function f(€) = 10 + ¢ _ ge evaluated at 0 and & has the values

£a+a0

f(0)=—fc<0 and f(fatay) =2 +¢>0.

a+ag
Moreover, its derivative

c(1+90)

£a+ao

f1&)=0+0)¢" + >0
is strictly positive, which confirms that there exists exactly one zero of (7.2]) in the
interval (0,&1aq)-

To begin with the actual proof, let E,, (o + ) < A be the n-th discrete eigenvalue
of Antay, counted with multiplicity. Then Lemma and the min-max-principle [64]
Theorem XIII.1] gives for every & € (0,&414,) the upper bound

59

En(a+ozo+5)§<1+1 S )/\+1 L(£+§)::M(§)

£a+a0 €a+a0

for the n-th eigenvalue E,(a + ag + ) of Aniag+s. If we now manage to find a
€ € (0,€n+tap), for which M(§) < A, then we are finished, because in this case we
ensured that for every E,(a + ag) < A the corresponding E,(a + ag + 6) < A and
the stated inequality of the number of eigenvalues Ny (a4 o) < N5(a+ g+ 6) holds
true. To find the minimum of the bound M (§), we first calculate its limits as £ — 0

and g - gOH-OéO’

Consider some f € HY(R?). Since § > 0, we trivially obtain that aya(f, f) <
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7. Lieb-Thirring inequality on the hyperplane

Aoranis(f, ). Together with Lemma [7.1] this gives the estimate

0 S fanrao(fv f) + (59 ) HfHLQ(Rd) ) vf € (07§a+o¢0) .

The min-max-principle [64, Theorem XIII.1] and the choice E,(a 4+ ap) < A makes
this inequality

59 6(1 + )\) ) vf € (07 504-%-040) ) (73)

which ensures that

lim M(¢) =00 and lim M(§) =o0.

§—0 §—8ataq

Since M (&) converges to +00 on both ends of the interval (0,&,+4,), there has to be
a minimum &,,;, somewhere in the interior, which we will calculate by differentiating

a 5$H L+, 140 )
M= )2( et

The minimum &,,;, therefore has to satisfy the equation

fa«kao

1+A§Hﬁ 146

min — Y = 0 7.4
€a+a0€ (7.4)

and the minimal bound M (&) has the value

0
Wit =3+ 0Dy () .

by the choice of 4. Define the functions fiin(£) = %SHH 1+9€ 0 and
fsol(S) _ %614-0 1+6€ 6.

Using that (7.3) also holds in the limit £ — £,44,, We can estimate the derivatives of
these functions by

0
ﬂm@%=£%éﬂ+ﬂkﬂ+l+9>1+9(1—7§_>20

£a+a0 o foﬂrao a+ag

, 1460, 140
fsol(f) = 50 + Z 0 ;

c Satan

and obtain that both of them are non-negative. So we are faced with functions f,
and fs, which are monotone increasing and satisfy fii, < fswr. This in particular
implies that the zero & of fi has to be smaller than the zero &, of fuin, Which

82



proves that M (&) < A in 1} O
Theorem 7.3. Let d >3, v > &1 0 < < 3(y — &) and @ € LR 0
LT /(R4 be real-valued. Furthermore, let oy < 0 and (E;); the (at most countable

many) discrete eigenvalues of A, 4,, which are smaller than —%%. Then the following
estimate holds true:

o? d—1
> |e + S <o) ([ et et [ 05 )
Rd—1 Rd—1

where &y is the solution of ((7.2) m ) and depends on ||| da-1+y+nza-1, as well as on .

Proof. Let e >0, A= —2 —cand X = —IZ — <. Furthermore, let § = (59501 with the
constants &1, ¢ and 6 frorn Lemma [7.2] which then shows that
€
Ny(a+ ag) < Ny (Oz+ao+§(5> : (7.7)
Furthermore, define
Q. ‘= min {a + 26, O} (7.8)

the negative part of the shifted potential. The Birman-Schwinger principle, Theo-
rem [6.6] then gives
Bj(ae) = Ni(oe + ) - (7.9)

As a third relation related to this number of eigenvalues we notice that cutting off the
positive part of the potential in ([7.8]) makes the potential smaller and by the min-max
principle [64, Theorem XIII.2], this means that in this case all the eigenvalues become
smaller as well. Consequently, the number of eigenvalues below \ increases:

N5 <a+ao+§5) < Nj(ae + ap) - (7.10)
Combining now . ) & gives the estimate
Ny(a+ ag) < Bs(a.), (7.11)

from which we will now investigate both sides seperately.

Step 1: Denote the Birman-Schwinger operator corresponding to the potential
a. by K. Since K, is self-adjoint, compact and non-negative by Theorem it has
at most countably many non-negative eigenvalues (fi,(\))nen. For these eigenvalues
we obtain the estimate

oo oo
BD SRS YPRAPE S PRASIERS Sy
(21 (21 (21 =1
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7. Lieb-Thirring inequality on the hyperplane

The last sum in this chain of estimates is the sum over the (d — 1 + 2n)-th powers
of the eigenvalues of the non-negative, self-adjoint operator K. Using the functional
calculus, this is the same as the sum over the eigenvalues of the respective power

—d— . :
K, H%, which can be written as the trace

By(a.) < tr (71_1””) :

By a theorem of Araki [[I0], Theorem 1], applied on K = |a.|z M'(\)|a.|2, we get
the inequality

i (Fi\z—lwn) < tr (‘a£’%+ﬁM/<)\)dfl+2n’aa|%+n> _

With this inequality the problem of calculating the power of the Birman-Schwinger
operator K, is reduced to the problem of calculating the power of the Weyl function
M’'(X). We will now ensure that M’(A\)47127 admits an integral representation with

some integral kernel é&dilﬁn).

From Corollary we know that in Fourier space the Weyl function looks like

.7:(1_1M/(/\)¢(];) = 2(’%?d:1f)(fl Qg

. Voe L2 (RTY), keRYL.

Since the Fourier transformation is unitary in L?(R?"!), it can be interchanged with
the operation of taking the power of the operator:

Fa10(k)

Fua M'(N) 120k = Vo e LAR¥Y, ke R

. ) d—1+2n
(2018 = 2 +ao)
N —(d—1+2n)
Since (2(|k!2 — )z + ao) " e LY(RI1), we can define the integral kernel
G-tz . 1 1 100 (R
A e N ; i | € LE(RT)
(2m) 2 (2(|k}|2 — )2+ 040)

and obtain the representation
M/()\)dflJrQn(b _ ég\d71+2n) % ¢ , V(b c L2<Rd,1)

of the Weyl function as a convolution.
. . d—1 .
Since a. € L&H2(RIY) its power |a.| ™2 T is in L2(R471). Moreover, because of
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é&d“”’” € L>®(R1), the convolution ¢ éf\dflﬁn) * ¢ is bounded from L!(R~1)
into L>°(R%"1). These two regularity properties ensure the representation

ol TR )]0 | 5 6 = o T (G« (oo ) )

of the closure, since the right hand side is an everywhere defined bounded operator in
L*(R1). The trace of such an integral operator is then given by the integral over the
diagonal of the kernel and looks like

~\ 4=

By(a.) < / ) o ()] 7 TG (0) o (7)) 7 HdE
Rd—1
1

=0 /Rd1 <(|]~£|2 — A2+ %>

et [ @z,

for some constant ¢; > 0. After changing the notation from A to e, defined in the very
beginning of the proof, and using the basic inequality

1 Vo 1
< N a0,
Vei+1l—1" Vao+1—-1+x

with g = 25 and © = a%(\/ﬂz +¢) for the integrand, one can calculate the integral and
0 0
gets the estimate

d—1

c 2
By(ae) < ¢,

2

(e+3)

N

)d—1+27] /]Rd—l ‘056(‘%)|d_1+217d'f )

e
for some ¢, > 0. Using the inequality

T
— <Vzr+2, Vr>0,
\/x—i—l—l_\/_

with © = % leads to the final estimate of first step:
0

By(a.) < &, (i + M) /R G (7.12)

en 6%4-277

Step 2 gives an integral representation of the left hand side of the Lieb-Thirring

inequality (7.6)) using Ny(a + ap). Since Aqiq, is self-adjoint and semibounded by
2

Definition , with essential spectrum egs(Aata,) = [, 00) by Theorem , it has

at most countably many ascending discrete eigenvalues (E;)X; below —22, for some

M € NogU{oo}. In the case M = oo the following calculation has to be understood in
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7. Lieb-Thirring inequality on the hyperplane

2
—=, which works because in this case the eigenvalues

2
(E;)ien converge towards the bottom of the essential spectrum _T'

the sense that one defines F, :=

/ 67’1]\7,&3/4,5(04 + ap)de
0

—Ep—al/4 —Ej—ag/4
:/ 5”’_1Md5+2/ 57_1jd5
0 '_

Combining now ([7.11)), (7.12)) & (7.13)) gives the estimate

M v 00 d—1+2
- _ 1 (—Oéo) K N\ d— .
1 - 4, v d—1+2n
E < WCV/O € (677 + i, ) /Rdl la.(Z)] dzde .

7j=1
Using the definition ([7.8)) of a. and interchanging the order of integration makes this
inequality

2
EJ+—

7204(1

( )d—1+2n ~ e \ d—1+27 B
/ / <51 Tt R m— (—a(:v) — 55) dedz .

{a<0} 0

>

j=1

E]+

After the integral substitution o =

25( € We end up with

M 217 1
Z Ej + % < C(fsol)/ ((—Oz(f))d_lﬂ_”/ o1 — )
j=1 {a<0} 0

1
+(—a(i))d§1+7/ 0_%”_2"(1 — O')d_1+2nd0') dz .
0

The o-integrals exists by the assumption n < (v — %) and give the final inequality

M

D

j=1

ol 7 d—1
Ej + 2 < L%n S0 ( p)) T 2+7d~) .
1 (&so1) /{KO}( a(T)) + /{MO}( a(r)) T
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A. Regularity and convergence
properties of the potential

In this chapter we will investigate the regularity and convergence properties of the mul-
tiplication with some function «. In Lemma we will start with o € LP(R4"1) and
derive basic boundedness properties between different Lebesgue and Sobolev spaces.
The second important result of this section is Theorem [A.4] which states that if
a € LP(RY) + Lo°(R41) fulfils some decay property at infinity, then already the
weak H*-convergence of (¢, )neny implies the L%-norm convergence of (g, )nen. We
will need this theorem for the calculation of the essential spectrum of the Schrédinger
operator in Theorem [5.16] as well as for the verification of the compactness of the
Birman-Schwinger operator in Theorem [6.2

q
q—1’

function o € LP(R4" 1), has the boundedness property

Lemma A.1l. For every ¢ € [1,00] and p € | oo|, the multiplication with some

log] < llall @i 16l aga-ry ¥ € LARTY) (A1)

Pq
LPFa (rd—1)

Furthermore, for every p € (d — 1,00), s € [%, 1) and o € LP(R4) + L°(RI1)
there exists some constant ¢, . such that the multiplication with o has the bounded-
ness property

"Q¢‘|L2(Rd—1) < CS,p,ozH¢HHS<Rd—1) , V¢ € HS(Rdfl) . (AQ)

Proof. In order to prove the first inequality (A.1]), first note that because of p > q%l

we have 2L > 1 and the norm || - || = is well-defined. The estimate itself follows

p+q — “Lﬁ(x)

immediately using the Holder inequality with p = 1 + § and ¢ =1+ %.

For the boundedness (A.2) we split up a = u + v for some u € LP(R%!) and
v € L®(R%!) and estimate both terms separately.

The bounded part v can simply be estimated by

||U¢”L2(Rd_1) < ||U||L°°(Rd_1)||¢||L2(]Rd_1) < ||U||L°°(Rd—1)||¢| HS(RI-TY - (A-?’)

Because of p > d —1 and d > 3, we especially have £ > 1 and the Holder inequality
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A. Regularity and convergence properties of the potential

with p =% and ¢ = p%z can be applied and yields

iz, < allm 612z, -

Since 2 < psz < ;ﬁi:lz)s is satisfied by s € [%, 1), Theorem ensures the bounded-

Hs(Rdfl) . (A4)

HUQSHLZ(Rd*l) < 03,1)2%2 ||u||LP(Rd*1)||¢|
Combining (A.3) & (A.4) proves the stated boundedness ({A.2)). O

After this boundedness properties of the multiplication with some potential, we will
now state some (weak) convergence properties. It is obvious that norm convergence
in H* implies norm convergence in L2, but in terms of weak convergences this is no
longer obvious. However, the next Lemma will proves this fact.

Lemma A.2. Let s € [0,4), p € 2, 2] and fo, (fo)nen € H*(RY). Then fo, (fo)nen
are also contained in LP(R?) and

if fo = wlim fn, then also fy = wlim fn - (A.5)

n—00 s rd) n—00 1P (rd)

Proof. The fact that fy, (fu)nen are contained in LP(RY) follows from Corollary
For the proof of the weak convergence, note first that according to the weak conver-
gence, the sequence (f,,)nen is in particular bounded in H*(R?) and consequently also
bounded in LP(R?) by Corollary [L.9]

Assume now that fy is not the weak LP-limit of (f,),en. This means that there
exists some Fy € LP(R?) in the dual space, some gy > 0 and a subsequence (f,, )ren,
such that

|F0(fnk) — F0<f0)| > e, Vk e N. (AG)

According to the LP-boundedness of ( f,,, )ken and the reflexivity of the Lebesgue space,
there exists a weak convergent subsequence ( fnkl )ien

go = wlim Jog, > (A7)
)

l—o0 1p (RY

converging to some element gy € LP(R?). Because of the bounded embedding of

H*(RY) in LP(R?), their dualspaces LP(RY)" C H*(R?) are reversed embedded and

together with the two weak convergences (A.5)) and (A.7)) this gives the identity
Flao) = lm F(f,, ) = F(f) (A38)

for every F' € LP(RY)’. This implies that also the functions fy = gy itself have to
coincide, which makes ({A.7]) a contradiction to (A.6)). O
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The next lemma treats the transition from weak Sobolev convergence to convergence
in the Lebesgue norm, at least on sets of finite measures.

Lemma A.3. Let s € [0,%) and p € [1, %). Then for fo, (fn)nen € H*(R?), the
weak convergence

fo = wlim fn implies the norm convergence lim | f, — f|l.pay =0
n—00 gs rd) n—00

for any Borel set A C R? with finite measure.

Proof. In Lemma [A.2] we proved that the weak Sobolev convergence implies the weak

Lebesgue convergence fy = wlim ,;,  f, and consequently the boundedness
n—00 5, d—2s (]R )

| full <M, VneN, (A.9)

L(i 25 (Rd -

for some M > 0. We will ﬁrst consider the special case p = 2 and generalise afterwards

to p € [1,2) and p € (2, 24 <) by reducing it to the L?-case.

For every t > 0, define the mollifier function

a )de w o VreR".
mt)2

pi(z) =

With this function ¢y, the strategy will be, to first ensure the convergence (A.12)) of
the approximated functions ¢; * f,, and then the convergence of the approximation

(A14) in .

Fix now any ¢ > 0. Then for every x € R? the function ¢;(z — - ) is contained in
L*(R?). By the weak L2-convergence of (f,)nen from Lemma [A.2] we can conclude
the pointwise convergence of the convolution

,}i_fgo((pt * fn)(aj) = nh_{{.lo«pt(x - )v f7’L>L2(Rd)
= (eelw = ), fo)raway = (1 * fo)(x) - (A.10)

Furthermore, by the boundedness of the convolution 1’ and the L% -boundedness
(A.9) of (fn)nen, we also conclude the uniform boundedness

o Il

< [l M (A.11)

L d+2s ]Rd)

||90t * anLOO(Rd) < H‘Pt Ldi

Ld 25 Rd)

of the sequence (¢; * f)nen. Because A is a set of finite measure, the equations
(A.10) & (|A.11)) are sufficient to apply the dominated convergence theorem and leads
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A. Regularity and convergence properties of the potential

to the norm convergence
JLH;OH%Ot*fn_(Pt*fOHL%A) =0. (A.12)

Next we want to verify the inequality (A.14) for any f € L*(RY). Using Plancherel’
theorem, we are allowed to do this in Fourier space, where the convolution reduces to

a simple multiplication:
d
Hf P * f||L2(Rd = H(l - (ZW)QfSOt)-FfHL%Rd) . (A.13)
—1 et and

The functions ¢; admit the explicit Fourier transformations Fy, (k) = o
T) 2

with the estimate 1 — e~ < 2", which holds for every x > 0 and r € [0, 1], we can

estimate the integrand of (A.13]) by
1— (27m)2 Foy ) =1 — et < (| 2ymintsth < gminds (1 4 k)2 Yk e R?

and consequently the whole L?-norm by

1f = e % Flliaa, < MEB(L A+ [k[P) 2 Ff| 200, = 51| £] (A.14)

HS(]Rd) .

The inequality (A.14]) can now be used once for f,, and once for f; to validate the

estimate
”fn - fHL2(A) < tmin{;l}”fﬂ HS (RY) + ||90t * (fn )HL2(A) + tmin{%l}”ﬂ 5 (RY)
for every n € N and ¢t > 0. By the H*-boundedness of the weak convergent sequence

(fn)nen, the first and third term can be made arbitrary small by the choice of t > 0
and the second term converges by (A.14)), which proves the lemma for p = 2.

The generalisation to p € [1, 2) follows from the fact that, since A has finite measure

L?(A) is continuously embedded in LP(A).
24 ) we can use the Holder inequality with the

For the generalisation to p € (2, 7=5-
ds where the restriction p < dz—és is needed

and § = )2y

exponents p = m
to make p finite.

1 = Fulliren < (/ 1/ — Lo ) (/ = fwdx)

= Hf fn||L2(A)||f fn”p 24 )

The norm Lo% is bounded by 1} and the first term yields the convergence, which

S
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finishes the proof. O

Theorem A.4. Let d > 3, s € (0,%1) and p € [©=1,00). Consider some potential
a € LP(RI1) + L>(R41), with the additional decay property:

{ieRr! | |a(Z)| > ¢ } has finite measure for every £ > 0. (A.15)

Then for all functions ¢g, (¢ )neny € H*(RY™Y), the weak H*-convergence

¢0 = wlim ¢n

n—oo HS(]Rdfl)
implies the existance of a subsequence (¢, )reny which converges in the L*-norm
klim (b, — ¢0) || L2e-1, =0, (A.16)
—00
after one multiplied the potential a.

Proof. By assumption the potential has the representation
a=u+v, forsome wu€ [P(R¥!')andwve LR,
In order to make also the potential u bounded we cut it off at some bound b > 0 and
define
I if |u| <b,
7Y 0 if lu| > b

The proof of the convergence (A.16) is now splitted into two parts. First we will
confirm the convergence according to the approximated potential a; and then the
convergence according to a subsequence (¢, )ken.

and ap = up+v.

By the integrability of u € LP(R41), we find for every € > 0 some bound b, > 0
which satisfies
|l — up, || o ge-1, < € .

The Holder inequality with p = § and ¢ = pL as well as Corollary give for every

-2
¢ € H*(R*!) the bound

= )l zgairy <l =, piasy 18] 2,

<ce, ol

®I—1)

et (A.17)

for the u-part of the potential. By the definition of . we get a — . = u — up, and

the bound (A.17)) transfers to
(o = ap,)@|| 2 i-1, < € CS.%H¢“HS(R¢1—I> . Vo€ H' R . (A.18)
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A. Regularity and convergence properties of the potential

In the next step we will check the L2-convergence of (¢, )nen, but not on the whole
space R4™1 just on the set

A ={zer

lu, (7)] > g } U { 7 € Ri1

. 2e
lv(Z)] > 5 } : (A.19)

on whose complement the potential ay_ becomes smaller than €. Note that, because
of the inclusion A. C {|u| > £} U {|a| > £} as well as the integrability of u and the
decay property (A.15)) of a, this set A, has finite measure. Lemma then confirms

the convergence
lim H¢n - ¢0HL2(A5) =0.
n—oo

This convergence in particular gives an index N, € N, such that

£

_ < =
0 = Golliinn < o

. Vn>N.. (A.20)

The equations (A.18) & (A.20) can now be combined to get for every n > N. the

final estimate

||Oz(gbn - ¢0)||L2(nzed*1) <e Cs,%ngbn - ¢0| HS(RI—1 +e+ 5||¢n - ¢0||L2(1Rd*1\A5) <

<e <<C$’% + 1> ||¢n — ¢0| s @d-1) + 1) .

The norm ||¢, — ¢ol|;s@e-1, on the right hand side is bounded by the weak H°-
convergence and so this inequality proves the stated convergence (A.16)). [
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B. Green’s function of the Laplace
operator

The second part of the appendix deals with the integral kernel G of the resolvent
(—A — X\)~'. We will define the integral operators Gy, G, G}, G in Definition ,
which will in Chapter 5 turn out to be representations of the ~-field and the Weyl
function. The main task of this section is now to prove the boundedness of these
integral operators in Proposition [B.9

Definition B.1. In d > 3 dimensions define for every A € C \ [0,00) the Green’s
function G by

Ga(z) = (271)3 (\/‘?)2_1@1 (\/—_A |x\) , Ve eRI\ {0}, (B.1)

where K, are the modified Bessel functions of the second kind. Moreover, define the
Restricted Green’s function

Gi(Z) = GA(7,0), VZe R\ {0}. (B.2)
In the following Lemma we will collect basic properties of the modified Bessel func-
tions of the second kind, which for example can be found in [I} 9.6.1, 9.6.9, 9.7.2].

Lemma B.2. For every a > 0, the modified Bessel function of the second kind
K, : (0,00) — R has the following properties:

a) K, € C>®(0,00),

b) (PL 4 td 2 — a?)K,(t) =0, Vte (0,00),
¢) K <> %(%)a as ¢ 0,

d) Ku(t) ~/F e as t — oo,

e) K monotone decreasing.

From these properties of K,, similar properties of the Green’s function G, follow
immediately by using its definition in (B.1]).

Lemma B.3. Let d > 3 and A € C\ [0,00). Then the Green’s function G has the
following properties:
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B. Green’s function of the Laplace operator

a) Gy € C*(R*\ {0}),

INE .
b) Ga(z) ~ Sl s @ 0,

d—3
V=A) P VRl
C) GA(Z') ~ <d+1 )d—l € d;A1 as T — o0,
272 w2 |:L‘| 2

d) [Ga(@)[ = [Ga()] ;¥ [a] < Jyl.

The following lemma states the main property of GG, as it is the integral kernel of
the resolvent of the self-adjoint free Laplace operator

Afee = —A  and  dom(Agee) = Hz(Rd) )

Lemma B.4. Let d > 3 and A € C\ [0,00). Then the resolvent (Age. — A)~! can be
expressed as a convolution with the Green’s function G, by

(Aee =N = Gox f,  Vf € PR, (B.3)

Lemma B.5. Let d > 3 and A € C\ [0,00). Then for every p € [1, -%) the Green’s

function G is in LP(R?) and its Fourier transformation has the explicit form

1 1

k)= ——

(B.4)

Moreover, for every p € |1, %) the restricted Green’s functions G, is in LP(R4-1)

and its Fourier transformation has the explicit form

1 1
2(2m) % (k2= A2

Fu1Gr(k) = (B.5)

Proof. From Lemma [B.3] we get the asymptotic behaviour

1 e~ V=Alz|

o775 a z—0 and Gi(x) ~co——F7 as T 00.
] jz] 2

G)\(;C) ~

Because of the exponential decay at infinity, the only restriction according to integra-
bility is the singularity at z = 0. For arbitrary € > 0 we obtain

e pd—1
G Pde ~ dr — &P dr <
/UE(O) Gl ’ /UE(O) |z [P(d=2) ! OT(%) /0 rp(d—2) T< oo,

where the last integral is finite if and only if p < df‘g.

By the definition G A(Z) = GA(%,0), its integrability is also restricted by the singu-
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larity at £ = 0. For arbitrary € > 0 we get

- d—1 5 d—2

G (B)PdE ~ L jpopir’ " dr < o0

|GA(T)] 0 0 ;
U (0) ) Jo

v.(0) |12/~

where the last integral is finite if and only if p < %.

Once we have calculated the LP-regularities of the Green’s functions, we will now
calculate its Fourier transformations. From Lemma[B.4we know that G, is the integral
kernel of the resolvent (Age. — A)7'. If we use on the left hand side for the
convolution and on the right hand side the known fact that Age. acts in Fourier space
as the multiplication with |k|?, the equation admits in Fourier space the form

OEFGNFA(F) = ey Fal ). ¥ € LXRS).

Since this is true for every f € L?(R%) one can cancel F;f(k) on both sides and the
stated Fourier transformation

1 1

FaG(k) = i TFE -

(B.6)

of the Green’s function GG remains.

Similar as in (|1.22)) we reduce the (d — 1)-dimensional Fourier transformation of G
to the d-dimensional Fourier transformation of G by

o 1 5
FirCalh) = / FuG (. k)b
R

After inserting into this equation one can do the integral analytically and ends
up with

1 1 1
g 2 4|12 dhq = =1 L2
V2m(2m)2 Jra kg 4 k2 — A 2(2m) = ([k]2=X)

Fu1Ga(k) =

N |=

]

Definition B.6. Let d > 3 and A\ € C\ [0,00). Then define the convolution mappings

a) Grf =Gy f, Vf e LY(RY) 4+ L®(RY),

b) Gao = Gr* ¢, Vo € L'(R4) + L=(R1Y),

c) Gif(7) = [ G\ (( g > - y) fy)ydy,  Vfe L' (RY + LoRY), 7 € R,
R4
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B. Green’s function of the Laplace operator

d) Glo(x) = [ Gy (x - ( g )) o(§)dij, Vo € L'(R4) + L=(R1), 2 € RL

Rd-1

Corollary B.7. Let d > 3, A € C\ [0,00) and p € [1,00]. Then the convolution
mappings from Definition [B.0| generate bounded operators in L?, with the estimates

a) Hg)\f”Lp(Rd) < HG)\HLl(Rd)HfHLp(]Rd)? Vf S Lp<Rd)a
b) ||g)\¢||LP(Rd—1) < HG)\HLl(Rd—l)||¢||LP<Rd—1)a qu S LP(Rdil)a

—1

~ 1 p—1
C) HgifHLP(Rd*l) < ||G)\||Zl(Rd71)HGAHLlp(Rd)”fHLP(Rd)v Vf € Lp(Rd>a

1 p—1

d) 1G58l vty < NGAlZ: o IGAF s [0l pga-y, Vo € LP(RT).

Proof. The estimates of a) and b) follow directly from ((1.14)). In order to proof the
boundedness d), distinguish three cases
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In the case p = 1 we can estimate

Gl < [ [
R4 JRdA—1
In the case p = co we estimate for every z € R?
6 (o= (5))] totas
y .
<lollwes [ e (o= ()]0
Rd-1

~ 1
< ”QSHLOO(Rd*l)||G>\||qu(md—1) )

6 (o= (§))] 1ot = Gl ol

WM@HS/

Rd-1

where in the last inequality it was used that

()]s

because of the monotonicity of G from Lemma [B.3]

6 (757 1@ -0 (B.7)

In the case p € (1,00), let ¢ € (1, 00) with %"‘é = 1 and use the Holder inequality
to obtain for every € R? the estimate

6 (2= ()] 1sias
<16 e ([ J6n (o= (5 ))‘ |¢<@>|Pdg); |

wwmﬂg/

Rd—1




where in the last line we again used 1} to get ||CN¥ Ml ge-1,. Integration over

R? yields the LP-norm
6 (o= (§))] 1ot

~ D
1936170, < 1l s, [ [
Rd-1

- ”G)\HL (Rd 1)||G>\||L (]Rd)H(b”LP(]Rd 1y -

With obvious replacements of the space dimension, the same steps can be used to
obtain the boundedness in c). ]

Lemma B.8. Let d > 3, A € C\[0,00) and p € [1,2]. Then the Fourier transformation
of the convolution mappings have the form

a) FaGaf (k) = 7%, Vf e LP(RY), keR?

b) Fa1Gro(k) = % : Vo € LP(R*1), k e R,
¢) FarGif(k) = o= Jo 78 dky . Vf € IP(RY), keR™Y,

A) FaGo(k) = o Vo € LP(R1) k € RY.

Note that in ¢) and d) the notation k = (k, kq) was used, and that the indices d and
d — 1 indicate the dimension of the Fourier transformation.

Proof. The identities a) and b) are clear from Lemma and (1.16)).

In order to prove c), let f € LP(R?). Then by definition we have
Gy f(&) = Gaf(£,0), VZeR™!

and with ([1.21)) its Fourier transformation looks like

FurGLi(R) / FiGf (k) dk

Using a) in this equation gives the stated Fourier transformation c).

In d) we will calculate F4Gl¢ first for ¢ € L'(R41)NLP(R?1). Using Corollary
shows that in this case also Gl¢ € L'(R?) and we are allowed to use the integral
representation (|1.11)) for Fy_1¢ as well as for F,Gl¢. If we define for every z4 € R the
function

T - _
), Vi e R
Zd

G (7) = Gy (

we can write

Gio(x) = (G = ¢)(2)
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in the form of a convolution. With the help of (1.16]), we can now calculate the Fourier
integral

1
(2m)}

FGIOW) = g [RGBy
R

d—2

= (2m) T / e ava ) GV () Fyyp(k)day
R

= (2m) 7 FuGi(k) Furo(k)
B Fd—l¢(l~€)
= Vam (k) o

where in the last equality the explicit form (B.4)) of F;G was used.

Let now ¢ € LP(R?™1). Then there exists a sequence (¢, )neny € LY (RTHNLP(RIY),
such that lim [|¢ — ¢y pa-1, = 0. By the boundedness of the G| from Corollary [B.7
n—oo

also the images lim ||G}(f — fn)l| r@e, converge. These convergences in the Lebesgue
n—o0

norm in particular imply the existence of a subsequence (¢, )ien, for which
Far¢(k) = im Fo_1¢, (k) and  FaGio(k) = lim FoGi o, ()

converges for almost every k € R4! and almost every & € R% This finally confirms
that (B.8) holds for ¢ € LP(R?1) almost everywhere. O

In Corollary [B.7] we already stated boundedness properties of the convolution map-
pings in LP spaces. But with the explicit Fourier transformations from Lemma we
can also derive bounds with respect to Sobolev norms.

Proposition B.9. Let d > 3, A € C\ [0,00) and p € [1,2]. Then for every s <

S —(d- 1)(1—17 — 1), the convolution mappings

Gy : LP(RY) — H*3(RY),

Gy : LP(RTY) — Ho 3(R4),
Gy : LP(RY) — H*(R%!) and
g : LP(R*1) — H*(RY)

are bounded operators.

Proof.

a) In order to verify that G\f € H*(RY), for every f € LP(RY), we will use the
Fourier transformation from Lemma [B.8 and estimate the resulting expression

1G2f]

(1+ k,2)s+%
f{s+%(Rd) — /Rd ﬁLFdf(k”Qdk . (Bg)
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Choosing r > 0 large enough, then there exists some constant ¢ > 0, such that
inside and outside the cube @Q = [—r,7]? the integrand can be estimated by

1 2)st3 1 if k
(1 + &%) s{ ifkeq, (B.10)

k]2 = A2 g HkERNQ.

Using (B.10)) in gives

2
21, Sc (/ |]-"df(k:)|2dk+/ Mdk) . (B.11)
HT2 (rRY) 0 RA\Q ‘k:|fs

For further estimates distinguish now the cases p = 2 and p < 2.

1G f]

o In the p = 2 case we can simply estimate the denominator \k\% of the

second integral and enlarge the domain of integration R? in both integrals,
to end up with the boundedness

1
131 1y < (14 73 ) - (B.12)
o In the p < 2 case we have to use Hélder’s inequality with p = ﬁ and
qg= ﬁ first, to get the correct powers of the Fourier transformation. In

the first integral of (B.11) this means that

d(2—p)

/Q Faf )Pk < @) S | Fafl?w (B.13)

Lp—1I (rY)

by using that the cube @ has finite measure (27)? and the second integral
becomes

Fif(k)? 1 5
/ Velltl dJ;EQZ’ dh < / gk | WFafIP e o (B4
RNQ ’kl RANQ ‘k|ﬁ Lp—1 (r%)

where the integral converges if and only if C)’z__ﬂ > d, which is exactly our
p

assumption s < % —d(% - %) Also the L7 T-norm of Faf can be estimated

by (1.13). Using (B.13) & (B.14) in (B.11)) finally gives also in this p < 2
case the boundedness

“g)‘f”f{5+%(Rd) S ¢ HszP(]Rd) 5
for some constant ¢.

b) The same calculation as in a) can be used to obtain b).
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In order to verify that Gl¢ € H*(R?), for every ¢ € LP(R?!), we will use the
Fourier transformation from Lemma and estimate the resulting expression

1 1+ |k?
1936 s, = 5 [, i e Fiao P (B.15)

Using again the estimate 1) and the additional Q = [—r, 77"t we can split
up R? into

Q=0Q x [—r,r] and
R\ Q=0 x (R\ [-r,7]) & <Rd‘1\Q> x R (B.16)

and integrate over k; analytically. This gives the inequality

1G]

2 ¢ 1271 2 12 1
et S 5 <2T/Q | Fa-10(k)|"dk + m/@”ﬁ-@(lm dk

1 o2 -
+B (—,§—s)/ Mdk : (B.17)
2°2 Ri-1\Q k|32

3

where the second and third integral converge if and only if s < 3, which is

obviously satisfied by our assumptions on s and p.

As in a) distinguish now the cases p = 2 and p < 2 and also use the same
estimates as in (B.12)), (B.13) & (B.14) to obtain the boundedness

G391

HS (RD) <c H(ﬁuilj(mdﬂ) :

The same calculation can now be used to obtain c). Again, with the represen-
tation of its Fourier transformation in Lemma the H*-norm of Gy f looks

like
1 - Faf (k) -
N S 1 2ys
1G5 7T/Rd1( + |k[7) w k2 — dkd dk
1 1+ |/{7| /
—_— F B.1
< or | HMQ B |\ Faf (k, &) *dadk | (B.18)

where in the second line the Holder inequality was applied. The right hand side
of (B.18) looks now the same as the right hand side of (B.15]) if one

replaces | Fu 16(F)[2 by / Fuf(k, €0)2dca
R



With this replacement all the steps from the first part of the proof are the same
until one ends up with the boundedness

1G5 /1

?{s(Rdfl) S 6 ||f||ip(Rd) .
[l

At the end of this section we will state a useful Corollary with respect to the bound-
edness of G, in combination with the multiplication of a potential a.

Corollary B.10. Let d > 3, A € C\[0,00), p € [1,00) and a € LP(R¥) + L°(RI1).
Then for every s < 1 — %, there exists some constant ¢, > 0, such that

1G]

ety < Glldllzmaes, Vo € LXRYY) (B.19)

Furthermore, for every s < % — %, there exists another constant ¢! > 0, such that

1G5 (@]l s et < €L NGl 2ga-ry Vo € L2(RT). (B-20)

) — “s

Proof. By assumption we can decompose o = u + v, for some u € LP(R*!) and
v € L®(R%1). Therefore also the norm

1Ga[d) |5 a1y < NGA[w@] | g5 1) + 1GA[0] || 75 a1, (B.21)
splits up and we can estimate both terms separately.
Because of s < 1 — % we can estimate the first term by the boundedness of

Gy L%(Rd_l) — H*(R*!) from Proposition [B.9 and by Lemma |A.1}

16l < 1G], 0l
< Hg/\”L% HsHUHLP(Rd*%||¢||L2(1R’1*1) . (B-22)

The second term can be estimated by the boundedness Gy : L2(R%1) — H*(RI )
and the L*°-norm of the potential v:

1Gx[vé]|

i1y < |’§/\HL2,HS||U¢HL2(R‘171)

< NGall o2 e 0] oo @1, |9 2w, - (B.23)

Inserting (B.22)) & (B.23) into (B.21)) finishes the first part of the proof. The same
strategy can be used to estimate G in (B.20). [
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